
A THEOREM OF COMPLETENESS FOR COMPLEX ANALYTIC 

FIBRE SPACES 

BY 

K. KODAIRA and D. C. SPENCER 

The Institute for Advanced Study and Princeton University 

1. Introduction 

We begin by recalling several definitions, introduced in the authors' paper [3], 

concerning complex analytic families of complex manifolds. 

By a complex analytic fibre space we mean a triple (~, ~ ,  M) of connected 

complex manifolds ~, M and a holomorphic map ~ of ~ onto M. A fibre ~ - l ( t ) ,  

t G M ,  of the fibre space is singular if there exists a point p E~-1( t )  such that  the 

rank of the jacobian matrix of the map z~ at  p is less than the dimension of M. 

D ~. F I ~ I T I O ~ 1. We say that  ~ ~ M is a complex analytic family of compact, 

complex manifolds if (~, ~ ,  M) is a complex analytic fibre space without singular fibres 

whose fibres are connected, compact manifolds and whose base space M is connected. 

With reference to a complex manifold V 0 = z~ -1 (0), 0 E M, we call any V, = ~ - *  (0, 

t E M, a deformation of V 0 and we call ~ Z M a complex analytic family of deforma- 

tions of V 0. 

D~ .~I~ITION 2. A complex analytic family ~ M  of compact, complex mani- 

folds is (complex analytically) complete at the point t E M if, for any complex ana- 

lytic family ~/9 L N such that  :r -1 ( 0 ) = ~ - 1  (t) for a point 0 E N, there exist a holo- 

morphic map s-~ t(s), t (O)=t ,  of a neighborhood U of 0 on N and a holomorphie 

map g of ~-~ (U) into ~ which maps each fibre ~z-I(8), s E U of ~ biregularly onto 

~ - l ( t ( s ) ) .  The complex analytic family ~ Z M  is called (complex analyt ical ly)com- 

plete if it is (complex analytically) complete at  each point t of M. 
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Let ~ K M be a complex analytic family of compact, complex manifolds and let 

V t = v f l ( t )  be the fibre of ~ over t EM. Denote by Ot the sheaf over Vt of germs 

of holomorphic vector fields, and denote by (TMh the (complex) tangent space of M 

at the point t. Of fundamental importance in the study of the deformation of com- 

plex structure is the complex linear map 

Qt : (TM), -+ H 1 ( Vt, Or) 

which measures the magnitude of dependence of the complex structure of the fibre 

V t on the parameter t (see [3], Sections 5 and 6). A definition of Qt will be given 

below (see formula (9)). For a tangent vector v 6 (TM)t the image @t (v)6 H i (V t, ~t) is 

called the infinitesimal deformation of V~ along v. 

Our purpose is to prove the following theorem: 

THEOREM. Let ~ ~ M be a complex analytic [amily of compact, complex mani. 

]olds and suppose that, /or some point $ E M, the map ~t : (TM)t -"-> H1 ( Vt, Or) is surjective. 

Then ~ ~ M is (complex analytically) complete at t. 

The proof of this theorem is elementary, in particular it makes no use of the 

theory of harmonic differential forms. 

We remark that  the question remains open whether ~ K M is differentiably com- 

i~lete at  t E M  (in the sense of [3], Definition 1.7) if the map 0~: (TMh-->HI(V*,| 

~s surjective; in particular, Problem 6, Section 22 of [3], remains unsolved. If we 

a~sume the additional condition that  H 2 (Vt, Or)=0 at  this particular point t, then it 

can be proved, by the method of harmonic differential forms, that  ~ Z M is differ- 

entiably complete at  t (see Kodaira [2]). 

In [3] the authors constructed several simple examples of complex analytic 

families of compact, complex manifolds, namely: 

(1) family of complex tori of arbitrary dimension n; 

(2) family ~,.h of all non-singular hypersurfaces of order h on complex projective 

n-space (n>~ 2, h 1> 2) ; 

(3) family of non-singular hypersurfaces on abelian varieties of arbitrary dimen- 

: s l on  n / >  2 ,  

(4) family of compact Hopf surfaces. 

I t  was shown in Section 18 of [3], on the basis of special properties of the 

families, that  the families (1) and (2) are complex analytically complete, except for 

the  ease n = 2 ,  h _ 4  of (2) in which the map ~t is not surjective. The (complex ana- 
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lytic) completeness of all four families (except the case n = 2, h = 4 of (2) in which 

the  fami ly  is not  complete) now follows a t  once f rom the above  theorem.  

We remark  t h a t  each of the  above  families (except ~ . ~ )  is d i f ferent iably  com- 

plete (see [3]). 

2. Complex  ana ly t i c  comple teness  ( p r o o f  o f  the theorem) 

Let  ~ ~ M be a complex analyt ic  fami ly  which satisfies the  hypothes is  of our  

theorem,  name ly  tha t ,  for some point  0 E M, the  m a p  

0o : (T~)o --> H I  ( Vo, 0o) 

is surjective,  where V o = ~ - i  (0) is the  fibre over  the point  0 E M. Given  an a rb i t r a ry  

complex analyt ic  family  ~/9 ~ N  such t h a t  ~-l(O)=Vo for a poin t  0 E N ,  we mus t  

show t h a t  there  exist  a holomorphic  m a p  s--~ t (s), t (0) = 0, of a neighborhood U of 0 

on N into M and a holomorphic  m a p  g of "[IflU=~-a(U) into "[9 which m a p s  each 

fibre z -1(s ) ,  s E U, of 7Lr biregularly onto w - l ( t ( s ) ) .  

Fi rs t  we fix our notat ions.  We denote by  $ a point. (t 1, t 2 . . . . .  tin) on the  space 

C m of m complex var iables  and  b y  s a poin t  (st, s 2 . . . . .  sl) on C I. We  define 

I t l=max  Ir 
r 

[,I =max  18,1. 
r 

Similar ly we denote by  zt a poin t  (z~ 1, z 2 . . . . .  z~), by  ~ a poin t  ( ~  . . . . .  ~ ) ,  and  let 

I ,1 =max  I '1, 

I f  ] : 8 -> / (8) = (/1 (8) . . . . .  /~ (8) . . . . .  /~ (s)) 

is a holomorphie  m a p  of a domain  {8[Is I < e} into C ~, we write the  power  series 

expansion of /~ (8) in the  form 

where [~(8) is a 

let t ing 

we write 

I~ (8) =/~ +/~ (s) +--. +/~ (8) +..., 

homogeneous polynomial  in (81, sg. . . . . .  sl) of degree p .  Moreover ,  

/ .  (8) = (/~ (8) . . . . .  /~ (8) . . . . .  /~ (8)), 

/ (8) =/o + h (8) + . . .  + / .  (8) + . - -  
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and call this the power series expansion of the vector-valued holomorphic func- 

tion f (s). 

We may assume the following: 

i) M is a polycylinder: M={t I Itl<l} and V0=~Y-~(O). 

ii) ~9 is covered by a finite number of coordinate neighborhoods ~ .  Each ~ is 

covered by a system of holomorphic coordinates (~,, t) such that  ~r(~, t ) = t  and 

~,={(~,,t)l I~,1<1, [ t l< 1}. 

(We indicate by (~,, t) a set of n + m complex numbers ~ . . . . .  ~ ,  t t . . . . .  tm and the 

point on ~/i with the coordinates (~ . . . . .  ~ ,  t~ . . . . .  t.~).) 

iii) (~,, t) coincides with (~, t) if and only if 

~ = g~ (~',,, t), 

where i/~(~, t) is a vector-valued holomorphic function of (~k, t) defined on ~k N ~/~. 

iv) N is a p o l y c y l i n d e r :  N={~I I~1<1} and Vo==-~(o). 
v) ~ is covered by a finite number of coordinate neighborhoods ~[/gt such that  

Vo N 'W, = V0 N ~,. 

Each l~i is covered by a system of holomorphic coordinates (z. s) such that  ~t (zt, s )= s 

and 

~ , = { ( a , ~ ) l  Iz, l<~ ,  l ~ l < l } .  

Moreover, on V o fi ~91 = V o N ~t,  the system of coordinates (z~) coincides with (~l), i.e., 

(za, O) and (~j, O) are the same point on V o N ~9t = Vo N ~ if and only if z~ = ~ . . . . .  z~ = ~ .  

vi) (z. s) coincides with (zk, s) if and only if 

z~ = h~ (z~, s), 

where h~(z~, s) is a vector-valued holomorphic function of (zk, s) defined on ~/fk N ~ t .  

Let  b~ (zk) = h~, (zk, o). 

By v) we have b~ (~) = gu, (~k, 0). 

Let Uf = V o n ~ t  = Fo rl ~/f 

and let ~ .  = {~ J J ~ I < d ,  
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where 0 <  e <  1. I n  view of ii) and  v) we m a y  write 

We m a y  suppose therefore t h a t  

~, = U,  • M, 

W,=U~xN.  

U~ x N ,= U~x N =  IIg,, 

~I,= UIxM ~ C'x M. 

In  order to  p rove  our theorem it  suffices to construct  a holomorphic  m a p  s--> t = t (8) 

of N~ into M such t h a t  t (O)= 0 and  holomorphic  maps  

g~ : (z~, ~) -~  ( &, t) = (g, (z~, s), t ( s) ) 

of Ut• into C ' •  M such tha t  g,(z,, O)=z,  which sat isfy the equat ions 

g~ (h~ (zk, s), 8) = g~ (g~ (z~, s), t (8)) (:) 

whenever  z~ e Uk NUt and  Is I is sufficiently small  (or, more precisely, [ s [ < e (zz), e (z~) 

being a continuous funct ion of z~ defined on Uk N U, such t h a t  0 <  e (zk)< e). I n  fact ,  

let {U?} be a covering of V o such t ha t  the closure of each U* is a compac t  subset  

of Ui and  such t h a t  {U?• covers I /9 [N~=zt - I (N~) .  Moreover,  let 5 < e  be a suffi- 

ciently small  posi t ive number  and  let g~* be the restr ict ion of g~ to  U~* xNo.  Since 

g, (z,, 0) = z~ and  t (0) = 0, we infer t h a t  g* maps  U* • N0 into Ut • M = ~/,. Thus  g* is 

a holomorphie  m a p  of U~• into ~ .  Moreover,  (1) implies t h a t  g? and  g~, coincide 

on the  intersection U~' • N0 N U~ • N0. Consequently the eolleetion {g*} determines  a 

holomorphie  m a p  g* of I / 9 ] N o = : t - I ( N ~ )  into ~9 which clearly maps  each fibre : t - l ( s )  

of ~/9[No hiregularly onto the fibre z~-1(t(s)) of ~9. This  proves  our  theorem.  

Le t  t (8) = t 1 (s) + t 2 (s) + . - .  + t ,  (8) ~ . . . .  (2) 

be the power  series expansion of t(s) and let 

t" (s) = t: (s) + t~ (s) + . . -  + t ,  (s). 

Moreover,  let g, (z~, s) = z, + g, I1 (z,, s) + ... + g,l~ (zi, s) + ... 

be the  power  series expansion of g, (z~, s) and  let 

g~ (z~, s) = z, + q,lx (z,, s) + ... + 9~1~ (z,, s). 

(3) 

(4) 

(5) 

We remark  t ha t  g,l~ (z,, s) is a homogeneous polynomial  in (s 1, s~,- .- ,  st) whose coef- 

ficients are vec tor -va lued  holomorphic  funct ions of z, defined on {z, I I z~l< 1}. For  
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any vector-vahed holomorphic functions P(s), Q(s) in (s I, s 2 . . . . .  st), we indicate by 

writing P(s)  ~ Q (s) tha t  the power series expansion of P (s) - Q (8) in (Sl, s~ . . . . .  st) 

contains no terms of degree ~</~. Clearly (1) is equivalent to the system of congruences 

g~(h~(z~, s), s)--~gu,(g~(z~, s), t" (s)), ( # = 0 ,  1, 2 . . . .  ). (6), 

Note that  the power series expansions of both sides of (6), are weft-defined at each 

point zk ~ Uk N U~. 

We insert here a remark on the first cohomology group H 1 (V0, O0) of V 0 with 

coefficients in the sheaf O0 of germs of holomorphic vector fields on V 0. Denote 

the covering {Ut} by l~. Since each Ut is a Stein manifold we have the canonical 

isomorphism (see Cartan [1], Leray [4]) 

H 1 (V0, Oo) ~ H 1 (1.1, O0). (7) 

Let  {0~} be a 1-cocycle on It = {Ut} with coefficients in O0, i.e., a system of holo- 

morphic vector fields 0~ defined respectively on Ut f3 Uk such that  

0~  = 0tj + 0 , ,  on  Ut n U~ n Uk. (8) 

We write 0~ explicitly in the form 

Ou, (zt) = (O~k (zt) . . . . .  0~  (zt) . . . . .  O~k (z,)) 

with reference to the system of coordinates (zt)= (z~ . . . . .  z~ ~ . . . . .  z~). The explicit form 

of the cocycle condition (8) is: 

O~k (zt) = 05 (z,) + 
b5 (z j) 

where z~ = b u (zj). Using matrix notation we write this in the form 

�9 0~  (z~) = 0~, (z~) + Bt,  (z , ) .  O,k (z,), (z, = btj (zj)), 

where Bu(zj) denotes the n •  matrix 

{0 b~ (,,)~ 
B u ( z J ) = ~  Ozf /,,-1.2 ..... . 

~ - 1 , 2 , . . . , n  

Letting fl~(zt) Og~(z~, t) I 0 tr e-o' where z~ = b~ (zk), 

we obtain a 1-cocycle {fl~(z~)} on l I =  {Vt} with coefficients in O 0. For any tangent 

vector 
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~ v  v = ,~1 ~ ~ t~ 

of M at 0, the infinitesimal deformation ~o(V)EHI(V0, 0o) is, by definition, the 

cohomology class of the 1-cocycle 
m 

By hypothesis, O0 : (TM) 0--> H x (V0, | is surjective. In view of the canonical isomor- 

phism (7), we infer therefore that  any l-cocycle {0t~ (zt)} is cohomologous to a linear 

combination of {fl~,(z,)}, r =  1, 2 . . . . .  m. In other words, for any 1-cocycle {0,k(z~)}, 

we can find constants 7~ . . . . .  7 . . . . . .  7a and holomorphie vector fields 

O, (z,) = (0,1 (z,) . . . . .  0~ (z,) . . . . .  0~' ( z d )  

defined respectively on U~ such that  

7 ,  f l~,  (z~) + B,k (zk)" 0~ (z~) - 0t (z,) = 0t~ (z,), 
r = l  

where z~ = b~ (zk). 

We may assume that  f l~  (z~) and B~(zk) are uniformly bounded: 

[ /~ , .  (z,)I < K .  [Bu.(z~)l<K. 

where [B~(zk)] denotes the usual norm of the matrix 

a={0~(z,)}, we define the norm [[a H of a by 

[I a[I = max sup 10~ (z,)[. 
i, k z i 

(lO) 

(ll) 

B~ (z~). For any 1-cocyele 

Lv .~MA 1. For any 1-cocycle a={O~k(zt)}, we can ]ind 7r and Ot(z~) satis/ying 

(10) such that 
I~,l<g,.-II~ll,  Io,(~,)1 < g,-I[~,l[, 02) 

where K S is a positive constant which is independent o/ a. 

Proof. We define 
r = mf  m a ~  {I ~',l, sup  lot (~,)I}, 

zi 

where inf is taken with respect to all solutions {7,, 0~ (zi)} of the equations (10). I t  

suffices to prove the existence of a constant K~ such that  

t ( a ) < K ~ . H a  H. 
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Suppose t h a t  such a 

O "(1), O "(2) . . . . .  a ( ' )  . . . .  o f  1-eoeyeles a(')=(O~(zs)} such tha t  

,(~(',) = l, IIr <1 - -o  

(a(')) = 1 implies t h a t  there exist  ~(,'), O~ ") (zs) sat isfying 

where zs = bsk (zk).  

we m a y  suppose t h a t  

K. KODAIRA A N D  D.  C. SPENCER 

constant  K 2 does not  exist. Then  we can find a sequence 

7~ ") risk, (zs) + B,k (zk) 0(~ ") (zk) -- 0[ ") (zs) = 0[~ (zs), (13) 
Y--1  

[77)[ < 2, [ 01")(z,) [ < 2, (14) 

Hence,  replacing a a), a (z) . . . .  by  a suitable subsequence if necessary,  

7, = lira (v) ~ ' r  , 
y--~oo 

0t (zs) = l i m  0[ ") (zt) 

exist, 

U~ and  0t (z~) is holomorphic  on Us. Since 

101~ (~,)l < II ~(')[[~o (~-~ ~), (15) 

we obta in  f rom (13) the  equal i ty  

~- 7, fls~, (zs) + Bsk (zk) Oh (zk) -- 0t (zs) = 0. (16) 
, = I  

Le t  {U~*} be a covering of V o such t h a t  the  closure of each U~* is a compac t  subset  

of U~. For  each point  zs E U~ there exists a t  least  one U* which contains zk = b~ (z~). 

Hence  we infer f rom (13) and  (15) t h a t  O[')(z~) converges to Os(zt) uniformly  on the  

whole of Ut. 

Le t t ing  

r" = 7? ) -  r , ,  0; (zs) = 07 ) (zs) - 0~ (zs) 

for a sufficiently larger integer  v, we have  therefore 

Iv:l<�89 10;(~,)1<~ 

while we infer f rom (13) and  (16) t h a t  

where the  convergence O}~)(zt)--+O~(z~) is uni form on each compac t  subset  of 
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~.  ' ' ' 0 ~  (z~). 
r=l  

This contradicts with t (a (~)) = 1, q.e.d. 

Now we construct tix (s) and g~ (z~, s) satisfying (6). by  induction on F- I t  follows 

from the ident i ty  

h~ (z~, 0) = b~ (z) = g~ (zz, 0) 

t ha t  t o (s)= 0 and 9o (z~, s) = zi satisfy (6)0. Suppose therefore t h a t  t Ix-~ (s) and g~-~ (z~. s) 

satisfying (6)._~ are already determined. We define a homogeneous polynomial 

F~II  x (z~, s) of degree /~ in (sl, s~ . . . . .  s~), whose coefficients are vector-valued holo- 

morphic functions of z~ defined on U~ N U~, by the congruence 

Ix 

where z~ = b ~  (z~). 

L E M M A  2. We have the identity 

(z,, 8) = r ,,ix (z,, 8) + B,,  (z,, 8), (17) 

where zi =btj (zj). 

Proo[. For simplicity let Ftklix = Ftklix (z~, s), Fijl. = r~jtix (z~, s) and Fsk,ix = Fsk,. (zj, s), 
where z~ = b~ (zj) = b~ (z~). zr = br (z~). Since 

we have 

9~ (zk, t) = 9~J (gjk (z~, t), t), 

L ~ l . ~ g ~  -~ (h~ (zk, 8), s) -g~j (gjk (g~-i (zk, s), t "-~ (s)), t Ix-~ (s)). 
/z 

Using 

we get 

,_,~-1 "z 8), t "-1 =g']-*  g~ tv t ~, (s)) __ (hjk (z~. s), s) - Fjkl . ,  t x 

gtj (gj~ (g~-I  (Zk, 8), t Ix'-I (8)), t p-1 (8)) ~ ~tij (~ix-1 (hjk (Zk, 8), 8), ~u-1 (8)) -- BIj (zj)" Iajklix, 
Ix 

since g~-I  (htk (zk, 0), O) =b11r (zk) =Zt.  

Hence we obtain 

F , ~ t . - - g ~  -1 (h,k (zk, 8), s ) - - g ~  (g,/-1 (hjk (zk, 8), s), t "-1 (s)) + B~  (zj) . Fj~=.. 
Ix 

Now, using h~k (z~, s)=h~j (hj~ (zk, 8), s), we get 
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~'-~ (h., (z~, s), s ) -~ ,~  @'-~ (h~,, (z,,, s), s), t "-1 ( s ) ) = ~ ' ~  (h,  (h~,, (z~, s), s), s) 

- g,r (g}'-~ (h~, (zk, s) ,  s ) ,  t "-~ ( s ) )  = I'tjI~ (b,j (h~, (zk, ~)), s) ~-- Ft/:z, (b~ (z,), s). 
/* /1 

Consequently we obtain 

F~kl, ~ F,~I, + B~r (z~)- Fr q.e.d. 

Our purpose is to determine 

t" ( s )=t  "-1 (s)+t~ (s), gf(z~, s)=g~ -1 (z,, s)+~ll.  (z, s) 

which satisfy (6).. 

we have 

Let t ing 

t~, (s) -- (txl. (s) . . . . .  t.r. (s) . . . . .  t~ l .  (s)), 

g, .  ( ~ - ~  (zk, s) + g.l,, (z., s),  t "-~ (s) + t .  (s)) 

gjk (g~-x (zk, s), t ~'-I (s)) + Bt~ (zk)" gkl~, (zk, s) + ~ trl+, (s) fl~kl. (zj), 
/* r - 1  

where zi = b~k (zk), while 

gij. (h~j (z~, s), s) --_-- gtf. (z .  s).  

Therefore, (6)~ is equivalent to the equalities 

t~l~, (s) fill, I. (z,) + Bt~ (z1,) �9 gl, I. (zk, s) - gtl+, (zl, s) = Flkl. (z. s). (18) 

Now the formula (17) shows tha t  {Fikj~ (z~, s)} is a homogeneous polynomial in s of 

degree /z whose coefficients form a 1-cocyele on ll={Ul} with coefficients in O0- 

Consequently, by the above remark (see (10)), we can find homogeneous polynomials 

t~l~ (s) with constant  coefficients and homogeneous polynomials g~l~ (zt, 8) whose coef- 

ficients are vector-valued holomorphic functions on Ut which satisfy (18). This com- 

pletes our inductive construction of t ~ (s) and  ~ (zl, s). 

Now we prove that ,  if we choose proper solutions trl~ (s), gilt (z~, s) of the equa- 

t ion (18) in each step of the above construction, the power series 

t (s)  = t I (s)  q- t .  (8) -t: "'" -t- t~ (8) + - - "  , g~ (Zt, S) = Zt q- gi l l  (z, ,  s )  q---" -1- ~*l. (zl ,  8) + " "  

converge absolutely and uniformly for I sl < e provided tha t  e > 0 is sufficiently small. 
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Cons ide r  a p o w e r  ser ies  

I = V. .... 

L e t  

W e  r e m a r k  t h a t  

whose  coef f ic ien ts  /h, h . . . .  ht a re  v e c t o r s  a n d  a p o w e r  ser ies  

8h~ ht . . .  81hi a ( 8 ) = Z f f h ,  h . . . .  h, 1 82 

w i t h  n o n - n e g a t i v e  coef f ic ien ts  aa~h . . . .  m. W e  i n d i c a t e  b y  w r i t i n g  / ( s ) .~a  (s) t h a t  

A (s) = ~ .=1/x  2 c " -  (sl + s~ + . . .  + sz)". 

291 

A ( s ) ' <  A (s), v = 2, 3, 4 . . . . .  (19) 

L e t  zk + y = (z~ + Yx . . . .  , z~ + y . . . . . .  z n k + yn). 

W e  m a y  a s s u m e  t h a t  t he  p o w e r  ser ies  e x p a n s i o n  of 9~ (zk+ y, t) in  n + m v a r i a b l e s  

Yl . . . . .  Yn, tl . . . . .  tm sa t i s f ies  

g~k(zk +y,  t ) -b~k(z~)<Ao(y ,  t), z~EUkN U~, (20) 

whe re  A o (y, t) = b-~ ~. dg (Yl + "'" + Y. + tl + "'" + tin) ~. 
C O /,=1 

Moreover ,  we m a y  a s s u m e  t h a t  

h~k (zk, s) -- bik (zk)'<Ao (s), zk e U~ f3 U~, (21) 

whe re  A o (s) is t he  f u n c t i o n  A (s) in  wh ich  t h e  c o n s t a n t s  b, c a re  r e p l a c e d  b y  b o, c o. 

F o r  ou r  p u r p o s e  i t  suff ices  to  de r ive  t he  e s t i m a t e s  

t ~ ( s ) •A  (s), g~ (z. s ) - z r  (s) (22)~ 

b y  i n d u c t i o n  on g p r o v i d e d  t h a t  t he  c o n s t a n t s  b, c a re  chosen  p r o p e r l y .  F o r  /x = 1 

t h e  e s t i m a t e s  (22)1 a re  o b v io u s  if b is su f f i c i en t ly  la rge .  A s s u m e  the r e fo re  t h a t  e s t i -  

m a t e s  (22)._1 a re  e s t a b l i s h e d  for  some  g .  W e  h a v e  

l~tkl. (Zt, 8) :=_ g~-I  (hik (zk, 8), 8) --gtk (gj~-I (Zk, 8), t " -1  (8)) ,  
/s 
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where z, = b,~ (zk). Le t t ing  U? = {z, I I z, I < 1 - 5}, 

we first  es t imate  F~kl~ (zi, s) for z~EU~ N Uk, where 5 is a sufficiently small  posi t ive 

n u m b e r  such t h a t  {U~} forms a covering of V 0. Set  

G, (zt, 8) = g ~ - i  (zt, 8 ) -z~  

for s implici ty and expand  Ot (z~ + y, s) into power series in Yl . . . . .  Yn, Sl . . . . .  oz. Since 

by  our hypothesis ,  

G~ (zt, s) < A (s), for I z~ I < 1, 

we get  

Yl y2 ... Yn for [z t l<  1 - 5 ,  G, (z, + y, 8) - G, (z,, s ) < A  (8) Y ~.;:~;.z. + . . ,  

where ~ is ex tended  over  all non-negat ive  integers ~1, ~z . . . . .  ~, with ~1 + ~. + ... + ~n t> 1. 

Le t t ing  y=ht~(zk ,  s)--btk(zk),  z t=b~(zk )  and  using (21), we obta in  f rom this 

G~(h~k(zk, 8),8)-O~(z~,s)<A(s) 5-'Ao(8)" - 1  , for z~eUfnUk. 

Since A o (e) '<(bo/co) "- t  A o (e) for ~>~ 2, we have  

A 0 (8 )1 '  ~ no ~,-1 Ao (8) for , >/2. 

We m a y  assume t h a t  b o 1 < (23) 
Co5 2 '  

since (20) and  (21) remain  val id if we replace c o by  a larger constant .  Hence  we have  

~0(8)'<ao(8) 
5" 2 " - 1 5 '  for ~>t2.  

Using this we obta in  

o,(h~(z~,8), 8 ) - a , ( z , , s ) < A ( s )  1+  1 < A ( s ) A o ( s  ), 

or 

K .  
gf-X (h~e (z~, s), s) - h~ (z~, s) - gf-~ (z~, s) + z~ < ~  A (e) A o (s), for z~ ~ Uf ~ U~, (24) 

where z~ = b~ (z~) and  where K o is a cons tant  depending only on n. Assuming t h a t  

�9 b > b  o, c > c  o , ( 2 5 )  
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bo we have A o (s),~ ~ �9 A o (s), 

and therefore A (s)Ao(s)~ ~ A ( 8 ) ~ , ~  A (8). 

Consequently we infer from (24) and (21) tha t  

[ Ko bo bo) g~-~(ht~(zk, s ) , s ) - -9~- l (z , ,8)<(--~-c-+-  ~ A(8), for z, eU~tflUk. (26) 

For  any  power series 

/ (8) =/0 +/1 (8) + . . .  +/~, (8) + . . -  

we  denote  by [/(8)], the  te rm /~ (8) of degree p.  Then  we get  from (26) 

[ Ko bo bo'~ 
[g~'-I (ht~ (z~, s), s ) ]~< (~-~-c + -b) A (s) for z~ E Uk N U?. (27) 

we est imate gtk(g~-l(zk, S), t ' - l ( s ) ) .  We expand g~(z~+y, t) into power 

1 Assume tha t  " m - n ' - c ~  
c 2" 

Then  we have 

p=2 p - 2  

and therefore [gl~ (g~-I (zk, s), t"- i  (s))], ~ 2 (m + n) ~ b b o c o A (s). 
C 

b oo 

[gik (g~-I (zk, s), t ~'-I (s))]~< v~ ~ c~ (m + n)" A (s) ~. 
C o .u-2 

A (s) • 2 (m + n) 2 b c~ A (s), 
C 

(28) 

Next  

series in yi . . . . .  Yn, tl . . . . .  tm and let 

L~ (zk, y, t) = [gtk (zk + y, t)] 1 

be the linear term of the power series. Then  we have, by  (20), 

oo 

gik (zk + y, t) - b~k (z~) -- L~k (zk, y, t)'< ~'~ ~ c~(y l+- -"  + y, + tl + "'+tin) ~. 
C O p - 2  

Let t ing y = 9 ~  -1 (zk, s)-z~,  t= t  ~-1 (s) and using our  induct ive hypothesis  (22)~-x, we 

obtain from this the est imate 
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Combining this with (27) we obta in  

F~kl.(z~, s ) < c * - A  (s), for z~EU ~, N Uk, 

= K  0b o+b 0 2(re-}n) 2bb oc o 
where c* (~ c b ~ c 

(29) 

Now we recall t h a t  the Ftkl.(z~, s) sat isfy the  cocycle condit ion (17). 

eular we have  

Ftkl~ (zi, s) = Bfk (zk)" Fk~l~ (zk, s). 

In  par t i -  

Combining this with (11) and  (29) we get  

Flk!.(z~, s ) < c * K i A  (s), for ztEUt N U~. 

For  an a rb i t r a ry  point  z~ E Ui N Uk there exists one U~ which contains z~. 

we infer f rom (17), (29) and  (30) that '  

Fiki~ (z~, s ) < 2  c* K a A (s), 

(30) 

Therefore  

and  consequently,  by  L e m m a  1, we can choose solutions trl~, (8) and  gtlu (z~, s) of the  

equat ions (18) such t h a t  

tl, (s)~2 c* K1K2 A (s), gtl. (z~, s).<2 c* K1K2 A (s). 

On the other  hand,  it is clear tha t ,  by a proper  choice of the constants  b and  c 

sat isfying our requi rements  (25), (28), we obta in  

Consequently we obta in  

2 C* K 1 g 2 < 1. 

t~ ( s ) < A  (s), g'lu (z,, s ) < A  (s). 

This proves  (22),, q.e.d. 
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