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Theorem 1.1, the main result of this paper, is a quantitative bi-Lipschitz non-embedding
theorem, in which the domain is a metric ball in the Heisenberg group, H, with its

Carnot—Carthéodory metric, d™, and the target is the space L;; for the definition of d™

1. Introduction and statement of main results
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see §2.4. This result has consequences of a purely mathematical nature, as well as for
theoretical computer science.

Define ¢,(X,d™), the L, distortion of the metric space (X, d~), to be the infimum
of those D>0 for which there exists a mapping f: X — L, satisfying

1/ (x)=f(©)llL,

dX(l‘,y) G[LD]

for all distinct x, y€ X. The quantitative study of bi-Lipschitz embeddings of finite metric
spaces in L, spaces goes back to [28] and [50]. The modern period begins with a result of
Bourgain [12] who answered a question of [39] by showing that for every fixed p, any n-
point metric space can be embedded in L, with distortion <logn.(*) By [53], Bourgain’s
theorem is sharp for any fixed p<oo.

Since Li, equipped with the square root of its usual distance, is well known to be
isometric to a subset of La (see for example [63]) it follows that if (X, d%X) isometrically
embeds in Ly, then (X7 m) isometrically embeds in Ly. Metrics for which (X, \/diX)
isometrically embeds in Lo are said to be of negative type. Such metrics will play a
fundamental role in our discussion. On the other hand, it is also well known that Lo

embeds isometrically in Ly (see for example [64]) which implies that
c1(X,d¥) < eo(X, d¥)

for all (X,dX). Recently, it was shown that for n-point metric spaces of negative type,
c2(X,d¥)<(logn)t/2teM) " and in particular ¢;(X,d¥)<(logn)t/2+to(M); see [5], which
improves on a corresponding result in [15]. For embeddings in Lo, the result of [5] is
sharp up to the term o(1); see [28].

As shown in [48], the Carnot-Carathéodory metric d¥ is bi-Lipschitz equivalent to
a metric of negative type. From this and Corollary 1.2 of Theorem 1.1 below, it follows

immediately that for all n, there exist n-point metric spaces of negative type with
c1(X,d%) > (logn)°,

for some explicit  >0. From the standpoint of such non-embedding theorems, the target
L, presents certain challenges. Lipschitz functions f:R— L; need not be differentiable
anywhere. Therefore, a tool which is useful for L, targets with 1<p<oo is not avail-
able. Moreover, the fact that L, embeds isometrically in L; implies that bi-Lipschitz

embedding in L, is no harder than in Ly and might be strictly easier in cases of interest.

(1) In this paper, the symbols < and > denote the corresponding inequalities, up to a universal
multiplicative constant, which in all cases can be explicitly estimated from the corresponding proof.
Similarly, =< denotes equivalence up to such a factor.
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The sparsest cut problem is a fundamental NP-hard problem in theoretical computer
science. This problem will be formally stated in Appendix A, where some additional
details of the discussion which follows will be given; see also our paper [24] (and the
references therein) which focuses on the computer science aspect of our work. A landmark
development took place in the 1990s, when it was realized that this optimization problem
for a certain functional defined on all subsets of an n-vertex weighted graph, is equivalent
to an optimization problem for a corresponding functional over all functions from an n-
vertex weighted graph to the space Lj; see [9], [10] and [53]. This is a consequence
of the cut cone representation for metrics induced by maps to Li, which also plays a
fundamental role in this paper; see §2. Once this reformulation has been observed, one
can relax the problem to an optimization problem for the corresponding functional over
functions with values in any n-point metric space. The relaxed problem turns out to be
a linear program, and hence is solvable in polynomial time. Define the integrality gap
of this relaxation to be the supremum over all n-point weighted graphs of the ratio of
the solution of the original problem to the relaxed one. The integrality gap measures
the performance of the relaxation in the worst case. It is essentially immediate that the
integrality gap is less than or equal to the supremum of ¢; (X, d*) over all n-point metric
spaces (X, d”), and hence, by Bourgain’s theorem, it is <logn; see [53] and [9]. This
upper bound relies only on the form of the functional and not on any special properties
of Ly. A duality argument based on the cut cone representation shows that the integrality

gap is actually equal to the supremum of ¢1(X,d™) over all n-point metric spaces.

Subsequently, Goemans [31] and Linial [51] observed that if in relaxing the sparsest
cut problem as above, one restricts to n-point metric spaces of negative type, one obtains
a semidefinite programming problem, which, by the ellipsoid algorithm, can still be solved
in polynomial time with arbitrarily good precision; see [34]. As above, by the duality
argument, the integrality gap for the Goemans—Linial semidefinite relaxation is actually
equal to the supremum of c;(X,dX) over all n-point metric spaces of negative type.
Based on certain known embedding results for particular metric spaces of negative type,
the hope was that this integrality gap might actually be bounded (the “Goemans-Linial
conjecture”) or in any case, bounded by a very slowly growing function of n. At present,
one knows the upper bound <(logn)/?+°()  which follows from [5]. This result makes
the Goemans—Linial semidefinite relaxation the most successful algorithm to date for
solving the sparsest cut problem to within a definite factor. In the opposite direction, it
was shown in [43] that the integrality gap for the Goemans—Linial semidefinite relaxation
is Zloglogn. The analysis of [43] improved upon that of the breakthrough result of [41],
which was the first to show that the Goemans—Linial semidefinite relaxation cannot

yield a constant factor approximation algorithm for the sparsest cut problem, and thus
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resolving the Goemans-Linial conjecture [31], [51], [52]. These lower bounds on the
integrality gap depend on its characterization as the supremum of c;(X,dX) over all
n-point metric spaces of negative type.

Motivated by the potential relevance to the sparsest cut problem, the question of
whether (H, d) bi-Lipschitz embeds in L; was raised in [48]. In response, it was shown
in [20] that if UCH is open and f:U—L; is Lipschitz (or more generally of bounded
variation), then for almost all x€U (with respect to Haar measure) and y varying in the

coset of the center of H containing x, one has

W@,
S Ay

Thus, (H, d") does not admit a bi-Lipschitz embedding into L;.

For further applications as discussed above, a quantitative version of this theorem of
[20] was required; see Theorem 1.1 below.(?) It follows from Corollary 1.2 of Theorem 1.1
that there exists a sequence of n-point metric spaces, (X,,,d*"), of negative type, such
that ¢1(X,,d*")>(logn)®, and hence that the integrality gap for the Goemans-Linial
relaxation of sparsest cut is 2 (log n)® for some explicit §>0; compare Remark 1.3. This
represents an exponential improvement on the above mentioned lower bound 2Zloglogn;
compare also the upper bound < (logn)'/2+o(1),

We also give a purely mathematical application of Theorem 1.1 to the behavior of
the L, compression rate of the discrete Heisenberg group. The L; compression rate is
a well-studied invariant of the asymptotic geometry of a finitely generated group, which
was defined by Gromov in [32]; see below for the definition.

In what follows, given p€H and >0, we denote the d™-open ball of radius 7 centered
at p by B,.(p)={z€H:d"(z,p)<r}. On cosets of the center of H (viewed as the z-axis
in R3) let £ denote the 1-dimensional Lebesgue measure associated with the standard
Euclidean metric on R3. Thus, £x £ denotes the corresponding measure on pairs of
points (z1, 22) which lie in the center.

Note that cosets of the center are parameterized by R?. Below, £ denotes Lebesgue
measure on R2. Let F' denote a subset of pairs (z1,x2), such that z; and z5 lie on some
coset of the center L. Define a measure on such subsets by stipulating that the measure

of F' is given by
/ (Lx L) (FA(Lx L)) dLs(L).
]R2

(?) For purposes of exposition, in Theorem 1.1, we restrict our attention to the case of Lipschitz
maps, although everything we say has an analogous statement which apply to BV maps as well, sometimes
with minor variations.
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THEOREM 1.1. (Quantitative central collapse) There is a universal constant §€(0,1)
such that for every peH, every f: Bi(p)— L1 with Lip(f)<1 and every EE(O, i), there
exists T}%s such that, with respect to Haar measure, for at least half (3) of the points
x€By/2(p), at least half of the points (v1,x2)€ By (x) X By.(x) which lie on the same coset

of the center, with d™(xy,15)€ [%er, %67”], we have

Hf(331)—f($2)||L1 < 1
di(z1,22) T (log(1/e))?”

In particular, compression by a factor ne (O, %) is guaranteed to occur for a pair of

(1.1)

points whose distance is >e~2"" ", where c=6"" (and § is as in (1.1)).
The constant § in Theorem 1.1 can be explicitly estimated from our proof; a crude

2760 in Theorem 1.1. At various points in the proof, we have sacrificed

estimate is d=
sharpness in order to simplify the exposition; this is most prominent in Proposition 7.3
below, which must be iterated several times, thus magnifying the non-sharpness. Obtain-
ing the best possible § in Theorem 1.1 remains an interesting open question, the solution
of which probably requires additional ideas beyond those contained in this paper.
Before discussing the consequences of Theorem 1.1, we briefly indicate the reason
for the form of the estimate (1.1); see also the discussion of §2. We will associate with
f a non-negative quantity, the total non-monotonicty, which can be written as a sum
over scales, and on each scale as an integral over locations. The assumption Lip(f)<1
turns out to imply an a-priori bound on the total non-monotonicity. Since for e€(0,1),
the total number of scales between 1 and ¢ is x<log(1/e), by the pigeonhole principle,
there exists a scale as in (1.1), such that at most locations, the total non-monotonicity is
<1/log(1/e). We show using a stability theorem, Theorem 4.3, that for suitable d, this
gives (1.1). This discussion fits very well with a quantitative result (and phenomenon) due
in a rather different context to Jones; see [40]. In particular, the proof of Theorem 1.1
actually gives a stronger result, namely, a Carleson measure estimate in the sense of
Semmes; see his appendix in [33]. As explained in Appendix B, the argument indicated
above can be viewed as a particular instance of a general argument which leads to a

Carleson measure estimate.

1.1. The discrete case

As we have indicated, Theorem 1.1 has implications in the context of finite metric spaces.
These are based on properties of the discrete version of the Heisenberg group H(Z)
(defined below) and its metric balls, which follow from Theorem 1.1.

(3) In Theorem 1.1, by suitably changing the constant &, “at least half” can be replaced by any
definite fraction.
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We emphasize at the outset that our results in the discrete case are obtained (without
difficulty) directly from the corresponding statements in the continuous case, and not
by a “discretization” of their proofs. As in [20] and in [21], where a different proof of
the non-quantitative result of [20] is given, the proof of Theorem 1.1 is carried out in
the continuous case, because in that case the methods of real analysis are available.
Nonetheless, in the present instance, the quantitative issues remain highly non-trivial
and the proof requires new ideas beyond those of [20] and [21]; see the discussion at the
beginning of §2 and in particular Remark 2.1.

We will view H as R? equipped with the non-commutative product
(a,b,c)-(a/,b,c) = (a+a',b+b,ct+c +ab —bad');

for further discussion of H, see §2. From the multiplication formula, it follows directly
that for R>0, the map Ar:R?>—R3 defined by

Ar(a,b,c) = (Ra, Rb, R*c) (1.2)

is an automorphism of H. It is also a homothety of the metric d™. The discrete Heisenberg
group H(Z) is the integer lattice Z*, equipped with the above product. It is a discrete
co-compact subgroup of H. For further discussion of the Heisenberg group see §2.

Fix a finite set of generators T of a finitely generated group I'. The word metric
dr on T is the left-invariant metric defined by stipulating that dr(g1,g2) is the length
of the shortest word in the elements of 7" and their inverses which expresses g; Lgs. Up
to bi-Lipschitz equivalence, the metric dr is independent of the choice of generating set.
For the case of H(Z), we can take T'={(+£1,0,0), (0,£1,0), (0,0,£1)}. For definiteness,
from now on this choice will be understood. By an easy general lemma, given a free
co-compact action of a finitely generated group I' acting freely and co-compactly on a
length space (X,d*X), the metric on T' induced by the restriction to any orbit of the
metric dX is bi-Lipschitz equivalent to dr; see [14]. For the case of H(Z), we can take
(X, dX)=(H,d").

Define o: R xR3—[0, c0) by

Q((ma:% z)’ (t’uvv))

= <[(W)2+(v—z+xu—yt)2 1/2+(’5—f)2+2(“—@/)2)1/2.

It was shown in [48] that (H, p) is a metric of negative type, bi-Lipschitz equivalent to
(H, d%).
It follows from [20] that
lim ¢ ({0, ...,n}3, 0) = oo, (1.3)

n—oo
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but no information can be deduced on the rate of blow up as n—o0. From Theorem 1.1
we get the following corollary, whose proof will be explained at the end of this subsection.

COROLLARY 1.2. For the constant § >0 in Theorem 1.1 we have, for all n€N, metric
spaces ({0, ...,n}3, 0) of negative type satisfying

c1({0,...,n}3, 0) > (logn)°. (1.4)

Remark 1.3. Since the metric spaces ¢1({0,...,n}>

,0) are of negative type, relation
(1.4) implies that the integrality gap of the Goemans—Linial relaxation of the sparsest

cut problem is > (logn)® for §>0 as Theorem 1.1.

Remark 1.4. A metric space is said to be doubling if a metric ball Ba.(x) can be
covered by at most N <oo metric balls of radius r, where N is independent of x and r.
For n-point metric spaces (X, d) which are doubling, the bound in Bourgain’s theorem
can be sharpened to

c1(X,d) < (X, d) S +/logn,
which follows from the results of [8] and [58]; see the explanation in [35]. The metric
spaces (H,d™) and (H(Z), dr) are doubling. (To see this, use for example the left invari-
ance of d and the homotheties Ag.) Before the bi-Lipschitz non-embeddability of H
into Ly was established in [20], there was no known example of a doubling metric space
which does not admit a bi-Lipschitz embedding into L;. Corollary 1.2 shows that there

is a sequence of n-point doubling metric spaces for which ¢; (X, d)> (logn)°.

Remark 1.5. The behavior of the Ly distortion for n-point doubling metric spaces is
much easier to understand than the L; distortion. Namely, for fixed doubling constant,
the above mentioned bound c2(X,d)<+/logn cannot be improved; see [46] and, for

dependence on the doubling constant, [42].

Let T be a finitely generated group and f:(T',dr)—L; be a 1-Lipschitz function.
Gromov [32] defined the compression rate wy:[1,00)—[0,00) by

wy(t) :=inf{[|f(z)=fW)llL, : dr(z,y) = t}.

Stated differently, wy is the largest non-decreasing function for which

1f (@) =fW)llz, Zws(dr(z,y)) forall z,yel.
It follows from [20] that for any 1-Lipschitz map f:H(Z)— L; we have

¢
mint ) — g,
t—00 t

but [20] does not give any information on the rate at which wy(t)/t tends to zero. From

Theorem 1.1 we can obtain the following bound.
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COROLLARY 1.6. For every f:H(Z)— Ly which is 1-Lipschitz with respect to the

word metric dyw we have, for arbitrarily large t,

t

wr(t) S (I+logt)®’ (1.5)

where §>0 is the constant in Theorem 1.1.

Remark 1.7. A general result from [62] (see Corollary 5 there) implies that if an

increasing function w: [1, 00)—[0, 0o0) satisfies

] t2
/ w(®) dt < o0,
1

3

then there exists a mapping f:H(Z)— Ly which is Lipschitz in the metric dr and such

that wy2w. In fact, f can be chosen to take values in the smaller space Ly. By choosing

t
w(t)= ,
(® v/ 1+logt loglog(24t)

and bringing in Corollary 1.6, it follows that in the terminology of [7] the discrete Heisen-
berg group (H(Z),dr) has Ly compression gap

t t
<\/1+logt loglog(2-+t) (1+log t)‘S).

It would be of interest to evaluate the supremum of those §>0 for which every Lipschitz
function f:H(Z)— L, satisfies (1.5).

We close this subsection by explaining how Corollaries 1.6 and 1.2 are deduced from
Theorem 1.1. A key point is to pass from the discrete settings of these corollaries to
the continuous setting of Theorem 1.1 via a Lipschitz extension theorem. The basic idea
is simple and general (see [48, Remark 1.6]). Additionally, the homotheties Ar defined
in (1.2) are used to convert information from Theorem 1.1 concerning small scales, into
information concerning large scales. The existence of these homotheties is, of course, a
special property of (H, d™).

We will give the details for Corollary 1.6; the case of Corollary 1.2 is entirely similar.

Proof of Corollary 1.6. Fix a map f:H(Z)— Ly, which is 1-Lipschitz with respect
to the word metric d. The map f can be extended to a map f:H—sL; whose Lipschitz
constant with respect to d™ satisfies Lip(f) <1. This fact follows from the general result
of [47] which states that such an extension is possible for any Banach-space-valued map-
ping from any doubling subset of a metric space to the entire metric space, but in the

present simpler setting it also follows from a straightforward partition-of-unity argument.
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Fix R>1 and define ggz: B1(0,0,0)— Ly by gr(z)=f(0r(z))/R. Since

d"(Ag(z), Ar(y)) = Rd" (z,y),

we have Lip(gr)<1. For e€ (0, i), an application of Theorem 1.1 shows that there exist
x,y€H such that R>d"(z,y)>eR, and

d"(z,y)

IIf(x)—f(y)HLlSW.

(1.6)
Choose e=1/v/R. Since there exist a,b€Z? such that d¥(a,z)<1 and d¥(b,y) <1, and

since Lip( f)gl, it follows from (1.6) that provided R is large enough,

d(a, b) d™(a,b)
(log )5 (log d"(a, b))’

w(dw (a,0)) <[ f(a)=FO)llz, S

implying (1.5). O

2. Proof of Theorem 1.1: overview and background

We begin with an informal overview of the proof of Theorem 1.1. We then proceed to a
more detailed discussion, including relevant background material.

Many known bi-Lipschitz non-embedding results are based in essence on a differen-
tiation argument. Roughly, one shows that at almost all points, in the infinitesimal limit,
a Lipschitz map converges to a map with a special structure. One then shows (which
typically is not difficult) that maps with this special structure cannot be bi-Lipschitz.
The term “special structure” means different things in different settings. When the do-
main and range are Carnot groups as in Pansu’s differentiation theorem [57], “special
structure” means a group homomorphism. As observed in [18] and [48], Pansu’s theorem
extends to the case where the domain is (H, d™) and the target is an infinite-dimensional
Banach space with the Radon-Nikodym property; in particular, the target can be L,
1<p<oo.

The above approach fails for embeddings into Ly, since even when the domain is R,
Lipschitz maps need not be differentiable anywhere. A simple example is provided by
the map £+ x[o,, Where x[o,4 denotes the characteristic function of [0,]; see [4]. Nev-
ertheless, the result on central collapse proved in [20] can be viewed as following from
a differentiation theorem, provided one interprets this statement via a novel notion of

“infinitesimal regularity” of mappings introduced in [20].
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The approach of [20] starts out with the cut-cone representation of L, metrics
(see [20] and [27]), which asserts that for every f:H— Ly we can write

1)~ £l = [ e x4 (&)

for all  and y, where ¥ is a canonically defined measure on 2f (see the discussion
following (2.5) for precise formulations). The differentiation result of [20] can be viewed
as a description of the infinitesimal structure of the measure ¥;. It asserts that at
most locations, in the infinitesimal limit, 3¢ is supported on vertical half spaces. This is
achieved by first showing that the Lipschitz condition on f implies that > ¢ is supported on
special subsets, those with finite perimeter. One then uses results on the local structure
of sets of finite perimeter in the Heisenberg group to complete the proof; the argument
is described in greater detail later in this section.

An alternative approach to this result on the infinitesimal behavior of ¥, which
does not require the introduction of sets of finite perimeter, was obtained in [21]. This
approach is based on the classification of monotone sets. A subset ECH is called mono-
tone if for every horizontal line L, up to a set of measure zero, FNL is a subray of the
line. If we view H as R3, the horizontal lines are a certain codimension-1 subset of all the
lines; for details, see §2.4. The proof of [21] proceeds by showing that infinitesimally the
measure X is supported on monotone subsets, and a non-trivial classification theorem
which asserts that monotone subsets are half spaces. (The proof is recalled in §8.)

Our proof of Theorem 1.1 combines the methods of [20] and [21], with several sig-
nificant new ingredients. Inspired by the proof in [21], our argument is based on an
appropriately defined notion of almost monotonicity of subsets. But, unlike [21], we re-
quire the use of perimeter bounds as well. In our situation, perimeter bounds are used
in finding a controlled scale such that at most locations, apart from a certain collection
of cuts, the mass of ¥ is supported on subsets which are sufficiently close to being
monotone. In actuality, the excluded cuts may have infinite measure with respect to .
Nonetheless, using perimeter bounds and the isoperimetric inequality in H, we show that
their contribution to the metric is negligibly small.

A crucial, and by far the most complicated, new ingredient in this paper is a stability
version of the classification of monotone sets of [21], which asserts that sets which are
almost monotone are quantitatively close to half spaces. One of the inherent reasons for
the difficulty of proving such a stability result arises from the need to work locally, i.e.,
to consider almost monotone subsets inside a metric ball in H of finite radius. Here the
situation is fundamentally different from the corresponding classification result in [21]:

there are even precisely monotone subsets in such a ball which are not half spaces(*);

(%) In R™, monotone subsets of a ball are necessarily the intersection of the ball with a half space.
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see Example 9.1. Inevitably, our classification result must take this complication into
account. We can only assert that on a (controllably) smaller ball, the given almost-
monotone subset is close to a half space.

In order to make the above informal description precise, we will require some ad-
ditional preliminaries, which are explained in the remainder of this introduction. For a
discussion, in a wider context, of estimates whose form is equivalent to that of (1.1), and

which arise from our general mechanism, see Appendix B.

Remark 2.1. As we explained above, the present paper belongs to the general topic
of controlling the scale at which the infinitesimal “special structure” of a mapping (arising
from a differentiation theorem) appears in approximate form. However, it is important
to realize that it is impossible in general to obtain a quantitative estimate for the rate at
which the limiting situation is approached. To see this point, consider a model problem

associated with the sequence of functions

sinnx

(@)=

n

Although |f] (2)|<1 for all neN and z€R, it is not possible to control, independently
of n, the difference between f,, and its first-order Taylor polynomial; note that f;, which
controls the remainder term, is not bounded independently of n. Nonetheless, there is
an explicit uniform estimate for the scale above which any f,, is approximated by some
linear function, which might not be equal to its first-order Taylor series. As far as we are
aware, the first instance of a result of this type is in [40]; see also for example [11], and

for additional information, the appendix by Semmes in [33].

2.1. PI spaces

A natural setting for a large part of our work is that of PI spaces: a certain class of
metric measure spaces, of which the Heisenberg group is a member. Together with the
key concept of “upper gradient” on which their definition is based, these spaces were
introduced in [38].

Let (X,dX) denote a metric space. If f: X =R, then a Borel measurable function
g: X —[0,00] is called an upper gradient of f if for all rectifiable curves c:[0,¢]—X,

parameterized by arc length,

¥/
F(e0)— F(e(0))] < / o(c(s)) ds. (2.1)

A complete metric measure space (X, d*, p) is called a PI space if a doubling condition

and Poincaré inequality hold. That is, there exists p>1 and for all R>0 there exist
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B6=pB(R), 7=7(R) and A=A(R) such that for all z€ X and r<R we have

((Bar (7)) < Bu(Br(z)), (2.2)

1/p
f (1) F ()| d(ux o) (a1, 2) <(]l g du) (2.3)
B, (z)x B, (z) Bar(z)

for all measurable f and upper gradients g of f, where we use the notation

]{]hduzzﬁ/[]hdu.

As shown in [36], (2.2) and (2.3) imply a strengthening of (2.3), which we will need.

Namely, for some x=x(8,7)>1, 7'=7'(8, 7), one has the Poincaré-Sobolev inequality

1/xp 1/p
<][ | f(x1)— f(z2) P d(px p) (21, xg)) <7'r <][ gP dﬂ) (2.4)
B, (z)X By (x) Bar(z)

for all measurable f and upper gradients g of f.

It is important that for the case of the Heisenberg group of dimension 2n+1, relation
(2.4) holds with p=1 and x=(2n+2)/(2n+1); in particular, if 2n+1=3, then x=1%.

Observe that (2.3), for fixed p, implies (2.3) for any p’>p. In this paper, without
further explicit mention, we will always assume that p=1, which is necessary for the
ensuing results on finite perimeter. Solely in order to have one fewer constant to list, we
will also make the innocuous assumption that A=1. For the cases of primary interest
here, X =R" or X =H|, relation (2.4) does hold with A=1 and, as noted above, with p=1.

2.2. Maps to L;: cut metrics and cut measures

Let X denote a set and let FC X denote a subset. In place of “subset”, we will also use
the term “cut”. Associated with E there is the so-called elementary cut metric on X,
defined by

0, if either z1,22 € E or x1, x5 € E°,

dE(.Z'l,xQ):{ )

, otherwise
(here, and in what follows, we set E°=X\E).

Remark 2.2. Clearly, dg=dg-.. For this reason, it is common to define the space of
cuts of X as the quotient of the power set 2% by the involution E+s E¢, although we do
not do this here.
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By definition, a cut metric dx, is an integral of elementary cut metrics with respect

to some measure ¥ on 2%. Thus,

dz(xl,l‘g):/x dE($1,JJ2) dZ(E) (25)
2
For f:U— Ly, the pull-back metric induced by f is defined as

dy(z1,22) = || f(21)— f(22)]1-

It follows from the “cut-cone characterization” of L, metrics (see [20] and [27]) that there
is a canonically defined measure X on 2% (on an associated o-algebra) such that (2.5)
holds with X=3.

Now let (X, ) denote a o-finite measure space. Let UCX denote a measurable
subset and f:U—L1(Y,v) be a map which satisfies

/ 7)1 dp < .
U

There is a variant of the description of df in terms of ¥ ¢ in the L, framework; see [20].
In this context, 2V is replaced by a measure-theoretic version of the space of cuts. One
should regard a cut as an equivalence class of measurable sets ECU of finite u-measure,
where two sets are considered equivalent if their symmetric difference has measure zero.
The collection of such cuts may be identified with the subset of Li(U) consisting of
characteristic functions. Hence it inherits a topology and a Borel structure from L;(U).
For our purposes, there is no harm in blurring the distinction between measurable sets
and their equivalence classes, which, for purposes of exposition, is done below.

Let Cut(U) denote the space of cuts. As above, we have
df(171,552)=/ dp (w1, 22) ds(E), (2.6)
Cut(U)

where ¥ is a suitable o-finite Borel measure on Cut(U). Here we view dy as an ele-
ment of L¢(U xU), whose restriction to any subset V CU, with finite measure, lies in
L, (V xV). Associated with two such Li-metrics dy,dy€ L1 (V x V), there is a well-defined

L;-distance, given by
||d1_d2||L1(V><V):/ |d1 (21, x2) —da2 (21, 22) | d(p X% p) (21, T2). (2.7)
VxV

It is shown in [20] that if X is a PI space, UCBj(p)CX is an open set and f is
1-Lipschitz, or more generally 1-BV, then the cut measure 3¢ has finite total perimeter:

/ Per(E)(U)d2;(E) :/ PER(E,U)dX¢(E) <c(B, ). (2.8)
Cut(U) Cut(U)
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Intuitively, for U open, the perimeter PER(E,U) is the codimension-1 measure of
the (measure-theoretic) boundary of E inside U. In actuality, U—PER(E,U) defines a
Borel measure Per(E). The restriction of this measure to Borel subsets of U is denoted
Per(E,U). The mass of Per(F,U) is denoted PER(FE,U) and is equal to Per(E)(U);
for the definition, see (3.5). Moreover, there is a total perimeter measure Ay, which is a

Radon measure on U, such that

Af:/ Per(E,U) dS;(E), (2.9)

Cut(U)

Mass(A) = A, (U) = / PER(E, U) dS; (E). (2.10)
Cut(U)

In particular, if f has bounded variation (in short, f is BV), then ¥ is supported on cuts
with finite perimeter. For the precise definitions and relevant properties of cut measures,

BV maps and perimeter measures, see [20].

2.3. The Heisenberg group as a Lie group

Recall that the 3-dimensional Heisenberg group H can be viewed as R? equipped with

the group structure
(a,b,c)-(a', b, )= (a+a’, b+, c+c +ab' —ba’). (2.11)

Note that the inverse of (a,b,¢) is (—a,—b, —c). The center of H consists of the 1-dim-
ensional subgroup {0} x {0} xR. There is a natural projection
H 2
il Center(H) =R
and the cosets of the center are the vertical lines in R3, i.e., lines parallel to the z-axis.
Since the correction term ab’—a’b in (2.11), which measures the failure of the multi-
plication to be commutative, can be viewed as a determinant, we get the following very
useful geometric interpretation:
(%) The correction term ab’—a'b is the signed area of the parallelogram spanned by
the vectors w(a,b,c) and w(a’,b', ).
(%) Equivalently, if we regard R as R? xR, then ab' —a’b is the standard symplectic
form w on R2.

Let K:R2—R? be an invertible linear transformation and set

Ak(a,b,c):=(K(a,b),cdet K). (2.12)
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It is easily checked that Ak is an automorphism of H.

Let H, denote the affine plane passing through g€H, which is the image under
left multiplication by g€H, of the subspace R*x{0}CH. We call H, the horizontal
2-plane at g€H. Since the automorphism Aj preserves the subspace R?x {0} CH,,
where H, denotes the tangent space at the identity e=(0,0,0), it follows that Ax maps
horizontal subspaces to horizontal subspaces. The collection {Hg}gem defines a left-
invariant connection on the principle bundle R—H-—R?, which in coordinates has the
following explicit description.

The plane H(g o) is given by (u,v,0), where v and v take arbitrary real values. In
general,

Hqpe)=(a,b,c)-(u',0",0) = (a+u,b+0', c—bu'+av’),

so putting a+u'=u and b+v'=v, we get
Hgpe) = (u,v, c+av—bu). (2.13)

The affine 2-planes in R® whose projections to R? are surjective are just those which
admit a parameterization (u,v,c+av—bu). It follows that every such 2-plane arises as
the horizontal 2-plane associated with a unique point (a, b, ¢), and conversely that every
horizontal 2-plane associated with some point in R? projects surjectively onto R2.
A line in R? which passes through the point (a,b,c) and lies in the plane Hape)
can be written as
L=(a,b,c)+t(u,v, —butav), teR, (2.14)

where u and v are fixed and t varies. In discussing the Heisenberg case, unless otherwise
indicated, the term line will refer exclusively to such a horizontal line. The collection of

all such lines is denoted by lines(H).

Definition 2.3. A half-space P CH=R? is the set of points lying on one side of some
2-plane P, including those points of the plane itself.

The half-space H is called horizontal if its associated 2-plane H is horizontal. Oth-
erwise it is called vertical. Thus, a vertical half-space is the inverse image under = of an

ordinary half-plane in R2.

2.4. The Heisenberg group as a PI space

Consider the left-invariant Riemannian metric (-, -) on H which corresponds to the stan-
dard Euclidean metric at the tangent space to the identity. The Carnot—Carathéodory
distance d™(x1,x5) is defined to be the infimum of lengths of curves c: [0, ] —H, from
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x1 to x9, such that for all s the tangent vector ¢/(s) is horizontal, i.e., ¢/(s) lies in the
2-dimensional subspace of the tangent space corresponding to the affine plane H, (). The
length of ¢/(s) is calculated with respect to (-,-). In particular, for all g1, g2 €H one has

d"(g1,92)=d" (g7 ", 95 "). (2.15)

A well-known consequence (see [56]) of the definition of d, in combination with (x) and
(x*) above, is that if p, €H, with 7(p)=7(q), and c: [0, ] —R? is a curve parameterized
by arc length such that its horizontal lift ¢ starts at p and ends at ¢, then the vertical
separation of p and ¢ (in coordinates) is the signed area enclosed by the curve c.

Geodesics of d¥ can be characterized as those smooth horizontal curves which project
(locally) either to a circular arc or to a line segment in R%. Thus, the lines L€lines(H)
are precisely those geodesics of d which are affine lines in H=R?. Any two points of
H can be joined by a minimal geodesic of d¥, although typically not by a horizonal line
Lelines(H). Note that, when viewed as a curve in (H, d%), any affine line which is not
in lines(H) has the property that any of its finite subsegments has infinite length.

The distance d™((a, b, ¢), (a’,V’,c')), is bounded above and below by a constant mul-

tiple of

V(a—a)2+(b—b)2+|c—c 4ab' —bd|?. (2.16)

When restricted to any vertical line, it is just the square root of the coordinate distance.
Thus, there is a constant C'>0 such that, for the metric d¥, the metric ball centered at

e=(0,0,0) satisfies the boz-ball principle:
Be-1,.(e) C{(a,b,c):|a] <r,|b| <r and |¢| <+v/T} C Bor(e). (2.17)

Thus, in coordinates, By.(e) looks roughly like a cylinder whose base has radius r and
whose height is 272

In this paper we will consider the PI space (H,d™, £3), where L3 denotes the Haar
measure on H, which coincides with the Lebesgue measure on R3.

Let rg denote the rotation in R? by an angle # and let I denote the identity on R2.
From now on, we write Og for A,,. Since Oy preserves horizontal subspaces and induces
an isometry on H,=R?x {0}, it follows that Oy is an isometry of (H,d™). Clearly, Og
preserves the measure L3 as well. Similarly, for ¢»€R, the automorphism A, scales the

metric by a factor ¢ and the measure L3 by a factor 1*; see (2.12).

2.5. Behavior under blow up of finite-perimeter cuts of H

Let ECBj(e)CH be a finite-perimeter (FP) cut. Then at Per(F)-a.e. p€ E, asymptot-

ically under blow up, the measure of the symmetric difference of F and some vertical
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half-space V), goes to zero; see [29] and [30]. Equivalently, the indicator xg converges to
Xv in the L°¢ sense. The corresponding theorem for R” is due to De Giorgi [25], [26]. The
results of [29] and [30] depend essentially on those of [1] and [2], in which an asymptotic
doubling property for the perimeter measure is proved for arbitrary PI spaces.

If dy is an elementary cut metric associated with a vertical half-space then the
restriction of dy to a coset of the center is trivial. Thus, the results of [29] and [30],
together with (2.5), suggest that under blow up, at almost all points, a Lipschitz map
f:H—L; becomes degenerate in the direction of (cosets of) the center. In particular,
there exists no bi-Lipschitz embedding of H in L;. This is the heuristic argument behind
the main result of [20].

In order to prove Theorem 1.1, we will take a different approach, leading to a quan-
titative version of a somewhat crude form of the blow-up results of [29] and [30] (and
the corresponding earlier results of [25] and [26]). Here, “crude” means that our argu-
ment does not give uniqueness of the blow up, nor in the Heisenberg case, does it show
that only wvertical half-spaces arise [30]. For our purposes, neither of these properties is
needed. Our approach is based on the notion of monotone sets as introduced in [21];
the discussion there, while not quantitative, does recover the results on verticality and

uniqueness of blow ups.

2.6. Monotone sets and half-spaces
In the following definition and elsewhere in the paper, E° denotes the complement of E.

Definition 2.4. Fix an open set U CH. We denote by lines(U) the space of unparam-
eterized oriented horizontal lines whose intersection with U is non-empty. Let Ny de-
note the unique left-invariant measure on lines(H), normalized so that Ny (lines(U))=1.
A subset ECU is monotone with respect to U if for Ny-a.e. line L, both ENL and
(U\E)NL are essentially connected, in the sense that there exist connected subsets Fr =
FL(E),Ff=Ff(E)CL (i.e., each of Fy, and F¥ is either empty, equals L, or is an interval,
or aray in L) such that the symmetric differences (ENL)AFy, and ((U\E)NL)AF§ have

1-dimensional Hausdorff measure zero.

Monotone subsets of H were introduced in [21], where they were used to give a
relatively short proof of the non-embedding theorem of [20], which does not require the
introduction of FP sets, and hence does not depend on [29] and [30]. Instead, a blow-up
argument is used to directly reduce the non-embedding theorem to the special case in
which the cut measure ¥, is supported on monotone cuts; compare the discussion in the
next subsection. For the case U=H, a non-trivial classification result asserts that if E is
monotone, then £3(EAP)=0 for some half-space P; see [21].
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Remark 2.5. If we regard H as R3, then horizontal lines in H are a particular
codimension-1 subset of the set of all affine lines in R3. A typical pair of points lies
on no horizontal line. However, the classification of monotone subsets of H is precisely
the same as for R? with its standard metric. In the latter case the proof is trivial, while

in the former case it is not.

2.7. Degeneracy of cut metrics which are supported on half-spaces

Once monotone subsets are known to be half-spaces it follows (a posteriori) that the
connectedness condition in Definition 2.4 holds for almost every affine line L, i.e., not
just for horizontal ones. Thus, if a cut measure X is supported on monotone cuts, dx

has the property that if 1, z9, z3€ L and x5 lies between x; and x3, then
ds (71, 23) = ds (71, 22) +ds (22, v3).

But if L is not horizontal, i.e., not a coset of the center, then d™|j, is comparable to the
square root of the coordinate distance, and it is trivial to verify that this metric is not
bi-Lipschitz equivalent to one with the property mentioned above; see (4.1).

In proving Theorem 1.1, we will show that on a definite scale, using Theorem 4.3, we
can reduce modulo a controlled error, to the case in which the cut measure is supported
on cuts which are close to half-spaces. The error term, though controlled, is larger than

the term which corresponds to the model case of monotone cuts.

2.8. §-monotone sets

Theorem 4.3, which asserts that an approximately monotone set is close to some half-
space (in the sense that the symmetric difference has small measure) plays a key role
in the proof of Theorem 1.1. But unlike in [21], we cannot dispense with consideration
of FP sets. We use (2.8), the bound on the total perimeter, to obtain a bound on the
total non-monotonicity, and hence to get the estimate for a scale on which the total non-
monotonicity is so small that Theorem 4.3 applies; see the discussion after Theorem 1.1

and compare with Remark 2.6 below.

Remark 2.6. If one restricts the attention to 1-Lipschitz maps f: B— L1, rather than
more general BV maps, then using the fact that the 1-Lipschitz condition is preserved
under restriction to horizontal lines, it is possible to derive the above mentioned bound
on the total non-monotonicity without reference to FP sets. However, even for Lipschitz

maps, the introduction of FP sets cannot be avoided; see Lemma 4.1 which concerns
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an issue arising from the fact that the mass of the cut measure can be infinite; see also
Proposition 5.1.

We will need to consider subsets EC Br(p) CH, which are §-monotone on Bg(p); see
Definition 4.2. Here, small § means approximately monotone, and §=0 corresponds to
the case of monotone sets as in Definition 2.4. After rescaling, Theorem 4.3 states that
there exists a constant a<oo, such that if ECBgr(p)CH is e*-monotone, and R>e~3,
then L3((ENB1(p))A(PNB1(p)))<e for some half-space P.

Remark 2.7. Absent the assumption R>e~3, the conclusion of Theorem 4.3 can fail,
even if “c%-monotone” is replaced by “monotone”; see Example 9.1. For the analogous

3 can indeed be replaced by 1.

result in R™, e~

Remark 2.8. The discussion of monotone sets can be formulated for arbitrary PI
spaces; see [23]. But in general, monotone subsets need not be rigid. In [22], the flexibility
of monotone subsets of Laakso spaces [45] is used to construct bi-Lipschitz embeddings of
Laakso spaces into L. This is of interest since these spaces do not admit a bi-Lipschitz
embedding into any Banach space with the Radon—Nikodym property, e.g., separable
dual spaces, such as L,, 1<p<oo, or {1; see [19].

2.9. The kinematic formula; perimeter and non-monotonicity

To bound the total non-monotonicity in terms of the total perimeter, we use a kinematic
formula for the perimeter of an FP set. From now on, we will just refer to the kinematic
formula. In R”, the kinematic formula expresses the perimeter of an FP set E, as an
integral with respect to the natural measure on the space of lines L, of the 1-dimensional
perimeter function PER(ENL). In [55], a suitable kinematic formula has been proved

for Carnot groups; see (6.1). In that context, a line means a horizontal line L €lines(H).

Up to a set of measure zero, an FP subset of R is a finite union of disjoint closed
intervals for any open interval I, the perimeter PER(E, I) is the number of endpoints of
these intervals which are contained in I; see [3]. On the other hand, the condition that
F is monotone can be reformulated as the requirement that for almost every line L, the
1-dimensional perimeter PER(ENL) is either 0 or 1. Since our initial quantitative data
provides an integral bound on the mass of the total perimeter measure (see (2.8) and

(3.13)), it is not surprising that the kinematic formula plays a key role in our discussion.
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3. Preliminaries

In this section, X denotes a PI space. In particular, it could be R™ or H. Fix pe X and
let f: B,.(p)— L1 denote a Lipschitz map. In this paper we will often rescale this ball to
unit size and correspondingly rescale the map f, and hence the induced metric ds,, or
equivalently the cut measure. Finally, we rescale the measure p, so that the rescaled ball

has unit measure.

We set
f=r7'f, (3.1)
Yr=r"1%y, 3.2
d* =r~td¥, (3.3)

For the case of Lipschitz maps, we always use the full set of rescalings (3.1)—(3.4).
Note that, for U open, Per(E)(U) is defined by

Per(E)(U) = inf liminf | Lip(h;)du, (3.5)
{h;} i—0o0 U

where the infimum is taken over all sequences of Lipschitz functions {h;}$2;, with

Lloc
h; - XE-

Since a rescaling as in (3.3) has the effect
Lip(h;) — r Lip(h;), (3.6)
it follows that (3.3) and (3.4) imply that

Per(E)—r Per(E). (3.7)

1
1(B:(p))

Remark 3.1. When generalizing our considerations to BV functions, or in particular
sets of finite perimeter, it is of interest to consider as well the effect of a rescaling as in
(3.3) and (3.4), with (3.1) and (3.2) omitted. If (3.1) and (3.2) are omitted, then (3.7) is
a relevant rescaling. For the case of FP sets in particular, it is the relevant rescaling. It
can be used to give a quantitative analog of Theorem 1.1 for a single FP set F, in which
the set of points at which, on a controlled scale, E is not close to a half-space, has small
codimension-1 Hausdorff content, as measured with respect to coverings by balls of small

radius.
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If (3.1) and (3.2) are not omitted, then, by (3.2) and (3.7), the corresponding rescal-
ing factor for the total perimeter measure Ay is

i.e.,

3.1. Normalization

After rescaling f, ¢, d* and p as in (3.1)-(3.4), we will often denote the rescaling of
the ball B,(z) as B,(z). Thus,

B,(z)C X, (3.9)
fi(Br(x)) =1, (3.10)
f:Bp(z) — Ly, (3.11)
Lip(f)=1, (3.12)
or, more generally,
/ _ Per(E)(B,(x))dX4(E) <1 (3.13)
Cut(B, (x))

3.2. Standard inequalities

We will make repeated use of the trivial inequality (often called Markov’s inequality),

which states that for a measure space (Y,v) and f€L;(Y,v), one has

oo o) >0 < [ 17l (3.14)

We also use the weak-type-(1,1) inequality for the maximal function, which is a
consequence of the doubling property of the measure; see, e.g., [61, Chapter 1]. We now
recall this basic estimate.

Let § denote the doubling constant of p. Let ¢ denote a Radon measure. Fix an

open subset U and let C denote the collection of closed balls B, (y) such that Bs,(y)CU.
Given k, j€N, define B; =8, ,({)CC by

By :={B:(y) €C:¢(Br(y)) = kr™? u(B,(y))}. (3.15)
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and set

Bix= |J B9 (3.16)

Brr»(q)EBj,k

By a standard covering argument (see [37] and [61]), there is a disjoint subcollection
{By, (i)}, CB; 1 such that

Bj>/€ C U B5Ti (Qi)’ (317)
> 06mi) 7 u(Bar. () <57RTH (V). (3.18)

Relations (3.17) and (3.18) imply that the codimension-j Hausdorff content of B;j (as
defined with respect to the measure p) is bounded by 5~7k~133¢(U). The codimension-0

Hausdorff content (j=0) is just the measure p itself.

4. Reduction to the stability of individual monotone sets

In this section we reduce the proof of the main degeneration theorem (Theorem 1.1) to
Theorem 4.3, a stability theorem for individual monotone sets, which states roughly that
a set which is almost monotone is almost a half-space. The complete proof of Theorem 4.3
will occupy §§7-11.

The next few paragraphs contain an overview of this section. For definiteness, we
will restrict our attention to the Heisenberg group. Everything we say applies, mutadis
mutandis, to the simpler case of R™ as well.

We begin by considering an ideal case, the proof of which is given prior to the more
general Proposition 4.4. Then we explain how to reduce to the ideal case up to an error
which is controlled.

Let dp denote a cut metric for which the cut measure is supported on cuts P which
are half-spaces. Let e>0. We will see by an easy argument that for every line L through
the identity e€H, which makes an angle >6>0 with the horizontal plane, for half(®) of

the pairs of points z1, o€ L, with %6<dH(:E1, :@)é%s, we have
dp(.]?l,xg) 59 €dH(I1,l‘2), (41)

where the implied constant in (4.1) depends only on 6.

(5) The measure on pairs (1, z2), with %€<dH(x1, z2)< %s, is Lx L, where £ denotes the Lebesgue
measure associated with the Euclidean metric on L. Of course, in the statement, “half” can be replaced
by any definite fraction <1, provided <y in (4.1) is allowed to depend on that fraction.
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In proving Theorem 1.1, we first find a scale such that at a typical location, the
support of the cut measure consists almost entirely of cuts which are almost half-spaces,
i.e., cuts which differ from half-spaces by sets of small measure. As explained below,
for this, it suffices to find a scale on which the total non-monotonicity is small. By the
pigeonhole principle, it is easy to find a scale on which the total perimeter is small. On
such a scale we apply Proposition 4.5, which asserts that the total non-monotonicity of
a cut metric can be bounded in terms of the total perimeter. Proposition 4.5 is proved
in §6.

On a scale on which the total non-monotonicity is small, the effect of cuts which
are not almost half-spaces can be absorbed into the error term, after which they can
be ignored. However, to get to a situation in which our conclusion can be obtained by
appying Theorem 4.3, we must further reduce to one in which there is a suitable bound
on the mass of the cut measure. Otherwise, the total effect of the small deviations of the
remaining individual cuts from being half-spaces could carry us uncontrollably far from
the ideal case considered in (4.1). This point is addressed in Lemma 4.1, which states
that the cuts can be decomposed into a subset which makes a contribution which can
be absorbed into the error term for the cut metric, and one for which the mass has a

definite bound. Lemma 4.1 is proved in §5.

4.1. Controlling the cut measure

The following lemma will be applied to rescaled balls, on a scale on which the total
non-monotonicity is sufficiently small. For f Lipschitz, relation (4.2) in the hypothesis of
Lemma 4.1 holds for all such balls. If more generally f is BV, then for most such balls,
it holds after suitably controlled rescaling.

Given metrics d and d’, define ||[d—d'||;1 as in (2.7).

LEMMA 4.1. Let f: B1(p)— L1 satisfy
M (Bi(p) < 1. (4.2)

Given n>0, the support of Xy can be written as a disjoint union D1UDj, such that if

df=di+dy denotes the corresponding decomposition of the cut metric dy, then

1
ldg—dallL, Smn- (4.4)

If f is 1-Lipschitz, then so are dy and ds.

Lemma 4.1 is a consequence of the more general Proposition 5.1, which will be

proved in §5.
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4.2. Stability of monotone sets

Let lines(H) denote the space of unparameterized oriented horizontal lines, and let
lines(U) denote the collection of horizontal lines whose intersection with U is non-empty.

Let AV denote the unique left-invariant measure on lines(H), normalized so that
N (lines(By (e))) = 1. (4.5)

Let H} denote 1-dimensional Hausdorff measure on L€lines(H) with respect to the
metric induced from d™. We note that if FCH is measurable, then LNE is measurable
for N-a.e. Lelines(H).

Given a ball B,(x)CH and Le€lines(B,(z)), we define the non-convezity of (E, L)
on B, (), denoted NCp (,)(E, L), by

NC E,L):= inf - dH} 4.6
pwB D=t sl @0)

I subinterval

where we allow the subinterval I to be empty in the infimum above. Similarly, we define

the non-monotonicity of (E,L) on B,.(x) by
NMB,.(JU) (E, L) = NCB,,.(:D) (E, L) +NCB,,~(w) (EC, L) (47)

The total non-convezity and total non-monotonicity of E on B,.(X) are defined to be the

following (scale-invariant) quantities:

1
NCg, (o (E) = — / NCp, () (E, L) dN(L), (4.8)
4 lines(B,(x))
1
N, () () == /1 " N (. ) dN'(L). (4.9)
ines(B,.(x

Note that NMp, (5)(£)=0 if E is monotone, or more generally if the the symmetric

difference of E and some monotone subset has measure zero.

Definition 4.2. A cut EC B, (p)CH is said to be d-monotone on B, (zx) if
NMBT(z) (E) <. (410)

We have the following stability theorem.

THEOREM 4.3. There exists a>0 (e.g., a=2%2 works here), such that if the cut
ECB;i(x) is e*-monotone on By(x), then there exists a half-space PCH such that

L3((ENBus () AP)
L3(Bes(x))

Se.
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4.3. Cut measures supported on cuts which are almost half-spaces

In this subsection, we begin by verifying (4.1), which concerns the case of a cut measure
which is supported on half-spaces. Then, in Proposition 4.4, we consider the more general
case of a cut measure which is supported on cuts which are almost half-spaces, i.e., cuts
that satisfy the conclusion of Theorem 4.3. Of course, there is an error term in the

general case, which leads to a weaker estimate than in the ideal case.

Proof of (4.1). For simplicity, we consider pairs of points (1, z2) with d™ (2, 22)=¢.
For d"(z1,z5)=t, with t€[1e, 3¢], the proof is the same.
Consider first an elementary cut metric dg on the real line, associated with a subset

FE such that E and E° are connected. Clearly, if x3 lies between z; and zo, then
de(21,73)+dp(v3, v2) = dp (71, 22).

By linearity, this holds more generally for cut metrics on the line whose cut measures are
supported on such cuts.

Let ¥p denote a cut measure on By(p)CH such that every cut in the support of
Yp is of the form PNBi(p), for some half-space P. Then for almost every affine (not
necessarily horizontal) line L, the restriction dp|z is a cut metric as in the previous
paragraph.

Consider a subinterval IC LNB;(p) with endpoints y and z, such that d™(y, z):%,
say, and hence £(I)>7. Let ¢ be as in (4.1) and let />0 be arbitrary. Let further o
index those intervals J, CI whose endpoints =1, and z3 , satisfy dH(xl,a, Tg,q)=¢ and
dp(T1,0s T2,0) 2d™ (21 4, T2 o). Note that if L is as in (4.1) (i.e., it makes a definite
angle 0 with the horizontal plane) then £(J,)=<ged™ (21,0, T2.0)=pc>.

By a standard covering argument, there is a disjoint subcollection {Ju,, ..., Joy } Of
{Ja}a, such that |J, Jo CHJa, U...USJ,,, and by the length-space property of dp, we

have

Nye <dp(z1,1,22,1)+ o tdp(z1,5, T2,8) <dp(y, 2) = 3.

Thus, N<1/2e, and since £(J,)=ge2,

5e?  Be
<, - = __
L(U J‘“) 0 oe = 29

By taking 1 to be a suitably large multiple (depending on 6) of €, and incorporating
this multiple into the symbol <y in (4.1), we get L£(U, Jo)<3L(I), which suffices to
prove (4.1). O
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To simplify the statement of Proposition 4.4, we state it for unit balls. In the
application (to Lipschitz maps), we will set £;=¢%? and consider the rescaling as in (3.1)—
(3.4) of Ba(z) to unit size. Prior to stating the proposition, we give a few preliminaries.

Below, without loss of generality we may (and will) assume that p is the indentity
element of H. We consider only affine lines L such that LN B, /2 (p)#£9. Let z€ L be such
that d¥(x, p) is minimal. Using left translation by z =1, we identify L with a line through
the identify and define the angle § with the horizontal as in (4.1). If 6y is sufficiently
small and L makes Fuclidean angle <6y with the vertical, then the angle # with the
horizontal will be >47.(°)

Put
S={L: L makes a Euclidean angle <6y with the vertical and LﬂBl/z(p) # o}

Let £ denote the Fuclidean 1-dimensional Lebesgue measure on L. Note that it
differs by a bounded factor from the 1-dimensional Lebesgue measure on L induced by

1" so the distinction between these measures plays no

the above identification via z~
essential role and will be supressed below.

Recall that the space of all affine lines in HI=R? is a 4-dimensional homogeneous
manifold which carries a natural measure A. (The precise normalization plays no role

below.)

PROPOSITION 4.4. Fix ¢ €(0,1). Assume that h: B1(p)— Ly is such that ¥y, satisfies
the total perimeter bound (4.2), and assume that Xy, is supported on cuts ECBi(p), such
that for some half-space Pg,

Ls5((PENB1(p)AE) < (vet)*. (4.11)

Let SoCS denote the subset of the affine lines L such that at least % of the pairs
(z1,22)€(LNB1(p)) x (LNB1(p)) satisfy

2e <d¥(z1,72) < e, (4.12)
dh(CChl‘Q) g{:‘dH(fEl,l‘z) (4 13)

Then
A(So) = (1—=1) A(S). (4.14)

If h is 1-Lipschitz and for all E in the support of X,

L3((PENBi(p))AE) $e* (4.15)

(6) For the purposes of Proposition 4.4, %w can actually be replaced by any number < %7‘(‘.
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or some small enough constant c¢> en for all LES and for at least = of the pairs
f l gh tant ¢>0, then for all LES and for at | t;fthp'
(z1,22)ELXL satisfying

fe<d(z1,22) < 3e, (4.16)

there holds
dh(l‘l,mg)gEdH(l‘l,ﬂig). (417)

Proof. Assume first that (4.11) holds. Let Dy, Dy and dj=d;+dy be as in Lem-
ma 4.1, with n=1ve*. Hence, X (D;)< (ve) ™2 and ||dy —dy | 1, Svoet.
Using (4.11), it is straightforward to construct a half-space Pg, which varies mea-

surably with respect to Xy, (alternatively, one can use a measurable selection theorem as
in [44]), such that L3((PeNBi(p))AE)S(wet)t. Put

dp.1(z1,22) = /D dp, (71, 29) d% (E). (4.18)
!
From X5, (D1)<(ve*)™2 and L3((PeNBi(p))AE)<(ye*)?, we obtain
ldy—dpalln, Sve. (4.19)
This, together with ||dj, —d1 |1, Stpe?, implies that
ld—dp 12 S et (4.20)

Write the integral in the definition of the L; norm in (4.20) as an iterated integral,
integrating first over pairs of points lying on a given affine line L€ .S, and then over the set
of lines Le S, with respect to the measure A. It follows from Markov’s inequality (3.14)
that, for a fraction >1—1) of affine lines L in S,

ldh—dpallLy(Lxr,cxc) S (4.21)

On such a line L, consider the set of pairs satisfying (4.12) for which (4.1) holds
for the metric dp ;. By noting that the measure of the space of pairs of points on L
satisfying (4.12) is 22, and applying Markov’s inequality once more, on Lx L in (4.21),
we find that for at least 3 of the pairs at which (4.1) holds for dp 1, the error term arising
from (4.21) is <e2. This gives (4.13).

Finally, assume that h is Lipschitz. Let Haus® denote Hausdorff distance associated
with the Euclidean distance d®°. We define a metric QRS on S by setting, for L, L, €S,

3 3
Q]R (L1>L2)ZH3USR (L1mBl(p)7LQQBl<p))'
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Clearly, with respect to the distance QRS, the restriction of the measure A to S is Ahlfors
4-regular. Thus, it follows from (4.14) that if we take 1=ne'®=n(c*)?, for a sufficiently
small universal constant 7, then Sy is (ﬁs){dense in S with respect to QRS. So, given
LeS, we can choose Ly €5y such that QRS (L,L;)< (%05)4.

Let P: LN By (p)— L assign to each each x€ L; N By (p) the closest point on L. Thus,
d®¥° (z, P(x))< (ﬁs)ﬁk, Also, at all points, the difference between the differential dP and
a Euclidean isometry is bounded by €*. Finally, since on Bi(p) we have d]Hlé(loale)l/z7
for x€ LN B;(p) we have

d¥(x, P(z)) <% (4.22)

We may assume without loss of genenerality that € is so small that for at least
1 of the pairs (z1,22) €L X L satisfying (4.12) and (4.13), we will have (P(z1), P(z2))€
B (p)x B1(p) and (4.16) will hold. From (4.22) and the assumption that h is 1-Lipschitz,

it follows (using the triangle inequality) that for <1, say, such a pair satisfies (4.17). O

4.4. Scale estimate; total perimeter and total non-monotonicity

Next, we show how to estimate from below a scale on which, apart from a collection of
cuts which contributes negligibly to the cut metric d¢, the hypothesis of Proposition 4.4
will be satisfied at most locations; see Proposition 4.6. It is from this estimate that the
logarithmic behavior in (1.1) of Theorem 1.1 arises.

Recall that the cut measure X is supported on cuts £ with finite perimeter. Fix
6>0. Using the structure of finite-perimeter subsets of H and the kinematic formula, in

§6 we will decompose the total perimeter measure Ay as a sum
oo
A=Y, (4.23)
§=0

in such a way that the measure @; controls the total non-monotonicity on the scale 57
in the following sense.

For j>0 let, as usual, §5J/4(x) denote the standard rescaling of the ball Bsj/4(z)C
Bi(p) as in (3.9)-(3.13).

ProproOSITION 4.5. If for all r>0,
Ar(Br(x)) S Ls(Br(2)), (4.24)

then
wW;(Bsija(z))
NMy  (E)dSs(B) < 2= 46, 4.25
/Cut(EM-M(m)) B‘”/‘*(g”)( Jdx;(E) L3(Bsija(x)) (4.25)
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In order to apply Proposition 4.5, we need to find j such that @;(B;(p))<d, and
hence, at most locations z, the term

W;(Bsia(w))
L3(Bsija(z))
is <9.

PROPOSITION 4.6. There exists j<0~ " for which

Mass(w;) <0 (4.26)

~ 7"

For such j and at least & of the points x in Bi(p),

/ 5 NM Eé_j/4($)(E) d¥¢(E) <6. (4.27)
CUt(B(sj/4(I))
Proof. We have
12 Mass(Af) =)  Mass(i;). (4.28)
j=0

Thus the number of terms in the sum above for which Mass(w;)>¢ is bounded
by <671, and the claim follows. The conclusion follows from the weak-type-(1,1) in-
equality for the maximal function applied to the measure @, i.e., (3.18), together with

Proposition 4.5. O

4.5. Proof of Theorem 1.1

Let a be as in Theorem 4.3. Fix ¢>0 and let
6 — C€4O(G+a)+2 (429)

for an appropriately small enough constant ¢>0. By Proposition 4.6, we can choose
j<671, such that (4.27) holds for at least 1 of the points « in B;(p). Below we restrict
our attention to such a point z and rescale Bjj/4(x) to standard size, denoting this ball
as usual by 551/4(33).
By (4.25), (4.27) and Markov’s inequality (3.14), we can write Cut(égj/4(x)) as a
disjoint union
Cut(Bsy(x)) = DsUD;,

with corresponding metric decomposition dy=d3+d4, where

Y ¢(D3) <062 (4.30)
Lt for all E € Dy. (4.31)



320 J. CHEEGER, B. KLEINER AND A. NAOR

By (4.30), we have d(z1,22)<ce?6*2 for all 71 and x5. Therefore, if d; is restricted to
Beaos(2)=B(cs0y3 () and this ball is rescaled to unit size, we get

|dy —da| <2, (4.32)

while, by (4.31) and Theorem 4.3, d4 is supported on cuts which satisfy the hypothesis
of Proposition 4.4. From Proposition 4.4, together with (4.32), Theorem 1.1 follows.

4.6. Preview of the proof of Theorem 4.3

After two preliminary technical results on d-monotone subsets of H have been stated in
87, and the classification of monontone subsets of H has been reviewed in §8, Theorem 4.3
is proved in §9. However, there is a technical step in the argument (the non-degeneracy
of the initial configuration) the proof of which, for reasons of exposition, is deferred until
§10. The proofs of the technical results, Lemma 7.2 and Proposition 7.3, are deferred
to §11 and §12. The proof of Proposition 7.3 is (by far) the most involved part of this

paper.

5. Cuts with small perimeter

In this section we prove Lemma 4.1, which shows that cuts with very small perimeter
make a negligible contribution to the cut metric dy. It is most natural to argue here in
the context of general PI spaces. Thus, let X denote a PI space, for example R™ or H.
Fix pe X and let f: Bi(p)— L, satisfy Lip(f)<1.

Put

Dy ={E:Per(E)(Bi(p)) <8} and Dy={FE:Per(E)(Bi(p)) >0}, (5.1)

and let dy=d;+dy denote the corresponding decomposition of the metric d;. Let
denote the doubling constant of X, and 7/, x>1 be the constants in the Poincaré-Sobolev

inequality (2.4).

ProrosSITION 5.1. If f:Bi(p)— L1 satisfies

Ar(Bi(p) < K, (5.2)
then, for all >0,
K
21K _
ldy —dallz, < 1= 0" g (5-4)
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Proof. From (5.2) and Markov’s inequality (3.14), we get (5.3). For n€N put

Dy, ={E:02~"*D < Per(E) (B (p)) <627}

Then Di=J,,cy D1,n- By (5.2) and Markov’s inequality once more, we have
K2n+1
D) S —5—
Moreover, if E€D; , then, by (2.4),(")
/ (1) ()] dpox dp </ (627X (55)
B1(p)xBi(p)
By summing over n, we get (5.4). O

Note that when Lip(f)<1, by virtue of (2.8), (5.2) holds with K=¢(8,7’). To get
(4.3) and (4.4) from (5.3) and (5.4), we take 6 to be a suitable multiple of 1® (noting
that for X =H, we have 3=16 and xy=3).

6. The kinematic formula and d-monotone sets

In this section, using the kinematic formula, we decompose the total perimeter measure
as a sum of measures Ay =w;+wz+.... Then we prove Proposition 4.5, which states that
w; controls the total non-monotonicity on the scale 87,

We rely on the simple structure of sets of finite perimeter in dimension 1 and on the
kinematic formula, which expresses the perimeter of an FP subset F of R™ or a Carnot
group, as an integral over the space of lines L of the perimeters of the 1-dimensional FP
sets ENL.

6.1. FP sets in dimension 1

Let V' denote an open subset of R and let F'CV have finite perimeter, i.e., Per(F) (V) <oo.
Then there exists a unique collection of finitely many disjoint intervals, I (F), ..., In(F),

which are relatively closed in V', such that the symmetric difference of F' and

(") It follows immediately from (3.5), the definition of perimeter, that if (2.4) holds for Lip-
schitz functions, then it holds for FP sets (in which case it becomes an isoperimetric inequality). A
corresponding statement is valid for more general BV functions.



322 J. CHEEGER, B. KLEINER AND A. NAOR

has measure zero. Moreover, the perimeter measure Per(F') is a sum of delta functions
concentrated at the endpoints of these intervals, and the perimeter Per(F)(V) is equal to
the number of endpoints; see [3, Proposition 3.52]. In what follows, we will often assume
without explicit mention that the set F'CR has been replaced by its precise representative
Z(F). Note that Z(F°NV)=Z(F)¢ and Per(F°¢)=Per(F).

6.2. The kinematic formula

A kinematic formula exists for the PI space (H, d¥, £), and more generally for any Carnot
group, an in particular also for R™; see [55, Proposition 3.13]. Below, the notation is as
introduced prior to (4.5).

Let UCH denote an open subset such that Per(E)(U)<oco. The kinematic formula
states that the function L—Per(ENL)(UNL) lies in Ly (lines(U), '), and in addition

(for some constant c=c(H)>0)

Per(E)(U) = ¢ /1 o, PrENLENL) AN (D) (6.1)

6.3. Perimeter bounds non-monotonicity

Fix 0<d<1. For all E and L as above and all >0, let C;(E, L) denote the collection of
intervals I(E, L) occuring in Z(ENLNB;(x)) such that

87+ Llength(I(E, L)) < 7. (6.2)

Let &;(E,L) denote the collection of all endpoints of intervals in C;(E,L). Let
card(S) denote the cardinality of the set S. For ¢(H) as in (6.1) and AC B;(x), put

w;(E,L)(A)=c(H) card({e € &;(E,L):e € A}), (6.3)
w; (E)(A) = / wy (B, L)(A) dN (L), (6.4)
lines(Bi1 (x))
w; (B)(A) 4 (%) (A)

w;(E)(A) =w;(E)(A) = (6.5)

2

Finally, set

GA= [ GEA) ), (6:6)
Cut(B1(z))
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By the kinematic formula (6.1), we get the decompositions of the perimeter measure
and of the total perimeter measure

Per(E) =Y 0;(E), (6.7)
j=0
A=Y, (6.8)
j=0

which is a restatement of (4.23).

Proof of Proposition 4.5. Fix E with finite perimeter. For N -a.e.
L € lines(Byi/4()),

we may assume that LNEN B 4(v) and LNEN By 4(x) consist of finitely many inter-
vals I, ..., Iy, in the natural consecutive ordering. Note that all the intervals I, ..., In_1,
including both endpoints, are contained in Bsj/4(7). In particular, these intervals lie in
Cy(E, L) for various k>j.

Since the non-monotonicity NMpg E, L) is defined as an infimum over intervals

5i/a
(see (4.7)), it can be bounded from above by employing any specific interval I. For

definiteness, assume that I; C E, where we allow I; =@. Then put

{ Lﬂng/4(£L’), if InCE,
IlcﬂB(;j/4(£L'), if Iy C E-.

Rescale the ball Bsj/4(x) to unit size as in (3.9)-(3.13). Then, by employing the

above chosen interval I, we get

NMp,, @ (EL)SY . Y length(d). (6.9)
k>j I€eCy(E,L)

Since an interval is determined by its endpoints, (6.9) implies that

NMp,, ()(E, L)< 67 Mass(@y(E, L)), (6.10)

k2j

Jj/4(z

and by integrating over the space of lines, we get

NMp , (2)(E) <Mass(w;)+0 Mass(Per(E)), (6.11)

§i/4

which completes the proof of Proposition 4.5. O
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7. The quantitative interior and boundary

The proof (though not the statement) of Theorem 4.3 utilizes quantitative notions of
the interior and boundary of a measurable set E. In the present section, after defining
these notions, we state two key properties for d-convex and d-monotone subsets of H; see
Proposition 7.3 and Lemma 7.2, respectively. We also deduce two particular consequences
of Proposition 7.3 for the structure of the quantitative boundary of d-monotone sets.
These are used in the proof of Theorem 4.3. Assuming Lemma 7.2 and Proposition 7.3,
the proof of Theorem 4.3 is given in §9. The proofs of Lemma 7.2 and Proposition 7.3,
which are the most technical parts of our discussion, are postponed until §11 and §12,

respectively.

Definition 7.1. Let (X,dX, i) be a metric measure space and EC X be a measurable
subset. For a€(0,1) and u>0 define

. N w(ENBy(x)) W
inty (F):= { i Bam) >1 }, (7.1)
N DR w(ENBy(x)) o
Oau(E) = { ra< “u(Bu(r) <1 } (7.2)

Observe that 0y (E)=2 for a}%. We note the following properties which are
trivial consequences of the definitions.
If f<a, then

it 5.0 (E) Cintao(E) and  9au(E)C .0 (E). (7.3)

For us<u; and z€X set

By, (2))
c(uy,ug, )= L
(Bu, (2))
Then
r€inta, () = o€inteiy, upa)a,us(F), (7.4)
TE ac(ul JU2,T) QU (E) - re aﬂuul (E)
If £€04,(E), then

T €1nty_ g () Nint_q, . (E°). (7.5)

Finally,
(Oa,u(E))¢ =inty (E)Uint, , (E°). (7.6)
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7.1. Quantitative interior of -monotone subsets

If a subset E of a ball B;(p) is close to a half-space, then it follows that there exists a
sub-ball of a definite size which is almost entirely contained in either E or E°. Conversely,
proving that §-monotone subsets have this property constitutes an important step in the
proof that such a set is close to a half-space. (It is the remainder of the argument, based
on Proposition 7.3 below, which requires that we shrink the size of the ball on which
the conclusion is obtained.) This is the content of Lemma 7.2, which constitutes both
Step A of the proof in the precisely monotone case, treated in §8, and more generally
Step A’ of the case §>0, treated in §9.

LEMMA 7.2. There exists 0<c<3i such that if ECB,(p) is e2-monotone on B, (p)
then there ewists q€ B, j3(p) such that q¢ 0. v (E), i.e., g€int, o (F)Uint, o (£°).

7.2. Quantitative convexity of d-convex sets

If ECR™ is convex and L is a line passing through the points p€ E and g€int(E), then

the segment of L lying between p and ¢ also consists of interior points of E. Below, for

subsets of H which are almost convex, we give a quantitative version of this statement.
We say that EC B, (p) is 6-conver on B, (p) if, for NCp, (,)(E, L) as in (4.6),

NCp, ) (E) = /1 o N (B D) AN(L) < . (7.7)

PROPOSITION 7.3. There exist universal constants c€(0,1) and C€(1,00) with the
following properties. Fix s,n,&,r,0€(0,1) such that

o<min{isr’ c}. (7.8)
Set

5= 2T (7.9)

8 = cxOn3E% %S, (7.10)

Let Lelines(H) be parameterized by arc length and assume that

L(0) €inty_p ,(E), (7.11)
L(1) €ints, cr (E) (7.12)

and ECH is da-convex on Bac(L(0)). Then, for all s€ (s, 1], we have

L(s) € inte cor(E). (7.13)
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Remark 7.4. The importance of the proposition is the following: even if L(0) is
only in the very weak quantitative interior of E (n small), we can ensure that L(s) is
in the very strong quantitative interior of E (i.e., £ small), provided that L(1) is in the
sufficiently strong quantitative interior of E (7 sufficiently small) and F is sufficiently

convex (09 sufficiently small).

Remark 7.5. The application to the proof of Theorem 4.3 requires some properties of
the quantitative boundary for J-monotone sets which are derived in the next subsection
using Proposition 7.3. The assumption L(0)€int;_,, , £ is guaranteed by assuming that
L(0)€0, ,E; see (7.5).

Remark 7.6. Note that the constants 0<s, 7, £, 0<1 can be chosen arbitrarily small,
provided r is chosen to satisfy (7.8). The particular form of (7.8) reflects the multiplica-
tive structure of H; compare Remark 12.4. In view of (7.4), by taking £ a definite amount

smaller if necessary, we can replace csr in (7.13) by any smaller positive radius.

7.3. Lines in quantitative boundaries of §-monotone sets

Given that any proper monotone subset E is a half-space, and hence that OF is a 2-plane,
any line L€lines(H) intersecting OF in more than one point is entirely contained in OF.
Moreover, OF is a union of such lines L€lines(H). Conversely, these statements form
two key substeps in the proof that monotone subsets H are half-spaces; see Steps B.1
and B.2 in §8.

Essentially, Corollaries 7.8 and 7.10 of Proposition 7.3 constitute the corresponding
substeps in the proof that d-monotone subsets are close to half-spaces. Specifically,
if we quantify the hypotheses of the above two statements, then the conclusions hold
in a weaker quantitative sense. Prior to tackling these corollaries, whose statements are
somewhat complicated, the reader may wish to look at the proofs of the above mentioned
substeps given in §8. Here and in §8, the skeleton of the argument is precisely the same,
but in §8 the technical complications are absent.

Below, we have sacrificed some sharpness to avoid further complication in the rele-

vant expressions.

COROLLARY 7.7. Let C and c be the constants from Proposition 7.3. For every
x,a1,a2€(0,1), ule(O7 %x‘?) and uz € (0, c?) define

W:Cmax{\/?,:}z{}, (7.14)

Coa2aguiug s
=" = 7.15
p 395 ’ (7.15)
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C?adaduiu s
6 - T- (7.16)
Fiz Lelines(H) which is parameterized by arc length and EC Bac(L(0)) which is

d-monotone on Bac(L(0)). Assume that
21 =L(0) €0u, u,(E) and x3=L(5) € Onyu,(E),
so that in particular d"(z,y)=s. Then, for all t€[s,1], we have

L(t) € 05,~(E).

Proof. Assume, for the sake of contradiction, that L(t)¢0s.(F). Thus, without

loss of generality, we may assume that, say, z1 €int1_q, «, (F) and L(t)€intg,(F). In

order to apply Proposition 7.3, rescale the metric d™'+d™/t, so that the rescaled distance

between x1 and L(t) is equal to 1. Let L'(s)=L(ts), so that L’ is parameterized by arc

length in the rescaled metric. We will apply Proposition 7.3 with the parameters
Ctusy )4

cyx

Uy ~ ”
n=aq, eg:T? T:aa S:? and EZOQ

Note that with this notation the parameter (3, as defined in (7.15), is at most ¢; as given

(7.17)

in (7.9) (where we used the assumption ¢ > ). Hence in the rescaled metric, and using the
notation in (7.17), we have z1=L'(0)€inti_,, ,(E) and L(t)=L'(1)€ints, cr(E). More-
over, after rescaling, £ is §-monotone on By /¢(71), and hence E is (6/t*)-monotone on
Bac(z1). Observe that §/t*, with & given in (7.16), is at most dy as defined in (7.10)
(using the assumption ¢>3). We are therefore in position to apply Proposition 7.3,
provided that we check that with our definitions s, 7,&,r, 0€(0,1), s€[s, 1] and (7.8)
is satisfied. These facts are ensured by the assumptions u1<%x3, U <C3?, t€ (s, 1]
and (7.14). So, the conclusion of Proposition 7.3 says that in the rescaled metric we have
xzo=L'(s)€inte cor(E).

Rescaling back to the original metric d®, we see that z2 €inte o5 (E) =inte oy /0t (E).
In other words,

EB(ECchwz/Ct(xQ)) < ££3(BC’Y%/Ct(x2))

:£<CC*Z:2 )453(Bu2 (z2)) (7.18)

= azL3(By, (22)),
where the last equality follows by (7.17). Note that cys/Ct>us, as ensured by (7.14)
(since t<1), and hence B..,./c¢(22) D By, (x2). Moreover, the assumption 2 € 0ay u, (E)

implies that
E3(Ecch'yz/Ct(I2)) Z EB(ECvau (:172)) > a2£3(Bu2 (zQ)) (719)

Inequalities (7.18) and (7.19) yield the desired contradiction. O
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COROLLARY 7.8. Let C and c be the constants from Proposition 7.3. For every
#€(0,3], a1, a2€(0,1), u1€(0,%7/8C?) and uz€(0,cx?/2C), define

)
1/2 1/4 1/2
%03/2<2> m{(2> () } (7.20)
4 V1 cx

g, = 128C% afadu§ul? (7.21)
T e |
5, = 200 atajuiup (7.22)
81016J{8’yf6

Fiz Lelines(H), parameterized by arc length, and a subset EC Bsc(L(0)), which is
d«-monotone on Bsc(L(0)). Assume that

21 =L(0) € 0ny u, (E) and x9=L(5) € Doy u,(E),
so that in particular d™(z,y)=s. Then, for all t€[0, 1], we have
L(t) €05, 1. (E). (7.23)

Proof. The case t€[s,1] is a simple consequence of Corollary 7.7. Indeed, since
E is ¢,-monotone on Bsc(L(0)), it is also (%)46*—monotone on Byo(L(0)). Note that
(%)45*§§, where ¢ is given in (7.16) (this follows immediately from the definitions and
our assumed upper bounds on w; and us). We can therefore apply Corollary 7.7 to
deduce that L(t)€0s,(F), where § and ~y are given in (7.15) and (7.14), respectively.
Note that v, =7, and hence, by (7.4), we have

L(t) €y /v.y18.4. (E)- (7.24)

Since B, <(7/7+)*3, we can use (7.3) to deduce that L(t)€dg, . (E), as required.

To deal with the case t€]0, 5], note that, since as explained above F is j-monotone
on By (L(0)), by Corollary 7.7 we have L(23¢)€0g ,(E). We wish to apply Corollary 7.7
to the points L(2), xo=L(») and L(t), and to the geodesic L'(s)=L(—s+2x) (so
that L'(0)=L(2s), L' (5)=L(5) and L'(2sc—t)=L(t), where 2x—t €[5, 1]), with (aq,u1)
replaced by (3,7) and (as, us) unchanged. It follows from (7.14) and (7.20) that

'y*:C\/%:Cmax{\/%,uz}, (7.25)
x x cx

where in the last step above we used the fact that v>Cus/cse, which implies that

2 U
|20 v
x  cx
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by our assumption on us. We can restate (7.25) saying that ~. corresponds to the
quantity v of Corollary 7.7, where we substitute our new choice of parameters. Moreover,
by substituting these values into (7.16) and (7.15), we see that for these new parameters
(%)45* is equal to the value of § from (7.16), and S, is equal to the value of 8 from (7.21)
(we chose the values of 3, and J, precisely for this purpose). Note that since F is §,-
monotone on Bsc(L(0)) D Bac(L(23)), it is also (%)45*—monotone on Boc(L(23)). In

order to apply Corollary 7.7, we also need to ensure that

2u1 u P Coa?asudulsn
e e

which is indeed the case, as follows from the assumed upper bounds on u; and us. The

conclusion of Corollary 7.7 is precisely (7.23). O

COROLLARY 7.9. Let C and c be the constants from Proposition 7.3. Fiz a,u€
(0,1), te(0, 5] and d>0 such that

2C c?
ugdémin{207 Q}t’ (7.26)
c
3 4
4 . c® 5, 8¢ . 4
au <m1n{2c7d t, Edt } (7.27)
Set
020 4,16
¢:29012 818 (7.28)
O 05y20
(= 912,16 41145 ° (7.29)

Assume that x€H and EC Bac(x) are such that €0y, (E). Assume also that E
is C-monotone on Bac(x). Then there exists Le€lines(H), with L(0)=x, such that either
L(t) or L(—t) is in 0y q(E).

Proof. Take any L€lines(H) with L(0)=xz. Note that (7.26)(7.28) imply that ¢<1.
Hence, we are done if either L(—t) or L(t) is in int, ¢(E) and the other is in inty 4(E°).
Indeed in this case, since the collection of all oriented lines through x is connected (it can
be identified with the unit circle), the required result follows from the intermediate-value
theorem.

Assume for the sake of contradiction that the assertion of Corollary 7.9 is false.
Then, by the above discussion, {L(—t), L(t)}Cintg 4(E) or {L(—t), L(t)} Cinty 4(E°).
So, assume without loss of generality that {L(—t), L(¢)}Cinty 4(E). In order to apply
Proposition 7.3 we rescale the metric d®+>d™/2t. Set y;=L(—t) and y,=L(t), so that in
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the rescaled metric the distance between y; and ys is 1, and their distance from x is %
The geodesic L'(s)=L(2ts—t) is parameterized by arc length in the rescaled metric with
L'(0)=y1, L'(3)==z and L'(1)=y2. We will apply Proposition 7.3 to the geodesic L' with

the parameters

1 20u\' d C5 aut

Note that (7.26) and (7.27) ensure that o<min{3sr? c} and r,£<1. In the rescaled
metric y1, y2 €inty, q/0¢(E)=inty o (F). Since o<d/2t, we may conclude from (7.4) that

Y2 €int(ayatg)ie,o(E) =inty ,(E),

where the equality follows by (7.28) and (7.30).

In the rescaled metric E is (-monotone on Be (x). Since t< 3, we have Boc(y1)C
Beyi(z), and therefore E is ¢/(2t)*-monotone on Byc(y1). Observe that with the pa-
rameters set as in (7.30), we have §;=¢ and d2=(/(2t)*, where §; and J5 are as in (7.9)
and (7.10). Therefore, we can apply Proposition 7.3, which implies that (in the rescaled

metric)

TE intg,csr(E) = inta(2Cu/cd)4,cd/4Ct (E)v (731)

where the equality follows by (7.30).
But, in the rescaled metric we know that 2€0,,,/2:(E). It follows from (7.26) that
u/2t<ced/4Ct. Hence, by (7.4) and (7.6), we deduce from (7.31) that

xr e inta’u/zt(E) C 8a,u/2t(E)C,

which yields the desired contradiction. O

COROLLARY 7.10. There exist universal constants ¢, C>0 with the following prop-
erties. Fiz a€(0,1) and u€(0,¢). Let x€H and ECBg(z) be d-monotone on Bg(x),
where

§=ca®u™. (7.32)

Assume also that £€04 (E). Then there exists Lelines(H), parameterized by arc
length, such that x=L(0) and for all s€[—3,%] we have
L(S) S 8Ea19u4675u1/4 (E) (733)

Proof. Below we will have C'>4C, where C' is the constant from Proposition 7.3. We

will first apply Corollary 7.9 with t:% and d=wu, while noting that if d is a large enough
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multiple of v and ¢ is small enough (i.e., u is small enough), then the conditions (7.26)
and (7.27) are satisfied. For ¢ as in (7.28) we have ¢<au®, and for ¢ as in (7.29) we
have (=<a’u'®. Note that, since E is d-monotone on Bgs(x), it is also (-monotone on
Bsoce (), provided ¢ is small enough. Hence, it follows from Corollary 7.9 that there exists
Léelines(H) with L(0)=x and L(—3)€0s,4(E).

Next, we will apply Corollary 7.8 with x; :L(f%), To=z, z:%, a1=0¢, u1=d, as=«
and ug=wu. Provided ¢ is small enough, u; and us satisfy the conditions of Corollary 7.8.
For 7, as in (7.20) we have v, =<u'/%, for 8, as in (7.21) we have £, =au'®/4, and for

5. as in (7.22) we have §,=a?%u41/2,

Moreover, since E is d-monotone on Bg(z), it
is also d,.-monotone on Bsc(x1), provided ¢ is small enough. Corollary 7.8 now implies

that L(s)€0p, . (E) for all s€ [—1, 1], as required. O

8. Classification of monotone sets

It was shown in [21] that a proper non-empty monotone set ECH is, up to a set of measure
zero, a half-space P. In this section we recall the proof of this result, which is an essential
preliminary for the proof of Theorem 4.3, the stability version for §-monotone sets, given
in §9. To give the key ideas, it suffices to consider the case of precisely monotone sets.
We call a set E precisely monotone if ENL and E°NL are connected for all L (rather
than connected modulo subsets of measure zero).

There are two main steps:

Step A. For every r>0 and peH, either ENDB,.(p) or E'NB,.(p) has non-empty in-
terior.

Step B. Either OF is contained in a 2-plane, in which case (by a trivial connectedness
argument) the theorem holds, or OF has non-empty interior.

Step A follows from the special case of Lemma 7.2 in which e=0; the general case
of Lemma 7.2 is Step A’, the quantitative version of Step A, which is used in the proof
of Theorem 4.3. Below, we prove Step B.

8.1. Proof of Step B

It will suffice to assume that OF is non-empty.
The proof of Step B has the following substeps:
Step B1l. If Lelines(H) and LNIE contains at least two points, then LCOE.
Step B2. OF is a union of lines.
Step B3. Steps B1 and B2 imply Step B.
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Steps B1 and B2 are special cases of Corollaries 7.8 and 7.10, respectively. But,
for clarity, we will repeat the proofs in the present simpler (non-quantitative) situation.
The proof of Step B3 requires some additional properties of pairs of lines, which are

established in the next subsection.

8.2. Properties of pairs of lines

Two lines Ly, Lo €lines(H) are called parallel if Lo=g- L1, or equivalently Ly =g~ Lo, for
some g€H. This holds if and only if the projections 7(L1) and m(Ls) are either parallel
or coincide. Unless 7(L;)=m(Ls), the lines L1 and Ly are not parallel as lines in R3.

If L, and Lo are not parallel, then their projections intersect in a unique point. If,
in addition, Ly NLy=@, then the pair (Lq, Lo) is called skew. We put

F(Ly,Ly) =7 Y(7(Ly)N7(Ly)). (8.1)
Define the vertical distance between L and Lo by
dV (L1, Ly) =d*(LiNF (L1, Ly), LyNF (L1, Ly)). (8.2)

The following lemmas describe the family of lines L which intersect both L; and Lo,
where Ly and Lo are either parallel lines with distinct projections, or skew. At this point,
the roles of L; and L, are symmetric and assertions about L; should be understood as

applying to Lo as well.

LEMMA 8.1. If Ly, Lo€lines(H) are parallel and w(Ly)#m(Ls), then the following
properties hold:

(1) For xe€Ly there is a unique x* €Ly such that x and z* lie on a line L(z)€
lines(H). Moreover, there is a unique shortest line segment b(Ly1, L) from Ly to Lo
which is orthogonal to both Ly and Lo.

(2) There exists a unique point m=m(Ly, Ly)€ER? lying halfway between w(Ly) and
7(Ls) such that, for all x€ Ly, the line L(z) intersects the fiber 7=1(m). Moreover, every
point on 7w~ t(m) intersects some line L(x).

(3) The union of the lines {L(x)}zer, is a smooth ruled surface X=X (L1, La) de-
fined over R2\T, where T=T(Ly, L) denotes the line parallel to w(Ly) and 7(Ly) which
passes through m(Ly, Lo). At no point x€X is X tangent to the horizontal subspace H,.

Proof. Let Oy be as in §2.3. By applying Oy for suitable 6, and then applying a
suitable left translation, we may assume that L;=(0,0,0)-(t,0,0). Next, after a suitable
translation (a”,0,0) (which leaves L; invariant), we may assume that Lo intersects the

plane (u, v, 0) along the v-axis, and hence can be written as (0, 5", 0)-(s,0,0) (we are using
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here the fact that w(L1)#7(L2)). Finally, after a translation of the form (0,—3b",0),
we may assume that

Li=(t,e,—et) and Ly=(s,—e,es) (8.3)
for some e€R.
For this pair, if z=(t, e, —et), then
" =(—t,—e,—et). (8.4)

To see this, observe that the line L(z) in R® which joins these points, is parallel to the
plane (u,v,0) and passes through the point (0,0, —et). So L(x)€lines(H); see (2.13).
The fiber 771((0,0)) is the unique fiber through which all of these lines pass as ¢ varies
in (—o0o, 00), and every point on 7~ 1((0,0)) arises in this way. Thus, for this pair,

m(Ly, L) = (0, 0). (8.5)

The unique shortest line segment joining L; and Ly has length 2e and is contained in
the line

b(Ll,Lz) = (0,8,0). (86)
The surface X is given by
U, v —eQ—U (8.7)
S k .
From these facts, all the remaining statements are straightforward to verify. O

LEmMMA 8.2. If Ly, Lo€lines(H) are skew, then there is a hyperbola
Y =Y (L1, L) CR?

with asymptotes w(L1) and 7(Lsy), such that every tangent line of Y has a unique lift
Lelines(H) which intersects both Ly and Lo. Conversely, if L€lines(H) and LNL;#D,
i=1,2, then w(L) is tangent to Y. FExcept for the unique point LyNF(Lq,Ls) (resp.
LoNF(Ly, L)), every point x of Ly lies on a unique line L(x) intersecting Lo (resp.

every point x of Lo lies on a unique line L(x) intersecting Ly).

Proof. By applying a suitable left translation and then an isometry Oy, and af-
ter possibly interchanging the subscripts of L; and Lo, we may assume the canonical

normalization
Ly =(t,wt,c), La=(s,—ws,—c), w,c>0 and =w(Li)Nw(L2)=(0,0). (8.8)

From the geometric interpretation of the correction term given after (2.11), it follows that

the points p=(t, wt,c)€L; and g=(s, —ws, —c)€ Ly lie on some L€lines(H), precisely
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when there is parallelogram in R? spanned by (s, —ws) and (¢, wt), with oriented area
2¢. Define 0(L1, L2)€(0,m) by

tan %Q(Ll,Lg):w, (89)

or, equivalently,
tstan 20(L1, Lo) =wts=c. (8.10)

Then
(14+w?)tssinO(Ly, Ly) = 2c.

The envelope of the resulting family of lines is the hyperbola Y with equation

wu?—v? = cw. O

COROLLARY 8.3. Let Ly and Lo be skew lines as in the proof of Lemma 8.2. Put
x=(t,wt,c) and T=(—t, —wt, c) (note that x,z€Ly). Then, as elements of lines(H), the
lines L(x) and L(Z) are parallel, and

m(L(x), L(%)) = (0,0).

There are precisely two shortest horizontal segments joining L; and L,. In the
notation of the proof of Lemma 8.2, these are the segments which project to the segments
that touch 7(L1) and w(Ls3), and are tangent to the hyperbola Y at its focal points
i\/%. Thus, these segments are contained in the lines

ST (Y N RIS Y Y AP 2 R

Remark 8.4. A pair of parallel lines L1, Ly with distinct projections, can be viewed

as a limiting case of a pair of skew lines L+, Lo in which
}H(T)lo H(Ll,ta L2,t) =0

(where 6(L14, Loy) is the angle between w(Ly,) and m(Ls;)) and, as t—oo, one of
by (L1, La,s) moves off to infinity, while the other converges to b(Lq, La); cf. (8.6).

Proof of Step Bl. Let p€dE. Then the exists p;€F, with p;—p. Let g€int(E),
and assume that there is a line Lé€lines(H) with L(0)=p and L(¢)=gq. If L; denotes the
line parallel to L passing through p;, then L;(¢)— L(¢), and hence L;(¢)€int(FE) for i
sufficiently large. Since E is convex, by (the non-quantitative version of) Corollary 7.8,
we get L;(s)€int(E) for 0<s</¢ and ¢ sufficiently large, and, by passing to the limit,
L(s)€int(F) for 0<s<{. Since E° is also convex, the corresponding statement holds for
E€ as well. This completes the proof of Step B1. O
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Proof of Step B2. Let p€dF and Lé€lines(H) with p=L(0) and ¢=L({)#p. We
need to show that g€dE. By Step Bl, we may assume that L(¢)€int(E), say. Similarly,
L(—¢)eint(E) or L(—¢)€int(E*). By the same argument as in the proof of Step B1, if
L(¢)eint(FE) and L(—¥)€int(E), then p=L(0)€int(E). Therefore, we may assume that
L(—¢)eint(E*). Since the collection of unit tangent vectors to the horizontal geodesics
at p is a circle, and in particular connected, it follows by continuity that there exists a
horizontal geodesic L with L(0)=p and L(¢)€0FE. The conclusion of Step B2 now follows
from Step BI1. O

Proof of Step B3. By Step B2, OF is a union of lines. If 0F contains only parallel
lines with the same projection, then it is contained in a vertical plane. Likewise, if
OF contains only lines passing through some fixed point, then it is contained in the
horizontal 2-plane through that point. Thus, we may assume that OF contains either
a pair of parallel lines with distinct projections, or a pair of skew lines. By Lemma
8.1, if OF contains a pair of parallel lines Ly, Lo with distinct projections, then distinct
members of the family of lines { L(x)},cr, are skew lines which intersect 7=1(m(Ly, Lo)).

So we may assume that JF contains a pair of skew lines Ly, L.

Claim. If Ly and Ly are skew lines, with L1 UL, COFE, then
7w (Ly)Nm(Le)) C OE.

To see this, note that, by Corollary 8.3, for every line L3 intersecting L, and Lo,
there is a parallel line L, intersecting Ly and Lo, such that m(Ls, Ly)=n(L1)Nm(Ly).
Since, by Step B1, LsUL,COE, it follows from Lemma 8.1 that 7=!(m(Ls, L)) €OE.

Let Y=Y (L1, L) be the hyperbola as in Lemma 8.2 and let U be the component of
R2\Y whose closure intersects both branches of Y. Every point of V=U\ (7(L;)Un(Ls))
is the intersection of a pair of distinct tangent lines of Y. Each such pair of lines lifts to a
pair of skew lines Ls, Lg in OE. By the claim, 7~ !(7(Ls)N7(Lg))€OE, so = (V) COE.

Thus OF has non-empty interior, as required. O

9. Proof of the stability of monotone sets

The proof of Theorem 4.3, that is, the stability of monotone sets, has two main steps,
Steps A’ and B’, which are quantitative versions of Steps A and B in the classification of
monotone subsets of H given in §8. In fact, Step A’ is just Lemma 7.2, which is proved
in §11. In this section, assuming some technical geometric preliminaries which are proved

in §10, we carry out Step B’, thereby completing the proof of Theorem 4.3.
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The proof of Step B’ has three substeps, Steps B1’-B3’, which correspond to Steps
B1-B3. Steps B1’ and B2’ are just Corollaries 7.8 and 7.10, specialized to our specific
context. Step B3’ requires a substantial preliminary discussion; see §10 and, in particular,
Lemma 10.1 and Corollaries 10.2 and 10.4. The point of the discussion in §10 is to
quantify the following statement which occurs at the end of the first paragraph of the
proof of Step B3: “Thus, we may assume that OF contains either a pair of parallel
lines with distinct projections, or a pair of skew lines”. Once this statement has been
quantified, the proof of Step B3’ is completed by repeating, mutadis mutandis, the proof
of Step B3.

The preliminaries to Step B3', i.e., §10, constitute the part of the argument which
necessitates assuming that E is e®-monotone on B.-3(z), rather than on Bj(x). The
following example shows that such an assumption cannot be entirely avoided, even if

e®-monotonicity is strengthened to monotonicity.

Ezample 9.1. Consider the set
E={(z,y,2):z2<zy and y > 0}. (9.1)

We claim that if B,.(p)C{(z,y, 2):y>0}, then ENB,(p) is monotone. This is equivalent
to the statement that if a line L€lines(H) passes through two points in

OFE ={(z,y,2):z=zy and y >0},

then L is contained in OF. Note that the horizontal line L=(a,t,at) passes through
(a,b,ab). If b>0, then L is contained in OE. Conversely, if (a,b,ab), (a’,b’,a’b’)€IE,
then b,0'>0. If these points lie on a horizontal line, since H 4 p qap)=(2,y, ab—br+ay),
we get

a'b/ = ab—ba'+ab'; (9.2)
see (2.13). The solutions of (9.2) are either a’=a and b’ arbitrary, which gives the above

line L, or a’ arbitrary and b'=—b, which contradicts the assumption &’ >0.

Proof of Theorem 4.3. Recall that in Theorem 4.3, we are given E C By(x) which is
e%monotone on Bi(z). Our goal is to find a half-space PCH such that

L3((ENBs(@) AP) _
L3(Ba(z)  ~F

For convenience of notation in the ensuing argument, we will rescale the ball By (z) above

by €73. Thus our assumption is that FCB.-s(z) is e%monotone on B,-s(z) and, for

the sake of contradiction, that for no half-space P we have

L5((ENBy(2))AP) <e.
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This contrapositive assumption will be used via the following simple lemma. In what
follows, for ACH and £>0, the closed e-tubular neighborhood of A is denoted by

T.(A)={zcH:d"(z,A) <e}. (9.3)

LEMMA 9.2. Let QCH be a 2-plane. Assume that, for some 6,7“6(0, %), a subset
ECH satisfies

O r(E)NB1(x) CT(Q).
Then there exists a half-space PCH such that

Eg((EﬂBl(SU))AP) SE

Proof. The set By(x)\T-(Q) has at most two connected components, say C7 and Cs
(one of which might be empty). Since 5<%7 by continuity, for j€{1,2} we have either
C;Cint. »(E) or C;Cint. ,(E€). For definiteness assume that C; Cint. ,(E). Let MCCy
be an r-net in C;. Thus the balls {B, /2(y)}yem are disjoint, and the balls {B,(y)}yen

cover Cy. Moreover, since for each ye we have y€int, ,(F), we know that

L3(Br(y)NE?) <eLs(Br(y))-

Hence
Cl ﬂEC Z £3 ﬂEC) Z €£3 =16¢ Z Eg T/Q
yeN yeN yEN
= 16553 ( U B,/Q(’]J)) < 16€£3(Bl+7./2($)) S E.
yeM

This argument shows that for je{1,2} either L3(C;NE)<e or L3(C;NE)Se. Thus we
can take P to be either one of the half-spaces bounded by @, or a half space that contains

By virtue of Lemma 9.2, we may assume from now on that for every 2-plane PCH
we have
86165 (E)ﬂBl( )¢T61€(P)’ (94)

where k1 >1 and c¢; >0 are constants which will be determined presently.
By rescaling the metric d™ by a suitable multiple of e~3, we may apply Corollary 7.10

k1+3

with axe and uxe , and (after rescaling back to our present setting) deduce that,

provided
a>29471(k1+3) =242+ 71k,
ko< 3 (k1 +3), (9.5)
ho >19+46(k1+3) = 157+46k1,
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and ¢ is smaller than a small enough universal constant, we may associate with every
point y €0, .» (E)NB1(x) an open set O, of lines through the origin of H,, such that for
all LeO, we have

L([—c2e™?, c267?]) C Oong oo (E) (9.6)

for some small enough constant co>0. We have used here the fact that the definition of
the quantitative boundary in (7.2) is an open condition.

As we shall see in §10 (see Lemma 10.1 and Corollaries 10.2, 10.3 and 10.4), the
above discussion implies the following: if ¢; in assumption (9.4) is a small enough uni-
versal constant, then there exists a pair of skew lines L, L’ €lines(H), with the following
properties:

e the distances of L and L’ from z are at most 1—10025_3;

e both L and L' intersect O ny vy (E)NB,c-3/10(1);

e the angle (L, L) between L and L’ (for the definition, see (8.9)) is bounded away
from 0 and , say, tan6(L, L") € [%, %],

e L and L’ have separation >3, i.e. dV(L,L’')Z¢e3, where the vertical distance
dV(-,-) is as in (8.2).

We now use the lines L and L’ to perform Step B3’, that is, to produce a quantitative
version of the argument in Step B3.

First of all, we will apply again Corollary 7.10 (rescaled, as before, by <e7?) to

deduce, from the fact that L and L' intersect O.ny vy (E)NB,c-3/10(), that
(LUL/)HBC3E—3 (x) Caeh,37€k3 (E), (9.7)

where ¢3 >0 is a universal constant, provided that

a> 29hy+T1(ky+3) = 29hy+71ky +213,
ks < 3 (k2+3), (9-8)
hs > 19ho+46(ko+3) = 19hy + 46k +138.

Now, as in the non-quantitative proof, let Y=Y (L, L')CRR? be the hyperbola from
Lemma 8.2, and let U be the component of R?\ Y whose closure intersects both branches
of Y. Let ¢4 be a small enough constant, and take a point g€ U such that B,,.s(q)NR*CU
and d"(q, m(L)N7(L'))<10e3. As in the proof of Step B3, using Lemma 8.2, any point
2€B.,.3(q)NR? is of the form z=m(L*)N7(L**), where, provided c4 is small enough,
L* and L** are skew lines which intersect LN B, .-3(z) and L'NB,,.-s(z), both of which
are contained in O.n; x5 (E). Another application of Corollary 7.10 implies that

(L*UL**)QBCSE—S (x) Ca€h4’€k4 (E), (9.9)
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provided that

a>29h3—|—71(k:3+3):29h3+71k3+213,
ky < L(ks+3), (9.10)

hy > 19h3 +46(/€3+3) =19h3+46k3+138.
We continue to argue as in Step B3. We use Corollary 8.3 to deduce that z=
m(L*, L*"), where (once more, provided ¢4 is small enough), L™ and L** are parallel

lines which intersect the line segments L*NB,,.-s(x) and L**NB,,.-3(x), both of which

are contained in d.n, .x, (E). So, another application of Corollary 7.10 gives
(L*UL**)QB%E—s(I') Cash57€k5 (E), (9.11)
provided that

a> 29h4+71(k‘4+3) =29h4+T1ks4+213,
ks < L(ks+3), (9.12)
hs > 19hy +46(k‘4+3) =19hy4+46ks+138.

By Lemma 8.1, any point on the fiber 77!(z) lies on a line which touches both of
L* and L™*. Moreover (using the explicit formula for this line, which is contained in the
proof of Lemma 8.1), since the vertical separation between L and L’ is >¢?, and z is an
arbitrary point in B,,.s(¢)NR?, a (final) application of Corollary 7.10, together with the
box-ball principle, shows that there exists p€H such that

Br(p> C 65%,5’@6 (E)ﬂBsfz (.Z'), (9.13)

where =2, provided that

a>29hs+71(ks+3) =29hs+71ks+213,
ke < L(ks+3), (9.14)
he > 1905 +46(k5+3) =19hs+46k5+138.

Now, by choosing k; sufficiently large, we will use (9.13) to contradict Lemma 7.2,
provided k; is large enough. Modulo the proofs of technical lemmas which were postponed
to the following sections, this will conclude the proof of Theorem 4.3, Before doing so,
note that for the conditions (9.5), (9.8), (9.10), (9.12) and (9.14) to be satisfied, we can
ensure that (9.13) is satisfied for, say, a=2%0k;, k¢=2"10k; and he=23"k;. (In actuality,

these are big overestimates.)



340 J. CHEEGER, B. KLEINER AND A. NAOR

It remains to show how to choose k1 so that (9.13) will contradict Lemma 7.2. Since
E is e®-monotone on B.-s(x), it is also x&*~*‘-monotone on B,(p) (recall that r=e?).
By Lemma 7.2, we can find p’€ B, /5(p) such that p’'¢0,, (E), where ax=ela=24)/2 4nq

r'<r=e3. Without loss of generality, we may assume that p’ €int, . (E), so that

L3(E°NB () < als(By(p')) < e¥/? 1212 = c0/2, (9.15)
But, at the same time, p' €0 ns o1 (£), which means that
Eg(ECmBEkG (p')) > €h6£3(B€k6 (p/)) = ghet4ke (916)

In order for (9.16) to contradict (9.15), assume that £*6 >r/, which would hold for
small enough ¢ if kg=Fk;/219>3. In this case, B.xs(p')C B, (p'), and the desired con-
tradiction would follow (for small enough ¢) if %a>h6+4k6. Choosing k;=2'2, and
thus a=2°2 and hg=2*2, yields the required contradiction, and completes the proof of
Theorem 4.3. O

10. Non-degeneracy of the initial configuration.

In this section, we prove the assertion on non-degeneracy of the initial configuration,
which was used in the proof of Step B3’ given in §9; see the four items marked with bullets
in the paragraph following (9.6). Specifically under the assumptions of Lemma 10.1
below, we show that at distance <e~3 from z, we can find a pair of skew lines in the
controlled quantitative boundary which make standard angle as in (10.48), and have
separation >¢e3; see (10.4) and (10.49).

Given a pair of (unordered) skew lines L, L, define 0<f(L, L)< to be the angle
between 7(L) and 7(L) which faces the sector which contains the hyperbola Y (L, L)
from Lemma 8.2. The vertical distance dV (L, L) is defined as in (8.2). As in (8.11),
denote by b(L, I~/) the union of the (two) shortest horizontal segments joining L and L,
and denote the length of each of these segments by (L, I?) Then, with the geometric
interpretation of the multiplication in H, we get

(cot 20(L, L))o(L, L)*=d" (L, L) (10.1)

3
Since tan 36> 1 sin 6 for all #€[0,7], it follows from (10.1) that
o(L, L) > (sin (L, L))d" (L, L)2. (10.2)
In what follows, for ACH and £>0, the closed e-tubular neighborhood of A is

T.(A)={xcH:d"(z, A) <&}
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The required non-degeneracy of the initial configuration, namely the existence of the
“quantitatively skew” lines L and L’ which are described in the paragraph preceding (9.7),
is a consequence of the following lemma. The hypothesis (10.3) below corresponds to
the assumption concerning 2-planes which we arrived at in (9.4), and the discussion
preceding (9.6).

LEMMA 10.1. Fiz x€H, UCBy(z) and €€(0,1). For all yeU fix an open set O,
of lines through the origin of H,. Assume that for all 2-planes P we have

UgT.(P). (10.3)
Then there exist y,2€U, L,€0, and L,€0, such that L, and L, are skew and
o(Ly, L.)* 2 (sin(L,, L.))d" (L,, L,)* > (10.4)

Proof. Denote the Euclidean distance in R? by d(-,-). Fix y; €U and let V denote
the unique vertical 2-plane containing L,, . It follows from (10.3), with P=V/, that there
exists yo €U such that

d(m(Ly, ), 7(y2)) Z €. (10.5)

Let H=H, denote the unique horizontal 2-plane containing the line L,, and the
point yo¢ L,, . Note that g L,,. By (10.3), there exists y3 such that

d(ys, Hy) > e. (10.6)
For arbitrary q, ys €H, we have
d*(q, Hyy) = d* (y3, Hy)- (10.7)

In fact, by the left-invariance of d*, the left-hand side of (10.7) equals d™(y5'-q, H(,0.0)).
whereas its right-hand side equals d™ (¢! s, H,0,0))- If z€H,0,0) is closest to y§1~q,
then ziléH(()’O,o) and, by (2.15), d¥(y5 '-q, 2)=d"™ (¢~ -y3, 2~ 1). By symmetry, this gives
(10.6).

Since d™(q, L,,)>d"(q, H,,), from (10.6) and (10.7) we get

d*(q, Ly,) >e¢. (10.8)

Since O,,, O,, and O,, are open, we may assume that no two of L,,, L,, and L,,
are parallel. By applying a translation, we may also assume that ¢=(0,0,0). Thus, after

applying a suitable rotation, we may assume that L, is the z-axis and that y3=(a,0, 0)



342 J. CHEEGER, B. KLEINER AND A. NAOR

and y2=(b, ¢, 0) for some a, b, ceR. Set L,,, Nw(L,,)=n3=(s,0,0) and let a€ (0, 7) denote
the angle between L,, and m(L,,).
It follows from (10.5) that |c|>¢. As |a—b|+|c|++/|ac|=<d™(y1,y2) <2, we have that

\a|§é and |a—b|<1. (10.9)
Note that . . .
N A et o]~ BT (10-10)
and, by the geometric interpretation of the multiplication,
dV(Ly,, Ly,)* =|c||s| > €|s]. (10.11)

Thus, by multiplying together (10.10) and (10.11), we may assume that £4|b|>|s|, since
otherwise (10.4) holds with ¢ replaced by 2. Using (10.9), we deduce that |b], |s|<1/e,
and therefore it follows from (10.10) that

sina > 2. (10.12)
By (10.11) and (10.12), we may assume that
d(nz,q)=|s| S, (10.13)

since otherwise (10.4) holds.

Let S be the triangle with vertices w(Ly, ) N7 (Ly,)=n1, L, N7 (L,,)=n2 and n3. Let
a; denote the angle at the vertex n; (thus as is either o or 7—cv). Put £;=d(n;41,n;42).
(Here and in the rest of the proof of Lemma 10.1, indices are taken mod 3.) It follows
from (10.12) that there exists j€{1,2} such that

sinaj > Seg?. (10.14)

Write {k}={1,2}\{j}. From (10.12) and (10.14), we may assume that

4, (10.15)
e, (10.16)

since otherwise (10.4) holds.
From the geometric interpretation of the multiplication, it follows that there exists
re{1,2,3} such that

av (Lyy1, Lyyo)? 2 area(S) = %6162 sin 3. (10.17)
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By multiplying both sides of (10.17) by sin «,- and using the law of sines to express sin «;.
in terms of sin g, we obtain, with (10.12) and the triangle inequality,

dV(Lyy1, Lyy2)? sina, 2 (sin? az) min{¢?, £3} > e* min{¢?, (3} (10.18)

Arguing similarly with (10.14), we have
dV (Lyy1, Lyy2)?sina,. > et min{é2, (2} (10.19)

We may therefore assume that min{/(3, (3} <{z¢? and min{¢?, (3} <J€?, since otherwise
(10.4) holds. By the triangle inequality, ¢ <{;+/s, and therefore

0 < 3¢ (10.20)
By adding (10.13), (10.15), (10.16) and (10.20), we get d™(L,,, q) < 3+ 0O(e?), which
contradicts (10.8) for € small enough. This contradiction completes the proof. O

In deriving the consequences of Lemma 10.1, we will work in coordinates. Thus, we
write Ly and Ly for L, and L,, respectively. As in (8.8), we may canonically assume
that

Ly =(t,wt,c) and Ls=(s,—ws,—c).
As in (8.9), the angle 0<6(L1, Lo)<m is determined by tan $6(Ly, Ly)=w. Let b, (L, L)
and b_(L, L) contain the shortest line joining L; and Ly; see (8.11). Thus,

ot = (o [0,

d¥(b, (L1, Lo),b_(Ly, Ls)) :2\/5 (10.21)

and so

Put
€+ (L1, La) = LiNby (L1, L), (10.22)

o)
eﬂhm(ﬁfﬁkg

Then, with the geometric interpretation of the multiplication in H, dV (L1, L2)? is twice
the area of the triangle with vertices w(Lq1)Nw(L2), 7(e1,+(L1,L2)) and 7(ea + (L1, L2)).
It follows that d¥ (Ly, L2)?>=2c. Note that

or, equivalently,

(10.23)

(L1, Ly) =d™(e1 (L1, Ly), e2. (L1, La)).
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Therefore,
(L1, Ly) = 2v/cw. (10.24)
Equation (10.1) now becomes
(L1, Ly)? =2wd" (Ly, L) (10.25)

Corollary 10.2 below will be derived directly from Lemma 10.1 without further ref-
erence to the assumption on 2-planes. The proof will rely on the following additional
information. Write o=y and op=2. Since o1, 02€ B;(z), we have d" (01, 02)<2, which
implies that d" (01,02)<2 and d(r(01), 7(02))<2.

We put

01 = (t1,wt1,c) and 09 =(s2, —wss2, —c),

where, without loss of generality, we may assume that either (i) ¢; 0 and s2<0, or
(ii) 120 and s2>0.
Below, to avoid confusion, we will write 2 for the constant ¢, in (10.4). We also

assume that e<1.

COROLLARY 10.2. We have the bound

w 6
Tra? >S5, (10.26)
Moreover,
(1) If t120 and s2<0, then
S <w<e™d, (10.27)
3V 1+w? <o(Ly, Ly) < vV, (10.28)
1
d (01361,+(L17L2))§\/a+7w’ (1029)
9<e<l, (10.30)
tal+[s2| S 1, (10.31)
1
[tits2| < —, (10.32)
w
wlty] |so] S 1. (10.33)
(ii) If t120 and s2>0, then
w<e ", (10.34)

3V 14+w? <o(Ly, L) SV14w, (10.35)
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d¥(o1,e1,4 (L1, L)) Se3, (10.36)
1
¥ <e<1+—, (10.37)
w
t1—s2| S 1, (10.38)
1
li+s25—, (10.39)
w
|c—wtisq| < 1. (10.40)

Proof. Assin(Ly, Le)=2w/(1+w?) and d (L1, L2)?>=2c, (10.26) is just a rewriting
of (10.4). The lower bounds in (10.28) and (10.35) follow from (10.26) and (10.24).
Next note that, since d™ (01, 02)<2, from the box-ball principle we have

|t1782|+’w|t1+82|+\/ |2c—2wt132|§1. (1041)

Case (i). Since the inequalities 1 >0 and s <0 imply that in the third term of the
left-hand side of (10.41) we have —wt1s9>0, we get ¢<1, which gives the upper bound in
(10.30) and, since 9(L1, Ls)=2+/cw, the upper bound in (10.27) as well. Using ¢<1 and
multiplying both sides of (10.26) by (1+w?)/w gives (10.27). Relations (10.31)—(10.33)
follow immediately from (10.41), ¢; >0 and s2<0.

To prove (10.29), by considering the cases w<1 and w>1, and using the box-ball
principle (10.41), it suffices to show that

c 1
t —<—.
Ve~ Ve
Since ¢<1, we get \/c/w<1/y/w. From (10.31), we get t; <1, which gives the case w<1.
For w>1, relations (10.32) and (10.33) imply that ¢; $1/+/w, which completes the proof.
Case (ii). Relation (10.37) was already shown in the proof of case (i). By using
t120 and s3>0, relations (10.38)—(10.40) follow directly from (10.41). From (10.39),

c<14wt sy S14+w(ty+52)2,

which, by (10.39), gives the upper bound for ¢ in (10.37). From this, the upper bound
in (10.35) follows immediately, as does the implication ¢<5 if w>1. This, together with
(10.26), gives the upper bound for w in (10.34).

To prove (10.36), note that, from (10.40), by dividing through by w and factoring,

we get
C C
"/w—\/tlsg “E+Vt182

1
~w
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which, together with (10.39), gives
1
1+’UJ (1+w)|\/t152 t1|

(I+w ‘\F h|Sw) 7

From (10.38), in case w<1, and (10.39), in case w>1, it follows that the second term of
the right-hand side is <1. By using the lower bound in (10.28) to bound the first term
of the right-hand side, the proof is complete. O

In the next corollary, by considering separately the cases 0<w<1 and 1<w< oo, we
obtain estimates which depend only on €.

COROLLARY 10.3. (1) If 0<w<1, then
6350(L1,L2)
dH(01761,+(L17L2))

1, (10.42)

<
<e 3. (10.43)

(2) If 1<w< oo, then

e3 <d(by (L1, Ly),b_(L1, Ly)) <1, (10.44)
e3<o(Ly, Ly) S8, (10.45)
dH<01,€17+(L1,L2))55_3. (1046)

Proof. Relation (10.44), i.e., the bound on 2+/¢/w for w>1, is a direct consequence
of (10.27), (10.30), (10.34) and (10.37). The remaining relations can be read off from
Corollary 10.4. O

If w>1, as a consequence of (10.44) we obtain a pair of parallel lines by (L1, Lo)
whose separation 2\/% is bounded below by >3 and above by a universal constant,
and with a transversal L; such that (10.45) and (10.46) hold. This will suffice for our
application.

If w<1, although 24/c/w is not bounded above, d(L;, L2) is bounded above by a
universal constant and below by >&%, and d™(o01,e1 . (L1, L2)) is bounded by a definite
multiple of e~3. In this case, we obtain a pair of skew lines making a standard angle and
a controlled separation as follows.

Let

TZVl_HUQ\/E

denote the distance from the origin in R? to (y/c/w, &+/cw )=m(e1 + (L1, L2)). The points

() s (V)
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lie on the projection of a line L€lines(H), with z;=LNL;, where

d*(z1,e1 (L1, L)) =0(Ly, La),
'S
d® (2, Ly, Ly))=—————0(L1, Ly).
(22, €2, (L1, L2)) oL L) (L1, L2)

By direct computation, the slope m(L) of m(L) satisfies

2 <m(L)< 3. (10.47)
From this, we get the following result.
COROLLARY 10.4. The lines L and b, (L1, Lo) are skew. The point
m(L)Nm (b (L1, L2))
lies on the line segment from mw(ey (L1, L2)) to m(ea,+(L1,L2)). Moreover,
2 <tan6(L, b, (L1, L2)) <3 (10.48)
and
D(Ll,Lz)\/gng(L,m(Ll,Lg))ga(Ll,Lg). (10.49)

Proof. Relation (10.48) follows directly from (10.47). By the discussion above, the
triangle with vertices (0,0), m(e1 +(L1, L2)) and 7m(es 4+ (L1, L2)), and the triangle with
vertices (0,0), m(z1) and m(z2) have equal areas. It follows that the triangle with vertices
m(er,+ (L1, L2)), m(z1) and w(L)Nm(b; (L1, Le)), and that with vertices m(eq (L1, L2)),
7(z2) and w(L)Nw (b (L1, La)) (whose union is the symmetric difference of the previous
ones), have equal areas as well. From this and the geometric interpretation of multipli-
cation, we get (10.49). O

11. Proof of Lemma 7.2

In this section we prove Lemma 7.2. We begin with some measure-theoretic preliminaries
which play a role here and in §12. Then we give the proof for the case of precisely
monotone sets (for which the preliminaries are not required); compare also the proof
in [21]. Finally, we show how to modify the argument to obtain the general case of

Lemma 7.2.
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11.1. Measure-theoretic preliminaries

Recall that £3 denotes the Lebesgue measure on H=R?, which is a Haar measure of
H. Given Le€lines(H), we denote by H} the Hausdorff measure induced by the metric
d® on L. Recall that A/ denotes the unique left-invariant measure on lines(H) which
is normalized so that A/(lines(B1(p)))=1. Given L€lines(H), we denote its Heisenberg
parallelism class by [L], i.e., [[]={gL:g€H}. H acts transitively on [L]. Therefore there
exists a left-invariant measure yz; on [L], normalized so that for every measurable ACH

we have
/ HlL,(L’ﬂA) d,U/[L](LI>:£3(A). (11.1)
(L]

The space of all parallelism classes will be denoted by P={[L]:L€lines(H)}. Each
such parallelism class [L] is uniquely determined by an angle 6€[0, 27), corresponding to
the angle of 7(L)CR? (recall that the lines L€lines(H) are oriented). Thus, there is an
induced measure df on P which corresponds to the standard measure on the circle S*.
By uniqueness, there exists a constant ¢>0 such that for all integrable f:lines(H)—R

we have

Jumi = fy fy T S 2

1

Let PClines(H) x H denote the space of oriented pointed lines, i.e., P={(L, z):z€L}.
We shall use below the measure v on P, which is defined by setting, for every compactly

supported continuous f:P—R,

= X 1 X . .
/Pfdu/lines(ﬂ)/Lf(L, ) dHL () dN'(L) (11.3)

In the proof of Lemma 7.2 we shall use the space C of configurations, where a
configuration is a quadruple (L,x1,x2,[L']), where L€lines(H), z1,22€L and [L']€P
(i-e., a doubly pointed line and a parallelism class). The space C carries two measures o1
and o9, which are defined as follows. Given f:C—R, which is continuous and compactly

supported, let

[ro=[ [ [ i L) dt x (o 2) dB(L) AN(L), (114)
c lines(H) /B JLXL

and
/fdag (11.5)
c

- / / FL(), 2, L(x) O Lo, [L]) dHL () d(pugo % pyzn) (L, La) dO((L)),
P J[L]x[L] J L1
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where in (11.5), as in §8, given two parallel lines Ly, Lo €[L’] with distinct projections
and z€Ly, L(z) denotes the unique element of lines(H) which passes through z and
intersects Ly. (In §8, L(x)NLy was denoted x*.)

The measures o1 and o9 are mutually absolutely continuous. Moreover, given a
compact subset K CH of the Heisenberg group and >0, let C(K,a) denote the set of
configurations (L, x1,xe, [L'])€C with z1,29€ K and

d(m(x L' (0) ' L)), 7w(x L' (0) P L)) > a,

i.e., the unique lines in [L’] which pass through z; and x5 have projections of distance at
least @, and x; and 9 are in the compact set K. One checks from the definitions that,
on the compact set C(K,a), the Radon-Nikodym derivatives doy/doy and doy/doy are

continuous. Hence, for every measurable ACC(K, a), we have
o1(A) < 0y(A), (11.6)

where the implied constants depend only on K and a. This observation will be used in

the proof of Lemma 7.2 below.

11.2. A consequence of small non-convexity

Recall that the non-convexity NCp (,)(E, L) was defined in (4.6). The following conse-
quence of small non-convexity will be used in the present section and repeatedly in §12
(where the main result concerns d-convex sets, which are more general than §-monotone

sets).

LEMMA 11.1. Fiz peH and ECH. Let L€lines(H) be such that NCp, () (E, L) <0.
Assume that [c,d]Cla,b]CLNB1(p) and that

Hi(Ja,cJNE) >0 and Hi([d,b)NE) > 6. (11.7)

Then
H} ([, d]NE) <.

Proof. For all sufficiently small >0, we have H} ([a,c|NE), H} ([d,b]NE)>=5+n. If
ICLNB;(p) is an interval which exceeds the infimum on the right-hand side of (4.6) by
at most 37, then the intersection of I with both [a,c] and [d, b] must have positive H}
measure. Thus, I=[e, f]D[c,d]. By the choice of I, we also have H] ([e, fINE®)<d+3n,
which implies that H} ([c, d|NE¢) <6+ 1n. Letting n tend to 0 completes the proof. [
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11.3. The case of precisely monotone sets

We call a set ECB;(p) precisely monotone if ENL and E°NL are connected for all
Lelines(H). Therefore, given such a pair (E, L), either LNB;(p)CE, LNBy(p) CE°, or
there exists a unique g1, g € L such that (L\{qr g})NB1(p) consists of two open intervals,
one of which is contained in E and the other in E°.

Choose a pair of parallel lines L; and Lo with distinct projections, and recall that
X=X (L1, La) denotes the ruled surface which is the union of lines L(x) passing through
L; and Ly. Here, {x}=L(xz)NL;. Note that H acts on Ly, Ly and X (L1, Ls) by left

translation.

LEMMA 11.2. Fiz peH. There is a left-invariant function defined on pairs Ly, Lo

of parallel lines with distinct projections and taking values in 6-tuples of relatively open
subsets of the surface X (L1, L2)NB1(p), {W;(L1, L2) ?:1, such that if E is a precisely
monotone subset of Bi(p) then for some j(Li1, Lo, E)€{l,...,6},

WLy, Lo, E) :=Wj(, 1,.5) (L1, L2)

consists either entirely of points of E, or entirely of points of E°.

Proof. We may assume that, say, L1 =(t,b, —bt) and Lo=(s, —b, —bs), with %gbgl.
Then, in the notation of Lemma 8.1, for x=(t,b, —bt)€ L we have x*=(—t, —b, bt) and
L(z)=(r,r/b,—bt).

Consider the intervals

and let —I;={t:—tel;}. Define Wi(L1, Ls) to be Bi(p) intersected with the union
of those segments of the lines L(x) which join z€Li(I;) to a*€La(—1I1). Also, define
W (L1, L2) to be Bi(p) intersected with the union of those subrays of the lines L(z)
for which €L, (I;) and z*€ Ly(—1;), whose endpoint is « and which are disjoint to the
segment [z, z*]. Define W5(L1, La), Wy(L1, La) and W5(L1, La), We(L1, L2) analogously,
corresponding to j=2, 3, respectively.

There exists some i(Lq, Lo, E)€{1, 2,3} such that gg 1, ¢ L1(1;) and g 1, ¢ L2(—1;)
(where possibly, one or both of gg 1, and ¢g,r, do not exist at all).

Fix i=i(L1, Lo, F) as above. There are four possibilities:

(la) Ly1(I;)CFE and L1(—1I;)CE,
(1b) Ly(I;)CE€ and Ly(~I;)C E<,
(2a) Li(I;)CFE and Ly(—1I;)CE*,
(2b) Ly (I;)CE® and Lo(—1;)CE.
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In cases (1a) and (1b) we can take j(Lj, Lo, E)=2i—1, while in cases (2a) and (2b)
we can take j(L1, Lo, F)=2i. O

Take a small interval [0, d] in the center of H and consider all left translates

9(X (L1, L2)) = X(g(L1), 9(L2)),

where g€[0,d]. Clearly, for some subset S=S(L1, Lo, E)C[0,d] of measure >5d, if g€ S
then the integers j(g(L1),g(L2), F) will all coincide and either W (g(L1),g(L2), E)CE
for all geS, or W(g(L1),g(L2), E)CE’ for all geS. Without essential loss of generality,
we may assume that 0€.S and, say, W(Ly, L2, E)CE. Hence, for all g€ S we have

W(g(Ll)vg(IQ)? E) :g(W(Ll, LQ,E)) CcFE.

Choose an interior point yeW (Ly, Lo, E)NB1(p), lying at a definite distance from
the boundary, choose a line L(z) such that yeL(z) and choose L€lines(H) making a
definite angle with L(z). Let [L] denote the collection of lines parallel to L. By Lemma 8.1
(and continuity) we may assume that d has been chosen so small that if g€[0, d], we have
L'e[L] and L'Ng(X (L1, L2))NB1oa(y)#<. Then L’ intersects g(X (L1, La)) transversely.
Parameterize each such L’ so that L'(0)=L'NW (L, Lo, E). Let J denote the smallest
interval containing S. Then the length of J is > %d and, by the monotonicity of E, we

have L'(J)CE. This completes the proof in the precisely monotone case.

11.4. Proof of Lemma 7.2

Suppose now that EC Bj(p) is e2-monotone on B;(p). Choose a measurable mapping
L—1I;, gCL (e.g., via an application of the measurable selection theorem in [44]) such
that I, pNB1(p) and I N Bi(p) are intervals and, for almost all L,

Hi(I,eA(ENLNBi(p))) <2NMg, () (L, E). (11.8)

Let g1, denote the common boundary point of I g and IE,E.

Define I, Io and I5 as above. Given a pair of parallel lines Li, Ly with distinct
projections, define i(L1, Lo, E) as above, replacing ¢z, g by ¢z, z. Then, mutatis mutandis,
define cases (1a)—(2b), {W;(L1, L2) ?:1, (L1, Lo, E) and W(Lq, Lo, E) as above.

In the claim below, Center(H) is equipped with its natural measure £ and
W(Ll, Lo, E) - X(Ll, Lg)

is equipped with the natural surface measure M on X (L1, Lo).
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Claim. There exists a universal constant ¢>0 with the following properties. Assume
that EC Bi(p) is e2-monotone on Bj(p). Then there exists a pair of parallel lines Ly, Lo
whose projections lie at distance >¢, such that for a fraction >c of g€ Center(H)NB;(p)
the surface W(g(L1),g(L2), F) has measure >¢ and, apart from a subset of measure

<e/c, it consists either entirely of points of E or entirely of points in E’.

Assume for the moment that the claim holds. Since ECBj(p) is e2-monotone,
by (11.2) with f(L)=NMgp, (£, L) and Markov’s inequality (3.14), we can choose a
parallelism class [L] of lines which are all a definite amount transverse to X (Ly, Ls)
(i.e., the angle between these lines and the surface X (Ly, Lo) is larger than a universal
constant), such that apart from a subset of measure Se of lines in [L], the remaining lines
are all <e-monotone. From this, together with the claim and Lemma 11.1, we directly

obtain Lemma 7.2.

Proof of the claim. Rather than studying the space of surfaces X (L1, Lo) directly, it
is convenient to decompose each such X (L1, Lo) into its collection of ruling lines L, and
then to lift considerations to the space of all triples (L1, Lo, L), where a triple (L1, Lo, L)
is a set of lines Ly, Lo, L€lines(By(p)) such that Ly and Lo are parallel in the Heisenberg
sense, and L1 NL={x1} and LoNL={x2} are non-empty and lie in By (p). Recall the set
of configurations C that was defined in the paragraph following (11.3). Each configura-
tion (L, z1,x9,[L'])€C with x1,29€ B1(p) determines, and is determined by, the triple
(Ly, Lo, L), where Ly =1 L'(0) "' L' and Lo=x5L'(0) "L’ (thus, using previous notation,
L=L(z1) and zo=z7). Let C; denote the set of configurations (L, z1, 2, [L'])€C with
x1,x2€B1(p).

Definition 11.3. A pointed line (L, x) is called consistent if either z€I, p and z€ E,
or v€lf pNB1(p) and € E°. A configuration (L,z1,x9, [L']) is called consistent if the
pointed lines (L1, 1), (L2, 22), (L,z1) and (L, z2) are all consistent, where

Li=xz,L'(0)7'L and Ly=ux,L/(0)"'L".
Such a configuration is called e-monotone on Bj(p) with respect to E if Ly, L and L
are all e-monotone on By (p) with respect to E.

Let G¢ denote the set of configurations which are consistent and e-monotone on
Bi(p) and let GL=C1\G.. By using Lemma 11.1, it is immediate to verify from the
definitions that if for some parallel lines Ly, Lo €lines(B;(p)) we have

Hil (Z‘ S Ll(Ij(Ll,Lz,E)) . (L(Jf), a:,x*, [Ll]) S G/E) §€, (119)

then, apart from a set of measure <e, the set W(Lq, Lo, F) consists either entirely of

points of E or entirely of points in E°.
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LEMMA 11.4. If E is e2-monotone on Bi(p) then
o1(GL) Se, (11.10)
where o1 is defined as in (11.4).

Proof. We use the notation introduced in our discussion of measure-theoretical pre-
liminaries at the beginning of this section. Fix L€lines(By(p)) and let G'(L, E) denote
the set of x€ LN By (p) such that (L, z) is not consistent. By definition, we have

HY(G' (L, E)) <2NM, ) (L, E), (11.11)

SO
/ H(G'(L,E))dN(L) <2NMp, ) (E) <& (11.12)
lines(B1 (p))

For x€ B1(p), denote by m(x) the measure (with respect to df) of the set of those
[L]€P such that, for the unique L’'€[L] such that x€L’, the pointed line (L', x) is not
consistent. Then, by (11.1) and (11.2), we deduce from (11.12) that

/ m(x) dLs(z) <e2. (11.13)
Bi(p)
For x1,x9€ L, define F(x1,x2) by

F(z1,22) =m(z1)+m(22) + X1, pa(EnLnB, (p) (1) TX1, pAENLAB (p) (T2). (11.14)

Then,

/ / F(Jﬁl,xg) d(HiXH}J)(Qﬁl,xz) dN(L)
lines(B1 (p)) Jz1,22€LNB1 (p)

(11.13)
< 52+/ HE (I, g AENLNB, () dN (L)
lines(B1 (p)) (1115)
(11.8)
S €2+ NMp, () (E)
<e

It follows from (11.15) and (11.4) that, if we denote by ACC the set of configurations
(L,z1,72,[L']) which are not consistent, then o (A)<e?.

Let BCC denote the set of configurations (L, 1, z2, [L’]) which are not e-monotone
on Bj(p) with respect to E. This implies that, for (L, 1,29, [L']) € B, we have

NMp, () (L, E)+NMp, () (1L (0) ' L', E)+NMp, () (z2L'(0) 'L’ E) > e.

Hence, using Markov’s inequality (3.14), combined with the identities (11.4) and (11.2),

we deduce that
o1(B) 5

~

NMg, () (E) -
€ =

Since, by definition, o1(G.)<0o1(A)+01(B), the proof of (11.10) is complete. O
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Set a=1i5 and recall that, as defined before (11.6), C=C(Bi(p),a) is the set of
all configurations (L, z1,x2,[L'])€C such that x1,22€ Bi(p) and the projections of the
parallel lines 21 L'(0) 'L’ and 25 L'(0) ' L’ have distance at least a. It follows from (11.6)

and (11.10) that o2(GLNC) Se, where the measure o is as in (11.5). It follows from (11.5)
that there exists a parallelism class [L']€P such that, if we define

F={L1, Ly €[L'): d(r (L), w(Ls)) > a},
then

/FHL ({z € LinBi(p) : (L(z), 2, 2", [L']) € GL}) d(pyr ¥ pyry) (L1, L2) Se. (11.16)

Partition the set of all (L1, Lo) € F x F' into equivalence classes, where (L, Ls) and
(LY, L) are equivalent if there exists g€ Center(H) such that Li=g(L1) and Lj=g(L2).
We deduce from (11.16) that there exist L, Lo€F, an index j€{1,...,6} and a subset
D C Center(H)N B (p) of measure 21 such that for all g€ D we have j(g(L1), g(L2), E)=43,
the surface W(g(L1), g(L2), E) has measure =1 and, by another application of Markov’s
inequality (3.14),

My, ({z € Li(I)) : (L(@), x,27, [L1]) € GL}) Se.

The claim now follows from the discussion following (11.9), and hence the proof of

Lemma 7.2 is complete. O

12. Proof of Proposition 7.3

In this section we will consider both lines in R? and their horizontal lifts to H. It will
be convenient to use a notation which differs somewhat from that employed elsewhere in
the paper. This change will also prevent an undesirable proliferation of subscripts, which
would result if we continued to write L (exclusively) for horizontal lines in H.

Let m: H—R? be the canonical map. Given a line segment 7 CR? with 71(0)=(0,0),
denote by 7y its unique lift to a segment of a horizontal line in H emanating from the
origin. Similarly, consider a once-broken line segment 7 U7y, i.e., a pair of line segments
such that the initial point of the line segment 75 is the final point of 71. Again, we assume
that 74 (0)=(0,0). Denote by T/lb/m the lift of 71Ums to a continuous broken horizontal
line in H=R3, emanating from the origin.

In place of the line L in Proposition 7.3, we will write 7. Since both the statement

and proof are somewhat technical, for purposes of exposition, we first consider the model
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case in which ¥(0)€ E, B¢ (7(1)) CE and E is precisely convex. In this case, we will show
that for a large enough universal constant C, there exists ¢>0 such that Bes.(7(s))CE
for all 0<s<1.

Recall that in Proposition 7.3 we are given parameters s,n,&,r, 0€(0,1) such that
QS%%TQ and o<e¢, where c€(0,1) will be a small enough universal constant to be de-
termined below. For the reader’s convenience, we recall here the values of §; and d5 in
Proposition 7.3, namely (7.9) and (7.10):

5 == ’7259 (12.1)
8y = c3n 52 36, (12.2)

In the proof we will also use an auxiliary parameter w>0, which will be given by
w=xnér?, (12.3)

where ¢>+/c will be an appropriately chosen universal constant.

12.1. Values of constants

For the reader’s convenience, we include here a summary of the steps of the proof of
Proposition 7.3, in which the particular values of the constants enter explicitly. For the
constraint o<isr?, (12.15), (12.45) and (12.61); for w, (12.25), (12.33) and (12.53);
for 41, (12.25) and (12.59); and for dy, (12.33) and (12.55).

12.2. Proof of model case
For reasons of exposition, we begin with the proof of the model case described above.

Remark 12.1. Even though the statement of Proposition 7.3 pertains to balls, the
multiplicative structure of H and its relation to the geometry will necessitate the introduc-
tion of certain product cylinders, where the product structure corresponds to H=R? x R.
In fact, our argument will show that if a cylinder centered at ¥(1) with base radius r?
and height r is contained in E, then a cylinder with base radius >sr? and height sr
centered at J(s) will be contained in E. Here, both heights are measured with respect

to the metric d™.

Remark 12.2. Let Oy be as in §2.4. By applying a suitable left translation and
action by Oy, we may assume that 7 is the line (s,0,0). In the present subsection and
in the proof of Proposition 7.3, we consider only points (@, b, )€ Bes-(7(s)) with 0.
Points with ¢<0 are handled by the symmetric argument, i.e., by interchanging the roles
of ¢ and ¥ below.
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Let ©CR? denote the angular sector which is the union of rays 7 such that 7(0)=
7(0)=(0,0) and 7(1)€B,/2(7(1)), where here B, 5(y(1)) denotes the Euclidean disk
in R2. Let © denote the union of the lifts of the rays 7CO. By the convexity of E,
it follows that 7C®© implies that 7(s)€FE for 0<s<1, where s denotes arc length. To

prove the non-quantititative version of (7.13), it suffices to show that for any 7CO,
7 H(7(5))NBesr(7(s)) C E. (12.4)

Set
A =arctanr?, (12.5)

and let ¢ and v denote the rays in © which make an angle A with 7. For the sake
of proving (12.4), by applying a suitable rotation, assume that 7 is the x-axis, so that
we have 7(s)=(s,0,0). Choose the parameterization u such that ¢(u)=(u, —ur?,0) and
O(u)=(u, ur?,0).

Fix s0€[0, 1] and let ug be the unique value of u such that the line segment y, from
@(ug) to (1), intersects 7 at 7(sp), where x(0)=¢(ug). Thus

(12.6)

Let ¢1 denote the segment of ¢ from 7(0)=¢(0) to ¢(up). Let X denote the segment of
¢1Ux which lifts x. Choose the parameterization ¢ such that

X(t) =uo(1, —r%,0)-t((1,7%,0)—uo(1, —12,0)), (12.7)

where above, as usual, “-” denotes multiplication in H. If we define dy by x(do)=7(s0),
then from (12.7) it follows that

do

/\w\g

, (12.8)

2 2,.2
50,0 SOT) (12.9)

X(dO): ) 2— 50

By the assumed convexity of E, we have ¢(u)CE for all 0<u<1. From (12.7) for t=1,
and the box-ball principle (2.17), we may assume that C has been chosen such that
X(1)€Ber(7(1))CE. Since E is convex, this gives x(do) € E. Similarly, by (2.17), for

23%r2

— 50

0<v<

the line (0,0, —v)-X intersects ONE and satisfies (0,0, —v)-X(1)€Be,(3(1)) CE. Again,
by convexity of E, we get (0,0, —v)-X(do)€FE. It is straightforward to check that this

implies that Bers,(7(s9)) CE for some universal constant ¢>0, as required.
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Remark 12.3. In our proof of Proposition 7.3, it is necessary to replace X by a 1-
parameter family of lines Yy, to be defined below. To this end, we observe that there is
some flexibility in the definition of X. First note that, from (12.5), (12.6) and (12.8) and

the law of sines, it follows that for some universal constant ¢; >0 we have
e1r? < L(# (s0), ¥ (d)): (12.10)
For all
0<0< cor?, (12.11)

with a small constant c2>0, let Xy denote the horizontal line through X(do)=7(so) ob-
tained by rotating ¥ by an angle § about the point Y (dy), in the clockwise direction. The
constant C' can be chosen such that X, intersects Bo, (3(1)). It will also intersect ONE.
In fact, if g=¢(7(s0)) € Besyr2(T(80)), then g(Xe) intersects both ONE and B, (7(1)). It
follows that for any g€ Begsyr2(7(s0)) and any X with 6 as in (12.11), in verifying that

71 (7(q)) N Bers, (7(s0)) CE, we can use only the lines which are parallel to some Xj.

12.3. Intermediate case and proof

Before going to the proof of Proposition 7.3, we consider a slight generalization of the
model case. As before, assume that Be,.(7(0))€E and that E is convex. Assume in
addition that g(7(0))€E for some g, with

d"(9(3(0)),7(0)) <o, (12.12)

where we recall that we are assuming that o<s7r2. The box-ball principle (2.17), together
with (12.12), implies that for all s>0 we have

d*(3(s), 9(3(s)) S max{e, v/s0}. (12.13)

Since p<r?, it follows from (12.13) that, provided C is large enough, the assumption
Ber(7(1)) CE implies that Bey 2(g7(1)) CE. Now, a computation like those above shows
that for all 0<s<1 we have

Besr(g7(s)) CE  for all s€]0,1], (12.14)

where ¢>0 is a universal constant. It follows from (12.12), the bound p<sr? and (12.14),

that there exists a constant ¢’ >0 such that

Begrj2((s)) CE for all s €[5, 1]. (12.15)
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Remark 12.4. Here it is worthwhile to emphasize that, in order to obtain (12.15),
we must take o proportional to 72 (rather than to r); compare also the use of cylinders

Begr2(1(0)) x [—(sr)?, (sr)?] in the model case above and below.

Proof of Proposition 7.3. The arguments in the model and intermediate cases use
OCE and g((:))ﬂBl (7(0))C E, respectively. Since in the general case our hypotheses
are measure theoretic, we will employ integral geometry and, in particular, the measure-
theoretical preliminaries given in §11.

The first (and most involved) step is to show the existence of a thickened version S

of the angular sector g(©)CE of the intermediate case:

s=J g¢(®) (12.16)

CeA

for some g€H, where A is a suitably chosen subset of the center of H such that

9¢(7(0)) € Bo(7(0))NE

for all (€ A. We think of S as a “thin slab”.

The slices g¢ (C:)) of S will be shown to consist almost entirely of points of E. Hence,
the vertical structure exhibited in (12.16) implies that the mass of ENS is very evenly
distributed. In the presence of sufficiently small non-convexity of E, this compensates
for the fact that the mass of ENS, while subject to a definite lower bound depending on
N (see (12.19)) might still be very small, which might otherwise prevent S from serving
as an adequate substitute for o.

The following lemma summarizes the essential properties of S. Eventually, we will
be interested in the behavior of the intersection of S with the cylinder (with coordinate
description)

By (1(5)) x [—c(s1)?, c(s1)?],

whose intrinsic height is 2sr and whose measure is <(sr2)2(sr)2. This may help to
explain the right-hand sides of (12.17)—(12.20).

LEMMA 12.5. There exist geH satisfying (12.12) and ACCenter(H) such that, for
S as in (12.16), the following properties hold:

(a)
Scg(R*x1I) (12.17)

for some IC[—0?, 0*|CCenter(H), with

L(I)=&0%, (12.18)
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where L denotes the Hausdorff measure on the center of H, with its induced %—snowﬂake
metric;
(b) S has a definite thickness:

L(A) ZnEe®; (12.19)
(c) S consists almost entirely of points of E, i.e., for all (€A,

L2((9¢(ON (B, (F(0)UB-(F(1))NE) Swr. (12.20)

Granted Lemma 12.5, the proof of Proposition 7.3 is not difficult to complete. We
will now give a brief overview of the argument to come. Since E is dp-convex, we can
chose Xg, as in Remark 12.3, such that for a fraction very close to 1 of lines L& [xy], the
non-convexity NCp,, (5(0))(F, L) is very small. By a quantitative version of the proofs of
the previously considered model and intermediate cases, it follows that such lines consist
almost entirely of points of E. The argument uses (12.19), (12.20) and Lemma 11.1

below. In fact, Lemma 11.1 enters, in a similar fashion, in the proof of Lemma 12.5.

Proof of Lemma 12.5. In the next few subsections we will show that for most points

9(7(0))e ENB,(7(0)), the sector g(©) consists almost entirely of points of E. The re-

mainder of the construction will be a simple consequence of this fact.

12.4. Implication of almost full measure of E in B¢, (7(1))

By the assumption (7.11), we have
L3(ENB,(7(0))) = nLs3(B,(3(0))) Z ne™. (12.21)

Let C'>0 be the (large enough, but fixed) constant that was chosen in the intermediate
case of the proof. Assume, as in (7.12), that L(1) €ints, ¢ (E). Recall that the parameter
w was defined in (12.3). At the end of the proof, it will become clear why it is necessary
to choose this value of w; see (12.25), (12.33) and (12.53).

For 7CO, set

Stz =A{7 € [7]: 0<HL(TNENB,(3(0))) <wne}, (12.22)
Tiz) = {7 € [f]: 0< HL(FNENDB,(7(0))) and Hi(FNENB,2(Y(1))) < ir}.  (12.23)

Without loss of generality, we may assume that ¢ is small enough that if 7€S5}3
then 7(1)€ B, /2(7(1)); see (12.13). From (7.12), (7.9) and (11.1), we get

iz (Tiz) S 0ur® < wne?, (12.24)
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provided that the lower bound

51 T 3

holds. An inspection of our choice of parameters in (12.1) and (12.3) shows that (12.25)
does indeed hold in our setting. (Note that here we used the requirement ¢>+/c >c¢.)

12.5. Estimates in the space of pointed lines

Recall that v denotes the measure on P, the space of pointed lines, as in (11.3). Let

U# ={(#,7(0)): 7(0) € ENB,(3(0)) and # C 7(0)7(0) "' ()},

S# ={(#,7(0)): 7 € SNg(0) and #(0) = g(7(0)) € ENB,(7(0))}, (12.26)
T# ={(#,7(0)) : 7(0) € ENB,(3(0)), 7 € Ty and 7 C 7(0)7(0)~*(©)}.
Then
Z/(U#)XT2£3(EQBQ(A’)7(O)))Z77T2Q4, (12.27)
v(S%) Swnr?ot, (12.28)
v(T#) Swnr?o?, (12.29)

Relation (12.27) follows from (11.1)—(11.3), (12.5) and (12.21). Relations (12.28)
and (12.29) follow similarly, using (12.22) and (12.24), respectively.
Recall that E is d2-convex on Bac (7(0)), for d2 as in (7.10). Define

V ={L €lines(B2c(7(0))) : NCp, 0 5(0)) (B, L) = 3w}, (12.30)
V#={(L,x)€P: LV and 2 € ENB,(5(0))}. (12.31)

By (4.6), Markov’s inequality (3.14) and (11.3), we have
# 02 2 4
v(V7) S —e<wnrio’, (12.32)
provided that, in addition to (12.25), we also assume that

P

w = .
= nr2 o3

(12.33)

An inspection of our choice of parameters in (12.2) and (12.3) shows that (12.33) holds

in our setting (note that we used here the requirement ¢./c).
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It follows from (12.27)—(12.29) and (12.32) that
v(STUTHUVH) Swr(UT). (12.34)
Define
W# =U#\(S*UT#UVv#). (12.35)
Then, for (7,7(0))€W#, the definitions (12.26) and (12.31), together with Lemma 11.1,
imply that if we set
J= [QJr%w, 17%7"7%@0},
then
HI(EN?(J)) < tw. (12.36)
For 2€ ENB,(7(0)), =g(7(0)), put

&(z)={7Cg(©): (f,z) e W#}. (12.37)

Note that, using the above notation, the set of all #Cg(©) with 7(0)=x is parameterized
by the corresponding angle ¢ in the sector given by (12.5). It follows from (12.34), (12.27)

and (12.21) that there exists a large enough universal constant ¢>0 such that, if we put
By ={z€ ENB,(7(0)):d¢(&(x)) < cwr?}, (12.38)

then
£3(E) > LLa(ENB,(7(0))) 2 ne*. (12.39)

In the following corollary and below, we consider the splitting of the measure
L3=LxLy=H>xLs, (12.40)

relative to the product structure on H=R?  where £L=MH? corresponds to the center of H
(with its induced %—snowﬂake metric) and Ly to the plane (z,y,0)CR3. In connection
with (12.41) below, recall that £3(B,(7(0)))=o*=0*x ¢?, where the product corresponds
to the decomposition in (12.40).

COROLLARY 12.6. There exists gen(E7) such that
no® SL(r~Hg)NE) S 0% (12.41)

If g(5(0))er—t(q)NE then

L:(E°N(9(O)\(B,(7(0))UB:(3(1))))) Swr?. (12.42)

~

Proof. Relation (12.41) follows from the splitting of the measure in (12.40) and
(12.39), whereas relation (12.42) follows from the definitions of U#, S# T# V# and
W#_ together with (12.36)—(12.38). O
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12.6. Construction of S and completion of the proof of Lemma 12.5

By virtue of (12.41), we can choose an interval I C[—g?, 0?] such that

L(I)=¢&0?, (12.43)
L~ Hg)NErNg(I)) Z néo*. (12.44)

Define a subset A of the center of H by
A=7"50,0)ng (7 (Ey))NI.

Choose g=¢7(0)~!. Then g satisfies (12.12) and, by (12.43) and (12.44), statements
(a) and (b) of Lemma 12.5 hold. Since, by the definition of ¢, for all (€A we have
g¢¥(0)em~1(qg)NEy, Corollary 12.6 implies that part (c) holds as well. O

12.7. Completion of the proof of Proposition 7.3

By choosing ¢ in Proposition 7.3 sufficiently small, we may assume without essential loss
of generality that g of Lemma 12.5 is the point (0,0,0) and that [ is symmetric about
the origin. Fix s€[s, 1] and let 7 and Xy be as in Remark 12.3, with 0<0< ﬁrz to be
determined below.

Let S denote the square with center 7(s) and side length csr?, with one side parallel
to xg. Of the two sides of S which are orthogonal to g, let o denote the one which is
furthest from the origin (0,0)€R?. Let R denote the rectangle with one side parallel to
xo and of length 287‘24—%5, and such that of the two sides which are orthogonal to g the
one furthest from (0,0)€R? is . In particular, SCR. By a standard covering argument,
it will suffice to show that at most a fraction £ of points of & x|[0, (csr)?] lie in E¢; see

(7.13). Since, by our assumptions Q<%%7“2 and s>, we have
£0° < 3&(sr)%, (12.45)

it suffices to show that at most a fraction ¢ of the points of Sx ([0, (csr)?]\I) lie in E*.
Let

o ={L € [Xol: LN(ax ([0, (csr)*]\1)) # 2}

Note that § can (essentially) be described alternatively as consisting of those lines in [Xy]
which intersect R. If follows from (11.1) that

Kol (o) Z (s12)(s7)? = 5", (12.46)
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Moreover, since E is d5-convex on Bac(5(0)), there exists € (0, 14572) such that

1004,

/ NCBzc(’?(O)) (E, L) d,u[gg] (L) S 5 - (12.47)
LETFs r

N

We shall fix 0 as in (12.47) from now on. It follows from (12.46) and (12.47) that there

exists a universal constant ¢”” >0 such that, if we define

* C”(;
5= {L €80 NChiso) (B L)< s } (12.48)
then
1761 (88) = (1= 38) 1) (So)- (12.49)

Lemma 12.5 implies that

L5((S\(B,(3(0))UB,(7(1)))NE®) S wr?€e?,
and hence, using (11.1) and Markov’s inequality (3.14), we see that there exists a universal

constant ¢’ >0 such that, if we define

5372

5= {Lem @ BGOLB GO END < L (2o

then
1] (§5%) = (1= 5€) a1 (So)- (12.51)

Note that the definitions of Fp and S, together with (12.18) and (12.19), imply that for
all LeFy we have

HL((S\(Bo(3(0)UB-(F(1))NBy(1-r/8) (F(0))NL) Z 0. (12.52)
Thus, by the definition of §3*, and recalling that s>, we see that provided that
w < néar?, (12.53)
where ¢*>0 is a small enough absolute constant, we have for all Leg}*,
HL(ENBy1-r/8)(3(0))NL) 2 née®. (12.54)

We shall choose ¢=c* in (12.3), and thus completing our choice of w.

Assuming also that for a small enough constant ¢** >0 we have

8o < €315, (12.55)
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which follows from our choice of d5 in (12.2), provided ¢ is small enough, we conclude
from the definition of §}, together with (12.52), that for all LeF}*,

NCp,e (0 (B, L) < jnée? (12.56)

and

Recall also assumption (7.12), which implies that
L3(ESNB,(7(1)) S 8.

Moreover, by the definition of Fg, we have H} (LNB,.(Y(1)))>r for all LEF,.

For a sufficiently small universal constant ¢’/ >0 (see below) define
Sy ={LeFy - HiL(LNB.(3(1))NE) > "r}. (12.58)

By Markov’s inequality, we have

Lize) (85 \ 55 )ST'

Hkk

Therefore, if for a sufficently small universal constant ¢*** >0 we have

51 < e, (12.59)
it follows that

1z0) (867) = (1= 3) pza) (Bo)- (12.60)

Note that our assumption (12.1), together with Qgéxﬁ, implies that (12.59) holds,
provided c is small enough.
For every Le§y™* we know that

_ (12.56)
HL(LNB.(F())NE) = "r > NCpg,e 500 (E; L),

provided that
néo* <4c''r, (12.61)

which holds if ¢ is small enough. In combination with (12.54), (12.56), (12.57), (12.60)

and Lemma 11.1, we obtain the required result. O
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Appendix A. The sparsest cut problem

As mentioned in §1, Theorem 1.1 and, in particular, Corollary 1.2, leads to an exponential
improvement of the previously best known [43] lower bound on the integrality gap of
the Goemans—Linial semidefinite relaxation of the sparsest cut problem with general
demands. We now add some additional details to the discussion of §1; for further details,
we refer also to our paper [24], and the references therein.

The sparsest cut problem with general demands (and capacities) asks for an efficient
proceedure to partition a weighted graph into two parts, so as to minimize the interface
between them. Formally, we are given an n-vertex graph G=(V, E), with a positive
weight (called capacity) c(e) associated with each edge e€ E, and a non-negative weight
(called demand) D(u,v) associated with each pair of vertices u,v€V. The goal is to
evaluate in polynomial time (and in particular, while examining only a negligible fraction
of the subsets of V) the quantity

3" (c.D)= min <mwen(WIXs(W)=xs()]

GF#SGV ZU,UGV D(U,U)‘Xs(u)fxs(vﬂ' (Al)

To get a feeling for the meaning of ®*, consider the case c(e)=D(u,v)=1 for all
ecF and u,veV. This is an important instance of the sparsest cut problem which is

called “sparsest cut with uniform demands”. In this case ®* becomes

& — min #{edges joining S and V'\ S}

A2
GASGV [S||V\S] (A-2)

Thus, in the case of uniform demands, the sparsest cut problem essentially amounts to
solving efficiently the combinatorial isoperimetric problem on G: determining the subset
of the graph whose ratio of edge boundary to its size is as small as possible.

From now on, the sparsest cut problem will be understood to be with general ca-
pacities and demands. These allow one to tune the notion of “interface” between S and
V'\S to a wide variety of combinatorial optimization problems, which is one of the rea-
sons why the sparsest cut problem is one of the most important problems in the field of
approximation algorithms. It is used as a subroutine in many approximation algorithms
for NP-hard problems; see the survey article [60], as well as the references in [49], [6], [5]
and [24] for some of the (vast) literature on this topic.

The problem of computing ®*(¢, D) in polynomial time is known to be NP-hard
[59]. The most fruitful approach to finding an approximate solution has been to consider

relaxations of the problem. Observe that the term

ds == |xs(u)—xs(v)]
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occurring in (A.1) is just the distance from u to v in the elementary cut metric associated
with S; see §2. One is therefore led to consider the minimization of the functional

> wve cluv)d(u, v)

O(c,D,d)= > wwer D(u,v)d(u, v)’

(A.3)

where d varies over an enlarged class of metrics. The following successively larger classes
of metrics have played a key role: elementary cut metrics (as in (A.1)), L; metrics
(equivalently, cut metrics), metrics of negative type, arbitrary metrics. Denote the last
two collections of metrics by NEG and MET, respectively, and denote the corresponding
minima by

(I)*(Q D) > ‘I’Zl (Cv D) > (I)ItIEG(Q D) > (I)K/IET(Q D)

From the standpoint of theoretical computer science, a key point is that ®}pr(c, D) is
a linear program (since the triangle inequality is a linear condition) and ®}gq(c, D) can
be computed by the ellipsoid algorithm. Thus, both are computable in polynomial time
with arbitrarily good precision.

Let d denote an L; metric and let ¥; denote the cut measure occuring in the cut
metric representation

d=Y" %q(S)ds
scv

of d; see (2.5). By substituting the cut metric representation into (A.3), it follows directly
that in fact ®*(c, D)=®7 (c, D) for all ¢ and D; [10], [53], [9]. The key point is that L;
metrics are the convex cone generated by elementary cut metrics (and a corresponding
statement would hold for any such convex cone and its generators).

If d; and ds are any two metrics on V', define their distortion by

dist(dy, do) = (max d (“’”)) (max d2(“’”)>.

u,veV d2 (U, U) u,veV dl (u, ’U)

It follows immediately that for all ¢ and D,

q)(chvdl) (I)(C7D,d2) .
< . .
max{ B(c, D, da)’ B(c, D, dy) < dist(dq, da) (A.4)
Thus,
supwg sup ¢1(V,d), (A.5)
e, PXpale; D)~ aenkc
@7, (¢, D)
sup ————— < sup c1(V,d). (A.6)

¢,D ‘I’K/IET(Q D) " gemEeT
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Recall that by definition, the left-hand sides in (A.5) and (A.6) are the integrality
gaps for the corresponding relaxations. Since ®*(c, D)=®7} (c, D), Bourgain’s embedding
theorem implies that the first of these integrality gaps is Slogn; [53], [9]. Similarly, for the
Goemans-Linial semidefinite relaxation, the embedding theorem for metrics of negative
type given in [5] implies that the integrality gap is <(logn)'/2t°(M). (Of course, the
upper bound in terms of distortion also applies if L1 metrics are replaced by the original
elementary cut metrics, but since these metrics are so highly degenerate, it does not
provide useful information. This illustrates the power of the observation of [53] and [9].)

From now on we restrict our attention to the Goemans—Linial semidefinite relaxation.
(What we say also applies mutadis mutandis to the relaxation to MET.) As in (A.5), for
all c and D, and all do e NEG,

@7 (¢, D)

——— < . .
PXpal(e D) saldz) (A7)

A duality argument (sketched below) shows that for all dy there exist ¢ and D for which
(A.7) becomes an equality. Therefore, the integrality gap is actually equal to

sup ¢ (V,d).
deNEG

Thus, by Corollary 1.2 (see also Remark 1.3) the integrality gap is > (logn)? for
some explicit 6>0. Recall that the previous best bound was >loglogn; see [43] and [41].

Here is a sketch of the duality argument; for further discussion, see [54, Proposi-
tion 15.5.2]. Consider a set V of cardinality n, the vertices of our graph (whose edge
structure will be determined below). Define an embedding F of the metrics on V into
R™"=1/2 35 follows: the coordinates 2y, correspond to unordered pairs u, v of distinct
vertices in V', and z, ,(F(d))=d(u,v). The image of the L; metrics on V is a convex
cone LCR™"=1/2 generated by the images of the elementary cut metrics ds. Let da
satisfy F(dy)¢L. By an easy compactness argument, the distortion dist(d,ds), for d
with F'(d)€L, is minimized by some dy, with F(d;)€ L. Minimality implies that in fact
F(dy)edL. Take a supporting hyperplane P for £ which passes through F(d;). Let £
denote a linear functional satisfying £|p=0, ¢|, <0 and £(F(d3))>0. Let

PR

(u,0)

denote the coordinate representation of ¢. Define capacities and demands by

v, if 4y, <0,

{éuv, if £y, >0,
c(uwv) = ’ ' )
0, otherwise.

. and D(u,v)= {
0, otherwise
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Define a graph structure with vertices V', by stipulating that uwv € E if and only if ¢(uv)>0.
It is trivial to check that for the above ¢ and D we have ®(c, D,d)>1 for all d with
F(d)eL. Also, ®(dy)=1 and

1 1

¢ D g = .
(D d2) S G d) ~ e (Vda)

These relations imply that for these ¢ and D, (A.7) is an equality. By choosing d; e NEG
such that ¢;(V, d2) is maximal, it follows that (A.5) is also an equality. (If F((dy)€ L, this

is trivial.)

Appendix B. Quantitative bounds, coercivity and monotonicity

In this appendix, we briefly discuss from a more general standpoint, the structure of
our argument, as outlined after the statement of Theorem 1.1 and in §4. We point out
that, in essence, what we have done follows the general scheme of other arguments in
geometric analysis and non-linear partial differential equations; compare Example B.1
below. Typically, the results are not stated explicitly in quantitative form. Here, we
wish to emphasize that the possibility of an estimate of the form of (1.1) is actually
implicit in the arguments. In fact, more is true. For any >0, there is an explicit bound
¢(e)<oo on the Carleson measure (in the sense of Semmes) of the set of “c-bad” balls
B, () CBi(p). Note that the Carleson measure r~! dr x £ of the set of all B,.(x)C B (p)

is infinite, since
1
dr
= =00
0 T

for further discussion, see the appendix by Semmes in [33].
The crucial ingredient for obtaining estimates as in (1.1), as well as the more precise
Carleson measure estimates, is the existence of a quantity which is coercive, monotone

and bounded. The sense in which these terms are to be understood is explained below.

B.1. Coercivity and almost rigidity

The term rigid connotes special (i.e. highly constrained) structure. A standard feature of
(the statment and proof of) rigidity theorems is the existence of a numerical measurement
@ >0 which is coercive in the sense that if =0, then the desired rigidity holds, and
more generally (and often much harder to prove) if Q<e®, for some a<oo, then in a
suitable sense the structure is e-close to the one which is obtained in the rigid case.

Statments of this type are known as stability theorems, e-reqularity theorems or almost
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rigidity theorems. A classical example from Riemannian geometry is the sphere theorem,
in which the coercive quantity is minus the logarithm of the pinching; see [13] and the
references therein.

In our case, we are given ECH, and the coercive quantity is

Q(E) = NMBT(J)) (E)a

the non-monotonicity of E on B, (z). Coercivity is the statement that monotone subsets
are half-spaces, or more generally, that almost monontone subsets are close to half-spaces;

see Theorem 4.3.

B.2. Bounded monotone quantities and existence of a good scale

As in §1 and §2, we point out the general character of the estimate in Proposition 4.6 for
the scale on which Theorem 4.3 can be applied. Namely, by Markov’s inequality (3.14)
(which in this case amounts to the pigeonhole principle), such an estimate for the scale
will appear whenever we are dealing with an a-priori bounded non-negative quantity,
which can be written as a sum of non-negative terms, which correspond to the various
scales, such that each term is coercive on its own scale (in the suitably scaled sense).
Such a quantity is monotone in the sense that the sum is non-decreasing as we include
more and more scales; compare (4.28) and (6.11).

Quantities which are coercive and monotone are well known to play a key role in
geometric analysis and in partial differential equations. In the latter case, for evolution
equations, monotonicity is defined with respect to the time parameter, rather than the
scale.

We include below the following illustrative example, which requires familiarity with
Riemannian geometry. Numerous other choices from diverse areas would serve equally

well; compare Remark 2.1.

Ezxample B.1. A theorem from Riemannian geometry states that for non-collapsed
Gromov—Hausdorff limit spaces
My Y
such that

1]3}152—(71—1)

for all ¢, every tangent cone Y, is a metric cone; see [16] and [17, Remark 4.99]. In this
case, the rigid objects are metric cones and the relevant coercive quantity ) is derived

from the volume ratio,
Vol(B,(p))

Vol(B, (7))’ (B
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where pe M™ and M"™ denotes the hyperbolic n-space with curvature identically —1.

The coercivity of @ is guaranteed by the fact that “volume cone implies metric cone”

and its corresponding almost rigidity theorem, which states that almost volume cones

are close in the Gromov-Hausdorff sense to being almost metric cones; see [16] and [17].

The monotonicity of @) is a consequence of the Bishop—Gromov inequality, which asserts

that the volume ratio in (B.1) is a monotone non-increasing function of r.
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