ARKIV FOR MATEMATIK Band 5 nr 13

Communicated 11 September 1963 by AxE PLEISEL and Lars GirniNg

Compact linear mappings between interpolation spaces

By ARNE PERSSON

Introduction

Let L? denote the space of all (equivalence classes of) functions f defined
on some subset Q of the y-dimensional euclidean space R’ and such that f is
measurable and

fﬂ|f(x)]”dz< oo, dz=dz, ... dz,.

The well-known M. Riesz theorem states in particular that, if 7" is & linear
operator which maps L®/ continuously into L% (j=0,1), then T maps L” con-
tinuously into L9 where p and ¢ are given by

1 1- —
g .6+£, lzl_e-}-g (0<6<1).
P Py P 9 % %

If in addition 7:L"— L% is a compact mapping, it was proved by Krasnoselski
[2] (cf. also Cotlar [1], where a similar, slightly weaker result is established)
that the mapping 7':L” — L? also is compact. J. L. Lions (personal communica-
tion) posed the problem if this theorem holds true if we replace L™, L™ and
L®*, L% by more general interpolation pairs 4,, 4, and E,, E,, respectively, of
Banach spaces and L? and L? by interpolation spaces 4y and E, of exponent
60 with respect to these pairs. We shall prove here that this question can be
answered in the affirmative as soon as the interpolation pair E,, E, satisfies a
certain approximation hypothesis, a special case of which was already considered
by Lions [3] for other purposes. The approximation hypothesis is easily verified
in almost all known concrete examples of interpolation pairs. We give the de-
tails of the verification in the case E,, E, are L”-spaces over an arbitrary locally
compact space X with respect to a positive measure on X. Lions [3] has veri-
fied the condition in another important case.

Interpolation spaces

A pair E,, E, of Banach spaces is called an interpolation pair, if E, and E,
are continuously embedded in some separated topological linear space £. One
verifies easily that E, N E, and E,+ E, are Banach spaces in the norms
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z—>max ([|2[s, ||2]z)
and w—> inf (||ap]le,+ ||, ]le.),
T=To+2y
respectively. Provided that 4, 4, and E,, E, are interpolations pairs, 44 and

E, are called interpolations spaces of exponent 0 (0<6<1), with respect to 4,,
A, and E,, E, if we have the topological inclusions

AN A,c Ay 4,+4,; E,NE,cEy< E,+ K,

and if each linear mapping T from 4 into £, which maps 4; continuously into
E; (:1=0, 1), maps 4y continuously into Ey in such a way that

A<My M,

where "M denotes the norm of 7:4, —E; and M; the norm of 7T:4,~ K,
(¢=0,1). For given pairs 4, A, and E,, E, one can construct many interpola-
tion spaces (see Lions-Peetre [4]). But there exist interpolation spaces d¢, Ep
and Ap, E,, which for each fixed § are in a certain sense minimal and maximal,
respectively (loc. cit.). We shall make use of the following lemma, the proof of
which can be found in Lions-Peetre [4]. "

Lemma. Let A, A, be an interpolation pair and suppose that A and E are

given Banach spaces with A< Ay (0<0<1). Then, if T:A,—~E is compact and
T: A, —E is bounded, it follows that T: A—E is compact.

The approximation hypothesis

If £ and F are Banach spaces we denote by L(E, F) the space of all linear
bounded mappings T of F into F endowed with the norm

7). o= sup [T
ez <1

For interpolation pairs E,, E, we shall consider the following condition:

(H) To each compact set K< E, there exist a constant C>0 and a set D of
linear operators P:E > &, which map E; into E,NE, (t=0, 1) and are such that

IPllz@,z0 <C  (i=0,1). (1)
Furthermore, we suppose that to each ¢>0 we can find a PEP so that

or all X || Pz — ||z, < & (2)
or all x€ K.

In practice it is often more convenient to verify one of the following stronger
hypotheses:
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(H,) There exist a constans ¢ >0 and a set D of linear operators P: E—>E
with P(E)<E,NE, (6=0,1), such that (1) is satisfied and such that to every
>0 and every finite set x,,...,xy in E, we can find a PE€]P, so that

|Pxr— 2i]lz,<e (k=1,..., N). (3)

(Hy) There exists a sequence (P,)Y° of linear operators P,:E — & with P(E)<
E,NE, (i=0,1) suck that P,xz—>x in E; as n—oo for each fized x € E; (i=0,1).

The latter condition is considered in Lions [3]. Using the Banach-Steinhaus
theorem we see that (H,) follows from (H,), and it is easily verified that (H,)
implies (H). Thus (H,) = (H,) = (H). For later use we notice that in (H,) it
is clearly sufficient to consider elements x,,...,zy which belong to a dense sub-
set of K.

We shall now prove the main result.

Theorem. Let Ay, A, and E, E, be interpolation pairs and suppose that Ay and
Eo are interpolation spaces of expoment 0 (0<0<1), with respect to these pairs.
Suppose further that Ag< Ay and that E,, E, satisfies (H). Then, if T: Ay~ E,
18 compact and T: A, — E, is bounded, it follows that T: Ag—> E, is compact.

Proof. The image K=T(B,) in E, of the unit ball B, in 4, is relatively
compact in E, Hence, choosing P in accordance with (H), we find

|PTa—Ta)z <&
for all a € B,, that is |PT — T zcay zp < €.

In virtue of (1) we therefore obtain
I1PT =Tl a2 <WPT = Tllzca,' 5 | PT ~ Tl 2car. B <&~ (C+ 1P Tz B

This means that the mapping T:4,— Ey can be approximated uniformly by
operators of the form PT, where P € ), and hence the theorem will follow if
we can prove that each mapping PT:4,~> Es, PEP, is compact.

By the closed graph theorem the mappings P:E;~E,NE, (i=0,1), are
continuous. Hence, the composition of a compact and a bounded operator being
compact, PT:A4,— K, is compact and PT: A4, > E, is bounded, so that in view
of the lemma PT:Ay— E, is compact. This completes the proof.

An example
We shall verity the approximation hypothesis in an important concrete case.
Let X be a locally compact space and u a positive measure on X. Denote by
L? (1<p< co), the Banach space of all (equivalence classes of) measurable func-
tions f on X with ) ,
Ilze = (§ 1f @) dpp @))¥® < o0,

if1<p< oo, and /| = ess sup |f(x)|< oo,
zeX
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when p=co. The closed subspace of L* which consists of all bounded functions
vanishing at infinity is denoted by Ly. When combined with the main theorem
the following proposition generalizes the result of Krasnoselski [2] to arbitrary
locally compact spaces. The method of proof is well known.

Proposition. The interpolation pairs LP, L* (py< o), and L§, L™ satisfy the
approxvmation hypothesis (H;).

Proof. Let f,,...,fv be given functions in L™(L§’) and suppose &>0vis a
given number. Since the set B of all bounded measurable functions with com-
pact supports is dense in LP(L{), we may assume that f,€B (j=1,...,N). Let
K be a compact set in X, outside which all f; vanish, and choose 7 >0 such that

n-max (1, u(K))<e.

It is easy to construct a finite partition (K,) of K consisting of a set K, of
measure zero and measurable sets K, K,, ... with x(K,)>0 and such that

I’Sﬁglb(x)—f}(y)kn G=1,...,N).

Let ¢, (n=1,2,...), denote the characteristic function of K, and set

Pf=73 (.“ (K,.)“lff%dﬂ) Pn

n>0

for each locally integrable function f. It is obvious that P maps L” into
I»n L7 (i=0,1), (L¥ into LE n LP). Moreover, for each f€LP, p<co, we have

121 5= 3, (&) [ipnan) ) < 3, @[ 11 du- i

1 1
< v du<|fll %, (— —=1).
s [ sy (G+y

The case p= oo is easily treated directly, and hence we have proved (1) with
C=1. In order to prove (3) we observe that

2, (,u (Kn)™ f fr @ d,u) @n(®) = f()

n>0

=2 [ﬂ(Kn)“1 f (Fie () = fu (@) @aly) dps (y)] Pn(®).

Since for each €K,
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t.u (Kn)“lf(fk %) — fe (@) @a(y) du (y) ' <7,

we conclude that, for all 1 <p< oo,
1/p .
IIPfk—fklILpsn(zof n (@) dp (x)) =n(uK)'?<e (k=1,...,N).

Thus the proposition is proved.

Remark. Lions [3] showed that a very wide class of interpolation pairs satisfy
condition (H,).

University of Lund, Sweden.
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