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This paper treats the Wiener—-Hopf equation in the framework of a Banach con-
volution algebra A% of functions on the real line that has been constructed and in-
vestigated by Beurling, by whose permission we here reproduce part of that theory.
The author also acknowledges with much pleasure his great indebtedness to Professor
Beurling for his guidance in this research.

We use few specialized notations and conventions. Qur function spaces are all
spaces of complex valued functions on the real line, hence we denote by L' (L?) the
space of all functions that are integrable (square integrable) over the whole real line.
When an integral sign carries no limits, the integral is understood to be taken over
the whole real line. The elements of the two principal function spaces 4% and B?
(the Banach space dual of A?) are also distinguished by letting Latin minuscules
denote elements of 4® and Greek minuscules elements of B% The norm sign ||f||, ||¢||
is only used for the norms of A® and B® By the above convention no ambiguity
may arise therefrom. All infinite sequences are indexed by the natural numbers and
sum and product signs with no limits mean sum and product respectively over the
whole set of natural numbers (we use only absolutely convergent sums and products).

Since the original paper of Wiener and Hopf [6] many authors have worked to
remove its growth restrictions on the kernel of the equation. The case when the
Fourier transform of the kernel has no real zeros is treated in a recent big expository
paper by Krein [4]. The case when the transform of the kernel is real and has real
zeros has been treated by Widom [5] and is also the object of the present paper.
The essential feature of this study is that it yields, for kernels f€ 42 that satisfy
certain additional restrictions on its Fourier transform j, all solutions in B* of the

Wiener-Hopf equation. A similar study was made earlier by Beurling [2], using still
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more restrictive conditions of f, namely, that f—1 have only a finite number of zeros
and near each zero be bounded from below in absolute value by the absolute value

of some non-constant linear function.

1. Properties of the Beurling algebra 4 and its dual space
The algebra A?

All results in this section (together with many generalizations) are due to Beur-
ling [1]. In order to make our paper self-contained, we give here the part of the
theory in the cited paper that we will use in the sequel.

Let Q be the convex cone in L' that consists of those bounded positive func-
tions that are symmetric about the origin and non-increasing on the positive half-axis.
For w€Q, put N(w)=w(0)+ fwdz. We call the function N: Q—R" the norm of Q.

ProrostTioN 1. The cone Q is closed under addition and convolution (i.e., Q is
a semiring) and the norm is additive and submultiplicative with respect to convolution.
Moreover, an increasing (in the order determined by ) sequence of elements of Q) whose
norms are bounded converges a.e. to an element of L with norm bounded by the same
bound.

The verification of these statements is easy;

We now define a (convolution) subalgebra A2 of L' as follows

fitren v Lot ea) < ). )

It follows directly from the Cauchy-Schwarz inequality that [ |f|dx<||f|| so that we
could a priori have taken f to be only measurable. Another expression for the func-
tion f—>||f|| (which we will soon show is a norm) is obtained by minimizing along

half-rays in Q
2
1= i e+ [ aa] o e @)

So far we do not know if A® is a linear space, let alone a Banach space. However,
suppose that f,, f,€ 4% and take w,, w,€Q so that they determine [|f,|| and ||f,|[ re-
spectively within an arbitrary ¢>0 by equation (2). Then

N+ og+ | BE0E g < e f’fllzdxﬂv fmlz

w; + W,
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by an elementary inequality ((@—b)*>0, put a=w,|f,|, b=w,|f;]). Thus f,+f,€4
and ||f, + fll<|fill + Ifo]l + 2, but & was arbitrary, hence we have the triangle in-
equality and we now know that f—||f|| is a norm, since it is obviously homogeneous
and vanishes only for null functions. Suppose we had a Cauchy sequence {f,}3° in
this norm. By passing to a subsequence we may assume that |[f,—f.||<2 "¢ for an
arbitrary ¢>0, m>n. Since the L' norm is dominated by the A% norm, the theorem
of Beppo Levi shows that the sequence converges almost everywhere to a limit func-
tion f. Put F=lim,,e||f,||, obviously |F—]||f.|||<2 ™e. Now choose to each f, an
w, €Q) subject to the conditions N(w,)=F, and f|f,]?w;'dx<F+2"""%¢ This can
be done, if necessary at the cost of passing again to a subsequence. Now, with the
hypotheses made,

+Im n
fn_QL =F—-2 €

if m>=n. Since 1 (N(w +w )+fwdx)>“f + full
: e Wn+ Op v

by equation (1) we have then

f (M+M_M) de <2 ",

w, W, W, + Wy

or equivalently, by an elementary identity

fwnwm fo  fm
W, +

This, however, proves in the standard fashion using the Beppo Levi theorem that

2

dx < 2"+t

E.

W, O

lim, . f./w,=g exist a.e. on the support of f. Namely, if I is an open interval
symmetric about the origin and I’ its complement, then , is bounded from below
on I by (F+4e)™ f,|f,]? dv and since [[f[?dx<||f|]* for any f€A4? implying that
f=limf, is also an L? limit, this bound is uniform for large enough n, provided f
does not vanish a.e. on I'. Let J be the union of all symmetric open intervals I
such that f does not vanish a.e. on I’, then we have actually proved that the limit
function ¢ exists a.e. on J and we define g=0 on J'. Put lim w,=w, then f=wg
almost everywhere since f=0 a.e. on ¢ '(0) and on the complement of g~1(0) the
sequence , converges a.e. to f/g. Now Fatou’s lemma yields N(w)<F, [ |f[P o ‘dx=
J|fg]de<F which shows that w€Q and that f€A? with ||f||< 7. We then apply the
whole procedure over again to the sequence f,—f, and find that ||f— f,||<e. But >0

was arbitrary, hence we have proved that lim ||f—f,|| =0 and that 42 is a Banach space.
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As a byproduct of the proof we have also found that for any f € A? the infimum
in equation (2) is actually attained at some w,€Q and it is straightforward to check
in the manner of the preceding proof that f—w, is a one-valued application. This is
a seemingly non-trivial result that is not in [1]. From the Cauchy-Schwarz type in-

equality
IR e e A

and N(es*wg) < N(awy) Niewg) = ||l 9]

then follows ||f>g|{<||f||llg]|, hence 4% is a Banach algebra under convolution.

The conjugate space B?

Any given continuous linear functional f—®(f) on A® is also continuous in the
stronger topology defined by the pseudo norm |f|*w 'dx for any w €€, hence re-
presentable where this norm is finite by ®(f)={ f¢dx with some measurable function
@ satisfying f|p|?wdz< oo. Actually, from the definition of norm on A* in (1) one
readily deduces, putting f=gw that §|p[wdz<N(w)|®|?, where |®|| denotes the
norm of @ as an element of the strong dual Banach space B? of 4. The representa-
tion ¢ is only defined as a measurable function on the support of w, however, dif-
ferent representations are equal a.e. on the common part of their domains since if
w;, 0, €Q and @, @, are the respective representations, then { f(§, —@,)dx represents
the zero functional on {f|f|f|*0 'dx < oo, w= Min (w,, ®,)} hence ¢,= ¢, a.e. on
SUpp w = supp w; N supp w,. Thus we may think of ®(f) as represented by a measurable
function ¢ on the whole line and the previous representatives as the restrictions of
this function to the supports of the respective corresponding w. We also drop O® as

a notation for the element of B? in favor of ¢ and we then have

o] = sup {(N(w»—‘ | |<P|2wdxlweg}

= sup {sup {Uﬂﬁ dz
2 2
=sup{'ff¢dw IN(wf)f%dm 1}=II¢II2~

We collect our results in a theorem.

2 lf|2
IN(w)f—dx<l}|a)€Q
)




THE WIENER-HOPF EQUATION 93

TuroreEM 1 (Beurling). The set A* defined by (1) is a Banach algebra under con-
volution with norm given alternatively by (1) or (2). The strong dual B?® of A% (as a
Banach space) can be represented by {p|sup {(N(w))™ [|¢*| wdx|w€Q}=|p|*< oo}
and this morm is the correct dual morm wnder the duality | f@dx: A*x B*—C.

In this paper, we will always use latin letters for the elements of 4% and greek
letters for the elements of B®. Hence we take the liberty of using the same sign for
the norms in 4% and B2

When computing the norm in B? the following proposition is useful. Tt says
roughly that one need only consider those functions @ that are characteristic func-

tions of intervals.

ProrosiTioN 2. The norm of an element @ €B* is alternatively given by ||g|[=
sup {p(r, )| r >0} with p(r,)=[(1+2r)7" [, |p[* dx]*.

Proof. If w€Q is a step-function, it may be thought of as a positive linear com-
bination of characteristic functions of symmetric intervals, whence [|p]®wdx =
> a,(1+2n,) (p(r,, ))* < N(w) (P(p))?, putting for the moment sup {p(r, p) |r>0} = P(p).
An arbitrary function © €€ is the limit a.e. of a decreasing sequence of step-func-
tions so that [|gpffwdr<N(w)(P(g))? for all w€Q, implying P(p)>||¢||. But the
opposite inequality is trivial, hence P(p)=| ¢p| as claimed.

An immediate consequence of Proposition 2 is that A* and B® are not reflexive
Banach spaces since the strongly closed subspace Bj={p|lim._. p(r, p)=0} of B® is
not orthogonal to any non-vanishing element of A% We will show now that A4° is
actually the dual space of Bj (this particular result is not in [1]). We first need a

lemma.
Lemma 1. For every f€ A2 fo;'€ B® and has norm 1.

Proof. By the Hélder inequality, [for'||=|If]l™"f/fw;i'dx=1. Conversely, if
|fo;*||>1 then by Proposition 2 for some r, [7,|f[?w;?dz>1+2r. Put w(y)=w;+y
if |2|<r, oy)=w, if |z|>r, then

(j—y N(w(y))f;)’f(—l;) dx)y=0= (1 +2r- f_ 112 o7 dz) Il <o,

contradicting the definition of w, Hence ||fw;!||=1, as claimed.
Now suppose that @—>F(@):Bj—>C is a continuous antilinear functional on Bj

and let B? be the closed subspace of B} consisting of those functions that vanish
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outside of [—r,r]. Then if @€B}, ||@|P< ", |p|*de<(1+27) | ¢||* so that F is repre-
sentable on B? by

F(qﬂ)=ﬁrf¢ de (fEL*(—rr)). @)

If f is continued as the zero function outside [—r,r] then feA4® Substitution of

¢=fw;" in (3) yields, by Lemma 1,
Il <[l £1-

For r=1,2, ... we construct the corresponding functions f, f,, .... On the set
[—n,n] N [—m,m] the two functions f, and f,, agree a.e., hence lim,_., f, = f exists a.e.
and by the lemma of Fatou and the Lebesgue dominated convergence theorem | f@dx
exists for every @ €B? and satisfies |f fdx|<||F|||l¢||- Thus F(p) is represented by
f fgdx on the closed hull of the union of all B}, which is Bj. We have proved Propo-

gition 3.
Prorosition 3. A* is the strong dual of Bj.

Our next remark concerns the convolution of functions in 4% with functions
in B® Given f,g€A® and @€B® we have by Theorem 1 the repeated integral in-
equality

| (Jite=llo=l ) lot=1 2 =< 171 ol Nl

By Fubini’s theorem, it is permitted to interchange the order of integration, hence also

[ ([ro-29@15) s as <Nl ol el

This together with Theorem 1 proves Proposition 4.

ProPOSITION 4. If f€A?, @€B® then fxp€B® and |f>¢| <|fll el

The subspace Bj is stable under the operation of convolution with a function
in 4% Tt is practically evident that @€B? implies f*@€B} for any f€A, since
[l fle—y) o) dyP< [T, |fle—y)[Pdy [ |@(y)|Pdy that tends to zero as x tends to
infinity. The continuity of the convolution as expressed by Proposition 4 and the
previously used fact Bj= UB? then shows that f*@€B§ for any g€ Bj. However, a
stronger ‘“‘one-sided” stability holds:

ProrosiTioN 5. If f€ A% @€B?, @X(— oo, 0)€B: then (f%¢)-x%(— oo, 0)€BE.
' @ '
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Proof. In view of the above remark we need only show that

X(— o, 0) fo fz—y) p(y) dy = y(x) € BE.

Indeed, y(r) tends to zero as x— — oo, since |p(@)[*<||@|[*|[fll §Z o |F[? wr *da. Thus
Proposition 5 is proved.

The Fourier transform classes of 4% and B2

We will now investigate the properties of the Fourier transforms of elements in
A% and B? and we start with the class B?, which is the easier. However, the Fourier
transforms of elements of B? do not always exist in the classical sense and we will
here represent them by functions that are harmonic in the upper half-plane of a

(4, n)-coordinate system, in the following way

e .
== [t

For any given #>0 the Fourier transform exists and determines the function ¢ in
the classical way. This, of course, holds true in much wider classes of functions
(temperate distributions), however, among these the functions in B? are characterized
by a precise condition on the growth of @(£,%) as » tends to zero. Let 2nMo(n)
denote the square of the norm of @¢(£,7) in LE(— oo, o),

1 (. _
Mepln) =5 f |p(& [ dé = f |p(@) [ 7> da,
then Theorem 2 gives the precise characterization of B? on the Fourier transform side.

TueorEM 2. (Beurling). If ¢ €B?, then Mon)<||e|?(1+97") for all n>0. Con-
versely, if sup{(1+5 )" Me(n)|n>0}=M < oo, then p€B® and || <M.

Proof. Suppose that @€ B?, then by the Parseval formula and Theorem 1,

g(o) = [Igt@)[ o110 < gl N0 [ glP 1477,

Conversely, if Me(n)<M(1+%7"), then Proposition 2, the Parseval formula again and
some computation shows that

_xl

n
llg|l>= 51117p 1+ 217_1)‘1] p(@)Pdz<e*sup (1+2771)7" f| p@)Pe " de <M.
7
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Hence Theorem 2 has been proved. The subspace Bj also has a characterization

by Fourier transforms, as expressed by Proposition 6.

PROPOSITION 6. A necessary and sufficient condition for an element ¢ of B to
belong to the subspace Bj is lim,_onMe(n)=0.

Proof. We have for all p€B® and >0

—1

EnMen) =y flw(x) [Pe~21el gy > (- 2) (1+ 271! fn _1|<p(x) [?da.

-

This shows that the condition is sufficient. On the other hand, if @ €Bj§ we get by
partial integration putting [",|p(x)|*dz=e(r) (1 + 27)

nMemn) =19 fl p@)Fe ™ do =2 fwe (;}) (n+2x)e > da
0

and the last expression tends to zero with # by Lebesgue’s bounded convergence
theorem since s(z/7) tends to zero a.e. while bounded by |@|[*>. Hence the condition
is necessary too, as claimed.

We conclude the list of properties of ¢(&,%) with a proposition on the pointwise

growth of its absolute value near the &-axis.

PRrOPOSITION 7. If € B then |§(&,n)| <{2n~' Mo(n/2)}} which is O(n) for small
n and o(y~') if p€BE.

Proof. By the Cauchy-Schwarz inequality and Parseval’s formula
¥
96,1 < [lo@]emdas | feritas [|pftenasf’ = o gt/

and the rest of Proposition 7 follows by Theorem 2 and Proposition 6.
The Fourier transforms of the elements of A? all exist in the classical sense.
We collect in Proposition 8 the immediately obvious properties of this class of Fourier

transforms.

A\ .
ProPOSITION 8. The class A® of Fourier transforms, of functions in A® as a

Banach algebra (with norm transferred form A®) wnder pointwise multiplication. If

N\
f€A? then f is a continuous function, lime. o f(&)=0 and f€ L} — oo, oo). The Schwarz

class 8 of infinitely differentiable functions tending to zero at infinity together with all

A\
their derivatives more rapidly than any negative power is contained in A®.
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A contractor is a function z—K(z): C—C€ such that K(0)=0 and |K(z) — K(w)| <
|z—w]| for all z,w€C. In [1], Beurling has shown that every contractor operates on
A/;, in fact, || K(f)||<6]|f]| for all f 7 This, of course, implies that if F(z) is analytic
on the set of values of f€ 14/1\2 and if F(0)=0, then F(f) Effz. On the other hand, there
are plenty of non-analytic contractors. This shows how the restriction from L' to A%
has altered the properties of the transform space, since by a theorem of Helson,
Kahane, Katznelson and Rudin [3], the space L' of Fourier transforms of functions
in L' admits no non-analytic operators.

The cited theorem of Beurling has a rather lengthy proof depending on the com-

putation of an equivalent norm in terms of the transformed function. In this paper

A\
we need only the weaker property that analytic functions operate on 4% and this

will follow from the Wiener-Levy theorem of general Banach algebra theory if we

can identify the regular maximal ideals of fﬁ with the sets [,= {f| fE//l\z, f(@) =0}, or,
equivalently, the regular maximal ideals of A* with the sets I, = {f[f € 42, [ f(x)e~"**dx = 0}.
It is trivial to check that these sets are indeed regular maximal ideals, and the essen-
tial idea is to prove that every maximal ideal has this form. From the general theory
we know that any such ideal is expressible in the form I, = {f|f€ 4%, { f(x) @(x) dx =0}
with some non-null function ¢ € B* such that the functional /— f f@dx is multiplicative.
Obviously f;@dx=+0 for some bounded interval I and its characteristic function may
then be approximated from below by a continuously differentiable positive function ¢
so that [g@de==0. The relation §g,..@dy | ggdy={g.¢dy [ g.5dy follows from the
multiplicativity property with the usual notation g,(x)=g(x+ a); if we differentiate it
with respect to z at z=0 we find that the function ¢, defined by ¢,(z)=§g.Fdy
(f9@dy)™" satisfies the differential equation @i (%)= g1(0) @, (). Moreover, as a con-
sequence of Proposition 2, [lg.||<(1+2|x|)||¢|l, hence @, is O(|z|t) at infinity and
consequently is of the form @,(z)= €' for some real «. Now we use the multiplicativity

once more, this time together with Fubini’s theorem, to deduce that [ff(»)@(x)dx—

§ Hz) e ™ dx] § g(y) @) dy = § f(— ) [f g, 5 dy — €= § g dy] dx =0, i.e., I,=1,. This proves
the following proposition.

A\
ProrositioN 9. If f€ A% and F(z) is a function satisfying F(0) =0 and analytic
Y
on the set of values of f, then F(f)€ A2

7 — 622906 Acta mathematica. 108. Imprimé le 6 novembre 1962.
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2. Formal solutions
The Wiener—Hopf equation

We will study the Wiener-Hopf equation
fo fe—y) ply)dy=g(x) (x>0 (4)

for a kernel f in the algebra 4> Under certain additional assumptions on f we will
find all functions ¢ in B? that satisfy equation (4). We use the standard reformula-
tion of that equation; with the understanding that @(x)=0 for x <0, p(x)=0 for

x>0 we write

ff(w —y) ¢(y) dy = p(x) + p(). (5)

Equation (5) contains equation (4) together with a relation that defines y€B® once
a solution @€ B?® has been found. Proposition 5 shows that in such case one actually
has v € B§. The harmonic transform of g, 9(&,7) = % . w(z) e ¥ 7 dw = §% p(x)e TP dy
is evidently an analytic function in the upper &-plane and will be denoted by (& + 7).
Correspondingly, the harmonic transform of ¢ is anti-analytic, hence we make the
notation ¢(§,n)= @& —in) with ¢ analytic in the lower half-plane.

Since o €B? |7(x) |<|o(x)| a.e. implies 7 €B? and ||7]|<| s|| the function

oy () = ff(x— Y) @ly) [ — e~ ] dy

is in B? for all 7. Moreover, |8,(z)|<|f|*|p|, hence by the Lebesguc dominated con-
vergence theorem 6,{z)->0 a.e. as y—0 (in fact everywhere, as the family J,(z) is
equicontinuous). By the same theorem, [ &,(x)g(z)dx—0 as n—0 for all g€A® This
condition is, by the Parseval relation, equivalent to the following where we have in-
troduced our new notations for the Fourier transforms of ¢ and y and made use of
equation (5),

Tim (€)= 1) $(E—in) — 9L+ il 4§ dE =0 for al jear. (6)
Equation (6) is the starting point for the computation of the solution of the Wiener-
Hopf equation. The remainder of the work on this solution will be carried out in
three stages. In the first we derive a formal solution, in the second we derive nec-

essary conditions on the parameters of this solution and in the third we prove that
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these conditions are also sufficient. In the first and second stages we make addi-
tional restrictions on the nature of the kernel, but the third stage contains no addi-
tional assumptions in this direction. We thus obtain in the end a sharp result that

is summarized in the last section of the paper (Theorem 3).

The factorization lemma

We now restrict ourselves to the case where f is real-valued (i.e., the kernel is
Hermitian symmetric). Furthermore, we suppose that log |f(£) — 1] is locally integrable,
hence f is not identically equal to one on any interval. We also introduce the nota-
tion (a,,b,) for those maximal disjoint open intervals on which f(&)>1, so that
{¢| f(£)>1}°= U? (a,, b,). Since f tends to zero at infinity, this union is a bounded
set. Put [=¢&+1in and let log ([{—b,]/[{—a,]) denote the branch of the logarithm
function (with a cut from a, to b, along the real axis) that takes real values on the

real axis outside [a,, b,]. Then the relations

h(0)]_ 1 floglf(t) 1 L=b_ .=
= | e+ =] =
=] e el M @
define %,(f) as an analytic function in the upper half-plane and A,({) as an analytic
function in the lower half-plane, the upper sign of the last term taken in the former
case and the lower sign in the latter. Indeed, the infinite parts of the integral in (7)

converge since both log | f—1] and (¢t— )" are square integrable outside some bounded

interval. Also, the sum
C B bv . _ bv —a,
C—'av)‘ZIOg (1 C—a,,)

converges uniformly outside each neighbourhood of {a,} U {b,}. The two functions have

limiting values (&) and %,(£) a.e. on the real axis, given by the expressions

Zlog(

h 1 . 1 _ by _
PO S —ien+ 5 (S1oe |1 | F ogssm ) - 1),
where B =log|f&)~1| end g(&)=~ f th—(.)fdt'

The Hilbert transform g of % exists since 2 can be expressed as the sum of one func-
tion in L' and one in L*. Also, we have put log (+1)=0, log (— 1) =14n. Hence the fol-
lowing factorization holds a.e. on the real axis

™M@ o= ha® f(f) —1.
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Thus f—1 can be written as the product of two factors, one that is the limit of an
analytic (and zero free) function on the upper half-plane and another that satisfies
these conditions for the lower half-plane. The limits of these functions on the real

line, i.e., the factors themselves, are not so well-behaved; however, in a certain sense,

A\
they are in A® on every finite closed interval on which f—1 does not vanish. The

following lemma expresses exactly what we will need for our purpose.

Levma 3. If hedd, K& =0 for £¢[a,b] and f&) +1 fjor E€[a,b], then
k(&) e e A

Proof. It is sufficient to find for each of the four factors e @, ¢ ¥0®,

[Tlé—a,/E—b,|t, and etlossenO-1 4y

¢ —a,lt -
e h® = o=@ ,T2YO ] §—a, ologsenio-1 (8)

s_bv

a function in fi\z that coincides with the respective factor on [a,b]. As the Schwarz
class S of infinitely differentiable rapidly decreasing functions is contained in A?, it
is contained in A/E too. For any real numbers o'’ <a’' <a’<a, b<b <b” <b'"’ such
that f(&)==1 on [a”’, b""’] there exist functions r, s€S with values in [0, 1] such that
s(&)=1 for £€[a,b] and s(&)=0 for £¢(a’,b’), r(&)=1 for £€[a”,d"] and r(§)=0 for
Ed¢(a’”,b"""). The third and fourth factors become functions in S after multiplication
with # or s, and the factors thus modified coincide with the original ones on [a,b].
Suppose f<1 on [a,b]. Then h(£)=log|f(&)—1|=1log (1—f(§)) and if we put h, (&)=
log (1 —7(&) f(£)) then h,,,eAAz by Proposition 9 since F(z)=log(l—2) is analytic on
the set of values of 7f. If we have f>1 we may put h,(£)=log (1+r(&) (f(&)—2))
since the function #(f—2) has values in (—1, o) and F(z)=1log (1 -+2) is analytic on
this set. In both cases h,—=h on [a”,b"]. Hence e ¥"n®—1+r(§) is a function in
/1\2 that coincides with the first factor on [a,b], as desired.

Finally, the function ¢(£) that enters into the second factor of (8) is modified

according to the formula

gm(5)=lfh’i@dt+‘i($fwdt.

al)t— £ t—¢
A
Clearly g,=g¢g on [a,b]. The first term in the expression for g, is in A? since the

AN
Hilbert transform is an isometry of A* (it corresponds to multiplication by —ésgnz

in A% which is an obvious isometry). The second term is even in 8, because it is the
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product of one infinitely differentiable factor that vanishes outside (a'.b’) and one

factor which is analytic on (a”,d”’). Hence g,,,EE;Z\2 and the desired modification of
the second factor is given e.g. by e ¥9n®_ 1+ g(£). Lemma 3 is now proved.

We remark that, by a classical theorem of Szegd, the condition that log|f— 1]
is locally integrable is not only sufficient but also necessary for the existence of a
factorization of the desired type. Thus this condition stands apart from the more ad
hoec conditions that will be imposed on j later. The author has not been able to
prove or disprove that the mere existence of a non-trivial solution to equation (4)
would imply log|f—1|€L},.. However, it is true that if {—1=0 on some interval
then ¢ und  must vanish. To outline the proof, let I be such an interval, then
equation (6) implies that lim,_.o [ 9(&+14y) §(&)dé=0 for all gjeﬁ\z with support in 1.
Then by the same method that will be used in the proof of Proposition 10 below
(the continuation principle) it follows that 9 may be continued analytically across I
to the zero function in the lower half-plane, hence p=0. Now we repeat the same

argument on some interval on which f—1 does not vanish and obtain ¢=0.

The continuation principle

According to the preceding section the function e ™®g({) is analytic in the
upper half-plane and the function e ™® ¢({) is analytic in the lower half-plane. We
will show in this section that these two functions continue each other across the real
axis at every point & for which f(§)=1. Since log|f— 1| is now supposed to be locally
integrable, this in fact means on a set that is open and dense in the real axis and
contains a neighourhood of infinity. The resulting function E({) that is analytic and
single-valued in the whole plane except at the set f~'(1) on the real axis will be
called the formal solution of the Wiener-Hopf equation, since its values on any line
Im {=const <0 yield the function ¢ by multiplication with e"*® and inverse Fourier
transformation.

We will need the following elementary lemma in the proof.

N\
LeEMMA 4. Put w(l)=(E—a)(b—20), a, b real. Then w' (&) € A* and vanishes outside
(@, b) and the same holds true for w*(&)w(&) ¢f w is infinitely differentiable on some

open set containing [a, b].

Proof. Since w is negative on the real axis outside [a, b], we could prove the

rest of the lemma by the same methods as those of the proof of Lemma 3 if we

N\
only knew that w'(£)€E€A® Now this clearly follows for arbitrary a,b when proved



102 EDGAR ASPLUND

for a= —1, b=1. But (1—£%)" is the transform of g(x)=n"1(1 +d?/d2®) x~ ' sin « and
an elementary computation shows that [|g|*/wdx is finite if w(x)=(1+ 2% . Hence
Lemma 4 is proved.

We formulate the principal result of this section in a proposition.

ProrosITION 10. The function E(C) defined by E(l)=e " P ¢(L) for Im >0 and
E@Q)=eP @) for Im <0 can be contmued to a function that 18 smgle valued and

analytic in tke wfaoée plane except on the subset {1(1) of the real azis.

Proof. Let the auxiliary function Ey(Z), 0>0, be defined on the complement of
the real line by Ey(l)=e " Pp(L+40) for Im >0, Ey(Z)=e "D @(; —if) for Im £ <0.
Suppose f+1 on [a,b] and let C be the rectangle with vertices a+4, b+i. For
Z€Int O — (a,b), consider the identity (note that (f—1)e " =e " on the real axis)

+ —hy(&

Bo0)= 5 {ff”fl@g(z)d% f [(/(&) 1) (& —i8) ~ <§+i9)]-1ﬁ—‘§’:%—(f ds}, 9)
where w({)=({—a)(b—) (cf. Lemma 4). The function w serves a convergence factor
for the first integral of the right hand side of equation (9). Indeed, the pointwise
growth estimates of Proposition 7 show that the integrand in the contour integral is
uniformly bounded in z as 0 tends to zero. The limit of the integral therefore de-
fines a function that is analytic in Int C' including the interval (a, b) of the real axis.
The second integral on the right in equation (9) tends to zero for every non-real {
as shown by Lemma 3, Lemma 4 and equation (6). Since E({)=1limy_q E4() on the
complement of the real line, E({) has a continuation that is analytic in (a,b). But
since every point & such that f(£)+1 is interior to some interval [a,b] that is con-
tained in the complement of /(1) this proves the continuation property claimed by
Proposition 10. The single-valuedness is evident.

In the sequel E(f) will denote the continued function.

3. Necessary conditions
The pole nature of certain singularities

We have shown that to every solution of the Wiener~Hopf equation (equation
(4) or (5)) with kernel f satisfying log| f —1|€Li,, there corresponds a function E,
called the formal solution, which is analytic in the whole plane except at (1) on
the real axis. The probléem is now to determine what conditions must be imposed on

a formal solution, ie. a function E that is analytic outside the subset f'(1) of the
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real axis, in order that it determines a solution of the Wiener-Hopf equation by the
appropriate backward transformation. :
To do this, we need first two propositions that declare singularities at zero and

infinity respectively to be poles if certain growth requirements are satisfied.

Prorositiow 11. If f(z) is a non-constant function, analytic in the extended plane
except at zero (i.e. f(z7') is entire), that satisfies |f(z)| < C|Im z| * in some neighbourhood

of zero for some o, 0<<a< oo, then f has a pole at 0.

ProPoSITION 12. If f(2) is an entire function that satisfies |f(z)| <Max (C|Im z|™%,

D|Imz|?) for some positive and finite constants C, D, «, and B, then f is a polynomial.

Proof. We prove here only Proposition 11, since the proof of Proposition 12 is
entirely similar. The function log™ |f| is subharmonic in the extended plane outside {0}.
Hence we may use Green’s function G(z,e)=(27) " Re(z+e ) (z—e )t for the

exterior of the unit circle to obtain the following estimate

2

where we have also used the elementary relations

27 1 G (2 —z-, e“’)
|2|

This shows that the function 2"f(2) is continuous at zero for large enough =, as

d0<3alog+i+310g4“0,

27
log* | f(z <f G(Zi, e“’) log*
g |f( )l 0 |z| g |z|

27
<3 and f log |sin 6]d 6 = — 27 log 2.
0

claimed.
Analysis of the square of the formal solution

We now turn our attention to the function B(() defined in the domain of re-

gularity of E({) by B(l)=E({) E({). From equation (7) and the relations defining E({)
it follows that

B(C)=—¢(f)¢(é)l—[§_b for Im{>0
(and, of course, B(&)= —¢(;)“«@H§:Z” for ImC<0).

Suppose that & is an isolated singularity of B((), i.e., some isolated point of f~*(1).
Then, if y is a small circle with center at & whose exterior contains the rest of f~*(1),
the function Bg(l) defined outside y by B:({)= — (2ni)™" f, B(z) (: — ) ' dz has as its
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only singularity a singularity at & of the same nature as the corresponding singu-
larity of B({). Proposition 7 shows that B({) satisfies an inequality of the type
|B()|<C|Im¢| ™™ for |Im¢| small enough. This obviously implies that the same type
of inequality holds for B((), since the singularity at & was isolated. Hence Propo-
sition 11 applied to the function f(z)=Bs(z+ &) shows that the singularity of B; at
£ is a pole. Thus we now know that every isolated singularity of B is a pole; an
inspection of Proposition 7 together with the fact that the pole must have even order
now reveals that if £5b, for all v, the “pole” has order zero whereas if £=15, the
order may be 2 or 0. A similar argument applied to the function B ({) defined in-
side a circle I’ surrounding all singularities of B by B, (£)=(2mi) ! f[r B(z) (z— ) 'dz
and employing Proposition 12 instead of Proposition 11 shows that B(l) tends to
zero at infinity.

At this stage we introduce a new restricting hypothesis on the kernel function f
that can be stated as > |b,|< oo. This, in particular, means that zero is the only
point of accumulation for the set {b,}. It will be clear from the following work that
we could carry out the same computations for kernels with an arbitrary finite set
of accumulation points of this type. In order to utilize the above reductions to con-
clude that B is regular in the extended plane except at {b,}={b,} UO we need now
precisely suppose that f7'(1) is countable. Namely, since this set is closed, removing
recursively the isolated points of the remainder of f (1) one after the other trans-
finitely we arrive after a countable number of steps (Cantor-Bendixson decomposi-
tion) at a perfect set which is then either void or uncountable.

The condition Y [b,|< o makes it possible to remove all singularities of B except
the one at zero by multiplication with the appropriate infinite product. Indeed, we
may choose an integer » and a positive constant |c|* so that the function B, ()=
" e|2I1(1—08,/¢)? B(¢) has value 1 at infinity and is analytic except at zero. Since
B, is also the “square” of an analytic function E,(l)=C"c¢'[](1—5,/2) E(Q), ie.,

B,({)=E,(l) E,({) the zeros of B, must be either real and of even order or non-real

and occurring in conjugate pairs. We may thus denote the set of zeros of B, by
{B.} U{B.}, and we order the sequence {B,} so that |B,|>|B,+1| for all ».

Lemma 5. The series 2 |B,| converges.

Proof. We introduce the counting function n(t)=2Max{v||B,|>t} and apply

Jensen’s formula to the entire function B, (z7');

N(r)= fwt‘ln(t) dt = (2m)™* fznlog | B, (r€®)| 6.

r 0
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The sum of the series > |B,|, whether finite or infinite, equals the value of the inte-
gral — 1 [ tdn(t). This integral may be estimated by partial integration.

o

- fwtdn(t) =rn(r)+ J‘w n(t)dt < 2]7 n(t)dt+ fw n(t)dt < 2f n(t) dt

T 7 T 3T

= —2f°°tdzv(t)<4 ooN(t)dtééwan(t)dt < —4f°°tdn(t).
ir

r *1’ r

Hence the series 2 |B,| converges or diverges together with the integral
0 -] 27 .

275[ N(t)dt=f {f log[H(l—ap/te’(’)ld@}dt
0 o o

. J«w {J'anog [TI(1—0,/te'®)] d@}dt + fw{anlog |t c2g(te"%) it )| dﬂ} it
o WJo o o

The convergence of the first integral to the left is equivalent with the convergence
of >la. This becomes clear if one substitutes g, for f, in the definition of n(t) and
copies the above argument showing the equivalence of the convergence of > |B,| and
J& N(tyds. Similarly the second integral converges or diverges together with > [b,].
The third integral converges like {ilogtdt by the bounds given in Proposition 7.
Since the convergence of > |a,| is obviously equivalent to that of > |b,|, we have
proved Lemma 5. Note that the integrals within { }-brackets above vanish for large
t by Jensen’s formula and by the condition B,(cc)=1.

Because of Lemma 5 we may now divide out the zeros of B; by simple infinite
products. Consider the function B,(¢)=1log B,(Z)TT1(1—B,/¢) " (1—B,/¢)7%; it is single-
valued and analytic except at zero, and B,(oo)=0. The infinite products [](1—8,/2),
I1Q-5./2), H(l—d,,/é’) and [J(1—08,/) are entire functions of ™! with growth at
most of order one, minimal type, whereas log ¢ and logy grow along vertical lines
like log |Im |, uniformly in Re (. Hence B, satisfies the requirements of Proposi-
tion 11 (with ®=1) and so either has a simple pole at zero or else vanishes inden-
tically. However, the growth of B, as one approaches zero along the imaginary axis

is o(|¢]™), thus B,=0. We sum up the result of this section in a lemma.

LeMMa 6. If 3 |b) <o, and f*(1) is countable, then there exists a positive in-
teger m, a positive real number |c|* and a complex sequence {B,} satisfying > |B,| < oo
so that

EQ) B =|clPc [T -6,/0) 1—B./0 1—-0b,/8) 2
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The parameters of the formal solution

Our object is now to “‘take the square root’”’ of the above expression for B. First
we rearrange (if necessary) the set {8,} U{f,} of zeros of B so that {8} is the set
of zeros of E. Then the function E, defined by E,(Z)=E({)c™ *¢*[1(1~ B,/ (1—b,/C)
is defined analytically outside the subset f (1) of the real axis. Also, since E,(¢ )E’z(—f) =1,
it is zero free and we may adjust the argument of the constant ¢ so that Ey{oo)=1.
The function E,;({)=1log E,({) is then defined as an analytic and single-valued func-
tion outside f1(1) by the requirement E;(co)=0. If £ is an isolated point of f~*(1)
and y is a circle with center at & so small that the rest of (1) is outside, then
as before the function E; defined outside y by E:(l)= — (2mi) ' f, B5(2) (z— {) dz is
such that E.(z— &) satisfies the conditions of Proposition 11 with «=1. Namely, of
the logarithms of the factors in E, the only one that has not already been analyzed
is f(t—2)tlog|f(t)—1|dt (ct. equation (7)), however, since log|f—1] is the sum of
one L' and one L? function, this term of E, is O(|Im ¢|™), wniformly in Re{, and
pointwise o(|Im ¢|'). Hence the singularity of E. at & is at most a pole and since
the growth of E. at £ along the line Rel=¢ is o|]|™"). the “pole” is in fact a
regular point. Thus ¥, is analytic in the extended plane by the transfinite induction

argument used earlier on B. Hence E;=0 as desired and we have proved Lemma 7.

LeMMA 7. Under the hypotheses log|f—1|€ LL. F7*(1) countable and 3 |b,| < oo
the parameters of the formal solution E({)=c¢C™"[1(1—B./C) (1 —b,/L)"" are the complex

number ¢, the positive integer n and the complex sequence {f,} satisfying 2 |B.]|< oo.

4., Sufficient conditions

The solution of the Wiener—Hopf equation
The main theorem of this paper, that we prove in this section, is the following

TurorEM 3. Under the hypotheses so far made on the transform f of the kernel,
a formal solution E yields a solution of the Wiener—Hopf equation (5) by means of the
formulae G(&— in) =" ¢ B(E—in), P&+ in) =T B(E+in) (9> 0) if and only if, for
sufficiently small >0, {|¢(&—in)[PdE< Mn™! for some constant M and { |9 &+ in)|Pdé <

em)n "t for some bounded function & that tends to zero with 7.

In terms of the parameters of the formal solution the conditions of the theorem

are as follows ({=&+)
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f(r(é, e T - B8R (1= /8| 1B,/ d& < My~

ff‘(f,n) e I =B/ P e/ 1 =8/ dE <y ™

with (& 5) =exp (@ [t — &+ 9’1 log|f(t) — 1|dt). Note that r(&,7) tends to
|f(&)—1] as 5—0.

Suppose for the moment that the set {b,} were finite, then going back to the
construction of B an easy inspection reveals that this function is then rational, hence
in particular the set {b,} is finite too. Then the second condition is a consequence
of the first, since as % tends to zero the proportion of the first integral that comes
from an arbitrary neighbourhood of f~'(1) tends to one whereas on precisely these
neighbourhoods 7(&, %) becomes small. It is easy to make this argument preecise.

Also, in this case, the growth of the integrals depends on the local behaviour
at a countable number of points. For each point &, €f'(1) we then introduce an

order d, defined by the relation

d,={min d|d non-negative integer, 3¢, M >0

&, e

such that Lﬂ_e (HE ) TU(E— &N+ dE< My,
“

where e=11if £,€{a,}U{b} and e=0 otherwise}

and our conditions may be reformulated: the Wiener-Hopf equation has a solution
if and only if >d,<m, where m is the number of points of {b,} and the formal
solution can be written E({)=P()I1(¢—&)% [II'({—b,)"", where P({) is an arbitrary
polynomial of degree less than m — . d,. Hence the space of solutions of equation (5)
is spanned by a certain minimal solution (corresponding to a constant P()) and its
derivatives of order less than m— > d,.

Another immediate remark is that for 5 >%,>0, both r&, %) and (#(&,7))™" are
bounded by constants depending only on 7, Hence we may replace the left hand
side of the inequalities by M(1-+#"") and &(y) (1-+#%"") respectively.

We now begin the proof of Theorem 3. Suppose that E were given and satis-
fied the conditions of the theorem. We then know by these conditions, the above
remark, Theorem 2 and Proposition 6 that ¢ and ¢ are the transforms of functions
@€B? and y€B; respectively and also that @(z) vanishes for x <0 and () for > 0.
Hence 6€B?, where §(z)=[f(zx—y)¢ly)dy—@(x)—y(x) and we consider that the

formal solution yields a solution in the ordinary sense if §(x)=0 for almost all z.



108 EDGAR ASPLUND

In order to show this we define the function V as an analytic function in the
complement of the real line by V(¢) = f°.d(x)e **dx for Im{ >0 and V({)=
— f& 8(x) e for Im ¢ <0. Our first goal is to prove the following lemma.

LeMMA 8. The function V can be continued to a function analytic outside the
closed subset §71(1) of the real axis.

Proof. This proof follows closely the proof of Proposition 10. Suppose, as we did
there, that [a,b] is a closed interval on which f#1 and let C be the rectangle with
vertices a¢+4, b+i. For 0>0, define Vo by Vo(l)=V({+1i0) for Im{>0, Vy(0)=
V({—16) for Im { < 0. The counterpart of equation 9 is the identity

1 V(2) w(z) ~8lel -ife ()
V"(C"zm'w@)(fc - d””f‘s e e fd}s cdé) (10)

valid for {€Int C— (a,b). Because of its definition and of Proposition 7, V({) grows

as O(|Im{|™) when approaching the real axis along vertical lines, hence following
the reasoning of the proof of Proposition 10, equation (10) will prove Lemma 8 pro-
vided we can show that the second integral on the left hand side tends to zero with
0 for fixed ¢ with Im £==0.

By Parseval’s equation this integrals equals

f U]‘(w —y) @(y) e " dy — (p(z) + p(x)) e""“} g(x) da (11)

with ¢ denoting the Fourier transform of w'(£)(&—C)™' (g clearly belongs to A4%).
However, [{f f(x—y) p(y) [e"?"*! — e °*1]dy} g(x) d= tends to zero with O by the Lebesgue
dominated convergence theorem since [ f(x—y)g(y) (e "' —e ?¥!1dy does so too for
all 2 by the same theorem (exactly this reasoning has been used once before, in the
introductory section on the Wiener—-Hopf equation). Hence (11) has the same limit as
{t@—vy) py) e " dy — (p(x) + p(z)) e ¥} g(x)dx and this, by the Parseval relation
equals [ [(f(£) — 1) G(€ — i6) — PIE + iO) w"(£) (§ — ) dE = J [P MO B(g —if)
" EHIO—RuD e 1 30V T (£) P (§— ) dE that obviously tends to zero with 6 since
the integrand is continuous on, say, the rectangle a<&<b, 0<6<}|Im¢[. We have
now proved Lemma 8. ‘

Exactly as we have done before with the functions B and H; we now see that
the possible singularities of V at the isolated points of f’l(l) are at most poles.
However, since §%(— o, 0) € B} (cf. Proposition 5), Proposition 7 shows that V is of

growth o(|Im ¢[)™!) as one approaches the real axis perpendicularily from above. It



THE WIENER-HOPF EQUATION 109

follows that the isolated singularities are removable and we continue V transfinitely
to an analytic function in the whole plane. However, by Theorem 2, Proposition 7
and Proposition 12 this entire function must be a polynomial, whereas the Riemann-
Lebesgue lemma applied to the definition of V shows that ¥ tends to zero when
Re ¢ tends to infinity for fixed Im (0. Hence V is the zero function and must be

the transform of a function that vanishes a.e. Now Theorem 3 is proved.

Examples

It is not obvious that there exists any non-trivial solution satisfying the condi-
tions of Theorem 3 for any kernel f with {b,} infinite. In the final Proposition 13
we give a more stringent set of sufficient conditions and we show afterwards that

there are examples that satisfy these conditions.

ProrosiTioN 13. If the analytic function ;2" [1(1—B,/0* (1 —a,/0)" ' (1-0,/0)"
is the sum of a series of partial fractions of the type C/i+ D A,((—a,) +B,(E—5,)7%,
>|4,)+|B,|< oo, and if m{t||fit)—1|<s}=0(s%) for some ¢>1, then the conditions

of Theorem 3 are satisfied.

Proof. In the conditions of Theorem 3 we may replace integration over the whole
axis by integration over some bounded interval I that contains the set f~!(1) in its
interior. Since [;|l—t|"'dé<Mlogn with a constant M independent of the real vari-
able ¢t and f;|l—¢|"9dé<Mn'"? we have, by the Hélder inequality and the fact
that r(&,n)ésup| f(&)——ll that the conditions of Theorem 3 are satisfied provided
that [, (r(&, %)) PdE=0(n"""% with p~'+¢'=1. Now we will show that, in fact, the
second condition of Proposition 13 implies that r(£,#n)>dn"? with a positive § in-
dependent of & TFor this, we may assume that |f—1]<1. By partial integration we
obtain 7‘(5,17)=exp(-—n'1 j'(l,s’l (&, n,8)ds), where «(&,7,s) denotes the angle sub-
tended at £+in by the set {¢]
some M < oo, by hypothesis. We suppose that <1 and use the bounds " Ms? and

f(t)—1|<s} whose measure is bounded by Ms? for

7w for « on [0,9Y%] and [5% 1] respectively. This yields (£, %)>dnY? with §=
exp(—M/nq)>0, as claimed, and we have now proved Proposition 13.

To construct an example that satisfies the conditions of Proposition 13 we need

a simple lemma.
LeMMA 9. If f and its derivative are both in L2 then f€A*

Proof. By Parseval’s relation, | |f|*dz < oo and | 2*|f[*dx < oo, hence [ |f[? 0 de < o
with o= (1+2%),
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We will make f continuous and let it vanish outside a compact set, hence it
will be obvious that f€L® Since it is easy to reconstruct f from g(&)=|f(&)—1]
whose derivative has the same L* norm as that of f, we give here a description of
g only. Suppose that all a, and b, are positive and let ¢, be the monotone decreasing
sequence whose set of values is {a,} U {b,}. Put g(&)=1Inf (1, |2&[Y% |&—4,|"% (t1—&)*
/i1t (E—t1)*/p)1'9), where p, is another monotone decreasing sequence,0<y,<1,
with >y, < co. Since m{t|g(t)<s}<2(1+> y,)s* the second condition of Proposition
13 is indeed satisfied. If g<2 then > p 2/9(t,—t,,1) ***?< oo implies that g’ € L* and
hence, by Lemma 9, that f€A®. One implementation of these conditions is q=3/2,
y,=v"%% and t,<»

We now turn to the partial fractions condition of Proposition 13. Suppose that
{b,} is positive and monotone decreasing. All zeros of the sum > b2/(Z—b,) lie in the
interval (0, b;), exactly one in each of the intervals (b,.1,5,), and we let a, denote the
zero that lies in (b,4,5,). Then

[Ta-6/026/C-b)=C" 25 T1(1-a/l)

since the left-hand side is an entire function of 1/{ of at most order one, minimal

type. Now
(I =a/0)(1=b,/0)7 = (~ LT 20+ 26,/(C—b) (20

and we have an example of the type required by Proposition 13 if we take n=1
and f,=a, for all ».

If one has one decomposition into a partial fractions series of the type required
then an obvious computation shows that one may change a finite number of the
non-zero parameters f, and still have the same kind of decomposition of the funec-
tion 2" T1(1—-B/8)*(1—a,/C) (1 —b,/f) . Furthermore, by linear combinations one
may then reach arbitrary high values of the index #. One may also multiply by ¢
as long as this doesn’t depress the index below one. As an application of a poly-
nomial in the differentiation operator to the solution of the Wiener-Hopf equation
corresponds to a multiplication of the above function with a polynomial in { having
zeros of even order, we see that in all cases covered by Proposition 13 the solution
space is infinite dimensional. Also, in contradistinction to the case when {b,} is finite,
there is no minimal solution from which all others may be obtained by differentia-

tion and linear combination.
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