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On the behavior of strictly plurisubharmonic
functions near real hypersurfaces

Bjorn Ivarsson

Abstract. We describe the behavior of certain strictly plurisubharmonic functions near
some real hypersurfaces in C™, n>3. Given a hypersurface we study continuous plurisubharmonic
functions which are zero on the hypersurface and have Monge-Ampére mass greater than one in
a one-sided neighborhood of the hypersurface. If we can find complex curves which have sufficiently
high contact order with the hypersurface then the plurisubharmonic functions we study cannot be
globally Lipschitz in the one-sided neighborhood.

1. Introduction

The potential theory for the complex Monge-Ampere operator is not as well
understood as potential theory for the Laplace operator. In the theory of one com-
plex variable the subharmonic functions are important. In several complex variables
the subharmonic functions are not the correct class to study since this class is not
invariant under holomorphic coordinate changes. One should study the class of
subharmonic functions which are invariant under holomorphic coordinate changes,
that is the class of plurisubharmonic functions which we shall denote PSH. The
subharmonic functions can be characterized as the functions satisfying Au>0 in
the distribution sense. In the theory for plurisubharmonic functions the complex
Monge—-Ampere operator plays the role the Laplace operator does in the theory of
subharmonic functions. However, the complex Monge-Ampere operator is nonlin-
ear and this makes the definition of the operator for nonsmooth plurisubharmonic
functions delicate. For C?-functions the definition is

0%u
det (782j FEA ) .

In the language of currents a plurisubharmonic function is a function «w which has
the property that
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is a positive current of bidegree (1,1). Here d=0+0 and d°=i(0—03). Notice that
when u is a C2-function we have no problems defining (ddu)", the nth exterior
power of dd‘u, and get

2
(dd°u)™ = 4"n! det (L“_> d\,
0z;0Zy,

where d)\ denotes Lebesgue measure. Here we have made the natural identification
between the volume form and the Lebesgue measure. So for a plurisubharmonic
function u of class C? we see that (dd°u)™ is a positive Borel measure. Therefore it
is natural to try to extend the definition of (dd°u)™ for nonsmooth u as a positive
Borel measure. In [2] Bedford and Taylor obtained such a definition for locally
bounded plurisubharmonic functions. It is known that (dd®u)”
as a positive Borel measure for all plurisubharmonic functions, see Kiselman’s pa-
per [14]. Recently in [9] Cegrell has given a definition of (dd°u)”™ with domain of
definition as large as possible.

Assume that p is a positive Borel measure on a domain Q and ¢ is some
function on the boundary of 2. Central to pluripotential theory is the study of the
Dirichlet problem

cannot be defined

(dd°u)*=p in Q,
U=y on 0f).

In this paper we shall always have u= f d\, where f is at least a continuous function
of z. We shall be considering the question of how regularity of f implies regularity
of u.

First consider (ddu)™=0. One realizes that this equation can have very irreg-
ular solutions since any plurisubharmonic function which depend on n—1 variables
only solves the equation. However, if one demands that the boundary data be con-
tinuous then it can be proved in certain domains, as it was done by Walsh in [16],
that the solution is continuous. Put

PB,(z) =sup{v(z) ;v € PSH(Q) and limsup v(z) < ¢(z0) for all zo € 9Q}.

Z—Z0
It had been observed by Bremermann in [7] that if the problem

(dd°u)*=0 in ©Q,
U=p on 0,
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is solvable the solution is the Perron—Bremermann envelope

(PB,)*(2) =limsup PB,(().

(—z
The result Walsh obtained is the following.

Theorem 1.1. Suppose that Q is a bounded domain in C™ and @eC(09).
Assume that

liminf PB,(z) =limsup PB,(z) = ¢(20)

Z—2Z0 z—20

for all 20€99Q. Then PB,eC(R).

High order regularity is harder for the equation (dd°u)™=0. We give the exam-
ple u(z1, z2) =max{|z1 21, [22]?— 3, 0}2. This function is plurisubharmonic, satis-
fies (dd°u)?=0, is smooth on the boundary of the unit ball but is not smooth in
the unit ball. For more examples of lack of high order regularity see Bedford’s and
Forneess’ paper [1]. The first result on high order regularity was obtained in 1985
by Caffarelli, Kohn, Nirenberg and Spruck in [8]. Note that positivity of f is crucial
in view of the example above. Actually, we state only a special case of the theorem

that Caffarelli, Kohn, Nirenberg and Spruck proved.

Theorem 1.2. Suppose that ) is a bounded, strongly pseudoconvex domain in
C™ with smooth boundary. Let f€C™(QxR) be a strictly positive function which
is increasing in the second variable. Suppose that p€C> (). Then the problem

0%u :
det <8zj8z_k> = f(z,u) in Q,
U= on 01,
u€PSH(Q)NC?(Q)NC(Q),

has a unique solution. Moreover u€C>().

Remark 1.3. When we say that a function g: R—R is increasing we mean
that <z’ implies that g(z)<g(z’). If z<z’ implies that g(x)<g(z') we say that g
is strictly increasing. Finally smooth will always mean C'*°-smooth.

A domain  in C" is called hyperconver if for every zo€df) there exists
vePSH(Q) such that v<0 and lim,_,,, v(2)=0. Kerzman and Rosay showed in [13]
that for bounded domains it is equivalent to say that there exists a smooth bounded
strictly plurisubharmonic exhaustion function p in €, that is a strictly negative
plurisubharmonic p satisfying lim,_,,,ca0 p(2)=0. This was improved upon by
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Blocki in [4] so that we can choose a smooth bounded strictly plurisubharmonic
exhaustion function p satisfying

0%p
>1.
det (8zj82k> -

If we do not demand that the solutions be smooth we can get the following result,
which was proved by Blocki in [3].

Theorem 1.4. Let Q be a bounded, hyperconvexr domain in C™. Assume that
f is monnegative, continuous and bounded in Q. Suppose that ¢ is continuous on
O and that it can be continuously extended to a plurisubharmonic function on Q.
Then there exists a unique solution to the following problem

(ddu)"=f(z) in Q,
u=¢ on 09,
u€PSH(Q)NC(Q).

Blocki has also given a sufficient condition for a smooth solution in convex domains
in [6]. This result has also been announced in [5].

Theorem 1.5. Let €2 be a bounded, convex domain in C™. Assume that f is
a strictly positive, smooth function in Q such that

afl/n
sup e (2)

Then there exists a unique solution to the following problem
0%u
det| ——— | = in
¢ (azjaz—k> fz) in g,
lim u(z)=0 for all zo€04,

Z—20

uwEPSH(Q)NC>(Q).

;zEQ}<oo.

Note that a convex domain is hyperconvex since a convex domain has a bounded
exhaustion function which is convex and convex functions are plurisubharmonic.
We also see that a hyperconvex domain is pseudoconvex since p(z)=—log(—p(z))
is plurisubharmonic and lim,_,,, p(z) =00, where p is a bounded plurisubharmonic
exhaustion function for the hyperconvex domain.

In [12] the author studied the regularity of plurisubharmonic solutions to the
problem

0u .
det(m> = f(z,u) in £,
lim u(z)=0 for all zo€042,

Z—20
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where f€C>®(QxR) is a strictly positive function which is increasing in the second
variable. This problem was studied in a certain type of hyperconvex domains. The
proof of the main theorem in that paper [12, Theorem 5.1] rests on an a priori
estimate of the C?-norms of solutions by Schulz [15]. Blocki has discovered an error
in the argument leading to this estimate and therefore the proof of Theorem 5.1
in [12] is not complete. If we examine the argument in [12] we find that the following
can be proven.

Theorem 1.6. Let Q be a bounded hyperconver domain in C™ and f €O (Qx
R) be a strictly positive function which is increasing in the second variable. The
problem

0?%u
= in
det (8zj82k ) flz,u) inQ,

lim u(z)=0 for all zp€09,

Z—20
has a unique strictly plurisubharmonic solution u which is globally Lipschitz if we
can find a smooth plurisubharmonic function that is globally Lipschitz and p satisfies
lim,_,, p(2)=0 for all o€ and

9?%p
>1.
det <8zj8z_k> >1

The purpose of this paper is to better understand when we can find such
a plurisubharmonic function p. We have the following two comparison principles
which will be useful in what follows. A proof of the first can be found in [2] and
a proof of the second in [12].

Lemma 1.7. Suppose that Q is a bounded domain in C" and v,wée
C(Q)NPSH(RY). Assume that (dd°v)"™ > (dd°w)™. Then

min{w(z)—v(z); 2 € Q} =min{w(z)—v(2); 2 € 9Q}.

Lemma 1.8. Let Q be a bounded domain in C". Assume that feC(QxR)
is a monnegative function which is increasing in the second variable. Suppose that
v, weC(Q)NPSH(Q). Then

(dd°w)" < f(z,w), f(z,0) < (ddv)"

and v<w on 0N implies that v<w in .
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2. Local behavior of strictly plurisubharmonic functions near real
hypersurfaces

In this section our analysis will be local and therefore we shall formulate our
results for smooth real hypersurfaces in C™ rather than for domains in C™ with
smooth boundary. For a smooth real hypersurface M we can find a real-valued
function pe C>(U), UCC™, such that M ={z€U;p(2)=0} and dp#0 on M. We say
that p is a defining function for M. Given such a p we define M~ ={z€U;p(z)<0}.

We shall investigate the behavior of the normal derivative of any smooth strictly
plurisubharmonic function v which is zero on a given smooth real hypersurface and

satisfies
0%
det >1.
¢ (azjaz—k> =

In general such a plurisubharmonic function does not exist for a given smooth real
hypersurface. Namely if the Levi form

n 2
> _Op dzj AdZ,

k=1 zjé‘zk
has at least one strictly negative eigenvalue on the complex tangent space of M,

"9
T (M) = {&e c; a—fj(p)fj =0}7

Jj=1

such a plurisubharmonic function u would violate

o%u
> 1.
det(azjaz—k> =1

On the other hand if the Levi form is positive semidefinite such a function exists.
This is because such a smooth real hypersurface has a defining function which is
plurisubharmonic in M ™, see Diederich’s and Forness’ paper [11]. Intersect M~
with a small ball. This domain is hyperconvex. In a hyperconvex domain such
a plurisubharmonic function exists, which was proved by Blocki in [4]. In [12] the
author introduced a notion that he called the non-precipitousness condition [12,
Definition 1.7]. We introduce a local version of this condition.

Definition 2.1. Let M be a smooth real hypersurface, p€ M and p be a defining
function for M. Assume that the Levi form is positive semidefinite on ch (M) for
all ge M. We say that pe M satisfies the local non-precipitousness condition, or
for short the local NP-condition, if we can find an open neighborhood U of p and
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a smooth plurisubharmonic function u defined on M ~ that is globally Lipschitz and
satisfies lim,_, ;e pr u(2)=0 and

(ddu)™ > 1.

We shall now investigate the behavior of first derivatives of defining functions
of ellipsoids. Let a=(a1, ..., a,)€R",a;>0, and put

n '2
0. ={zecniy Bl <l

j=1 J

A defining function for Q, is po=(3")_, |2j|*/a3) —1. We see that

82/)(1 N -2
det (5‘45‘&) =1 a;
j=1

and

aj

() L)

Let p,= (H?Zl a?/n)pa. We get

0%pa
=1
det (8Zj82k )
and

=1 —4il=1"

o0 M (5 0 _Tliaar 2y

82]' a; a; 8Zj aj aj
In particular we see that
8[3(1 8/311 2/n-1 - 2/n
971 (al,O,...,O):({)Z1 (a1,0,...,0)=a] a;’.

Jj=2

Thus we see that the normal derivative at this boundary point depends on the
lengths of the semi-axes. Now we investigate the boundary behavior of a smooth



78 Bjorn Ivarsson

plurisubharmonic function satisfying

0%u
det >1
¢ (848@) -
in the polydisk D", n>3, and lim,_,,, u(z)=0 for all zo€dD™. Let us study the
normal derivative of w at the boundary point (1,0,...,0). Fix ag,...,a, so that
2, C D" for all small a;. We see that Q,=0Q,+(1—a1,0,...,00C D™ and (1,0, ...,0)€
0Q,NID™. By the comparison principle, Lemma 1.7, we get that

Pa(z1+a1—1, 29, ...,2,) >u(z) in Q.

Therefore

1,0,...,0)—u(t,0,... 1T 2/
lim ’LL( ;07 70) U( 70; ;0) 22&?/’” 1 ag/L.
t—1— 1—t J J
j=2
This estimate holds for all small a; and if we let a7 tend to zero we see that

lim u(1,0,...,0)—u(t,0,...,0) e
t—1— 1—t

and we conclude that D™ does not satisfy the NP-condition for n>3. Notice that
this argument only works if n>3. However, using a different argument the author
has proved that D? does not satisfy the NP-condition, see [12]. We now use the
interplay between a; and as,...,a, to describe the behavior of strictly plurisub-
harmonic functions near some real hypersurfaces which do not necessarily contain
complex lines. We shall use the order of contact between a hypersurface M and
complex curves in the ambient space C™. A complex curve is a holomorphic map-
ping ~ from an open neighborhood of 0€C to C™ such that 0y#0. The order of
contact between M and v at p€ M is [ if dps(q) <Cd(p, q)! near p and [ is the largest
such number.

Theorem 2.2. Let M be a hypersurface in C™ which is pseudoconvex at pe M .
Assume that there are complex curves 7, ...,Vn whose order of contact with M is
2la, ..., 2y, respectively, and that 5, ...,v. are linearly independent. Suppose that

n

Z%<n—2.

j=2"
Then pe M does not satisfy the local NP-condition, see Definition 2.1.

Proof. After a rotation and a translation we can assume that p is the origin and
that Vp(p)=(1,0, ...,0), where all v}, 2<j<n, are tangent to M ={z€C";p(z)=0}.
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We want to change coordinates holomorphically so that in new coordinates we can
approximate M by

~ n 12
aﬂa:(—al,(),,O)—i—{ZGC”,Z%:l}
j=1

near p. Define the invertible holomorphic mapping

F(Cla C27 ey Cn) = (Cla 07 ey 0)+’72(C2)++’Yn(Cn)

In the coordinates ((i, ..., (,) the curves 7o, ..., v, are the coordinate axes. Working
in these coordinates we show that p€ M does not satisfy the local NP-condition.
We now want to put ellipsoids in M~ so that the intersection of the boundary
of the ellipsoid and M~ is the origin. We can choose as,...,a, so that ﬁa:
Qe+ (—0a1,0,...,00C M~ and 8§aﬂaM‘:{O}. Let pq(¢) be the plurisubharmonic

function that satisfies
et (78%_ ) =1
9¢;0Cy,

in ﬁa and p,=0 on 8§a. Using that the order of contact of y; with M is 2[; one sees
that we can choose aj:Kjai/zl" for j=2,...,n and some constants K;, 0<K;<1.

For these aq, ..., a, we get that

Opa 2/n-1+ ", (1/nly) T w2/n
acl(o)zal s | P e

=2

and

op 2/n-1+ 3", (1/nly) T w2/n
8§a(0):a1 T [1x"
1 j=2

We see that a negative smooth plurisubharmonic function which satisfies

(5635.)
et — | >1
9¢;0C,

and lime_,¢, u(¢)=0 for all (€ M also satisfies u({) <po(¢1+a1, 2, ..., (n) in Q.. We
get

n
i 40)—u(t,0, ..., 0) > g2/ T im0/ II sz/n.

t—0— —t

j=2
If 2/n—1+2?:2(1/nlj)<0 and we let a; tend to zero we see that

lim u(0)—u(t,0,...,0) _
t—0— —t




80 Bjorn Ivarsson
Hence 0€ M does not satisfy the local NP-condition if
2 1
——1+>» —<O.
n Z nl;
Jj=2
This condition can be rewritten as

n
=2

NlH

<n-—2. 0O
J

Remark 2.3. The condition

n

Z%<n—2

Jj=2

<

can also be understood in the following way. If at least two of the «y;’s have order
of contact with M greater than 2 then it is satisfied.

Remark 2.4. Tt is not clear what happens when the inequality

"1
ZT<TL—2

—9

<
<

is not satisfied. It cannot be a necessary and sufficient condition for the local NP-
condition to fail. This is because the bidisk D? does not satisfy the NP-condition,
see [12], and in this case the inequality is not met.

3. Discussion

In Remark 2.4 we noted that Theorem 2.2 only gives a sufficient condition
for the NP-condition to fail. In fact Theorem 2.2 gives us no information for
domains in C2. In C”, n>3, the theorem gives us plenty of examples of do-
mains which do not satisfy the NP-condition. The problem is to find the curves
Y2, -y Yn- A mnaive guess to decide which order of contact a complex curve can
have with M might be to look at the Levi form of M or maybe the Taylor ex-
pansion of a defining function p. However, the problem of determining the opti-
mal order of contact, denoted A%eg(M ,p), turns out to be harder than that. The
example M ={z€C?;Re 21 —|21|?>+Re 22+ |22|*=0} shows this. A guess might be
that Al (M,0)=4. However, M contains the complex curve (¢*,4¢) and hence

AL (M,0)=c0. A good reference for methods for deciding best possible order of

reg

contact is D’Angelo’s book [10]. Now it should be noted that in order to apply
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Theorem 2.2 the curves s, ..., ¥, need not have optimal order of contact. Look-
ing at the Taylor expansion of a defining function p it is not hard to derive a lower
bound for A}eg(M ,p). For example if M CC? has a defining function p whose Taylor
expansion is

21421+ |22) | 23/% +0(]2]%)

then the curves v2(¢)=(¢*, ¢,0) and v3(¢)=(¢5,0,¢) have order of contact 4 and 6,
respectively, with M. We see this by studying the Taylor expansion of K;({)=
p(7;(¢)), j=2,3, around zero. We now use Theorem 2.2 to see that 0€ M does not
satisfy the local NP-condition.
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