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Proper holomorphic embeddings of finitely
connected planar domains into C”

Irena Majcen

Abstract. In this paper we consider proper holomorphic embeddings of finitely connected
planar domains into C™ that approximate given proper embeddings on smooth curves. As a side
result we obtain a tool for approximating a C°° diffeomorphism on a polynomially convex set in
C™ by an automorphism of C™ that satisfies some additional properties along a real embedded

curve.

1. Introduction

Let D be an open Riemann surface. Recall that a map f: D—C? is said to be
a proper holomorphic embedding if it is a one-to-one holomorphic immersion such
that the preimage of every compact set is compact. It is an open question whether
every open Riemann surface embeds properly into C2.

In 1995 Globevnik and Stensgnes [8] proved that any bounded finitely con-
nected planar domain without isolated boundary points embeds properly into C2.
Wold [16] improved their result to all finitely connected domains as well as to some
infinitely connected domains in C. (For further results see also [17], [7] and [11].)

In this paper we consider proper holomorphic embeddings of finitely connected
planar domains into C™ satisfying additional requirements. This problem is re-
lated to the following extension of the Carleman theorem, proven by Buzzard and
Forstneric in [3]: Let n>1 and r>0 be integers. Given a proper C" embedding \ of
R into C™ and a continuous positive function n: R—(0,00), there exists a proper
holomorphic embedding f: C—C" such that

1FE ) =X @) <n(t) forall teR and 0<s <7

We generalize their result by replacing R by a union of curves and also allowing
C to be replaced with a finitely connected planar domain D.
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Figure 1. Planar domain D and smooth curves ¢; as in Theorem 1.1.

Theorem 1.1. Let N>2 and r>1 be integers and D be a finitely connected
planar domain. Let

[1:{’)/1(0 tE[O,l]}, i:1,2,...,k,
be smooth embedded curves in C such that v;((0,1))CD and
Lnl;ND=2  forall 1<i<j<k.

Let ¢ denote the curves Ule ¢,\OD. Given a proper C" embedding \: £<—CN and
a positive continuous function n: £—(0,00) there exists a proper holomorphic em-
bedding f: D—CN such that

|f07i(s)(t)—/\0*yi(s)(t)|<no%~(t) forallte(0,1), 1<i<k and 0<s<r.

While proving this theorem we formulate an additional tool related to holomor-
phic automorphisms of C" that might be of independent interest. A holomorphic
map ¢: C"—C" with a holomorphic inverse ¢~1: C*—C" is called a holomorphic
automorphism of C". We denote the group of all holomorphic automorphisms of

C™ by Aut(C™).

Definition 1.2. (Definition 2.1 in [9]) A family ¢ of finitely many disjoint em-
bedded smooth real curves

i={v(t): t€[0,00) or t € (—00,00)}, i=1,2,...,m,

in C™ has a nice projection property if there is a holomorphic automorphism
a€Aut(C™) such that, if 71 is the projection to the first coordinate, 7;(t) =a(~;(t))
and ¢=«(¢), then the following hold:
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(1) limjy oo |71 (i (t))| =00 for i=1,2,...,m, o

(2) there is a number s€R such that C\(7;(¢)UD,) does not contain any rel-
atively compact connected components for all r>s.
We call any number r>s as in (2) a nice projection radius. If a=id, we say that

{ has an immediate nice projection property.
The results we also obtain in this paper are the following.

Theorem 1.3. Let K be a compact, polynomially convex set in C", n>2,
and let {={v(t): t€]0,00)} be a C*>° embedded real curve in C™ with a nice pro-
jection property. Set C=~([0,1]) and assume that KN{={~(0)}. Given a C*
diffeomorphism F: C—C'CC"™ such that F|cay=id for some neighborhood U of
K, a compact, polynomially convex set ACC™ with F(v(1))¢ A, a number e>0 and
a non-negative integer r, there exists a neighborhood V' of K and an automorphism
e Aut(C™) satisfying

||(I>—id||cr(v)<€, |‘¢_F‘|CT(C)<E and (I)(E\C)QAZQ.

Corollary 1.4. Let K be a compact, polynomially convez set in C", n>2, and
let £={~(t): t€]0,00) or te(—o0,00)} be a C>* embedded real curve in C"™ with a
nice projection property. Assume that KN{=2. Given a compact set ACC", a
number >0 and a non-negative integer r, there exists a neighborhood V. of K and
an automorphism ®€Aut(C") satisfying

H‘I)—id||cr(v)<8 and PU)NA=o.

These results hold also if C:Uf:1 C;, resp. EszZl ¢;, is a union of pairwise
disjoint arcs, resp. curves, with the same properties.

2. Preliminaries

In the proof of Theorem 1.1 we achieve properness by using a sequence of holo-
morphic automorphisms with certain properties. Determining convergence of such
a sequence has been examined by Forstneri¢ in [4]. In our setting Proposition 5.1
in [4] can be stated as follows.

Proposition 2.1. Suppose that for each j=1,2,3, ..., ¢; is a holomorphic au-
tomorphism of C™ satisfying

1 —
|pj(2)—z| < % z€B;.
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Figure 2. Moving an arc as in Proposition 2.2.

Set @, =P 0dm_10...001. Then there is an open set QCC™ such that lim,, oo P,
= exists on Q (uniformly on compact sets), and ® is a biholomorphic map of Q
onto C". In fact, Q=\J;2, ®; ' (B;).

A powerful tool for obtaining automorphisms of C" is Theorem 2.1 in [6]. In
relations with curves, this result has been developed even further, for example in [5].

Proposition 2.2. Let KCC", n>2, be a compact, polynomially convex set,
and let CCC™ be an embedded arc of class C*° which is attached to K in a single
point of K. Given a C* diffeomorphism F: C—C’'CC"™ such that F is the identity
on CNU for some open neighborhood U of K (see Figure 2), and given numbers r>0
and >0, there exists a neighborhood W of K and an automorphism ®€Aut(C™)
satisfying

[®—id|crwy<e and [[@—Fllerc)<e.

Note that the same holds with any finite number of disjoint arcs attached to
K. To avoid lengthier formulations we only state the results for a single arc C' or
curve £ while keeping in mind that the same is true if C:Uf:1 C}, resp. észzl l;,
is a finite union of pairwise disjoint arcs resp. curves with the same properties. The
proofs are the same in both cases, to get a proof for the latter just add indices to
the existing proofs.

Let K and C be as in the proposition and assume that ¢={v(t): t€[0,00)}
is an embedded smooth curve in C" with C'=~([0,1]) and KN¢=~(0). Using the
proposition we get automorphisms of C™ approximating movements of C while
remaining close to the identity on K (see Figure 3). The obtained automorphism
might map some part of ¢\C really close to K, which is what we want to avoid in
proving Theorem 1.1.

Tackling a problem of this kind, Buzzard and Forstneri¢ in [3] found an elegant
solution. The automorphism of C" that approximately maps C' to C’ while staying
close to identity on K, and does not map any part of ¢\C' close to K, was in their
case an automorphism of C", provided by Proposition 2.2, precomposed with an
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Figure 3. Moving an arc which is a part of a curve £.

automorphism (called shear) of the form
z +— z+ f(21)€2, where z; =m1(2) and é&;=(0,1,0,...,0).

Although they worked with ¢ being a real line Rx {0}"~1, their idea can be carried
over to a more general setting. For example, in [16] Wold used it for curves £ having
a nice projection property.

An important property of sets on which we want to approximate by holo-
morphic automorphisms of C" is polynomial convexity. By Theorem C in [15] a
union KUC' of a polynomially convex set K and pairwise disjoint embedded curves
C :Ule C; is polynomially convex, if C' is simply connected and each C; meets K
in at most one point. When dealing with a union of slightly more general sets, we
will use the following proposition, which is essentially the content of the proof of
Proposition 1 in [17].

Proposition 2.3. Let M be a bordered complex, one-dimensional submanifold
of C™ n>2, whose boundary is a set of smooth curves that are all unbounded.
Assume that K is a polynomially convex compact set in C™, K; is a holomorphically
convex compact set in M, and KNM CK,;. Then KUK; is polynomially convex.

3. Controlling unbounded arcs

Proving Theorem 1.3 we will follow the idea of Buzzard and Forstneri¢ [3],
namely applying Proposition 2.2 and precomposing with a shear. We first explain
the construction of the shear (see also the related results [3, Lemma 3.2] and [16,
Lemma 1]).

Lemma 3.1. Let A and K be compact, polynomially convex sets in C™, and

t={y(t): t€[0,00)}
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Figure 4. Properties of A, K, £ and C in Lemma 3.1.

be an embedded C* real curve in C™ that has an immediate nice projection property.
Take a nice projection radius R with w1 (K)CDg, set C=~([0,1]), and assume that
1 (()NDr=m1(C) and v(1)¢ A (see Figure 4). Given ¢>0 and an integer r>0,
there exists an automorphism ¢(z)=z4+g(z1)€2 of C™ such that

(1) ||80_id‘|cr(7r1—1®R)) <e,  |le—idllerc) <e,
and
(2) ©(I\C) C C™\A.

Proof. Since v(1)¢ A, there is s>0 such that y(¢t)¢ A for all t€[l,1+4s]. Set
R'=|m(v(14s))|. Choose S>R' such that ACBg. Let

P={y(14s)+(e: (€C}

and E=ANP. Since A is polynomially convex, so is E, which implies that P\E is
connected. Asy(1+s)¢ A, we may choose a smooth curve \: [0, 1]—C with A(0)=0,

v(1+s)+A(t)éa € P\E for t€[0,1] and |A(1)+m2(y(1+5))|>S+1
(see Figure 5). Define fg=DgNm;(¢) and let S—R'>d>0 be such that

Y(14+8)+A([0,1])é2+B3s CC"\A and m(y([1+s,1+5+4])) CDg.
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Figure 5. Choosing the curve X\ as in the proof of Lemma 3.1.

Define a function h: Dg/ UZS —C by

07 CEERU
h(¢) = A(t(ls‘S), if C=m1(7(t)) for te(1+s,14+5+90),
A1), if (=m1(y(t)) for t>1+s+0.

Since A(0)=0, h is continuous. Clearly h is holomorphic in Dg/, and thus for any
given >0 Mergelyan’s theorem provides an entire function g such that

l9(¢)=h(C)|<n for (€DpUls.

A shear p(z)=z+g(z1)é satisfies conditions (1) by Cauchy’s estimates if we take
n<smin{e, R'e, ..., (R')"e/r}.

For zel with m(2)¢{s, |m1(¢(2))|>S holds. Since ACBg, this implies that
©(2)¢A. If zel\C is such that m (z)€lg, then ¢(z)¢ A by the choice of A and h.
This implies (2). O

Proof of Theorem 1.3. The automorphism & satisfying the conclusions of the
theorem will be a composition of three automorphisms, ®=¢s0¢p;0¢y. First, we
get ¢1 by applying Proposition 2.2. The aim of ¢ is gaining control over /\C, for
which Lemma 3.1 is used. The automorphism ¢, is constructed before ¢y (using
Proposition 2.2 again) to meet the conditions of Lemma 3.1.
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Proposition 2.2 provides an automorphism ¢, and a neighborhood V of K such

that
. 3 IS
l¢1=idller(vy <5 and 1 =Fller(c) < 3-
We may assume € to be small enough so that the second condition also implies
P1(v(1)) ¢ A.

Let a€Aut(C™) be as in the definition of the nice projection property of ¢.
Choose R to be a nice projection property radius with m (a(K)Ua(C))CDg. Let
c=fNa~ (77 (DR)). Let G be a diffeomorphism defined on ¢;(c) which is an
identity on ¢1(C) and such that G(¢1(c)\¢1(C))NA=2. Applying Proposition 2.2
(for the polynomially convex set ¢1(K), arc ¢1(c) and the diffeomorphism G) we
get for any §>0 an automorphism ¢ and a neighborhood W of ¢;(K) such that

o —id|lcrawy <6 and [[o—Gller g (e)) <O
If necessary, we take J even smaller so that the last condition also implies that
P01 (c\C)NA=0.

By the product and chain rules we get for all § small enough that

2061 ~idllery <5 amd 201~ Fllere) <.

The final diffeomorphism ¢q will be of the form ¢o=a*ogoa. Let A denote
the set avo(¢a0¢1)~1(A). We have that «(¢) is a curve with an immediate projection
property and «(c) is an initial part of this curve with one endpoint attached to
a(K) and the other endpoint outside A. By the choice of R and c¢ it follows that
the hypotheses of Lemma 3.1 are satisfied with «(K) in place of K, A in place of
A, and a(f) and a(c) in place of £ and C. For any ;>0 the lemma gives a shear
©(2)=z4g(21)€ such that

lo—idller(rt oy <#: llo—idleriaqey < and  p(a(D)\a(e)) A,

The last condition gives ¢o0p10¢py(f\c)NA=@. Taking u small enough the chain
and product rules imply that

|p20p1000—id|[cr(vy <€, |[p20¢100g—F]

cr(o) <€

and
|paop10gg(t)—Gopy(t)|<e fortec.

This gives the required estimates for ®=¢s0¢;0¢g and yields ®(/\C)NA=2. O
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Proof of Corollary 1.4. Since A is compact and ¢ has a nice projection property,
there exist positive numbers s and t; <ts, such that ACB, and ~([t1,t2])NBs=2.
By Theorem C in [15] the set L:=KU~([t1,t2]) is polynomially convex. Choose
0<to<ty and t3>to such that the arcs Cy:=7([to,?1]) and Ca:=~([t2,t3]) do not
intersect B,. Let

F: ClUCQ *)Clucg

be the identity map. Set
O={y(t): te(—oo,t1] or t€[0,#1]} and flo={v(t): t € [t2,0)}.
If 4 is a finite arc, extend F' to a smooth diffeomorphism
F: {UCy, — (4 UC, C C",

such that ¢4 =F(¢1) does not intersect B,. Now apply Proposition 2.2 (with LUC in
place of K, and ¢; and ¢] in place of C and C") to approximate F by an automor-
phism ®;. Then use Theorem 1.3 (with C'=®4(Cs), {=®1(¢2) and ®1(LU/¢) in
place of K, B, in place of A, and the identity map in place of F)) to get ®,. Take
P=Pyod,.

If /1 is unbounded, the result immediately follows from Theorem 1.3 with L in
place of K, B, in place of A and the two pairs of curves (C1,£1) and (Ca,43). O

4. Proper embeddings with approximation

In this section we prove Theorem 1.1. We first embed D into C"V using a ratio-
nal shear map ¢ in such a way that g(D) has only unbounded boundary components,
and that gl is proper. We show that under a suitable choice of g, the boundary
dg(D) has a nice projection property. Automorphisms of CV are then used to push
the rest of the boundary to infinity. The approximation of A is achieved with the
help of Theorem 1.3.

Proof of Theorem 1.1. Every finitely connected domain on the Riemann sphere
is conformally equivalent to a domain bounded by smooth Jordan curves and iso-
lated points. Thus we may assume 9D to be smooth.

By approximation we may assume that A\: [—C?" is a proper C* embedding
and 7 is small enough so that if y: T—C¥ satisfies the inequalities |u(t) —A(t)| <n(t)
and |/ (£) =N (t)|<n(t), then p is a proper embedding (see [13, Proposition 2.15.4]).

Let K; be a holomorphically convex, compact set in D with

k
U(%‘(O)U%(l))mDCKl,

i=1
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Figure 6. Choosing K1 and a1,a2,...,aps-

which also satisfies the following property: if ¢;CD for some 4, then ¢;CK; (see
Figure 6).

Choose finitely many points a1, as, ..., aps in D, at least one in each component
of &D, so that £ meets D in a subset of {ay,as,...,ap} (see Figure 6). Set

[:=(8D\{a1,...,apn })U(A\KY) .
Let g: C\{a1,...,ans}—~CV be defined by

Clearly g embeds D into CV.

Claim. The numbers ci,...,cpr can be chosen in such a way that the family of
curves g(I') has a nice projection property.

Proof. Let a(t) and §(t) for t€[0,1] be the parameterizations of two curves
in T with «(0)=a; and 3(0)=a;. If i#4, it follows by [16, Proposition 3.2] that for
some positive number R and all positive ¢ close to 0, the estimates

(m20900) (0}t

hold. If ¢; and ¢; are non-zero and

(3)

meogoa(t)— ’ <R and <R

B
me90 ) =~ o B

C; 7& Cj
(m20g0a)(0) © (m20903)'(0)’
the estimates imply that meogoa(t) and meogof(s) do not intersect for positive ¢
and s close to 0.
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Choose numbers c¢1, ¢, ..., cpr in such a way that (3) holds for all pairs (i, 5),
1<i<j<k, and all possible pairs of curves («, 3) in T’ with endpoints a/(0)=a; and
B(0)=aj. B

It remains to consider pairs of curves in I' with a common endpoint. Denote
the parameterizations again by «(t) and 8(t) for t€[0,1] and assume that a(0)=
a;=/(0). Choose a number C'>0 such that for positive ¢ and s close to 0 we have

; @M -a)BE-a)| <
JF#i

Clearly, if the positive numbers ¢ and s are small enough, the estimate

holds. For such t and s this gives that

[maogoa(t) —mogof(s)|

The number |a(t)—3(s)|C is positive, since o and 8 do not intersect in D. This
means that for small positive ¢t and s, the curves mpogoa and mpogof do not
intersect, which yields a nice projection property of g(I'). O

We inductively construct a sequence ®,, of holomorphic automorphisms of C”,
converging to a map ®: 2—C". Besides establishing convergence and insuring
g(D)CQ and g(0D\{ay, ..., ap }) COR, additional requirements arise from demand-
ing that f=®og satisfies

| For ) (t) = Aoy (1) < movs(t) for all t€(0,1), 1<i<k and 0<s<r.

It will be clear from the inductive construction that there is no loss of generality
in assuming that ¢ consists of a single curve ([0, 1)) (that means that v(0)€ D and
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v(1)€dD). Choose constants 0<cy<ca<... converging to 1, such that ([0, ¢1])
contains /NK; and

A(y(lej, 1) NBj12 = 2.
Set
. 1
L;= {z € D: dist(z,0DUY([c;,1])) > 27}
Clearly U;Z, L;j=D.

Choose smooth functions x;: £—R with x;(¢)=1 if t€~([0, ¢;]) and x,(¢t)=0 if
tevy([cj+1,1)). Let C; be constants such that

cre) <Gyl

Ix;h cr@y forall heC(£).

We proceed by induction. The assumptions for the nth step are that we have

— holomorphically convex sets K1 €Ky€...€K,, in D, such that L;CKj; for
j=1..,n;

— a number 0< 4§, <1/Cy, inf{n(t): tey([0, cnt1])};

— automorphisms ®,,=¢,,0¢,,_10...0¢; of C;
such that

(1,) |pn(z)—2x|<1/2"HL for z€B, U, _109(K,);

(25) |®nog(z)|>n for x€dD;

(3n) |@rogoy®(t)—Aoy ) (t)|<inoy(t) for t€[0,¢,] and 0<s<r;

(4) | @090y (t) = Aoy (8)(t)| <6, for tE[en, cni1] and 0<s<r.
We will show how to obtain these hypotheses at step n+1. Step 1 is achieved using
the same construction.

Condition (2,,) implies that ®,,09(0D)NB,, =@, and thus L:=®,,0g(D)NB,, is
a compact set in D. Let K, 1 be a holomorphically convex compact set in D such
that

KnULULnJrl C KnJrl and €ﬁKn+1 C’}/([O,CnJrl]).

For tel define
An(t) = Bog (X" (1) AD)1—X" (1))
If t€[0,¢,], (35) yields
An oy (#) = Aoy (1) = [@r0g07 ) (1) = Aoy ) (1) < Fno(t), 0<s<r

If t€[ent1, 1), then Ay, (y(t))—A(v(¢))=0. It follows from (4,,) and the choice of 4,
that
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||)\n_)\||cr("/([cn,cn+1])) = ||((I)nog_)\)Xn(t)||C7‘('y([cn,cn+1]))
S Cn||®nOgi)\”CT('Y([Cnaanrl]))
<inf{n(t): te~([0,cn_1])},

which gives that
Aoy (@) =XoyE ()| <n((t)) for all t € [cn, cpy) and 0< s <7

By the assumptions we posed on A and 7, these estimates imply that A, is an
embedding.
Set

K= (I)nog(Kn—i-l)UEn-

Since B,,N®,,09(D)C®,,09(K,+1), it follows by Proposition 2.3 that K is polyno-
mially convex. Set

o o

C - q)nog(’}/([oa cn—&-l}))\(bnog(Kn—i-l)v gl = (Dnog(f)\‘l)nog([(n_H)

and A=B,, ;. Define F': C—C’ by F(2)=M,0(®,09)71(2). Let

. . 1
Ont1= inf{n(t): t€~([0,cni2])} and EZmIH{W,6n+1,Cn+16n+1}.

ch—l-l

Applying Theorem 1.3 we get an automorphism ¢,+1 and a neighborhood V of K
such that

||¢)n+1fid||cr(v) <eg, ||¢n+17F||CT(C) <e and ¢n+1(£,\0)ﬂA: J.

In particular these three conditions imply (1,41), (2n+1), (3n+1) and (4p41), and
this concludes induction step n+1.
By (1) the map

&= lim &,,: O — C?

n—oo

converges (Theorem 2.1) and satisfies g(D)CQ. Condition (2,,) yields that g(0D)C
09, and thus the composition f=®og: D—C? is a proper holomorphic embedding
and (3,) and (4,) give that

|Foy ) (t)=Xoy P ()| <n(y(t)) forallte[0,1) and 0<s<r. [
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5. Remark

Theorem 1.1 gives a generalization of a result by Buzzard and Forstuneri¢ [3],
which they named the Carleman-type theorem for proper holomorphic embeddings.
In the complex plane, Arakelian’s theorem [1] (see also [14]) generalizes Carleman’s
theorem. An Arakelian set is a closed subset E in C such that C\ E has no bounded
components and for every closed disc DCC, the union of all bounded components
of C\(EUD) is a bounded set. Arakelian’s theorem states: Given an Arakelian
set E, €>0 and a continuous function A on E that is holomorphic in the interior
of E, there is a holomorphic function f: C—C that satisfies

[F(H)=A)] <e

for every te E.
Consider the following Arakelian type problem for proper holomorphic em-
beddings: Assume we are given a proper embedding A: E—C™, n>1, which is

holomorphic in E . Given €>0, does there exist a proper holomorphic embedding
f: C—=C™, such that |f(t)—A(t)|<e for all te E?

In general, the answer is negative. By Proposition 4.5 in [2] there exists a
discrete set of discs in C2 for which one cannot find a proper holomorphic embedding
of C into C? containing small perturbations of the given discs.

We would also like to note that there are some other recent results related to
Carleman’s theorem. Lgw and Wold [10] gave new results regarding polynomial
convexity of closed, totally real (non-compact) submanifolds M of C™, which en-
abled Manne, @Qvrelid and Wold [12] to generalize the Carleman theorem to Stein
manifolds. For the exact statement, see [12].
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