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Introduction

The fundamental work of Christol and Mebkhout [CM1]-[CM4], together with [A1], [Me],
and [Kel], achieved a program (firstly initiated by P. Robba and B. Dwork [Dw], [Rol],
[DR1], [Ro2], [CD], ...) concerning differential equations “coming from rigid cohomology” .
These differential equations have maximal radius of convergence at the “generic point”,
and have over-convergent coefficients.

This paper, and its sequel [NP2], deal with a more general program concerning
locally free &'x-modules with connection, over a rig-smooth K-analytic Berkovich curve
X, with no conditions on the size of the radii of convergence.

In this context there is a lack of results of global nature in the sense of Berkovich.
Even the case of an open disk is not well understood. The existing results on curves
mainly concern differential modules over a field of power series at a rational point, or
over the so-called Robba ring. From the point of view of Berkovich curves this means a
germ of segment out of a point of type 1, 2, or 3.

The most basic, but central tool of the theory is the so-called convergence Newton
polygon of a p-adic differential equation.(!) Roughly speaking the slopes of that polygon
at x€ X are the logarithms of the radii of convergence of the Taylor solutions at z, in
increasing order, counted with multiplicity (cf. Definition 1 below). The continuity of

the convergence Newton polygon, as a function on X, appears in this program as the

() We consider p-adic differential equations in the large sense of the word. This also covers the
case of any ultrametric complete valued field K. In particular we treat the case of differential modules
over the field of formal power series K((T")), where K is trivially valued. The formal Newton polygon (in
the sense of B. Malgrange and J. P. Ramis) is in fact the derivative of the convergence Newton polygon
(cf. Remark 3.12).
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fundamental step, and the major tool in the classification of the equations, as illustrated
(in the solvable case) by the work of G. Christol and Z. Mebkhout.

Moreover the convergence Newton polygon carries important numerical invariants of
the equation, in analogy with the Swan conductor, that are highly related to the residual
wild ramification in the spirit of [Mat], [Ts], [Cr], [A1], [Mar], [CP].

In the more global setting of Berkovich curves there is an additional geometrical
datum furnished by the convergence Newton polygon: a graph I'C X called controlling
graph of the differential equation. Roughly speaking I' is a locally finite graph such that
X\T is a disjoint union of virtual open disks on which the polygon is constant. So, by
continuity, the behavior of the polygon as a function on X is determined by its restriction
to I'.

As an example, if f:Y —X is an étale morphism between rig-smooth K-analytic
Berkovich curves, the controlling graph I" of f.(0y ), and more precisely the derivative
of the polygon as a function on I', is an invariant of the morphism, highly related to its
residual wild ramification.

The main goals of this paper, and of its sequel [NP2] are the following:

(1) An unconditional definition of the convergence Newton polygon, based on [Ba],
not involving formal models, and resulting completely within the framework of Berkovich
analytic spaces;

(2) The continuity of each slope of the polygon, as a function on X;

(3) The local finiteness of the graph T.

In this paper, we focus on the case of affinoid domains of the affine line. A great part
of the literature about p-adic differential equations is devoted to the affine line. So this
case has its own interest, and it is important to treat it explicitly and completely. Point
(1) is not really relevant in this setting, but we prove that points (2) and (3) hold, by
using techniques from p-adic differential equations.

In [NP2], we extend the results to arbitrary smooth curves, by using techniques from
Berkovich geometry to reduce to the case treated in this paper.

We prove that the controlling graph T' of a differential equation is always a locally
finite graph without particular assumptions (no solvability, no exponents, no Frobenius
map, ...). This implies that the entire convergence Newton polygon is determined, as a
function on X, by a locally finite family of numbers (finite in the case of this paper).

The continuity of the polygon (which is a consequence of the local finiteness of
I') is the major ingredient for decomposition theorems of global nature [NP3]. The
finiteness of I' also represents the fundamental point permitting a computation of the
de Rham cohomology of the equation. In particular the global finiteness of I' is the
crucial property that gives the finite-dimensionality of the de Rham cohomology of the
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differential equation [NP4]. These results were unknown even in the elementary case of

a non-solvable differential equation over a disk or an annulus.

Essential ingredients are the work of K. S. Kedlaya about subsidiary radii [Ke3],
and that of F. Baldassarri and L. Di Vizio about the generic radius of convergence [BD],
[Bal], where the finiteness of T" was originally conjectured. The work of Kedlaya is a
determinant refinement of classical ideas (together with the introduction of the crucial
notion of super-harmonicity), while Baldassarri’s work is a change in perspective which
opened up a whole new line of investigation. Namely, in several recent talks, Baldassarri
conjectured that the radii should factorize through some unspecified finite graph that
he baptized controlling graph. He also established a link between the graph and the
cohomology, and suggested some partial idea of proofs. The conjecture was supported
by effective computations obtained by Christol for rank-1 equations [Ch2] (cf. final notes
in §7).

We now enter more specifically in the contents of this paper. In the introduction we
assume for simplicity that the base field K is algebraically closed. Let X be an affinoid
domain of the affine line, and let € X be a Berkovich point. In order to define Taylor
solutions “at 7, we need to consider a field extension /K where x becomes rational. Let
te Xq be any rational point lifting 2. The fiber 7=1(x) of the projection /K Xo—X
has a nice structure: it has a peaked point o/ () (cf. [Be, p. 98]) with the property that
wg/lK(x)\{aQ/K(a;)} is a disjoint union of open disks, all having o,k () as a relative
boundary in Xg.

We call these disks Dwork generic disks. Up to further extensions of the ground
field K, they are all isomorphic, and independent on X. We call D(x) the one of them

containing ?.

We now introduce the mazimal disk D(z, X). This is the largest open disk in Xq

containing ¢.

The topological structure of X is the following. The set of points without neighbor-
hoods isomorphic to an open disk form a finite graph such that X \I'x is a disjoint union
of open disks. All these disks are the maximal disks of their points. While the maximal

disk of a point in I'x is by definition its Dwork generic disk D(z).

Now fix a coordinate T:X%A}(’an, and call 7(x) and g, x the radii of the generic
disk D(z) and of the maximal disk D(x, X), respectively. Now let .# be a locally free

Ox-module of finite rank r, endowed with a connection V:.% —.Z @Q%.

Definition 1. Denote by Ry (v)< o, x the radius of the largest open disk centered

at t,, contained in D(z, X), on which # has at least r—i+1 linearly independent solu-
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tions. We define the ith radius of convergence of % at x as

R ()
Oz, X

Rz(xvy) =

N

1. (0.1)
The convergence Newton polygon of .% is the polygon with slopes
logRi(x, #)<...<logR,(z, F).
We let the ith spectral radius of % at x be the number

RP(z, F) :min{Ri(m, Z), ;(2}

We say that the index i is spectral, solvable, or over-solvable at x if

’Ri(x,f)é@, ’Ri(x,zﬁz):@, or R,»(J;,ﬁz)>@
Qz,X QCI),X Qaz,X

respectively.

The function z+—min{R{ (x),(z)} is the ancient definition of spectral radius, that
one finds for example in [CD], while R{ (x) is the radius of convergence of [BD]. The
normalized definition (0.1) is that of [Ba], and it has the merit of being independent of
the coordinate. For i>2 the definition is due to Kedlaya [Ke3] (following Young [Y]).

Spectral radii are related to the spectral norm of the connection, their nature is
hence quite algebraic. They are not continuous (cf. (4.6)). The novelty of [BD] and [Ba)
consists in allowing over-solvable radii, and hence working with a more geometric notion.

The continuity results of [BD] and [Ba] are proved using the same ingredients of the
original proof of [CD]: they are obtained as a consequence of a certain Dwork—Robba
theorem [DR2], that gives a bound on the growth of the coefficients of the Taylor solution
matrix. Unfortunately the Dwork—Robba bound is not helpful in the understanding of
the ith radii for i>2, because it does not apply to an individual solution, but only to the

entire solution matrix.

Definition 2. (Cf. §2) Let 7 be a set, and let F: X =7 be a function. We define
the controlling graph (also called constancy skeleton) of F as the set I'(F) formed by
the points x€X without neighborhoods in X isomorphic to open disks on which F' is
constant.

We say that F' is a finite function if T'(F) is a finite graph (i.e. it is a finite union of

intervals).
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The set I'(F) is always a graph containing the skeleton I'x of X. Moreover X \I'(F)
is a disjoint union of open disks. In particular there exists a canonical retraction X —
['(F), which is continuous as soon as I'(F') is a finite graph. As an example one easily
proves that for all i=1, ..., rank(.%) one has I'(R;*(—, #))=X.

The following theorem is our main result.

THEOREM 3. (Cf. Theorem 3.9) For all i=1,...,r the graph T'(R;(—, F)) is finite,
and the function R;(—,.F): X =)0, 1] factorizes through the retraction X —-T'(R;(—,.F)).

As a consequence R;(—, F) is a continuous function.

The statement of Theorem 3.9 is more complex and complete. It assembles the main
properties satisfied by the radii. It is structured in analogy with [Ke3, Theorem 11.3.2],
where the same properties are stated for spectral radii. Roughly speaking we establish
the following properties:

(1) Finiteness of each R;(—,.%#), and of each partial height

Hi(_,y):zﬂnj(—,y);

(2) Integrality of the slopes of each R;(—,.#) along the segments of X;

(3) Concavity locus of each R;(—,.%#);

(4) Super-harmonicity of the partial heights H;(—,.%) outside a (locally) finite sub-
set 6;;

(5) Description of ;.

We now give some ideas about the proof. Our approach is different in nature from
that of [BD] and [Ba]. It basically consists in applying Frobenius push-forward to make
the spectral radii small, and then read them on the coefficient of the operator in a cyclic
basis by the theorem of Young [Y]. This is a well-known method (at least) since [CD].
The problem consists, in fact, in making this process global in the sense of Berkovich,
and in particular in managing solvable or over-solvable radii for which the reduction of
the radii by Frobenius push-forward fails.

The proof is based on a criterion (cf. §2.4) providing the finiteness of a real-valued
function F: X —-R-( satisfying six technical properties. Omne of them is the super-
harmonicity outside a finite set %', which is the crucial assumption of the criterion.

Now the proof of Theorem 3 consists in verifying the six assumptions of the criterion
for F=H;(—,%). This is done by induction on i. Now, we are able to prove that the
potential failure of the super-harmonicity of H;(—, %) can only happen at the end-points
of some I'(Ry(—, %)), with k<i—1. This ensures, by induction, that the locus %; of non-

super-harmonicity is a finite set.
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The potential failure of the super-harmonicity for i>2 is actually the major theoret-
ical difference with the case i=1 (indeed the first radius R{ is super-harmonic outside
the Shilov boundary). This is one of the deeper difficulties of the paper.

The main points permitting us to deal with this are the super-harmonicity in the
spectral non-solvable case (cf. Proposition 5.9, generalizing [Ke3, Theorem 11.3.2 (c)]),
a description of the nature of the graphs around solvable points (cf. Lemma 6.5), and a
concavity property of the radii generalizing the transfer principle for the first radius (cf.

Proposition 6.2).

Remark 4. Recently similar results have been announced by Baldassarri and Kedlaya
[Ked] (cf. final notes in §7).

Independently, J. Poineau and A. Thuillier pointed out that, if a rig-smooth K-
analytic curve X has no boundary, then the continuity of R1(—, %) on X is a consequence

of the super-harmonicity. This is now a theorem [PP].
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1. Notation

In this paper all rings are commutative with unit element. R is the field of real numbers,
and Rsq:={r€R:r>0}. For any field L we denote its algebraic closure by L*¢ by L[T]
the ring of polynomials with coefficients in L, and by L(T') the fraction field of L[T]. If
L is valued, L will be its completion.

Throughout the paper (K, |-|) will be a complete field of characteristic 0 with respect
to an ultrametric absolute value |- |: K —Rxo, that is, satisfying |1|=1, |ab|=|a||b|, and
|a+b|<max{]al,|b|} for all a,be K, and |a|=0 if and only if a=0. We set

|K|:={reRs¢:r=t| for some t € K}.

The semi-norm of a matrix will always mean the maximum of the semi-norms of its
entries.

Let E(K) be the category of isometric ring morphisms (K, |-|)—(2,]-]). A mor-
phism Q—€ in F(K) is an isometric ring morphism inducing the identity on K. For all
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0, Y e E(K) there exists Q"€ E(K) together with two morphisms QCQ" and ' CQ" of
E(K).

We refer to [Be| for the definition of Berkovich spaces. For any point x we de-
note by 5#(x) the residual field of z. By convention an open disk D always has fi-
nite radius. Similarly an open annulus C={z €A™ : R, <|T —c|(x)< Ry} always satisfies
0<R;<Ry<oo. We recall that if Qe F(X), and if DCASlfn is an open disk of radius R

centered at t€{) we have

0(D):= { Zan(T—t)” tan €Q and, for all p <R, 1Lm |an|o™ :O}. (1.1)

n=0

A wvirtual disk (resp. annulus) is a non-empty connected analytic domain of A}{’an
which becomes isomorphic to a union of disks (resp. annuli whose orientation is preserved
by Gal(@/[()) over Kalg (cf. [Du, 3.6.32 and 3.6.35]).

If K is algebraically closed, an affinoid domain X of the Berkovich affine line A}fn

(cf. [Be, §2.2]) is a disjoint union of connected affinoid domains of the form

X =D"(co, Ro)\| J D™ (cs, Ri), (1.2)
i=1
where D*(cg, Rp) (resp. D™ (¢;, R;)) denotes the closed (resp. open) disk centered at
co (resp. ¢;) with radius Ry (resp. R;), co,...,cn €K satisfy |¢;—co|< R for all i, and
0<Ry,..., Ry <Rp. In order to avoid overlaps we implicitly assume that for 0<i<j<n
we have D™ (¢;, R;)ND ™ (¢;, R;)=2.
If K is general, an affinoid domain X of A}g‘m is the quotient of X — by Gal([?arg /K)
(cf. [Be, Proposition 1.3.6]). Without loss of generality we will always assume that X is
connected. So the holes of X are permuted by Gal(@ /K),(?) which acts isometri-
cally. Hence we can speak about the holes of X, and of their radii Ry, ..., R,. And also
about the larger virtual disk containing X whose radius is Ry. Such notation is fixed
from now on.

We denote by €(X) the K-algebra of the global sections of X, and by 90X its Shilov

boundary.

1.0.1. For all ce K, and all p>0, we denote by xC,QEA}{’an the semi-norm defined by

()

n!

¢, [eKI[T], (1.3)
K

Ze,o(f) :==sup
n=0

(?) Including the holes of X_—; at 0o, i.e. the complements in P%Zf\g of the disk D* (co, Ro).
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where (") is the n-th derivative of f with respect to a coordinate T of X. This definition
actually depends on T'.
For all Q€ E(K) we have a map

i X(Q) — X (1.4)

associating to t€ X (2) the image mq i (t) of t€Xq by the projection g, x:Xo—X,
where Xq:=X®x 0. If 1=iq(t) we say that t€ X (Q) is a Dwork generic point for x. Each
point z€ X admits a canonical Dwork generic point ¢, € X (). Indeed, by the canonical
property of the cartesian diagram X ,»(,) /7 (x)— X/ K, the point x: .# (' (x))— X lifts
uniquely into a rational point t,:.# (H (x))— X s (z). However for a given field Q€ E(K)
we can have several embeddings 7 (z)—2, and hence there is no canonical lifting of x

in XQ.

1.0.2. More generally, for all xeA}fn we let A, (0):=z and for all p>0 we set

n
Az(0)(f) ::supx<f(')>9”, feKI[T). (1.5)
n>0 n.
One sees that A, ()€ X if an only if z lies in the maximal virtual disk containing X and
o€, where I, is either equal to [0, Ro] if x€ X, or I,=[R;, Ro] if z lies in a hole of X
with radius R;.

It follows from the definition that if t€ X () is a Dwork generic point for z, then
Ae(0)=Tq) Kk (T1,). In particular, the path o A;(0): I, — X is continuous.

We call generic radius of x the number
ri (z) :=max{p € [0, Ro] : Az (0) = A:(0)}. (1.6)

We write r(z):=7x(z) if no confusion is possible.

LEMMA 1.1. Let xGA}fn, and let t€ X (Q) be a Dwork generic point for x. Assume
that KM8CQ. Then rx(x) equals the distance of t from K i.e.

’I“K(Jj):cé%f;lg |t—c|Q. (1.7)

Proof. Let dy:=inf ¢ gae [t—c|q. The norm of a polynomial fe K[T] is constant on

each disk without zeros of f, and thus |f(y)|=|f(t)| for all ye€ D~ (t,d;) CA;™. Hence

Az (di) =Xz (0) and d; <r(z). To show that r(x)<d; observe that the norm of a polynomial

f is not constant on a disk containing a zero of f. So D~ (t,r(z)) has no K®®-rational

points. O
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COROLLARY 1.2. The canonical path Ay is constant on [0,r(x)], and it induces a

homeomorphism between [r(x), Ro] and its image in X. O

COROLLARY 1.3. Let teQeE(K) be a Dwork generic point for x. Then for all
Q' eE(Q) each Q' -rational point of D~ (t,r(x)) is a Dwork generic point for x. O

1.0.3. The following proposition describes the structure of the fiber WS;/IK(JC) of a point
reX.

PROPOSITION 1.4. Assume that the field K is algebraically closed. Let Qe E(K), let
Ta/k: Xa—X be the canonical projection, and let x€X. Then there exists a point
UQ/K(x)Ewgz/lK(:r) such that

T e (@)\ {ora (1)) (18)
is a (possibly empty) disjoint union of open disks, all having oq ;i () as relative boundary
in Xq.

Moreover, if Q/K is algebraically closed and spherically complete, we have that the
group Gal®™(Q/K), of K-linear continuous automorphisms of €, fizes oo/ (r) and

acts transitively on those disks, and also on the set 251(33) of their Q-rational points.

Proof. We may assume that Q is algebraically closed. Let t€ig'(z). By Corollary 1.3
one has D‘(t,r(a:))gﬂg_z/lK(x). It is then enough to show that all ¢’€i;*(x) satisfies
[t —t[<r(x).

This follows from the fact that WS;/IK(J:) is the spectrum . (A (2)@kQ), so it is
contained in all affinoid domains containing . Hence we can replace X by any K-rational
closed disk in A};fm containing . Now by Lemma 1.1 we can find a sequence of closed
K-rational disks with intersection D* (¢, r(x)). This proves the claim.

The assertion about the Galois action follows from Lemma 1.5 below. O

LEMMA 1.5. Let z€X. If Q€ E(K) is algebraically closed and mazximally complete,
then ig'(x) is either the empty set, or Gal®"*(Q/K) acts transitively on it.
Namely for all t,t'€ig*(x) there is 0€Gal®™(Q/K) such that o(t)=t'.

Proof. Tdentify Ap* () with Q, and X (Q) with a subset of Q. With this identifica-

—_

tion we have to find an automorphism of  sending ¢ into ¢'. Let K (t) and K (¢') be the
completions of the sub-fields of 2 generated by t and ¢'. We consider the K-isomorphism
K(t)= K(t') sending ¢ into t'. Since x=mq, k (21,0)=7q, Kk (2 0), these semi-norms coin-
cide on K[T|C 0 (Xgq). Hence this K-isomorphism is isometric, and I/(-(?)%jf(x)%m
More precisely, there exists a continuous isometric K-linear isomorphism o: I/(-(t\) -N%@
such that o(t)=t’. Now o extends to an isometric automorphism of Q/K (cf. [DRI,

Lemma 8.3], [MR], [Po]; see [NP2] for more details). O
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Definition 1.6. (Generic and maximal disks) Let z€X, let Qe E(s¢(x)), and let
te X(Q) be a Dwork generic point for z€X. We call generic disk of x the virtual open
disk

D(z) C Xq (1.9)

which is the connected component of wg_z/lK(x)\{UQ/K(x)} containing the point ¢t. Its
radius is r(x).
We define the mazimal disk
D(z,X)C Xq (1.10)

of x to be the maximum virtual open disk in X containing ¢. It is also the connected
component of X\I'x,, containing ¢t. With the notation of (1.12), its radius is or, (z),
and it will be denoted by

0s,x = 0ry (2). (1.11)

By Lemma 1.5, up to extensions of €2, all generic and maximal disks are isomorphic.
The notation does not depend on ¢, and the definitions and results of this paper will be

independent on its choice.

LEMMA 1.7. One has r(zi,)=max{p,7(x¢)}. In particular, if tEX(I?;g), then
r(ze,0)=0. O

1.1. Graphs

As a topological space X is a tree, in particular it is uniquely arcwise connected.(?)
If x,ye X we denote by [z,y]CX the image of an injective continuous path [0,1]—X
with initial point 2 and end-point y. In particular the image of A;: I, — X is the closed
segment A(z):=[x, 2., r,].(*) We define in an evident way open and semi-open segments,
denoted by |z, y[, [z, y[, and |z, y].

Following [Du] we say that a graph T" in X is admissible if X \T is a disjoint union
of virtual open disks, in particular I is closed in X, and also connected (since we assume
that X is connected).

An example of an admissible graph is the analytic skeleton I'x C X defined as the
locus of points without open neighborhoods in X isomorphic to virtual open disks. More
explicitly I'x is the union of the segments A(x) for all points x at the boundary of a
hole of X (i.e. for all z in the Shilov boundary 0X). I'x is also the set of semi-norms

(3) This means that for all 2,y€ X there exists an injective continuous path [0, 1]— X with initial
point z and end-point y. Moreover two such paths have the same image in X.

(%) By abuse here and below we identify Zeo,Ro EXEQE with its image in X.
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on 0(X) that are maximal with respect to the partial order given by z<a’ if and only
if 2(f)<2/(f) for all feO(X).

For any subset ACX we set Sat(A):=J,c 4 A(z). Thisis a tree in X. As an example
I'x=Sat(0X). We say that a subset of X is saturated if it coincides with Sat(A), for

some set A.

LEMMA 1.8. A graph T'C X is admissible if and only if the following conditions hold:
(i) 'xCI;
(ii) I'=Sat(T);

(iii) T' contains its end-points. O

Definition 1.9. Let I' be a non-empty saturated subset and let x€ X. We set
or(z):=inf{o>r(x): As(0) €T} and dr(z):=A(or(x)). (1.12)

The map dr: X — X is a retraction onto the graph I' obtained from I' by adding its
end-points. In particular, dp induces the identity on I and ép(X)=I. We call ép: X =T
the canonical retraction.

If T is admissible, then each point x€ X \TI lies in a virtual open disk D, with
boundary in I', and ép associates to x that boundary. If T' is finite, admissible, and
endowed with the topology induced by X, then dr: X —T is continuous, and the topology
of T is also the quotient topology by dr.

Remark 1.10. If t,€ X (Q) is a Dwork generic point for z, then the radius g, x of
D(x,X) satisfies 9, x =01, x,, :=min{min;—1,__, [t—c;|q, Ro}. We notice that if z<a’,
then gz x =04 x. In fact the inequality z<a’ applied to T'—¢; and (T —c;)~t provides

|taj—Ci‘:|tw/—Ci|.

Remark 1.11. For all t€ X(2) and all 020 one has g, ., x =max{c, 0¢,x }.

1.2. Directions, slopes, directional finiteness, and harmonicity

We define an equivalence relation between the open segments |z, y[ with z€X in their
boundary. We say that |x,y[~]z, z[ if there exists ]z, ¢[C]z, z[N]x,y[. An equivalence
class b is called a germ of segment out of x, or direction, or again a branch.

We denote by Ax(z), or simply by A(z) if no confusion is possible, the set of all
directions out of z, and if T" is a graph containing x, we denote by A(z,T') the set of
germs of segment out of = that are contained in T'. If A(x,T") is a finite set we say that

I is directionally finite at x.
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Let z€ X and let b=]z,y[ be a germ of segment out of z. We will always provide b

with the orientation as outside x. Clearly, if y is close to z, then either

]a:,y[CA(J:) = [wvxco,Ro] or ]x,y[ - A(y> = [y7 mcmRo]'

Assume that bCA(x), and let ITCR-( be the inverse image of |x,y[ in I,=[0, Ry] (cf.
§1.0.2). We recall that, for all z€ X, the path

)\IZ[O,RQ]—>[$,LL’CO7RO]CX (1.13)

is continuous, it is constant on [0,r(x)] with value z, and it identifies [r(x), Ro] with
[, Zeg. o). SO I=]r(x), o] for some p>r(x).

With these conventions let F': X —+R+ ¢ be such that logoFo\,cexp:log(I)—R is an
affine function. We say that F is log-affine along b=]z,y[ and we set

L, F :=logoFo)\ oexp: |—o0,log Ro] — R. (1.14)

We say that L, F is the log-function attached to F. We denote its slope by 9,F(x),
this is the right derivative of logoF oA cexp at logr(z). If now b=]z,y[CA(y) we call T
the inverse image of |z, y[ in I,,, and we denote by 0,F (z) the negative of the slope of
log o F'o A0 exp:log(I)—R.

Definition 1.12. If |z, u[CA(z)=[x, Tcy, R, ], We say that F is log-affine (resp. log-
concave, log-decreasing, etc.) along |z, u[, if L, F is affine (resp. concave, decreasing, etc.)

over (Agzoexp)~1(]z, ul).

Notation 1.13. Assume that F' is log-affine along all directions be A(z) out of z€ X,
and that 0, F'(x)=0 for all but a finite number of them.

Definition 1.14. The Laplacian of F' at x is the finite sum

dd°F(z)= > my0pF(x), (1.15)
beA(x)

where mp €N is the multiplicity of b (i.e. the number of germs of segment in X o lying
over b).
If now x¢ 90X, we say that F is super-harmonic (resp. sub-harmonic, harmonic) at
x if
dd°F(x)<0 (resp. dd°F(z) >0, dd°F(x)=0). (1.16)
We say that F' is (globally) super-harmonic (resp. sub-harmonic, harmonic) on X, if it

is so at every point z¢90X.
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LEMMA 1.15. Let z€X\0X, and let F,G: X —=R be two functions on X as in
Notation 1.13. Assume that F|,<G|y, along each germ of segment b out of x, that

F(z)=G(z), and that G is super-harmonic at x. Then F is super-harmonic at x. O

Remark 1.16. The Laplacian of F' at the points of 0X does not give information
since some directions out of z are “removed”. As an example, functions fe&(X) are
harmonic, but their Laplacian at the points x €0.X of the boundary is not always negative.

Definition 1.14 is less general than the usual definition of super-harmonicity, as for
example those in [FJ], [Th] and [BR]. The general definition allows for an infinite number

of directions of non-zero slope and the finite sum (1.16) is replaced by an infinite one.

2. Constancy skeleton of a function on X
Let 7 be a set and let F': X —7 be an arbitrary function.
Definition 2.1. We define the controlling graph (also called constancy skeleton)
NX,F)CX (2.1)
of F' as the set of points of X without neighborhoods in X isomorphic to an open virtual
disk on which F is constant. We write I'(F') if no confusion is possible.

Definition 2.2. (Constancy radius) For all z€ X let £, € X s(,) be the canonical point
of §1.0.1. We define the constancy radius op(x):=or(r)(z) of F at x as the radius of the
largest open disk in X ;- (,) centered at ¢, on which the composite map Flp(4): X (o) —
X —T is constant.

2.1. Basic properties
Since D(x)=D" (ts, r(m))Cw‘;;(I)/K (x), from the definition one immediately has
r(z) < or(r) < 0z,x < Ro. (2.2)

LEMMA 2.3. The following conditions are equivalent:

(i) wel(F);

(i) r(z)=er(x);

(ili) there exists yeX such that x=Ay(or(y))€X.

Proof. If z€T'(F), then gp(z)=r(z), because if r(z)<gr(z), the image in X of
D~ (t,, or(x)) is a virtual disk containing x on which F' is constant. Hence (i) = (ii).
Now z=MX;(r(x)), so (ii)=(iii). Assume now (iii). If DCX is a virtual open disk
containing x on which F'is constant, then y€D and D () CD™(ty, or(y)). Hence we
obtain the contradiction z#\,(or(y)). So (iii) = (). O
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LEMMA 2.4. Let F: X—T and F': X =T’ be two functions. We have I'(F)=T(F")
if and only if op(x)=pp (x) for all zeX. O

PROPOSITION 2.5. T'(F') is an admissible graph in X. Moreover it satisfies the
following properties:

(i) z€l(F) if and only if op(x)=r(x);
(i) Az(or(2))€Tx if and only if or(x)=0zx;
(ili) or(x)=orr)(z) for all zeX (cf. (1.12));
(iv) for all z€X, and all p€[0, Ro] one has op(Az(0))=max{p, or(x)};
(v) if F is constant on a virtual open disk DC X, then DNI'(F) is empty.

Proof. We may assume K :@. By definition, T'(F') is the complement of a union
of disks, and so it is admissible. Point (i) follows from Lemma 2.3, and property (v) is
evident.

Now (ii), (iii), and (iv) are straightforward. O

For all z€ X we set 0p(x):=0pp)(z) =Xz (0r()).

We say that F' is finite if I'(F) is a finite graph. In this case 0p: X —T'(F) is a
continuous retraction (cf. comment after Definition 1.9).

Remark 2.6. The correspondence F'—dr is idempotent: 5, =3dr. More precisely, if

I'C X is a saturated subset, I' denotes its closure in X, and F=§p: X —T is its retraction,
then

dsr =0ruryx = OFury - (2.3)
Every admissible graph I is the skeleton of its retraction map or (i.e. '=I'(dr)).
Remark 2.7. Let F;: X —7;, i=1,2, and let g: 7; x 75— 73 be any functions. Then
[(ge(Fy x Fy)) CT(F)UD(Fy). (2.4)
Indeed clearly op, (z) >min{or, (), or, (z)}, and T'(F})UT'(F3) is saturated.
If 7;=R, this holds in particular for max{Fi, F»} and min{Fy, F5}.

Remark 2.8. Let X'CX be a sub-affinoid, and let F’: X’—7 be the restriction of
F:X—T to X'. In order to avoid confusion we denote by I'(X, F)CX, I'(X', F")C X',
or(X,—), and o/ (X', —) the respective skeletons and constancy radii. If '€ X’ one has

OF" (X/7 x/):min{QF(X7 xl)7 Qa:’,X’}a S0
I'(X',F')=(T'(X,F)nX')UTx". (2.5)

Hence the directional finiteness of F' at x’€ X’ is equivalent to that of F’ at 2’. Moreover
the finiteness of F' on X implies that of F’ on X’.
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PROPOSITION 2.9. (Scalar extension) Let Q€ E(K) and let as usual mq/: Xo—X
be the canonical projection. Denote by Fqo: Xo—7T the composite map Fomg k. One
has T'(F)=mq,k(I'(Fa)). Moreover, if K is algebraically closed, then Tq,k induces a
bijection between I'(Fq) and I'(F) with inverse oq i (cf. Proposition 1.4). In particular
F' is finite if and only if Fq is finite.

Proof. We have X=X . /G, where G=Gal(K*#/K). Hence D(F)=I(F=)/G.

As a consequence, F is a finite function if and only if Fom is. So we may assume that

alg
K is algebraically closed. By Proposition 1.4, there is an open disk containing z€ X on
which F is constant if and only if there is an open disk containing ok (7)€ X on which

Fg is constant. The claim follows. O

Remark 2.10. (i) Let F=Idx: X —X be the identity, then I'(Idx)=I'(rx)=X (cf.
definition (1.6)).

(ii) Let F=1: X —{pt} be a constant map. Then I'(1)=I"(¢_ x)=Ix is the skeleton
of X.

(iii) Let fi,..., fn€0(X), let aq,...,a,>0, and define F'(z):=min; |f;(x)|*. Then
[(F)=Sat({z1, ..., 2 })Ulx, where {z1, ..., 2, } CX (K®8) is the union of all the zeros of
fi,ees [

(iv) With the above notation, if F(x):=max; |f;(x)| ™%, intended as a function with
values in the set 7:=RsoU{oc0}, then one again has I'(F)=Sat({z.,, ..., 2., })UT'x.

(v) Assume now that F'(z):=max; |f;(x)

% (resp. F(z):=min; |f;(z)|% as a func-
tion with values in 7:=RsoU{oco}). In this case the explicit description of the skeleton

['(F) is more complicate. However, one can easily deduce its finiteness from Remark 2.7.

2.2. Branch continuity and dag-skeleton

We investigate now whether the function ¥ admits a factorization as F'=F|ppyodr:

X—> 7

=
\ e (2.6)

[(F) =———TI(F).
This is not automatically satisfied. In fact, for a given x€ X, the restriction
Fo),:[0,Ro] — T

is constant for p€|0, o (x)[, but one may have a different value at p=pp(x).
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We say that F'is branch continuous if for all x€ X one has

F(er(r))) = lim  F(A(0)) = F(x). (2.7)
o—or ()

A branch continuous map factorizes as F'=F'|p(py°dr and is determined by its values
on I'(F).

A continuous function with values in a Hausdorff space 7 is branch continuous. Con-
versely a finite and branch continuous function is continuous if and only if its restriction
to T'(F') is continuous.

For some purposes this situation may be unsatisfactory since we want to factorize all
functions. For this we define the dag-skeleton T'(F)' as the union of I'(F) together with
an (unspecified) germ of segment out of all points x of I'(F), for all directions be A(x).
Clearly, any function F factorizes through its dag-skeleton T'(F)f. This situation will
not occur in this paper since all the functions will be branch continuous. This idea can
be better expressed in term of Huber spaces [H|, indeed germs of segment correspond to

Huber points, but this lies outside the scope of this paper.

2.3. Minimal triangulation

Assume that K is algebraically closed. We denote by Sx the union of the Shilov boundary
0X and of the bifurcation points of I'x. Since X is of the form (1.2), we explicitly have

SX = {xci,Ri, :i:Oa "'an}i:O,...,nU{xci,\ci—Cj\ :i7j: 15 ,TL,I#]} (28)

If K is general, define Sx as the image of S X by the projection. We notice that all
points of Sx are of type 2 or 3, and that X'\ Sx is a disjoint union of virtual open disks or
annuli that are relatively compact in X. This is called a triangulation of X in [Du], and
it is related to the existence of a formal model of X. More precisely, Sy is the minimum
triangulation of X.

2.4. A criterion for the finiteness of a positive real-valued function F

Let as usual X be an affinoid domain of the affine line. Let
F: X —Ryy (2.9)

be a positive function. We know that L,F is constant at least on ]—oo,logr(z)] (cf.

§1.2).
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Let 'CX be a finite admissible graph. We consider the following conditions:

(C1) For all xGX(@) one has gp(z)>0 (equivalently I'(F') has no points of
type 1).

(C2) For all z€ X the function L, F:]—o0,log Ry]—R is continuous on |—o0, log Ry,
piecewise affine on it, and with a finite number of breaks all along |—oc0, log Ry].

(C3) For all z€ X the function L, F is concave on |—o0,log or(z)[. This implies in
particular that if |z, y[NT'=@, then F' is log-concave on ]z, y[ (cf. Definition 1.12).

(C4) The non-zero slopes of F' cannot be arbitrarily small. Namely there exists a
positive constant vy >0 such that for all z€ X, and all germs of segment b out of = one
has

O F(x) €]—o0, —vp[U{0}U]vp, oof. (2.10)

(C5) T'(F) is directionally finite at all its bifurcation points (cf. §1.2).
(C6) There exists a finite set €' (F')C X such that if x is a bifurcation point of I'(F)
not in € (F)UOX, then F is super-harmonic at z (cf. Definition 1.14).

Remark 2.11. (1) By (2.2), we have op(2)>0 for all z¢ X (K2).

(2) If F satisfies (C1) and (C2) then it is branch continuous (cf. §2.2).

(3) (C1) plus (C3) imply that F is logarithmically non-increasing over each segment
|, y[ (oriented towards oo) such that |z, y[N['=@.

(4) Conditions (C2) and (C5) ensure Notation 1.13, so that dd°F(x) is defined for
all zeX.

PROPOSITION 2.12. (Permanence of (C1)—(C6) by scalar extension) With the nota-
tion of Proposition 2.9, if i€{1,...,6}, then Fq:=Femq, satisfies (Ci) if and only if
F verifies (Ci).

Proof. The claim holds immediately for (C1)—(C4), since for all z€ Xq and all ¢0>0
one has 7,k (Az(0)) =Arg, (2 (0), and or, (¥)=0r (7oK ().

For (C5) and (C6) we may assume that K is algebraically closed since

[(F) =T(F)/Gal(K"¢/K).

By Proposition 2.9 the claim is evident for (C5) since mg x induces an isomorphism
A(z,T(Fa)) = A(rg)k (z),T(F)). Finally mq,/x preserves the slopes so (C6) descends.
O

LEMMA 2.13. (Flat directions do not belongs to I'(F)) Let DCX be an open virtual
disk of radius 0. Assume that F: X —R<q is a function satisfying

(C1-D) or(z)>0 for all xeD;

(C3-D) for all x€D the function L, F is concave on |—o0,log gl.
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Then F is constant on D if and only if F is constant on an individual complete
segment A(x)ND.
Moreover if F is non-constant, then the first break of L,F arises at log op(x).

Proof. Assume that F is constant on A(z)ND. Since D is topologically a tree,
for all €D the segment I:=A(x)NA(z’)ND is non-empty. So F is constant, with
value F(z), on ICA(z'). Now condition (C1-D) imply the constancy around z’. So the
concavity (C3-D) implies constancy on the whole A(z')ND (concavity implies continuity
on |—oo,log g[). Hence F(z)=F(a'). O

As a consequence we have the following result.

PROPOSITION 2.14. (Decreasing on disks) Assume that F satisfies the properties
(C1), (C2), and (C3). Let D be a virtual disk such that DNI'=@. Let x be the boundary
point of D, and let b be the germ of segment out of x contained in D (b is oriented out
of z). Then D intersects I'(F) if and only if OpF(x)>0 (equivalently, T'(F)ND=g if
and only if OpF(x)=0). O

PROPOSITION 2.15. (No breaks implies no bifurcations) Assume that F satisfies
(C1), (C2), (C3), (C5), and (C6), but not necessarily (C4). Let |z, y[CX be a segment
satisfying

(i) ], y[ is the analytic skeleton of a virtual open annulus C(|z,y[) in X;(°)

(i) Jo, y[NEC(F)=2, and (C(lz,y[)NT)Clz, y[;

(iii) F has no breaks along |z, yl.

Then T'(F) has no bifurcation points along |z,y[, and F is harmonic on C(]z,yl).

Proof. Let z€]x,y[. Each direction b out of z which is not in |z, y[ lies inside a disk
Dy cC(]z,y[) with boundary z. By (ii), Proposition 2.14 holds over Dy, so 9,F(z) >0,
and 0, F(z)>0 if and only if b€T'(F). If z is a bifurcation point of I'(F'), this shows that
2 bglay OpF'(2)>0. But by (C6) we have dd°F'(z)<0, and hence F' must have a break

along |z, y[ at z, contradicting (iii). O

PROPOSITION 2.16. (Finiteness over a disk) Assume that F' satisfies the siz proper-
ties (C1)—(C6). Let DCX be an open virtual disk such that DN(T'UF (F))=0.

Then there is a finite number N of bifurcation points of T'(F) inside D.

Moreover, let x be the point at the boundary of D, and let b be the germ of segment
out of x contained in D (b is oriented out of x).

Then N<|0yF(x)/vr|—1, where |r| denotes the largest integer <r.(%)

(%) We recall that the analytic skeleton of an open annulus {xEA}éan:0<R1 <|T—c|(z)<Ra<oo}
is the set of points without open neighborhoods isomorphic to a virtual open disk.
(6) Recall that |9, F(z)/vr | —1=0, because of property (C4).
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Proof. By Proposition 2.14 plus (C4), we may assume O, F'(z)>vp. By (C2) there
is a segment |y, 2[C D where F' has no breaks. By Proposition 2.15, |y, x| is the skeleton
I'c of a virtual open annulus C'C D over which I'(F') has no bifurcations. Let z€D be
the first bifurcation point of I'(F') that one encounters proceeding from x towards the
interior of D. Let boo:=|z, z[, and let by, ...,b,_ be the other germs of segment out of z

belonging to I'(F') (beo, b1, ..., by, are now all oriented outside z). By super-harmonicity
(C6) one has dd°F'(z)<0, so

i@biF(z) < —0y_ F(2)=0,F (). (2.11)

By Proposition 2.14, one has 9y, F'(z) >0 for all i=1, ...,n,. And, by (C4), for all ¢ one
has O, F(z) >vp. So, since n, >2, for all ¢ one has 0y, F'(2) < =0 F(2) —vp=0pF(x) —vp.
Let D; be the virtual open disk with boundary z containing b;. Then D; fulfills the same
assumptions as D, but its last slope is now less than 9, F () —vr. We then conclude by
induction on |0, F(z)/vr]. O

THEOREM 2.17. If F: X —Rsq satisfies the siz conditions (C1)—(C6), then F is
finite.

Proof. Since T is finite we are reduced to prove that IV (F):=T'(F)UT is finite. More-
over, up to replacing I' by TUSat(%(F')), we may assume that € (F)CT. Since I'(F) is
directionally finite at its bifurcation points, it is enough to prove that there are a finite
number of bifurcation points of I'(F).

Now, X \T is a disjoint union of virtual open disks on which we can apply Proposi-
tion 2.16. So, by directionally finiteness (C5), we know that for all x€T there are a finite
number of virtual open disks D with boundary x intersecting I'(F').

Hence we are reduced to proving that there are a finite number of bifurcation points
of T'(F) belonging to I'. The set € formed by the points in € (F'), the bifurcation points
of ', and the points in 'NOX, is finite and we can neglect it.

So we have to prove that I'(F') has a finite number of bifurcation points along each

connected component |z, y[ of I'\‘€. This follows from Proposition 2.15 and by (C2). O

2.4.1. Assumption (C4) is superfluous

Assumption (C4) is satisfied by the radii of convergence of a differential equation, and it
is important for the explicit computation of the number of edges of T'(F) (cf. [NP3]). So
we preserve the above claims.

Nevertheless we add the following result derived from Theorem 2.17. Its proof does

not involve (C4), which is replaced by a compactness argument.
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THEOREM 2.18. Let F: X =Ry be a function satisfying (C1), (C2), (C3), (C5),
and (C6) (but not necessarily (C4)). Then F is finite.

Proof. We prove that T":=T'(F)UTl'USat(¢(F)) is locally finite in the Berkovich
topology of X. Recall that this is an admissible graph in X, so X \I'" is a disjoint union
of open disks.

Let zeT". Let V(z) be the union of x with all the virtual open disks in X with
boundary  on which F is constant. By (C5) and Proposition 2.14, V(z) is an affinoid
domain of X on which F' is constant.

Let by, ..., b, be the family of germs of segment out of & which are not in V(z); then
b1, ...,bp €T”. For all i=1,...,n there is |z, y;[€b; which is the skeleton of a virtual open
annulus C; such that I'""NC; =]z, y;[. By (C2) we can choose |z, y;[ small enough to fulfill
the assumptions of Proposition 2.15. Hence U:=V (z)U(J_; C; is an open neighborhood
of z in X such that UNI"' =", [z, y:[. We proceed so for all z€I"”. Together with the
complement of I'” in X, this gives a covering of X by open sets whose intersection with
I'” is a finite graph. Since X is compact, we can extract a finite sub-covering, so I'’ is
finite. O

2.4.2. Non-compact disks and annuli

Let C(I)={z€AR™:|T|(x)el} be a (possibly not closed) annulus, or disk if 0 I. Defi-
nition 2.1 extends to X=C(I) in an evident way.

In this case I'(F) is finite if there is a compact sub-interval JCI (resp. if 0€1, then
0€.J) such that I'(F'[;) is finite over C'(J), and I'(F)=I'(F|c(s)UT¢(r)-

COROLLARY 2.19. Let F:C(I)—=Rso. Assume that €(F) is finite and contained
in C(J) for some compact JCI. If F|c(y) is finite, and if F is log-affine along each
connected component of I\.J, then F is finite and T'(F)=T(F|c)UT ¢

Proof. Apply Proposition 2.15 over the open annuli that are connected components

of C(I)\C(J). O

Ezample 2.20. (1) Let I" be a finite admissible graph. The function x+— or(x) satis-
fies the six properties (C1)—(C6) with respect to I', and € (or)=9. If ICT is any segment
contained in some A(x), and if I is oriented towards oo, then gr is log-affine on I with
slope 1. In particular it is super-harmonic in the sense of definition 1.14, and T'(or)=T".

(2) If Fy,..., F,, are functions satisfying the six properties (C1)—(C6), then so does
min{F, ..., Fj, }.

(3) Let f1,...,fn€0(X) and aq,...,a,>0. Assume that each f; has no zeros on

—

X(K?#). Then the function F(z):=min, |f;|(z)~% satisfies (C1)—-(C6), with I'=Tx,
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and I'(F)=T"x. Moreover F is also super-harmonic (cf. Definition 1.14), because so is

each function z—|f;(x)| .

3. Radii of convergence and statement of main result

We here give the definition of the radii of convergence (3.4), and of the convergence
Newton polygon (3.5). We then state our main result (cf. Theorem 3.9) whose proof will

be given in the next sections.

3.1. Newton polygons (formal definition)

Let 7>1 be a natural number. Let v:{0,1,...,7}—+RU{co}, be any sequence i+>v; sat-
isfying v9=0. The Newton polygon NP(v)CR? is the convex hull in R? of the family
of half-lines L,:=J;_,{(z,y)€R?*:z=i and y>v;}, i.e. the intersection of all upper half
planes H, p:={(z,y)€R?:y>ax+b}, a,bER, containing L,.

For i=0, ..., r, the i-th partial height of the polygon is the value

h; :=min{y € RU{oo}: (i,y) € NP(v)}. (3.1)

If h:{0,...,r}—RU{oo} denotes the function i+ h;, then NP(v)=NP(h), and h is
the smallest function with this property.

We have h;=sup,cp(si+minj—o,. ,(v;—sj)). In fact, if y=sz+gq, is the line of
slope s which is tangent to NP(v), then ¢gs=minj—g, . r(v;—sj), and h; is the supremum
of the values of those lines at x=:. In particular, since vy=0, for =1 we have h;=
min;—1 . »(v;/7).

A slope sequence is any non-decreasing sequence s:{1,...,r}—RU{oo} such that
$1<... <8,

The slope sequence of NP(v)=NP(h) is defined by s;:=h;—h;_1, i=1,...,r, where
s;=00 if h; or h;_1 is equal to co. The slope sequence of NP(h) determines the function
h;=s1+...+s;, and hence NP(h).

If s;<sit1, or if i=r, we say that ¢ is a vertez of NP(v).

Let s:51<...<s, be a slope sequence. The truncated slope sequence by the constant
CE€R is by definition the sequence s|c:={s;}!_,, where s;:=min{s;, C'}, for all i.

As a matter of fact, in the sequel we will deal only with truncated slope sequences

by a convenient constant C'<oo, so we do not have to deal with infinite slopes.
Ezample 3.1. Let (F,|-|r) be a valued field and let P(T):=>";_;a,_;T*€F[T] be

such that ap=1. Let vp;:=—logla;]€RU{c0}. The Newton polygon of P(T) is by
definition NP (vp).
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3.2. Convergence Newton polygon of a differential equation

Let X be an affinoid domain of A}fm. A differential equation over X is a locally free
Ox-module .Z of finite rank together with a connection V:.% —Z®Q%. Let r be the
rank of .%.

We now define the radii of .# at x€ X. We fix a field extension Q€ E(#(z)) which is
algebraically closed, spherically complete, and with value group |Q2*|=Rsq. Let t€ X(Q)
be a Dwork generic point for z, and let .%|p(, x) be the restriction of Fo=F N to
D(z,X)CXq.

We recall that the radius of D(x,X) is gz x. For all 0< R<p; x, we denote by
D(z,R)CD(z,X) the open sub-disk centered at ¢ with radius R, and by

Fil?®Sol(Z,t,Q) C Z|p(a.r)

the Q-vector space of solutions of .% with values in &(D(x, R)), that is the kernel of
V®1+1®d/dT acting on .#|p(,,ry. The space Sol(.#,t,Q) of all Taylor solutions of .7
around t is given by
Sol(Z,t,Q) == | ] Fil*"Sol(Z,¢,9). (3.2)
R>0
Since €2 is spherically closed, by a result of Lazard [L], #|p(,, x) is free. So, once
a basis is chosen we have a differential equation Y'=GY, GeM,(0(D(x,X))), and
hence, by the Cauchy existence theorem, Sol(.%#,t,)) has dimension r over Q (cf. [DGS,
Appendix]). If QCQ/, a descent argument (cf. [Ke3, Proposition 6.9.1]) shows that
Fil?Sol(.Z, t, ) =Fil* #Sol (.7, t, Q) @Y.

PRrOPOSITION 3.2. The filtration is independent of the choice of € and t in the
following sense. If (t',§) is another choice, there exists Q, Q' <Q' € E(K), together with
a Galois automorphisms o€Gal®™ (Q"/K), such that o(t)=t', inducing for all R< 0, x
the identification

o: FiIZ?®Sol(.Z, t, 0) 20 Q" — FilZ Sl (7, ', Q") R0 Q" . (3.3)

Proof. The existence of ¢ such that o(t)=t' follows from Lemma 1.5. Since o is iso-
metric, o(D~(t,R))=D" (¢, R) for all 0< R< g, x. This provides an isomorphism of rings
S ai(T—t)' =32 o(a;))(T—t'): 0(D™(t,R)) = O(D~(t', R)), over ", commuting
with d/dT. O

Definition 3.3. (Convergence radii) For all i=1, ...,7 we define R () as the largest
value of R< g, x such that dimQFiPRSol(ﬁ,t, Q)=r—i+1. We set

HY (z):= ] R (@)
k=1
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and

Ri(.ﬁ, ng.) =

RY@)  and Ho(e, ) = H Rule, 7) = 1 @) (3.4)

Oz, X i) Q;X

We also set s7 ():=log R (z), h (x):=s{ (z)+...4+s7 (z), and h{ (z)=0.
The polygon NP(log H;(x, %)) is called the convergence Newton polygon and it is

denoted by

NP (z, F). (3.5)

Remark 3.4. (1) By Proposition 3.2, the above functions are independent of the
choices of ¢t and 2.

(2) Obviously the definition only depends on the restriction .#|p(,, x), so the same
definitions can be given for a differential module over a virtual open disk D, replacing
0z, x by the radius of D.

(3) As a consequence, the definition is insensitive on extension of K: for all Q€ E(K)
and all ye Xgq,

Ri(y, Fa) =Ri(ra/k(y), F) forali=1,..r. (3.6)
In particular the assumptions of Proposition 2.12 are satisfied.

(4) Since y+> o, x is constant on each maximal disk D(z, X), it immediately follows

that
L(Ri(— #))=T(R7) and T(H(- F))=T(H). (3.7)

(5) More precisely, R;(—,.Z) and R differ by a constant function over each maxi-
mal disk D(z, X). Hence if b is a germ of segment out of z€ X we have either O,R;(x, .7 )=
R (x) if b¢T x, or, if b is oriented towards oo, we have 9R;(z,.F)=0R (x)—1.

(6) The dimension dimgFilZ®Sol(.#,t, Q) is obviously constant on D(z, R). Hence
Ri(z,.F) and R () are constant on D(x, R7 (x)), so

max{R;" (2),7(2)} < or7 (¥) = or, (-, 7)(2)- (3-8)
(7) It follows from the definition that if .#'C.% is a sub-differential equation, the
radii of .%#" all appear among the radii of .%.

The radii do not behave well by exact sequences, but we have the following result.

PROPOSITION 3.5. Let F=71®.% be a direct sum of differential equations over

X of ranks 1 and 7o respectively. Then, up to permutation,(”) for all x€X one has

{RY (@), s R 1y ()} = R (@), o, RTH (@) URT (@), .. R (2)). (3.9)

T1+7T2

The same holds replacing X by an open disk, or replacing ’R? by Ri(—, F).

(") If a radius R appears n; times in NP°™V (%, x), it is understood that it appears ni+ng times
in NPO™(.Z, x).
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Proof. The functor ﬁHFiIZRSOI(ﬁ, t,Q) is additive, so for R< g, x we have
Fil?Sol(.Z, t, Q) = Fil?'Sol(.Z), t, Q) @ Fil? S0l (2, t, Q).

The claim then follows directly from Definition 3.3. O

3.3. Statement of the main result

Definition 3.6. We say that the index i (resp. R;(z, %)) is

spectral at v € X, if RZ
solvable at x € X, if RZ
over-solvable at v € X, if R7 (z) > r(z).

(3.10)

We say that the index ¢ is free of solvability at x if none of the indices j < is solvable.

We say that Z is free of solvability at x if none of the indices i=1, ..., r is solvable at z.

Remark 3.7. From Proposition 2.5 and equation (3.8) it follows that ¢ is spectral at
all points of I'(R;(—, #)).

Definition 3.8. For all i=1,...,r, we set
i
Io:=Tx and T;:=|JT(R;(-,%)). (3.11)
j=1
Recall that the index i is a vertez at x of NP (x, #) if Ri(x, F)<Rit1(z, F),
or if i=r.

The main result of this paper is the following theorem.

THEOREM 3.9. Let % be a differential module of rank r over X.

For i=1,...,r the functions R;(—,.F) and H;(—,.F) (and hence also s7 , h , RY,
and HY) are finite.

They satisfy moreover the following properties:

(i) For all i=1,...,r the i-th partial heights H;(—,.F) and H{ both satisfy (C1),
(C2), (C4), (C5) of §2.4, and also (C3) with respect to I':'=T";_1.

(ii) (Integrality) Let z€X be a point. Then

(ii-a) if i is a vertex of NP (z, F), then for all germs of segment b out of x, we
have

OH; (2, 7),0,H (2) € Z; (3.12)

(ii-b) if i is not a vertex, one proves by interpolation(®) from (3.12) that

1 1
3bHi(x,32)76be(z)eZUiZU...U;Z. (3.13)

(®) Interpolation means that we proceed as in the proof of point (iv) of Proposition 4.13.
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(iii) (Concavity) Let |z, 2| CA(x) be an open segment in X . Let |z, y[:=]z, 2[\T'x.(°)
For all i=1,...,r let H; denote the i-th partial height H;(—, ) or H7 . Then

(ili-a) H; is log-concave on each sub-segment of |y, z[ which is the skeleton of a
virtual annulus contained in X (cf. Definition 1.12);

(iii-b) H; is log-concave on each sub-segment of |x,y[ which does not intersect the

set
D (RY (2)), s A (R (2)) }; (3.14)

also, fired TE{R (v):k<i}, if for all k<i such that R (x)=T the function Ry(—,F)
(or equivalently Ry’) is log-concave at logT, then H; is also log-concave at log 7;(1°)
(¢) H; is logarithmically non-increasing on each sub-segment IClx,y[ on which i is
free of solvability (i.e. ’R]‘g(x')#r(x’) for all ' €1, and all j<i).
(iv) (Weak super-harmonicity) We define inductively a family € (%), ..., €. (F)e
X\T'x of finite subsets as

where A; is the finite set of points x€ X\ Sx satisfying the following properties:
(iv-a) the index i is solvable at x;
(iv-b) x is an end-point of T'(R;(—, F));
(iv-c) z€T'(R;(—, F))NI'(H;(—, F))NT;i_1.

Then, for all x¢SxU%; (cf. equation (2.8)) we have

dd°H;(z, ) <0. (3.16)
While, for x€Sx\0X, we have
dd°H;(z,.7) < (Nx(z)—2deg(x)) min{s, P}, (3.17)

where deg(x) is the degree of x (that is, the number of points of X o, over zeX);
NX(I)::ZbEA(I,FX)mb’ where my s the multiplicity of b (cf. Definition 1.14); and
0<iSP<r is the largest index of F which is spectral non-solvable at x.(*')

This is equivalent to saying that H;-g is super-harmonic (at least) at all points x€

X\ (%;U0X).

In particular Ry is super-harmonic (outside 0X).

(°) In other words if D is the largest virtual open disk in X intersecting ]z, z[, then |z, y[=DnN]z, 2].

If |z, 2[CT'x, it is understood that |z, y[=2.
(19) In particular this happens by definition if 7<r(z), since Ly Ry (—, %) is constant on ]—oo, 7(x)].
(11) It is understood that i5° =0 if and only if all the radii of F are solvable or over-solvable at z.
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(v) (Weak harmonicity of the vertices) Let x€ X\0X. Then

(v-a) if x¢T'(H;(—,.%)), then for all be A(z) we have Oy H;(z, F)=0, so H;(—,.F)
s harmonic at x;

(v-b) if zel'(H;(—,F)), and if i is a vertex free of solvability at x, then (3.16)

and (3.17) are equalities. In particular H” is harmonic at x.

The proof of Theorem 3.9 is placed in §6.

As a straightforward generalization of Theorem 3.9 we have the following result.

COROLLARY 3.10. Let C(I):={z:|T|(x)€I} be a possibly not closed annulus or disk
(if 0l one has a disk). Let & be a differential module of rank r over a differential
ring O.

Then Theorem 3.9 holds for F in the following cases:

(i) if € is the ring of Krasner analytic elements over C(I) (c¢f. [Ke3, Defini-
tion 8.5.1]);

(i1) of K is discretely valued, and € is the ring B(C(I)) of bounded analytic func-
tions on C(I);

(iii) of 0=B(C(I)) or €=0(C(I)), and all Ri(—,F),... Rr-(—,F) (or equiva-
lently all Hi(—, %)) have a finite number of breaks along the skeleton I'c(py={x0,:0€1}.

Moreover, if 0=B(C(I)) or ¢=0(C(I)), and if there exists i<r such that all
Ri(—,F),....; Ri(—, F) have a finite number of breaks along T'c(r), then Ri(—,F),...,
Ri(—,.F) are finite. O

COROLLARY 3.11. Assume that rank(%#)=1, and that x¢T'x. Then x is an end-
point of T'(Ri(x, F)) if and only if Ri(zx,F) is solvable at x and Oy Ri(z,.F)<O0,
where bo, denotes the germ of segment out of x directed towards oo (and oriented out

of x).

Proof. If R{ (z)=r(z) and 9y _Ri(z,.F)<0, then og,_ g (z)=r(z) as a conse-
quence of Lemma 2.13. Hence z€I'(R4(—, %)) by Proposition 2.5. Now z is an end-point
of T(R1(—, #)) by Lemma 6.5.

Conversely, by Lemma 2.13 and Proposition 2.14 a boundary point z of I'(R1(—, %))
not in I'x satisfies OyR1(x, F#)=0 for all b#b, and Oy R1(z,.#)<0. In particular
R1(—,.Z) is not harmonic at . Hence Rq(—,.%#) must be solvable at « by point (iv) of
Theorem 3.9. O

Remark 3.12. Assume that K is trivially valued. The field of Laurent formal power
series K ((T)) (resp. Laurent polynomials K [T, T~!]) coincides in this case with the ring of
analytic functions over {T':|T| €I} for all (open or closed) intervals I C|0, 1] (resp. I CR~y,
with 1€7). Analytic functions are always bounded, and point (ii) of Corollary 3.10
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holds. Moreover, the radii have no breaks along |0, z¢ 1], and all differential equations are
solvable at xg;. Furthermore, w=1, and the radii are always explicit by Proposition 4.11.
The slopes along |0,z 1[ are also directly related to the formal Newton polygon of %
[Ra], [Ro2]|, [DMR, pp.97-107] (see [NP3] for more details).

Remark 3.13. In other terms, if K is spherically complete and |K|=R, Theorem 3
says in particular that the functions R;(—,.%) are all definable in the sense of [HL].

The rest of the paper is devoted to proving Theorem 3.9. The definition of R?
and R;(—,.%) are stable by scalar extensions of K (cf. Remark 3.4). So we assume the

following hypotesis.

Hypothesis 3.14. From now on we assume that K is algebraically closed.

4. Spectral polygons and related results

The ring &(X) is a principal ideal domain, for which each ideal is generated by a polyno-
mial, and hence there are no non-trivial ideals stable by d/dT". This implies that each co-
herent €'x-module with connection is free over (X)) (the proof of [Ke3, Proposition 9.1.2]
works). The choice of a basis ey, ..., e,€.%(X) gives an isomorphism .Z(X)=&(X)" in

which the connection V becomes of the form

V(flv ceey fr)t = (f{a ceey f;)t_G(flv ceey fr)t’ (41)

with GE€ M, (0(X)), where Q% (X)=0(X) via the map fdT+ f. The matrix G is
called the matrix of V. In that basis, the fundamental Taylor solution matrix of .# at a
point t€ X (Q) is
= Ga)(T 1"
Y(T,t):=>" e (4.2)
n=0

where G, is inductively defined by Go=Id, G1=G, and G,,+1=G,,G+G,,. The columns
of Y(T,t) form a basis of Sol(F,t,Q) (cf. definition (3.2)). We set

n!

Gn

RY (x) :=liminf oy

(z)~Y/™ =lim inf
n—oo

n—oo

(4.3)

Q

This is a function RY: X R oU{oo}. Clearly RY (z)=min{RY (2), 0»,x }, and we set
R () := min{RY (z), 7(x)} = min{RY (z), r(z)}. (4.4)

The function R P: X — [0, Ro] is called spectral radius of .F (and also generic radius).
Notice that RY () depends on the chosen basis of .7 (X), while R *P(z) does not.
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LEMMA 4.1. For all x€X one has

orv (z) =ors (v) =0r,(~,7)(¥) and OR 7> () =7r(z). (4.5)

Proof. We have Y (T,t)eGL,.(0(D~(t,R{ (t)))), and if [t/ —t|<R{ (t) one has the
cocycle relation Y (T,t)=Y (T, )Y (#,t) (cf. [CM5]). From this it follows that RY (¢)>
RY ('), and by symmetry we have RY (t)=RY (t'). Hence RY and Ry are both constant
on D~ (t,, R{ (x)).

The claim follows from this fact, together with (2.2) and

R (z) =min{RY (), 0z x }- O
From (4.5) and Lemma 2.3 one immediately has (here r is the function of (1.6))
I(RY)=D(R{)=C(Ri(—,F)) and D(R{™)=I(r)=X. (4.6)

PROPOSITION 4.2. (Concavity and transfer theorems) If z1(f)<za(f) for all f€
O(X), then
RY (1) >RY (x2)  and R (x1) =R (x2). (4.7)

Moreover RY and Ry satisfy property (C3) of §2.4 with respect to T=Tx. If 1C[0, Ro]
is an interval with interior 1 and if the open annulus {T:|T—t,|€l} is contained in
X #(x), then R7 and R(—,.F) are log-concave on I.

Proof. All the claims for RY immediately follow from (4.3) which is lim inf of super-
harmonic functions (and hence log-concave along I). For Ry, the claims follow from the
equality R{ (z)=min{RY (), 0., x }. More precisely, the bounds (4.7) hold since one has
021, X =0z, x (cf. Remark 1.10). O

4.1. Spectral radius and spectral norm of the connection

Let (F,|-|r)€E(K) and let V be a finite-dimensional F-vector space. A norm |-|y on V
compatible with |- |z is a map |- |v: V—Rx¢ such that (i) |v|y =0 if and only if v=0; (ii)
|v—v'|y <max{|v|y, ||y} for all v,v" €V (i) |fo|v=|f|r|v|v for all fEF and veV.

If T:V—V is a bounded Z-linear operator, we define the norm and the spectral
norm of T' by

|T|y :=sup T()lv
v#0 |U|V

and |Tgp.v := lim |T%|}/*. (4.8)
§— 00

One proves that the limit exists, and that |T'|gp 1 only depends on |- |r and not on
the choice of |- |y compatible with |- |r (cf. [Ke3, Definition 6.1.3]).
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Let w:=lim,, o |n!|'/™. If the restriction of |-| to the sub-field of rational numbers
Q is p-adic (resp. trivial), then w=|p|"/P= (resp. w=1).

If = is not of type 1, then (#(z), x)=(.#(X),x) is the completion of the fraction
field #(X) of &(X) with respect to the norm z. The following lemma proves that the
deriv;atgn d/dT is continuous, and hence it extends by continuity to J#(x). Recall that
K=K¢s,

LEMMA 4.3. Let xeA}gan be a point of type 2, 3, or 4. Then the operator norm of

(d/dT)™ satisfies
d n
()

Proof. Let te D(z) be a Dwork generic point for « (cf. §1.0.1). The Taylor expansion

=2 (4.9)

|
= ! and =
sp@) (@)

() r(z)™ dT

at t€ Xq gives an injective isometric map of J#(x) into the ring B(D(z)) of bounded
functions over D(x)=D"(t,r(z)) C Xq commuting with d/dT. The image of f€#(x) is
Yiso fOO(T—1)"/il and

FO) i
z(f) =210(fo) =Ttr(2)(fo) =sup f ()
It is well known that "
)y =70
AT} 1B(D(a)) r(z)"’
and this implies that
’( d )n [n!]
dT') | ey (@)™
Now, for all c€ K, one has
d n d n
wi=\(5) -orle@<|(35)] ir-elor
dr AT} | s )
Hence we find that
‘(df S
0T ) | )~ cer ft—c" ~ r(@)™
by Lemma 1.1 (because K:@). O

PROPOSITION 4.4. Let meA};an be a point of type 2, 3, or 4. Let (F,V) be a

differential module over J€(x) endowed with a norm compatible with |-|(x). Then

wlV|gt z =R P (). (4.10)
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Proof. A direct computation gives that (cf. Proposition 1.3 in [CD] and Lemma 6.2.5
in [Ke3])
d

n | 2
drT

|V|Sp’g:max{1imsup|Gn(a:) ) (4.11)
n—oo

Sp,ﬁf(z)}
where G, is the matrix of (4.3). By Lemma 4.3, we have |d/dT |sp, s (2)=w/r(x). O

Remark 4.5. If K is not algebraically closed we still have

n!|

‘d _nll
H(x) h r(z)"

ar

b

=Y and 7|n'| ’<d>n
Sp, () r(x) r(z, K)» = |\ dT

where r(z, K):=min.c x (k) [tz —c|a. The proof in this case is more involved, and unnec-

essary for our purposes.

4.2. Spectral Newton polygon of a differential module

Let z€X be a point of type 2, 3, or 4. By Proposition 4.4, it follows that R?’Sp(x)

only depends on the restriction of .# to the differential field (¢ (z),d/dT). We now
define higher spectral radii following [Ke3]. Let .# be a differential module of rank r
over (' (x),d/dT). Let

0=MycM;C..CM, =% (4.12)

be a Jordan—Holder sequence of #. This means that for all k, Nj:=Mj/My_; has no
non-trivial strict differential sub-modules.

Let 7, be the rank of Ng, and let Rk::Rll\Ik’Sp(x). Perform a permutation of the
indices in order to have R <...<R,. Let s75P(2): 57 "P(2)<...<s7*P(z) be the slope se-
quence obtained from log Ry <...<log R,, by counting the slope log(Ry) with multiplicity

TE:

sﬂ’Sp(x):log Ri=..=logRi<logRy=..=logRy <...<logR,=...=logR,,. (4.13)

r1 times ro times T times
We set R P (z):=exp(s? *P(z)). For all i=1,...,r set hy (z)=0 and

WP () i= 57 (@) s ().
We say that the spectral Newton polygon is the polygon NP*P(z, % ):=NP(h7"(z)).
If .Z is a differential equation over X, as for RY*P(z) (cf. Definition (4.10)), we
extend the definition of R?’Sp to the whole X by setting R?’Sp (z)=0 for all z of type 1.
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THEOREM 4.6. ([Ke3, Theorem 11.3.2, Remarks 11.3.4 and 11.6.5]) Let .# be a
differential module over X. Let ICX be an (open/closed/semi-open) segment. The
following properties hold:('?)

(i) The functions R?’Sp and H?’Sp satisfy properties (C2) and (C4) of §2.4 along I.

If moreover I is the skeleton of a virtual annulus in X, then H7=P

; s log-concave

along 1.

(ii) Points (i) (a) and (ii) (b) of Theorem 3.9 hold replacing H by H;g’Sp.

(iii) Assume that I is the skeleton of a virtual open annulus in X. Assume that
1<7 s a spectral non-solvable index at x€I. Then 3;,H?’Sp(x):0 for all but a finite
number of germs of segment b out of x, and H;’Q:’Sp s super-harmonic at x. If moreover
i is a vertex at x of the spectral Newton polygon NP®*P(x,.F), then H?’Sp is harmonic
at x.

(iv) If I is contained in an open virtual disk DCX, and if the index i is spectral
non-solvable at x€l, then Hf’Sp is non-increasing along an open sub-segment J of I

containing x. O

PROPOSITION 4.7. For all i=1, ...,r we have R, *"(z)=min{R7 (), r(z)}. In par-
ticular R7"P=RZ along T(R7Z) by Remark 3.7.

Proof. If x is a point of type 1, there is nothing to prove. If x is a point of type 2,
3, or 4, % admits a decomposition separating the spectral radii {R?’Sp(x)}i (cf. [Ro2]
or [Ke3, Theorem 10.6.2]). Now there is also a decomposition of .# separating the radii
of convergence of the Taylor solutions at a Dwork generic point ¢ of x that are smaller
than or equal to r(x) (cf. [Rol]).(**) Both these decompositions behave well by exact
sequences. So we may assume that .7 satisfies R *P(z)=...=R7*P(z), and that its
Taylor solutions at ¢ all have the same radius of convergence. The claim then follows
from the case i=1 (cf. (4.4) plus (4.10)). O

Remark 4.8. (1) By Remark 3.7, for all p>p, x we have
(RTPoAa)(0) = (R 2Aa)(0)-
In general, for all >0 we have r(\;(9))=max{o, ()}, so Proposition 4.7 gives
(R =\;)(0) = minfmax{r(z), o}, (R *As) (0)}. (4.14)

(*2) The claim of [Ke3, Theorem 11.3.2] is given for segments free of points of type 4, but around
a point x of type 4 we can extend the ground field K to turn z into a point O'Q/K(x) of type 2, and
use Remark 4.9 to replace I by 0/ (I). Also the claim of [Ke3] is given for I being the skeleton of an
annulus in X. The claim however holds for the closure of the skeleton of an open annulus, if the matrix
G of V has bounded coefficients on the annulus. This gives our claims by considering a subdivision of
I by segments whose interiors are skeletons of open annuli in X.

(13) The classical proofs of these decomposition results are given for a point of type 2, but they
extend smoothly to all points of type 2, 3, or 4 (cf. [NP3] for more details). The key ingredient is the
fact that |d/dT|gp, s (o) =w/7 ().
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(2) In the case i=1, or+(R{ °A.)(0) is moreover log-concave and log-decreasing for
0€[0, 02 x|, and since p—max{r(z), o} is log-convex for all p€[0, Ry], then

(i) If R (z)<r(z), then (R o), )(0)=(R7 oA, )(0) for all p€[0, Ro);

(ii) If RZ (x)>r(z), then (R Po),)(0)=(RZ Ay)(0) for all p€[RY (2), Ry).

In particular, if (R‘?’Spo)\x)(g):(R'lgo)\x)(g) for some p, the same equality holds for all
o'>o.

(3) The index i is spectral at A;(o), for all ¢>R7 (x). Indeed, by point (6) of
Remark 3.4, if R (y)>7(y) for some y=\. (o), then D~ (t,, R7 (z))=D" (t,, R (y)), so
R7 (r)<o.

So for all ze X, and all >0, we have

Rzg(m)v if96[07Rig($)]a

(RT™aA)(0),  if 0> RT (). (4.15)

(RZA0) = {

Thus, R o)\, and R?’Spo)\z differ by at most two slopes over [0, R{ ()] (the slopes of
max{r(z), o}) that can only be 0 or 1 for both radii.
(4) This shows that Theorem 4.6 implies (C2) and (C4) for R, and hence also for

Ri(—,.F), it implies moreover points (ii) and (iii) of Theorem 3.9.

Remark 4.9. The function R?Q’Sp is not constant over the fiber 71'5/1}{(%), while

R is constant on it. It follows from Proposition 4.7 that, for all yewg/lK (x), we have

R?Q’Sp(y):min{R‘?’Sp(x), ro(y)}. In particular, ’sz’Sp(x):R?Q’SP(UQ/K(QJ)).
We also recall the following fundamental result.

THEOREM 4.10. ([Ke3, Theorem 12.4.1)) Let .7 be a differential equation of rank r
over a disk 0(D™(c,0)), c€EK, and 0>0. Assume that for some i<r there exists >0
such that b P is constant along |Tepy o, @], and moreover s7 5P (ze y) <5, P (e,y)
for all o' €lo—e, 0. Then F=F=;®F;, where

(i) the ranks of F<; and F=,; are i—1 and r—i+1, respectively;

(ii) for all k=1,...,i—1 one has s‘,?“’s’p(mc,g/):sf’Sp(xc’g/) for all o' €lo—¢,0;

(iii) for all k=i,...,r one has sfj’ff(mc,g/):sf’Sp(scc’g/) for all o' €lo—¢, 9. O

4.3. Spectral Newton polygon of a differential operator

Let £:=3"0_gr—i(T)(d/dT)" be a differential operator with go=1 and g;€0(X). We
set

%= —log(w ™ gi(x)]). (4.16)

We define the spectral Newton polygon of £ as NP(L, x):=NP(v5P).

(Y
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Let sﬁ’Sp(:c):sf’Sp(x)g...gsf*Sp(x) be its slope sequence. For i=1 we have
ST (@) =log(w_min_ |gi(x)| /7). (4.17)

We define as usual R=*P(z):=exp(s=*P(z)) and HS*P(x):=exp(hS*P(z)).

PRrROPOSITION 4.11. (Small radii, cf. [Y], [CM5, Theorem 6.2], and [Ke3, Theo-
rem 6.5.3]) Let €X be a point of type 2, 3, or 4, and let (F,V) be the differential
module over ((x),d/dT) attached to L. Then exp(sf’Sp(x))<wr(x) if and only if

R?’Sp(x)<wr(x), and in this case we have

RT*P () = exp(s5P(2)). (4.18)
O

Remark 4.12. Tf g,#0, then s~ (z), h=™(x)<oo. This will be the case of major
interest, indeed the case where g,.=0 reduces to a lower degree, since we have a factor-
ization L=L12(d/dT) for some L;.

PrOPOSITION 4.13. Assume that go=1, g.#0, and that for all i, the function g; is
either equal to 0, or it has no zeros on X. Then the following are true:

(i) For all i=0,...,7 the function mHHf’Sp(a:)eR satisfies the six properties (C1)—
(C6) with respect to T:=T'x and €(H"*P):=8X. It is hence finite by Theorem 2.17.

(ii) For all i=0,...,r one has T'(h5)=T(H)=T(s="*)=I(R**?)=I"x

(iii) Assume that x€X is a point of type 2, 3, or 4, and that i is a vertex of
NP(L,z) (i.e. i=r or sf’Sp(x)<sf+’slp(x)). Then O,H P (x)€Z, and, if ©¢dX, H-*P
is harmonic at x.

(iv) For all i=1,...,r the slopes of hf’Sp and sf’SP belong to ZUZU...ULZ.

Proof. Since every g; has no zeros on X the functions z—|g;(x)| are constant on
every maximal disk D(x, X). Hence (ii) holds. If 7 is a vertex, then

(iii) (a) over all germs of segment b:=[z,y[ out of  one has H=*P=wi|g;|~*;

(iii) (b) OpH[ ™ (2)=0y(wr|g:(x)| ) €2

(iii) (¢) if z€ X\OX, then H-*P is harmonic at z.
The rest is straightforward (see for example [Ke3, Theorem 11.2.1]). Namely (iv) is
deduced by (iii), by interpolation. This means that if i1 <i<iy are the vertices of the

polygon that are closest to ¢ at x, we define

he™P(y)— P (y)
in—i '

G(y) :==h™(y)+(i—i1)

Then G is super-harmonic at z, G(z)=h,(z), and G=h"" around z. So h=™ is super-

harmonic by Lemma 1.15. O
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Remark 4.14. To deal with the case in which some g; is not invertible, it is enough

to replace X by a sub-affinoid on which each g; is either zero or invertible.

Remark 4.15. Let s(x):=min{s"*"(z),log(wr(x))} be the truncated slope sequence.
The partial heights of the corresponding polygon satisfy (C2) and (C4), and the
property (C3) with respect to I':=T"x. Of course (as for R‘?’SP(J:)) the constancy skeleton
of each partial height is equal to X.
If ¢ is a vertex of the truncated polygon, then the slopes of the ith partial height
belong to Z, and property (iv) of Proposition 4.13 holds. While (iii) (¢) and super-

harmonicity only hold for ith partial heights corresponding to indices 7 satisfying

s;(x) <log(wr(z)).

4.4. Localization to a sub-affinoid

Let .% be a differential module over X, and let X’C X be a sub-affinoid domain. The
polygon NP*P(z,.%) only depends on the restricted module .7 (z)=Z®.(x), so it is
invariant by restriction to X’. Conversely, NP (z, %) is not: the radii change by
localization. Hence the following proposition is not a direct consequence of Remark 2.8.
The claim is given for the function R, and an immediate translation gives the analogous
statement for R;(—,.%) (cf. Remark 3.4).

PROPOSITION 4.16. Let X'CX be a sub-affinoid. Then the following are true:
(i) For all i=1,...,r and oll '€ X’ one has R?lx'(x’)zmin{R?(x’),Q%X,}, and
r(x', R =((X,R7)NX")UTx. (4.19)
(ii) R is directionally finite at x'€ X' (cf. (C5)) if and only if R?‘X' is direc-
tionally finite at z'.
(iii) If Tx/CI(X,RY), then for all ¥’ €X' one has
RN ()=RZ (') and H''(2/)=HZ (2). (4.20)
In particular, if X' is an affinoid neighborhood of z' in X, then sz s super-harmonic
(resp. harmonic) at x’ if and only if so is Hfz‘x'.
(iv) Assume that X' is an affinoid neighborhood of a' in X', and that R (z')<
0z, x'. Then for all j=1,....i and all beA(z') one has abef(x’)zabe'X' (2'), and
abe"(x'):abe”‘X'(x'), Hence HJLQ is super-harmonic (resp. harmonic) at x' if and

only if so is HJ‘?‘X',
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Flyr

Proof. (i) and (ii) The relation R; X' (z')=min{R; (), 0o x+} follows from Def-
inition 3.3. This, together with (3.8), gives 0 Ix (z)=min{og s (2'), 027, x}. This
implies (4.19), and hence (ii) follows.

(iii) Assume that I'x,CT'(X,R7). Then by point (iii) of Proposition 2.5, for all
j<i we have

7

R (") SR (o) S org (o)) = or(x,r7) (@) S o, (2) = 00 1, (4.21)

so RY X' (2/)=R7 («/) for all #’€X’. Thus H, ¥ (a')=H7 (') for all '€ X",
(iv) We have 7?,‘?"“(a:'):min{R]?(x’)?gm/,x/}:Rj?(:r’)7 since Rf(x')<7€?(m’)<
0z x’. Moreover, this remains true by continuity over each germ of segment out of z’
(cf. Remark 4.8). O

4.5. Base change by a matrix in the fraction field .#(X) of 0(X)

Let .#(X) denote the fraction field of &(X), and let HeGL,(.#(X)). Replacing X by
a sub-affinoid X’ having conveniently small holes around the zeros and poles of H(T')
and of H(T)™! we obtain H, H-'€GL,(0(X')). If z€X is a given point of type 2, 3,
or 4, then X’ can be chosen as an affinoid neighborhood of z in X, because the zeros
and poles are K-rational (recall that K:I/(;E).

4.5.1. Reduction to a cyclic module

Let r:=rk(.%) be the rank of .#. By the cyclic vector theorem (cf. [Ka]) one finds a
cyclic basis of 7 (X)®g(x).# (X ) in which .# is represented by an operator

L :=§gri(T)<ddT>i7

with g;€4(X) for all 4, and go=1.

The operator L represents simultaneously the connection of all differential modules
F ()= @p(x)H () for all z€ X of type 2, 3, or 4. If H(T)c.#(X) is the base change
matrix, one can chose X' CX as indicated in §4.5. In order to fulfill Proposition 4.13, we
can further restrict X’ in order that none of the g; has poles nor zeros on it.

By Proposition 4.16, the restriction of .% to X’ does not affect the finiteness. If

moreover I'x, CT'(R7 ), the super-harmonicity of H;” is also preserved.
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5. Push-forward by Frobenius maps

We here recall and slightly generalize some results about Frobenius maps coming from
[Ke3] (cf. also [Ch1], [CD], [Pon], and [Ba]). We study the behavior of dd°H;” (x) by
Frobenius descent. In [Ke3] this is done for an annulus, here we generalize it to an
affinoid domain of A}fn. Throughout §5, we assume that K is of mixed characteristic
(0,p), with p>0. Recall that K=K,

5.1. Frobenius map

Let T and T be two variables. The ring morphism #: K[T]— K[T] sending f(T') into
f(TP), defines a morphism @: A}*" — A, If te AR™ (Q) is a Dwork generic point for
€A™, then tP is a Dwork generic point for (). Indeed for all feK[T] one has
p(x)(f)=(f(T?))=f{")lo-

We now describe the image of a point of type x;,. For all >0 and g, ¢’ >0 we set

P if o> wo,
¢<a,g>:=max{@p,|p|o’"1@}={Q’ Lo (5.1)

lploP~ 1o, if o<wo,

= o (5.2)

, (o>, if o' > wPoP,
} if o' <wPoP.

(o, o) =mind (¢/)/?, —2—
1

IploP ,

|p|or—1

For o fixed, ¢ and v are increasing functions of p such that ¢(c, ¥ (o, ¢'))=0" and

Y(o, ¢(0,0))=0. In the sequel of this section by convention of notation we set

o' =¢(c,0) and o=1(0,0). (5.3)

PROPOSITION 5.1. Let ce K and 0>0. Then

C(Te,o) =Ter p(clo)  and 0 (Ter ) = {Tacp(el0) far=1- (5.4)

In particular, if o>w|c|, o~ N (@ o) has an individual point, otherwise it has p distinct

points. [

The following proposition describes the image and the inverse image by ¢ of a disk.
We mainly apply this to generic disks, so the center of the disk will be denoted by ¢, and
all disks are Q2-rational.

PROPOSITION 5.2. Let t€Q) and o, o' >0 be such that o=y(|t], o) and o' =¢(|t|, 0).
Then the following holds:
(i) One has the equalities
@(D™(t,0))=D"(t",¢") and ¢ (D (t",d)= | D (at,0). (5.5)

aP=1
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(ii) For all aep,(K) the morphism @¥ ,: O(D~(t*, ")) = O(D (o, g)) is injective
and isometric in the following sense: for all f€O (D™ (t?,0')) and all n<o' one has

| Fleen =107 ,(F)lato1t1m)- (5.6)

(iil) If o' <WP|t|P then, for all acp,(K), gof_rg is an isomorphism of rings (satisfying
(5.6)).

(iv) If wP|t|P<y’, then gog#::gof’g is independent of «. Moreover w,(K) acts on
O(D(t,0)) by a(f)(T):=f(aT), and ¢ (6(D(t7,0)))=6(D" (t, 0))*»"). o

The morphism ¢ induces a K-linear isometric inclusion ¢#: 2 (¢(z))—(z).

COROLLARY 5.3. Let c€ K, let p=0, and let x=x.,. If o#w|c|, then the morphism
@ AR A" provides a bijection

0: A(z) = Ap(x)). (5.7)

If o=w|c|, then (5.7) is surjective. The inverse image of the germ of segment out
of @(x) directed towards co has a single element, while the inverse image of each other

germ of segment out of p(x) is formed by p distinct germs of segment out of x. O

PROPOSITION 5.4. Let c€ K, x=x., and 0=>0. Then
(i) if o<wlel, then [ (2e,p):  (plwe,))] =1
(i) if o>wlel, then [7(xe,0): # (o(c,,))]=p.
If X s an affinoid domain of A}(’an, the same relations hold by density replacing € (x)

and € (p(x)) by the local rings Ox , and Ox» respectively. O

(@)
Remark 5.5. If =z, , fulfills the assumptions of Proposition 5.4 (i), then so does
also ¢(x) with respect to ¢?(z). This is no longer true if we are in the situation (ii).
Namely, if 2=x., satisfies 0>w!/P"|c|, then for all k=1, ...,n, QDk(x)Zifcpk7gpk satisfies
0" Swlelr”, and [ (" (2)): 4 (¢" 1 (x))] =p. While [#(¢"+ (2)): ("2 (x))]=1.

5.2. Behavior of spectral non-solvable radii by Frobenius push-forward
The map ¢#: O(XP)— O(X) satisfies

d/dT d
( / >o¢#:¢#o ,
pr_l dT

Let .7 be a finite free module of rank r over &(X), and let V:.% —.% be a connection
with respect to d/dT. The push-forward of (#,V) is the (€(XP?),d/dT)-differential

module ]
()
pTr=t
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obtained by considering .# as an @(XP?)-module via p#, so that

1

—V: ¥ —ZF
pTr=1

is a connection with respect to d/dT. We will denote it by

1
. ar
(@uF, 0 V)= (./, T V) .

Let z€ X be a point of type 2, 3, or 4. Spectral non-solvable radii of % at x only
depend on its restriction to 5 (x). We study separately the two cases of Proposition 5.4.

We firstly consider the situation (i) of Proposition 5.4, where =z, ,, with p<w|c|.
In this case ¢: 7 (p(z))—H(z) is an isomorphism of fields, and hence the scalar ex-
tension and the restriction of scalars functors are equivalences of categories. By Propo-
sition 5.2 the radii of all sub-disks of the generic disk D(z) are multiplied by |p|[¢t[P~1,
where t is a Dwork generic point for x.(**) So for all i=1, ..., we have

REEI () = lpl 1 R (). (58)

In the situation (ii) of Proposition 5.4, where z=z.,, with ¢>wl|c|, the map
o A (p(x))—H(x) is a field extension of degree p. The situation is then regulated by
the following results.

PROPOSITION 5.6. Let xEA}f“ be a point of type 2, 3, or 4 of the form x=1,,
with ce K, and p>wlc|. Let F be a differential module over 5 (x) of rank r.
Define 0<iy(x)<r as the index satisfying('®)
ZF,8 Z,s
Ry (D(@) Swlt| <RH, (2). (5.9)

Then, up to a permutation, the list (with multiplicities) of the spectral radii of @.(F) is
given by

U plitP ' RE® @), ol [P R (@) | ART ™ ()P, wP|t?, ... w?|tP}.
N———r

1<i<iy (o) i1 (z)<i<r

p times p—1 times

(5.10)

Proof. The proof follows [Ke3, Theorem 10.5.1], with slight modifications. O

(14) Note that 2=z, ,, and hence |t|=|T'|(z) =max{|c|, o} =max{|c|, r(z)}, since r(z)=p.
(15) It is understood that 41 (x)=0 if and only if R?’Sp(:r)>w\t| for all 4.
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COROLLARY 5.7. We maintain the assumptions of Proposition 5.6. Let P (resp.
i1(z)) be the largest index satisfying Ry (v)<r(z) (resp. R (z)<wmax{|c|,r(x)} as in
(5.9)).

For all i€{1,...,r} we define(1%)

qﬁ(i,x):{pi’ . Z:f}<i<i.1(33), di(x):{i’ ?f%<i<i.1(x),
(p—Dr+i, ifii(x)<i<r, r, ifi(z)<i<r,

and

liw(T) = (pTP~ D)5 € 6(X),
Let ie{1,...,i5P}. Then
ool @) HP () = HEZ (p() /7. (5.11)
Proof. Write

Va)
S
=
N
N

Szl(z) (33) < 1Og(w|t|) < Sf($)+1($)

<. <sh(x) <10gg<sf§>+1(:ﬁ) <...<s7 (x).

(23

F
s

The behavior of spectral non-solvable radii is given by Proposition 5.6, so we have

5277 (p(x)): Log(Ip| [t}P~") + 57 (2) = ... = log(|p| [t|*~ ") +57 (2) <.

p times

<log([pl [tP~1) +57 (o) (@) = .. = log (pl[t] 1) +57 ) (2)

p times

<Log(W?[]?) = .. = log(Wt?) < ps7 sy 1 (2) < .. <pso(x) <plog o < ...

lx

(p—1)(r—iy(z)) times

(5.12)
where ¢ is a Dwork generic point for z. Hence, for all i<i;(x), we have
hii 7 () =ph () +pilog(|pl[H7~).
And if i1 (2)<i<iP, then
B i (0(@) = phi7 (@) +pix () log(Ip| [t ~1) + (p—1) (r i1 («)) log (« [£]?)
=ph (x)+prlog(|pl[t["~).
This proves (5.11). O

Remark 5.8. The proof shows also that if ¢ is a spectral non-solvable index, then @
is a vertex of NP“™(z, F) (i.e. i=r or 57 (z)<s7;,(x)) if and only if ¢(i,z) is a vertex
of NP“™ (p(x), 0« (F)).

(16) It is understood that if i1 (z)=15" then ¢(i,2)=pi and d;(z)=i for all i€ {1, ..., 45" }.
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5.3. Behavior of the (spectral non-solvable) slopes by Frobenius

push-forward

We now study the behavior of the slopes of the radii along the germs of segment out of
a point.

We maintain the notation of §5.2. If x€ X is a point of type 2, 3, or 4, the local ring
Ox ., is a differential field. For b€ A(x), the slopes OR{ (), ..., 8;,7?,;%, (z) of the spectral
non-solvable radii of .# only depend on its restriction to Ox . Indeed spectral radii
are stable by localization, and if an index 4 is spectral non-solvable at x, by continuity
(cf. Theorem 4.6) it remains spectral non-solvable over b. As above we distinguish the
two situations of Proposition 5.4.

If we are in the situation (i) of Proposition 5.4, then ¢ is a trivial covering of disks

(cf. Proposition 5.2). So, if b is a germ of segment out of z, then for all i=1,...,4P

P we

have
R () =iy R (o)) and  9,H (x) = Doy HE* 7 (0 (). (5.13)

The Laplacians are then naturally identified.

In the situation of the point (ii) of Proposition 5.4, the map ¢: Oxv p(z) > Ox z
is a field extension of degree p. Let b=]z,y[ be a germ of segment out of xz. We now
compare the slopes 9, H;” with those of 0, H g&i). We can restrict |z, y[ in order that the
function z+i1(z) is constant over b=]z,y[. We call the corresponding quantities i1 (b),
¢(i,b), d;(b), and ¢; . For i<i¥P we have

Doy HL Y (0(2)) = O, H (1) +8u i (). (1) (5.14)

Notice that we may have ¢ (4, x)#¢(4, b), namely this can only happen if Rf(m)(x):wm.
However it follows from (5.12) that, if ¢<i5P is a vertex at = of the convergence Newton
polygon, then ¢(i, x)=¢(i,b) for all be A(z). The same happens for ¢; ,. We then denote
them by ¢(i) and ¢;.

Assume that <SP is a vertex of NP“"V(x,.%). Then, for all be A(z), we have

Doy HE:NT (p(@)) = D HT (2)+ 04 | (2. (5.15)

By (5.7), the directions out of x coincide with those out of ¢(x). Moreover ¢; is har-
monic, so the Laplacians are also identified (once we will prove that the sum defining the
Laplacian is finite):

dd°HY (x)=dd°HE;S (). (5.16)

(17) The natural parametrization (1.13) of ((b) multiplies the distances by p, while the exponent

1/p of Hg(*i(g>(<p(z)) divides the result by p. So globally we have (5.14).
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In the following proposition we allow for the case where the valuation of K is trivial
on Z.

PROPOSITION 5.9. Let x€X be a point of type 2, 3, or 4. If the index i is free of
solvability at x (cf. Definition 3.6), then
(1) the slopes of Ry, ,R‘? and of HY ..., Hf? are zero for all but a finite number
of germs of segment out of x;
(2) HY,...,HZ are super-harmonic at x and satisfy properties (iii) and (iv) of
Proposition 4.13 around x (cf. also Remark 4.15);
(3) in particular if i is a vertex of NP™ (x,.F), then HY (x) is harmonic at x.

Proof. Over-solvable radii are constant around x by (3.8), so they do not play any
role, and we may assume that i<:P. Assume first that K is of mixed characteristic
(0,p), with p>0. The radii ng are insensitive to scalar extension, so replacing K by
a larger field we can assume that x is of type 2, and by a translation we may assume
r=1x.,, with c=0. This guarantees that for all k>0, ©*(x) satisfies the situation (ii)
of Proposition 5.4 (cf. Remark 5.5). We apply Frobenius push-forward several times
in order that szi
continuity (cf. Remark 4.8) this assumption remains satisfied along all directions out

(¢™(z))<wl|tP"| (which is the assumption of Proposition 4.11). By

of ¢"(x). Now, by point (iv) of Proposition 4.16, and by §4.5.1, we can localize and
pass to a cyclic basis without affecting the super-harmonicity, nor the directional finite-
ness. In a cyclic basis the radii are explicitly intelligible by Propositions 4.11 and 4.13.
Now, by (5.14), for all b€ A(x)=A(¢"(z)) the slope 9, H;” (x) appears among those in
the family {8¢n(b)Hflly(g0”(x))}j. For almost all b€ A(x) these slopes are all zero by
Propositions 4.11 and 4.13, so (i) holds. Moreover to prove the other statements we
may assume, by interpolation, that i is a vertex at x of NP®™ (%) (cf. the proof of
Proposition 4.13), so we can use (5.16) to reduce to Propositions 4.11 and 4.13.

The case where the valuation is trivial on Z is much easier. Indeed w=1, and we
may immediately apply Propositions 4.11 and 4.13, without involving any Frobenius

machinery. O

6. Proof of the main Theorem 3.9

The properties of Theorem 3.9 are invariant by scalar extension of the ground field K.

So, from now on, we assume that K is algebraically closed, and spherically complete.
By Remark 3.4, R and R;(—,.%) are closely related. Indeed the function 2+ 0, x

is continuous, locally constant outside I'x, and with slope 1 on each segment in I'x

oriented towards oo. As is clearly stated in Theorem 3.9, each assertion about R;(—, %)
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and H;(—, %) is equivalent to an assertion about R? and Hﬁ. In the following we prove
those assertions for R;g and H f’T since the super-harmonicity and localization properties
are more easy.

We begin by describing the link between the graphs of the partial heights and those
of the radii.

Remark 6.1. For i<r, let R;g X —R' be the function defined by

R (2):= (RY (), ... RY (). (6.1)

7

[

Define analogously H; , s7, and h;”. Clearly o+ (x)=minj—, . ; ogs(x), so that

NR7) = | TRY (2) =T 62)

J=1

Hence the finiteness of R is equivalent to the finiteness of all R . The same holds for
H7 s7 and hy.

7

The maps Ry and H; are the exponentials of s and h”

<, respectively, and the

exponential map is injective, so we are reduced to prove the finiteness of s;’? and hf[
The functions s and hy are related by the bijective map hy (z)=Us? (), where
UeGL,(Z) is the matrix U=(u; ;) with u; ;=1 if i>j and w; ;=0 otherwise. This proves
that for all i=1,...,7 (cf. Definition 3.8)

I, =T(R7)=T(H])=T(h7)=T(s7). (6.3)

K2

In particular the finiteness of all the partial heights is equivalent to that of all the radii.

The proof of Theorem 3.9 consists in showing that H;” satisfy properties (C1)-(C6)
in §2.4, plus the other claims of the theorem. We prove them by induction on i.

We already know, by Remark 4.8, that (C1), (C2), and (C4) hold for R and H;”,
and moreover that points (ii) and (iii) of Theorem 3.9 follow from the analogous claims
for spectral radii (cf. Theorem 4.6). Finally, point (v) of Theorem 3.9 is proved in point
(iii) of Proposition 5.9.

It remains to prove the weak super-harmonicity (i.e. point (iv) of Theorem 3.9),
together with (C3) and (C5). This will imply the finiteness by Theorem 2.17.

More precisely we prove, by induction on 4, that H;” satisfies (C3), (C5), and (C6),
with respect to I':=I";_; (where I'g:=T"x), and ¢ (H;”):=%; (which is finite by induction,
by definition (b) and (c) of point (iv) of Theorem 3.9).

By Proposition 4.2, we know that H{” =R{ satisfies (C3) with respect to I':=I"x.
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6.1. Property (C3) for H;

Let DC X be an open disk on which sz, e R?: are constant with values Ry, ..., R;_1,
ie. DNL;_1=@. Let by:=1, and if 1<k<i—1 let by:=[]}_, R;. Then H7 =b;_1R7

over D. The functions H fz and Rff then have the same properties over D. In particular
T(H7)ND=T(R7)ND. (6.4)

The following proposition asserts that RZ‘? coincides over D with the first radius Rf?%
of a certain sub-module .#5;C.#|p coming from Theorem 4.10.
This is the crucial property for the induction in the proof of Theorem 3.9. It con-

stitutes a generalization to higher radii of the transfer principle (cf. Proposition 4.2).

PROPOSITION 6.2. (Transfer principle) With the above setting, two situations are
possible over D:

(i) The function Ry is also constant on D;

(ii) RZ 1 (z)<R7 (z) for all x€D, and one has a decomposition F|p=F>;®F;
as in Theorem 4.10 satisfying moreover R?(x):R‘?Q(x) for all xeD.

In particular R? and H;@ satisfy (C3) with respect to I':=T';_1, and they both satisfy
all the properties of a first radius of convergence outside I';_1.

Proof. Assume R non-constant over D. In this case we have Ry :Rle over D
for all k<i. Indeed, by (3.8), the non-constancy gives for all z€ D, R (z)<R7 (z)<
or# (x) <o, where g is the radius of D. Hence Rle (z)=min{R{ (z), 0} =R ().

The functions H;” and Ry have the same slopes over D because H;” =b;_1R{ .
So R satisfies the concavity property (b) of point (iii) of Theorem 3.9 which we have
already proved.

Hence, if c€D is a K-rational point, and if R::Rigz(c)7 then along the segment
1Ze. Ry Te,p| we must have R >R |, because R is concave on it, while R | is constant
on D.

Now, by (4.15), R is spectral along |Ze R, @c,p[, and hence R7 | is spectral non-
solvable on it. So, by Theorem 4.10, there is a unique direct sum decomposition % |p=
F>i®F<; such that for all x€]z, g,z [ one has Rf_;iiﬂ(:v):Rf(x) for k=i, ...,r, and
Rf“(x):R,?(x) for k=1, ...,i—1=rank(%,).

We now prove that these equalities hold for all x€ D, the claim will then follow.

By Proposition 3.5 the convergence radii of # at x are the union (with multiplicities)
of those of .#>; and of .#;. Therefore it is enough to prove that for all z€D one has

RS (2) <Ry > (x).

LEMMA 6.3. Let z€D. If RZ | (z)<R) > (x), then RZ5 () <Ry > (x).
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Proof. Since .#>,;C.%, the assumption implies that

(RYZ (@), R % (0)) C{RT (2), . R (2)}.

Moreover, by point (7) of Remark 3.4, the two multi-sets must coincide since they are

equipotent. By difference, this implies that Rk‘g“(az):Rf (z) for all k<i—1. O

We now prove that R 1(x)<72‘?2i(x) for all z€D. Since the radii are insensitive
to scalar extensions of K, we may assume that x is K-rational.

Now R‘?>i is log-concave with non-positive log-slopes along [z, z. ,[. Then, for all
o' close enough to g, one has Rfjw(az)}RfJ?i(azc,g/):R? (Te,o) >R 1 (Te,0) =R 1 (2),

as desired. O

Remark 6.4. By Proposition 2.14, we have T'(R; )N D#@ if and only if 9, R; (z) >0,
where x is the point at the boundary of D, and b is the germ of segment out of x lying

in D oriented inside D.

6.2. Finiteness (C5) and super-harmonicity (C6)

The following crucial lemma describes the locus of points where R? is solvable or over-

solvable.

LEMMA 6.5. If RY (2)=7(x), then either ¢T(RY) or, if €T (RY), the following
conditions hold:

(i) If 2€T(R7)\Ti_1, then x is a boundary point of T(RY);

(ii) If €l NT(RY), then A(x,T(R7))CA(x,Ti_1).

Proof. Assume that mGF(R? ). It is enough to prove that Rzy is constant on each
open disk DC X with boundary = such that DNI';_;=@. Let c€D be a rational point.
By Proposition 6.2, the function R? enjoys concavity properties on D, so R?(c)}
R7 (x)=r(z). Since r(z) coincides with the radius of D, this means that Ry is constant
on D by (3.8). O

The following statement will be the base case of our induction in the proof of The-

orem 3.9.
PROPOSITION 6.6. Theorem 3.9 holds for Ry .

Proof. By Proposition 2.14, to prove directional finiteness (C5) we shall prove that
OR{ (x)=0 for all but a finite number of germs of segment out of x. This follows from
Propositions 5.9 if the index i=1 is not solvable at z, and from Lemma 6.5 if i=1 is

solvable at x.
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The super-harmonicity properties (iii) and (iv) of Theorem 3.9 for R{ follow again
from Proposition 5.9 if the index ¢=1 is not solvable at z.

Otherwise, if ¢=1 is solvable at z, then we have three cases:

e If 2¢'(R{) there is nothing to prove;

o If z€T'(R{)\I'x, then z is a boundary point of I'(R{) by Lemma 6.5, in this
case the super-harmonicity is just the concavity property (C3) of Proposition 6.2;

e If 2Ty, then I'(R{)=Ix around z, by Lemma 6.5. Furthermore the function
y—R{ (y) is bounded by y+ 0, x around z, and the two functions are equal at z. So

R{ is super-harmonic at z, by Lemma 1.15. O
The following two propositions conclude the proof of Theorem 3.9.
PROPOSITION 6.7. If HY ,...,H7 | are finite, then H; is directionally finite (C5).

Proof. Let €T (H;7) be a bifurcation point. We have to prove that there are a finite
number of open disks DC X with boundary z such that DNT'(H;7)#@. Since T';_; is
finite, there are a finite number of such disks intersecting it, so we can neglect them.

By (6.4) (cf. also Remark 6.1), we have I'(R7)\T;_1=T(H;)\I';_;. So we can
replace H;” by R, and apply Proposition 6.2 to have the properties of a first radius
over each open disk D with boundary = such that I';_1ND=g. In particular by Propo-
sition 2.14, H;” is constant over such a disk D if and only if 9, H;” (x)=0, where b is the
germ of segment out of x inside D.

As in the proof of Proposition 6.6, directional finiteness (C5) is then a consequence

of Proposition 5.9 (if ¢ is not solvable at x) and Lemma 6.5 (if ¢ is solvable at ). O
PROPOSITION 6.8. If H?,...,Hfl satisfy Theorem 3.9, then so does Hff

Proof. It remains to prove that H;g satisfies the super-harmonicity property (iv) of
Theorem 3.9. This will guarantee that H;” fulfill the assumptions (C1)-(C6) of Theo-
rem 2.17 with respect to I':=I";_; and %(Hﬁ)::‘é. Notice that ;CI';_; is finite by
(b) and (c) of point (iv) in Theorem 3.9.

If 7 is free of solvability then we deduce the super-harmonicity from Proposition 5.9.

It remains to prove that if z€ X\ (%;U0X), and if some index j<i is solvable at z,
then H;” is super-harmonic at z.

Since %;_1 C%;, by induction Hfl is super-harmonic at z¢%;U0X. We then write

HZ =H7 R7. (6.5)

If x¢T;_4, then Hlﬂ enjoys the properties of a first radius of convergence outside
I';_1 by Proposition 6.2, so it is super-harmonic at x by Proposition 6.6.
If v¢T'(H;), then H is constant around = (and hence harmonic at ).
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If €T (H)NT;_1, we now prove that Ry is super-harmonic at z. By (6.5) this
will imply that H? is super-harmonic at x.

If i is over-solvable at z, or if 2¢T(R7 ), then R{ is constant around x, and hence
it is super-harmonic at x.

It remains to check the case where i is solvable at x (i.e. R (v)=r(z)) and
reT(H? )N 1 NT(RY). (6.6)

We have to prove that R? is super-harmonic at the points of that graph that are not
in %;_1 nor in the boundary of I’(R‘? ). As observed, these points are finite in number
because this admissible graph is finite by induction.

By Lemma 6.5 we have the inclusion A(z, T'(R7))CA(z,T;_1). So T(RY) is finite
around x. Now, since x is not a boundary point of I'(R;”), the function orr#): X—=R
is super-harmonic at « (as in point (1) of Example 2.20). Moreover, by (3.8), and by
point (i) of Proposition 2.5, for all b€ A(x) we have, respectively,

8(,73? (z) < 6(,QF(R;?) () and R?(x) = QF(R?)(Z‘) =r(z). (6.7)
The function R‘? is then super-harmonic by Lemma 1.15. O
7. Notes

A first proof of the harmonicity properties is due to Robba [Ro3], [Ro4], for rank-1
differential equations with rational coefficients. He obtained the harmonicity of the ra-
dius function by expressing its slopes by means of the index (cf. [Ro3, Theorem 4.2,
p.201]), and then deducing the harmonicity from the additivity of the indices (cf. [Ro3,
Proposition 4.5, p.207]).('%)

In a recent paper of Kedlaya [Ke2, §5] there is a proof of the finiteness of a certain
function related to the radii of a differential equation over a surface. It is a function
on a Berkovich closed unit disk over K:=k((z)), where k is a trivially valued field. The
definitions of [Ke2] are given ad hoc to deal with a closed disk and there are discrepancies
with those of this paper, especially for the definition of the skeleton of a function (which
is defined in [Ke2] in term of the slopes). It turns out that the two definitions eventually
coincide over a closed disk (by Lemma 2.13), and in fact certain techniques of this paper
are not far from those of [Ke2] and [Ke3].

A proof of the finiteness of the first radius function have been given by Christol [Ch2]

for differential equations of rank 1 with polynomial coefficients. The proof uses an explicit

(18) The principle is used in [Ro4, top of p.50] to construct the so-called Robba exponentials.
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formula for Ry that we have contributed to realize (cf. the introduction of [Ch2]). The
generalization of such a formula to rank-1 differential equations with arbitrary coefficients
is the object of a forthcoming paper. This has been the starting point of the present
paper.

After the first version of the present paper and of [NP2] had appeared, another proof
of the finiteness of the controlling graphs have been obtained in [Ked]. Kedlaya obtains
there a shorter derivation of our proof, based on the same methods. No description of
the super-harmonicity locus is given.(!?) On the other hand, he obtains a deep result
showing that the end-points of the controlling graphs cannot be of type 4.

We also quote the remarkable result of André about the semi-continuity of the
irregularity for meromorphic connections in a relative context [A2]. With our notation
the irregularity is (related to) the slope 0y H:” (): it is the derivative of the height of the
convergence Newton polygon.
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