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1. Introduction and main results

A class of covering problems can be formulated as follows: Let K be a fixed ‘‘big set”’

and let By, B,, ... be a sequence of independent identically distributed random “‘small

sets’’. We let N be the number of small sets required to cover K completely, i.e.
=inf {n:U] B,oK}, and ask for various properties of the random variable N.

For example, K may be the unit circle and B; uniformly distributed arcs of a fixed
length a; see Solomon [15], Chapter 4 for a discussion and references. More generally,
the lengths of the arcs may be random; cf. Siegel [13], Siegel and Holst [14], Jewell and
Romano [9] and Janson [7].

One obvious generalization of this problem to two (and higher) dimensions is to let
the big set be the surface of a sphere and the small sets be uniformly distributed
spherical caps (with fixed or random radii); another generalization is to let the big set be
a torus or a cube and the small sets be translates of some given set(s). Some results
(different from ours) for the case of caps of fixed radius on a sphere have been obtained
by Moran and Fazekas de St. Groth [11], Gilbert [6] and Peter [12]. Flatto and Newman
[5] studied the more general problem of small geodesic balls on a compact Riemannian
manifold, and obtained estimates for the distribution and the expectation of N.

The purpose of this paper is to derive, for all the situations described above, the
asymptotic distribution of N as the small sets are uniformly shrunk. In fact, we will
more generally give the asymptotic distribution of the number of small sets required to
cover every point of the big set at least m times (where m is a fixed positive integer),
although most details of the proofs will be given for m=1 only.

In the case of subsets of R? or T¢, we will for various technical reasons assume
that the small sets are convex. (We conjecture that the results can be generalized to
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non-convex sets with nice boundaries.) Thus, we assume that A is a random convex
set, that X is uniformly distributed on a set V=R and independent of A and that q is a
positive scale factor and let the small sets be distributed as aA+X. As we will see in the
final remark of Section 7, we should not take V=K since in that case the boundary of K
may be the last part to be covered. To avoid complications at the boundary, we assume
on the contrary that KcV°, and thus d(K, V°)>0. However, this implies that, at least
for small a, many of the small sets miss K completely. We may choose not to count
such sets and thus define

N =#{i<N: B;n K+0}.

This eliminates the influence of the set V.

Another way to avoid boundary problems is to make everything periodic, i.e. take
K=V=T? In fact, the following theorem, and its proof, holds for sets KcV<T? as
well.

We let |A| denote the Lebesgue measure of A and define r(A)=sup,e|x|. We
assume that &|A|>0.

THEOREM 1.1. Suppose that K is a bounded subset of R?, d=1, with |0K|=0, that

KcV° and that |V|<®. Suppose further that A is a random convex subset of R? with
Er(A)*e<x for some €>0, and that m is a positive integer.

For a>0, let the small sets have the same distribution as aA+X, where X is
uniformly distributed on V, and let N, ,,, be the number of small sets required to cover
K m times.

Let a(A) be the constant given by (5.3) and Corollary 7.4 and let U have the
extreme value distribution HU<u)=exp(—e™). Then, as a—0,

oAl _jog LKL _ a4 Kl 4 -1 1.1
() V] loggl aA| (d+m—1)loglog %l A|+og(m ! oga—>U (.n

() If
[{x: d(x, 5K) < e}|=o(|loge|™") as e—0, 1.2)
and A+ a.s., and N, , is the number of the small sets that actually meet K, then

BaAlNr  togtEL _(d4m—1)10glog LKL +iog(m—1)i=loga U.  (1.3)
K] &laA| &aA|

Note that the condition (1.2), although stronger than [9K|=0, is very weak and e.g.
satisfied for all convex sets.
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For the second version of our results, we let K be a C? compact Riemannian
manifold, i.e. a compact C?> manifold with a C! metric tensor. The metric tensor
defines a metric on K, the geodesic distance, and a finite positive measure dv. We let
the small sets be geodesic balls B(x, r)={y: there exists a curve of length less than r
between x and y}, and let the centres have the uniform distribution v(K)~dv.

THEOREM 1.2. Suppose that K is a C* compact d-dimensional Riemannian
manifold, d=1. Suppose further that R is a positive random variable with ER***<
for some £>0 and that m is a positive integer. For a>0, let N, ,, be the number of
independent random geodesic balls B(X, aR), with X uniformly distributed on K
(independently of R), that are needed to cover K m times.

Let b=v,€R%v(K), where v,=n"*IT(d/2+1) is the volume of the Euclidean unit
sphere, and let a be the constant given by (9.24). Then as a—0,

ba’N, ,,—log (ba®)"'—(d+m—1)loglog (ba®) "' +log (m—l)!——loga-iU, (1.4)

where U is as in Theorem 1.

In particular, this applies to the problem of covering the surface of a sphere in
R“*! by small spherical caps of fixed or random radii. If the (d-dimensional) area of
the sphere is normalized to be one, ba“ in (1.4) may be replaced by (the expectation) of
the area of the small caps.

Remarks. (1) For arcs of a non-random length on a circle, this was proved by
Flatto [4]. (In this case d=1 and a=1.)

(2) For arcs of random lengths on a circle and m=1, this was proved by a different
method in Janson [7]. It was there shown that the moment condition €R!**< in this
case can be weakened to ERI(R>1)=0(1/10gt) as t—oo, but not to O(1/logs). Here
and in the sequel I(...) denotes the indicator function, i.e. I equals 1 when the condition
inside the parenthesis holds, and 0 otherwise.

(3) There is also a zero-dimensional analogue, viz, the coupon collector’s problem.
Let the big set be a finite set with n elements and let the small sets consist of one
element each (uniformly distributed). Then, for m=1,

Nin—log n—(m—1)loglog n+log(m—1)! > U, as n—w,

Erdos and Renyi [2], which corresponds to (1.1) and (1.4) with a=1.
(4) There exists a version of Theorem 1.2 (similar to Theorem 1.1) when K is a
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relatively compact subset of a Riemannian manifold and X is uniformly distributed in a
neighborhood V.
(5) The term

Fad|
v e

in (1.1) is the average number of sets covering any fixed point (ignoring complications
at the boundary).

We note that the first order term in the asymptotic distributions is the logarithmic
term. This term is independent of m, but the second order term (the loglog) depends on
m, and is furthermore the only term that explicitly depends on the dimension. The
average volume of the small sets &laA| enters in an obvious, normalizing way, but the
shapes of the small sets and the variation of their volumes influence the asymptotic
distribution only through the third order term loga. (If d=1, then a equals 1 and the
asymptotic distribution is not influenced at all!) We will discuss this term in Section 9;
for the moment we only note that a small value of « implies that the small sets cover
efficiently compared to other sets of the same size. We refer the reader to the examples
in Section 9 and the adjoining comments on the qualitative results that emerge.

The paper is organized as follows. Section 2 contains a preliminary discussion on
Poisson processes. The basic idea of the proof is to reformulate the problem as a
problem for Poisson processes. This is done in Section 3. Sections 4 and 5 contain
further preliminaries. The core of the proofs of the theorems follows in Section 6, and
the proofs are completed in Sections 7 and 8. The geometric constant a(A) is discussed
in Section 9, where it also is computed for several examples. ‘

Acknowledgements. 1 thank several of my colleagues for helpful discussions; in
particular Sven-Erick Alm, Gunnar Branvall, Allan Gut, and Lars Holst.

Part of this research was carried out during a visit to the University of Lund.

2. Poisson processes in general

Our proof will be based on properties of Poisson processes in general spaces. Thus, we
begin with their definition, cf. e.g. Kallenberg [10].

Let (Q, ) be a given measurable space. We let Q be the set of extended integer-
valued positive measures on (Q, %), i.e. the measures E such that E(4)€{0, 1, ..., »}
for every A€ %. Thus E—Z(A) is an extended integer valued function on Q for each
AEZ, and we let ¥ be the o-field on Q generated by these functions. Hence, if we
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provide (€2, %) with a probability measure #, the mappings E—Z(A), A € %, become
random variables. Suppose that these random variables have the following properties,
for some o-finite measure v on (Q, %):

(i) if A € %, then E(A) has a Poisson distribution with expectation ¥(A) (if ¥(A)=oo,
this is interpreted as E(A)=« a.s.);

(i) if A,,...,A, are disjoint, then Z(4,), ..., Z(A,) are independent.

We then say that (Q, %, %) describes a Poisson process in (Q, %) with intensity v. A
simple construction shows that for every o-finite measure v on (Q, %), there exists a
unique measure 7 on (2, %) that describes a Poisson process with intensity v, cf. [10],
pp- 7-9.

In the definition above we regard the Poisson process as a random measure. We
will use E to denote this random measure. However, E equals £ d; for some (finite or
infinite) sequence &, &,, ... of points in Q. (In fact, the Poisson process is constructed
as such a sum in [10].) Consequently, we may identify E with the set {§;} and regard the
Poisson process as a random (countable) subset of Q. We will often prefer this point of
view and e.g. write £€ E for E({£})>0 and EU {£} for E+0¢.

There are two minor technical problems in this identification: if & does not
separate points in Q, then {£;} is not unique, and, secondly, if v has point masses
(atoms), then there may be repetitions in &, &,, ... so that some points in {£;} have to
be counted more than once. We disregard these rather harmless complications, which
in any case do not arise in our applications.

If f is a positive measurable function on Q"% Q (n=0), we may for each Z form the
sum I {fA&, ..., & B): &4, ..., &, are distinct elements of Z}.

We denote this sum by ILAE&,...,5. E). The (proof of the) following lemma
shows that this sum is a measurable function of the Poisson process, and provides a
formula for its expectation.

LEMMA 2.1. If f is a positive measurable function on Q"xQ, then

%E'f(gl,...,é'n,i)=f...f%f(a)l,...,w,,,EU{w,.};‘)dv(w,)...dv(wn). @.1)

Proof. By monotone convergence and linearity, it suffices to prove this formula
when fis the indicator function of a measurable subset of A"XQ, with v(A)<. By the
monotone class theorem, we may restrict ourselves to f of the type I(§;€A4,;, i=1...n,
and E(B) € C;,j=1...m), where m=0, A;, B;€ %, v(A)<x, v(B)<= and C;cZ. Subdi-
viding the sets A;, B; and C; we may further assume that By, ..., B,, are disjoint, each A;



88 S. JANSON

equals some B;, and C;={b;}. Thus
f=IEEB;,i=1...n, and EB)=b;, i=1...m).

Put n;=#{i: A;=B;}, j=1...m. Then, with f as above,
, m
D M b B =[]0, 1EB)=b,j=1...m).
=) 1

Thus the left-hand side of (2.1) equals

-v(B)

[1®), [T12E®)=b)=]+B)"®b-ny) e
1 1

lt

W(B)" P(EB)+n;=b;,j=1...m),

!
!

which equals the right-hand side. Q.E.D.

Before we can formulate the second general property of Poisson processes, we
need a definition.

Definition. A real-valued function f of the Poisson process is increasing if
AE)=AE") for every two realizations Z and E’ such that E—Z’ is a positive measure (i.e.
E5E’ regarded as sets). An event E€ % is increasing if its indicator function is
increasing.

In our applications Z will be a random set of sets and we will study the event that a
certain set is covered by E. This is obviously an example of an increasing event.

The importance of this property lies in the following correlation inequality.

LEMMA 2.2. Iff and g are two increasing non-negative measurable functions of a
Poisson process 2, then

E(AB) g(B)) = EflE) €g(5). (2.2)
In particular, if E, and E, are two increasing events,
@(El and E2) = '@(El) @(E2) (23)

For a proof of this lemma and its relation to the FKG-inequality, see [8], Lemma
2.1.
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3. Poisson processes in particular

We return to the situation of Theorem 1.1. We will in the sequel assume that the
random convex set A is defined on a probability space (Q,, %4, ) such that the event
x€A is measurable for every fixed x € RY.

We will in this section use the notation u, for the distribution of aA. (For
notational convenience we assume that u, is defined on the same space Q, of convex
sets.) Thus the small sets are defined as aA+X, where (a4, X) has the distribution
UaX |V dx.

Let u be a fixed real number and let

1
&laA|

Ma) = (logJE—l—+(d+m~ 1) loglog%,[%—log (m—1)+loga+u). (3.1)

&laA|
Then (1.1) may be written as

g’(—g]"‘l/]—A-l Ny ws %\aA\l(a)) —e*" asa—0 (3.2)

or, since PN, ,<n)=%P(n sets cover m times)
P(|V|A(a) small sets cover K m times)— exp(—e™“). 3.3)

It is easy to see that we here may replace the fixed number |V|A(a) of small sets by a

random number M with M~%Po(|V|A(a)), i.e. M has a Poisson distribution with
EM=|V|1(a) (and, of course, M independent of everything else). (See e.g. [71, p. 70,

where this is done in detail.) Consequently, (1.1) is equivalent to
P(M small sets cover K m times)— exp (—e ™). (3.4

However, let £}, be a Poisson process on Q4xV with intensity |V|iu,x|V|~!dx=
A, Xdx. Then F_Xa consists of M, M~%o(|V|2), independent elements (aA;, X;), each
having the distribution 4, X[V|™"dx, and the set {aA+x: (aA, x)€ E} },is nothing but
the collection of M small sets. With a minor abuse of notation, we let EZ,, denote this

set also, and (3.4) is the same as
P(E} ).« cOVer K m times) — exp(—e™). (3.5

Finally, we extend E/ , to a Poisson process Z; , on Q,XR? with intensity Au,xdx.

Thus, El,a=EXa UEfa, where E,‘{ca is a Poisson process with the same intensity on
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Q,XV*. The number of sets of Efa that meet K is Poisson distributed with expecta-

tion

f fl((aA+x)‘ﬂ K*@)Adydx=lf jl(xEK—aA)dxd,u
Q, IV Q,Jve

A 4 3.6)
=A&(K—aA) n V9.

If rlaA)<d(K, V°), (K—aA) N V* =, and otherwise
|K—aA| < CHK—aA)? < C(r{K)+r(aA))’ < CraA)? < CraA)**e.
Hence
Ma) E(K—aA) 0 V°|< CA(a) a®+*%€r(A)* "5 = CAMa)a®**—0, asa—0 (3.7)

and P(some set in E}’(;)’a meets K)—0 whence (3.5) and hence (1.1) is equivalent to
P(E 4, a cOvers K m times) — exp(—e™*). (.8)

This will be proved in Section 7.
Similarly, since the number of sets in E; , that meet K is Poisson distributed with
expectation A&|K—aAl|, it follows from (3.8) that

__Badl >_> e 3.9
9’( AK—ad] N, < ¥|aAji(a) ) > exp(—e™), 3.9

which, since (1.2) implies that
€K—aA|—-|K|=o(logal™"), asa—0,

yields (1.3). We omit the details.
A similar argument is used in the proof of Theorem 1.2, see Section 8.

4. Convex sets

We will need some properties of convex sets in R?. We denote the surface measure,
i.e. the d—1 dimensional Hausdorff measure, by w. (We will no longer need w to denote
points in Q.) If A is convex, then w(3A)<CrA)* .

Let D3(x)={y: [y—x|<d and (v, y—x) <0} (a hemisphere).
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Definitions. A unit vector n is a normal to A at x if x€EAA and Ac{y:
(y—x, n)<0}. '

A vector v#0 is special for A, ...,A, at x if x€ N]9A4; and U’,‘Ap}_’)‘j (x) for some
0>0.

A convex set has at least one normal at every point of A. Furthermore, the
boundary is w—a.e. differentiable and thus, if the interior A° is non-empty, the normal
is unique a.e. on 3A. The significance of the special vectors will become clear in
Section 6.

For the remainder of this section we assume that A,, A,,... are fixed bounded
convex sets in R%. We will prove several lemmas showing that random translates of
these sets a.s. intersect in nice ways. The lemmas are intuitively obvious and more or
less trivial to prove when the sets are e.g. spheres or polyhedra. We will nevertheless
give complete proofs, but the reader that wants to come quickly to the point can skip
these.

LEMMA 4.1. (i) For a.e. {x;}{, the intersection N 3(A,+x) is a finite set.

(ii) For a.e. {x;}4*!, the intersection N{*' 3(A+x)) is empty.

Proof. (i) It suffices to prove this for x; in a fixed large cube Q. Let Q; be a larger
cube with d(Q, Q))=supr(A)+1. We put, for 0<e<1, Aj={x: d(x, 3A)<e} and note
that |Aj|<C,¢ for some constants C;<o. Then

d
ff |n(A§+x,.)|dx,...dxd=f f...fI(xeA§+x,.,i=1...d)dxdx,...¢xd
o Jo! oJo Jo

d d 4.1)
- f [Tiena-apiax<io ] Jg=ce.
Q 1
By Fatou’s lemma,
d
j j liminfe N(A+x)|dx, ... dx, < C <. 4.2)
£—-0 1

However, if x€ nfa(A,.+x,.), then nf(Af+x,.) contains the ball with radius £ centred at x.

Hence

d d
# N 3(A+x)<Climinfe ™| N (Al +x)|
1 &0 i
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and thus

d
f...f#ﬂa(Ai+xi)dx1...dxd< ©, “4.3)
1

(ii) is proved in the same way, or by using (i). Q.E.D.

Remark. A different proof shows by induction that Nf3(4;+x) a.e. has a finite
(d—k)-dimensional Hausdorff measure.

LEMMA 4.2. Let k=1. For a.e. {x;}} holds that if x€ N%3(A+x) and n; are nor-
mals to A;+x; at x, then {n;}* span a proper cone in R".

Proof. Let F be the closed set {{x;}*€R*:N¥A,+x)*3}. Suppose that {x}EF
and that »; are normals to A;+x; at x but Z¢;n=0 for some ¢=0 not all zero. If
{x;+z} €F, then there exists y€N¥A,+x+z). Consequently, y—z,€A,+x;, whence
(n;, x—(y—2))=0,i,...,k, and

k

k k k
E cn;,z;) = Z ci{n; Zi>+<z cini’x_y> = 2 ci{n,x—y+z;) =0. 4.4)
1 1 1 1

This restricts {z;} to a half-space in R%. Consequently, {x;}} is not a point of density

of F. Since a.e. point in F is a point of density, see e.g. [16], p. 12, this completes the
proof. Q.E.D.

LEMMA 4.3. (i) For a.e. {x;}%, if x€N*3(A,+x), then xEOU A+x; .

(ii) For a.e. {x;}}, (Uj(A;+x))°=Uj(A+x)°.

Proof. (i) Let n; be normals at x. By Lemma 4.2 we may assume that there exists
some vector v with (v, n;)>0, i=1...k. Consequently, x+w§ U A+x, when r>0,
and x€¢ (UX A, +x; ).

(ii) Suppose that x € (UT(A,+x))°\ U7 (A;+x)°. If the sets are indexed such that
x€ A+x, fori=1,...,k but not for i>k, then xEN'3(A,+x) and x€(U(A+x))’.

The result follows from (i). : Q.E.D.

We denote the closed cone {Z¥c,n;: c;=0} spanned by some vectors ny, ..., n; by

[}

Cone (ny, ..., ng).

LEMMA 4.4, Let k=1. For a.e. {x)}* holds that if v is special for {A;+x}* at x and

n; is a normal to A;+x; at x, i=1... k, then v€Cone (n,, ..., ny).
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Proof. Suppose that vé§ Cone(n,, ..., n;). Thus, there exists a vector e such that
(v,e)<0 and (n;, e)=0, i=1...k. Since, by Lemma 4.2, we may assume that there
exists a vector f with {n;, f)>0, it follows that with e’ =e+e¢f, >0 small, (v, e’)<0 and
(n;, e'y>0, i=1... k. Consequently, if 6>0, x+de’ § Uf(A,+x,) and v is not special at x.

Q.E.D.

LEMMA 4.5. Let 1<k<d-1. For a.e. {x;}%, the set {v: 3x such that v is special for
{A;+x)}* at x} has Lebesgue measure zero.
Proof. Let V, be the linear span of all special vectors for {A,+x;} at x. By Lemma

4.4, we may assume that dim V,<k<d for every x.

Let v be special at x and let D3(x)cU%A,+x,). Suppose that |y—x|<d and that
some vector w is special at y. Then y€ N A +x, . If (v, y—x)>0, then for some small
£>0, x—e(y—x)=D3(x)c=(U¥A,+x))°, and it follows, since each A, +x; is convex, that
a neighborhood of x is included in U*¥ ‘A;+x; . We exclude this by Lemma 4.3 (i) and
conclude that (y—x, v)=<0. Then, for some 7>0, DZ(y)cDg(x) and v is special at y.

Now, let e, ..., ¢, all special at x, be a basis of V,. The above argument applied to
each e; shows that there exists some 6>0 (which may be chosen the same for every j)
such that if |y—x|<d and V,+0, then {e}{€V, and thus V,cV,. If furthermore
dim V,=dim V,, then necessarily V,=V,. Hence, for every I=1,...,d—1, the set {x:
dim V,=I} may be covered by balls where V, is constant. Consequently, there is at
most a countable number of different spaces V, and the set of special vectors is
included in the union of countably many hyperplanes. Q.E.D.

LEMMA 4.6. For a.e. {x}{, the set {v: there exist two different points x,x' such

that v is special for {A;+x}¢ both at x and at x'} has Lebesgue measure zero.

Proof. Suppose that v is special at x and at x’ and put y=x'—x. Let n; be a normal
to Aq+x; at x. Since x’ €N{ Aq+x, , (n,y)<0 for i=1...d. We study two cases
separately.

Case (i): (n;y)=0 for all i. Then x+rty+en;$A;+x;, when £>0. Since
x+ty€ A+x; by convexity for 0t<1, {x+ty: 0<t<1} € NY3(A,+x,). This is covered
by Lemma 4.1 (i).

Case (ii): (n;,y)<O for some i, say i=1. Let D%(x)cU(A;+x). Hence, if
>0 is  small, Dg’z(x—sy)cDg(x)cU‘,‘(Ai+xi). However, x—ey ¢ Xﬁ-—x—, , and
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x—ey€(A;+x)°, i=2 d, since otherwise x €(A;+x,)° by convexity. It follows that v is

special for a subset of {4,+x;}$ at x—ey. Thus, this case is covered by Lemma 4.5.
Q.E.D.

LEMMA 4.7. Let I=1. For a.e. {x}i*!, the set

d d+t
{v: IXENB3(A;+x), y€ N 3(A,+x) such that (v,x—y) =0}
1 1+1

has Lebesgue measure zero.

Proof. By Lemma 4.1 (i) and (ii) the sets NY3(A4,+x) and N}/ 3(A,+x,) are, for a.e.

{x}¢*!, finite and disjoint. Thus, the set in question is the union of a finite number of

hyperplanes. Q.E.D.

5. Further preliminaries

Let A be a random bounded convex set in R? as before and let 0<i<o We take a=1
for the time being and let E be the Poisson process Z; , defined in Section 3.

LEMMA 5.1. P(There exist d+1 different sets By,...,By.1€E such that
N4+ 5B +2)=0.

Proof. Put fiB,, ..., B, )=I(N%""' 3B,+) and denote the sought probability by 2.
Then, by Lemmas 2.1 and 4.1 (ii),

P< %’Z AB,,....B,.)

=ld+1f...ff...fﬂA1+xl,...,Ad+1+xd+1)a’x1...dxdﬂd,u(Al)...d;t(AdH)

=0 Q.E.D.
Definition. A vector v+0 is admissible if
@) for k=1,...,d—1,
#3B,, ...,B,EE and x such that v is special for {B;}* at x)=0;
(i) @3B,,...,B; and x,x’ with x*x' such that v is special for
{B}¢ both at x and at x')=0;
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(iii) #(3B,,...,By4,B.,...,B4€E with {B;}+{B]} and x,x’ with (v, x—x')=0 such
that v is special for {B,}{ at x and for {B}}{ at x")=0.

LEMMA 5.2. Almost every vER? is admissible.

Proof. We treat the three conditions one by one.
(i) We may assume that By, ..., B, are different (otherwise we reduce k). We let

f/By, ...,By) = I(3x such that v is special for {B;} at x)

and use Lemmas 2.1 and 4.5 and Fubini’s theorem to conclude
f &> f/(B,,....BYdv=0.

(ii) The possibility that two B; coincide is covered by (i). The case that By,...,B,
are different follows from Lemmas 2.1 and 4.6 by the same argument.
(ii) Similar, using Lemma 4.7. Q.E.D.

Note that the property that v is admissible does not depend on A. It is obviously
invariant for a change of scale A—aA and a normalization v—v/|v|.

We will perform an important change of variables in the next section and we
compute the Jacobian here. Cf. Federer [3], Chapter 3.2 for changes of variables by
Lipschitz mappings.

LEMMA 5.3. Let A,,...,A; be convex subsets of RY Then T:
RI%8A;X... XA, —»R?Y? defined by I'(x,y1,...,ya)=(x—y1,...,Xx—ya) has a.e. a Ja-
cobian that equals |Det (n{y;) ﬂ’ where n{y;) is the normal to A; at y;.

Proof. T is a Lipschitz mapping and thus a.e. differentiable. Since the Jacobian is a
function of the first order derivatives, its value at (x,y,...,y,) remains unchanged if
3A,,...,8A, are replaced by their respective tangent hyperplanes {y,+H;}, where
Hi=n{y)*. However, this linearized mapping T*:RxH;X...xH;—R)? with
T*(x, 2y, ..., 2)={x—y,~2)}¢ (y; are now held fixed!), equals the composition
Ty0(T,xI% 0T, where, with ni=n{y),

Ty RIXIH-RIXIH;,  Ty(x {z})=0x, {x—(x, nyni—z}),
T R%>RY, T,)={(x,n)}{, and
[y RXTTH~®RY, T,(@)!, @)H={a;n+z}].
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It is obvious that I’y and 'y are measure-preserving. Hence
[DetIT*| = |Det T, = |Det (1)) Q.E.D.

This lemma motivates the following,
Definition. Given d convex sets A,, ...,Ay4, We let @ denote the measure

|Det (n,(y)){|dw(®)) ... dw(y,) on B8A,X...X3A,,

where n/(y;) is the normal to A; at y;. (Thus, déo=|dw A...A dw|.)

We let, as in Section 4, Cone(ny,...,n;) denote the closed cone spanned by
ny, ..., n; and let Cone®(n,, ..., n;) denote its interior.
We define, for v ERY, if the interiors A3, ..., A% are nonempty,

,B(A,,...,Ad,v)=J' f I(w€Cone (n,(y,), ..., ny,) di> (5.1)
84, B4,

and

ﬂo(Al,...,Ad,v)=f f IwECone® (n,(y)), ..., ny,)) do, (5.2)
24, 34,

and (A4, ..., Ag V) =By(Ay, ..., Aq, v)=0 if some A}=D, and further, if A denotes our
random convex set,

alA,v) = (d) (ZA)“VERA,,...,A, V), (5.3

a)A,v)=(d) (ZA) Y VEByA,, ..., A, V), (5.4)

where Ay,...,A, are independent random sets with the same distribution as A. (We
write the first argument of a and ag as A although they actually are functionals of the
distribution x of A.) Note that the factors €|A| in a and a, make them homogeneous;
a(aA, v)=a(A, v). Also, Bo<p=<II{ w(3A,) and thus

ay<a<(Zw@A) (EAD' “<wo if EA) <,
LEMMA 5.4. B(Ay,...,Az, 0)=Bo(A},..., A, V) a.e. 5.5

and
a(A,v)=ay(A,v) a.e. (5.6)
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Proof. If B is a ball in R?,

IB n Cone (n,(y1), ..., nayd))| = |B n Cone® (n;(y1), ..., ndy )|

Hence, by the Fubini theorem

fﬂ(Al,...,Ad,v)dv=fﬂo(A,,...,A,,,v)dv,
B B

whence, since B is arbitrary, f=p, for a.e. v. Similarly, a=aq, for a.e. v. Q.E.D.

We will later (Corollary 7.4) show that in fact a(A, v) equals a constant a(A) for
a.e. v (this is the constant appearing in Theorem 1.1), and similarly that 8(A,,..., A4 V)
is a.e. independent of v. We do not know any direct proof of this fact of integral
geometry.

We will compute a for some special cases in Section 9.

We also will need modified versions of these functionals. Let Z'={B: BEE and
0¢ B} be our usual Poisson process with all sets containing 0 removed, and put, with
D2=D%0)={x: |x|<9, (x, v) <0},

B(A,....ALU, A 0)=PBA,,..., Ay, v)/PE covers D?), 5.7

ﬁ_(Al,...,Ad,v,l,6)=f f I(w€Cone®(n,(y)), ..., 1))
A, 8A, (58)

X PZ' U{A,~y}? cover D})do
if A3, ..., A%+, and 8, =p._=0 otherwise, and, parallelling the definitions above,
a,(A,v,4,0)=(d)"(A)' 948, = a/P (Z covers DY) (5.9)
a_(A,v,4,0)=(d)(BA)'?&5_. (5.10)

Finally we define

A, A) = A4B|A)? e8I, (5.11)

6. Covering a cylinder

It will be convenient to do the central calculations on the infinite cylinder RxT ™!,
We assume that r(A) is bounded above; P(2r(A)=d)=0 for some d<1/2, and let in

this section Z denote a Poisson process on Q,XRxXT?"! with intensity Aduxdx

7868282 Acta Mathematica 156. Imprimé le 10 mars 1986
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constructed as the process of random sets in R? studied in the preceding section.
Locally, the two processes are the same, and the earlier lemmas hold for the process on
the cylinder as well.

For simplicity, we will assume that m=1 and leave the modifications for m>1 until
the end of Section 7. ,

Let, for =0,C, be the cylinder [0,)XT¢!={(s,x") ERXT? 1:0<s<r} and
define 1=7(E)=inf {s=0: (s,x’) ¢ UE}. Hence, 7=t iff C, is covered by Z. The main idea
is, loosely speaking, to show that 7 is approximately exponentially distributed with
parameter ya.

Let e denote the vector (1,0, ...,0).

LEMMA 6.1. Suppose that e is admissible and that 2r(A)<d<1/2 a.s. Then the
distribution of t is, apart from a point mass at 0, absolutely continuous with a density
SJunction @(¢) satisfying

YA, N)a_(A, e, 2,8) Pa=n<gpt) <y, Va.(A, el 0)Pa=r, t>0. (6.1)

Proof. Suppose that we have proved this with A replaced by the random open set
A° (note that a. and y are the same for A° as for A), and let Z° be the corresponding
Poisson process. Using Lemma 4.3(ii) it follows that a.s. UZ°=(UE)° and thus
E° covers CP<Z covers C;S. However, for £>0, #C; is covered)<P(C,_, is cov-
ered)=P(r=t—¢), whence g’(C;"is covered)=P(r=1)=9P(C, is covered), and thus the
result for A follows from the result for A°.

Hence, we may without loss of generality assume that A is a random bounded open
convex set. Then, since T¢"! is compact, r=t iff C, is covered by E, but there exists
an uncovered point x=(¢, x’). Let B; ... B, be the sets BEE whose closure contain x.
Thus x € n’;aB,. and, if >0, e is special for By,...,B; at x. We may ignore the
possibility that k>d by Lemma 5.1 and the possibility that k<d by the assumption that
¢ be admissible. Hence k=d and thus a.s. (with a common exceptional null set for all
t>0)

T=t<3x=(t,x') and sets B,, ..., B,€E such that x€N{3B,
e is special for B,, ...,B, at x, x¢§ UE and E covers C,.
Since e is admissible, the point x and the sequence By, ..., B, are a.s. unique (up to the

ordering of {B;}).
Let g be a positive measurable function on [0, ©) with g(0)=0 and define
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g(t)-I(Z covers C, and x¢ UE) when there exists
a point x = (¢, x") EN? 3B, such that e is special

B,..,B;,E)= 2
v, &) for B,, ..., B, at x, and >0. ©2)

0 otherwise.

Then, by the argument above,
> ¥B,,....B,E)=digln) as. ©.3)

(d! terms, differing in the order of B, ..., By, equal g(r) while the others are zero).
Hence, by Lemma 2.1, :

d'Eg(t) = f f EYA +xy, ., At x, B U {A+x}) A%, . dxydu(A) ... du(A ).

(6.4)
We define

‘I‘(A‘,...,Ad)=f...f%w(A,+x,,...,Ad+xd,EU {Atx)Ddx,...dx;  (6.5)

and (6.4) may be written
Eg(t) = (d) " 1€ W(A,,...,Ay), (6.6)

where Ay, ..., A, are independent random sets with the distribution . By the definition
of y, the integrand in (6.5) is zero unless there exist xERXT4"! and y;€8A,,
i=1,...,d, such that x=x;+y;. Hence, we make the change of variables x;=x—y;. This is
a Lipschitz mapping of (RXT9 !)X8A4, X...X A, into (RXT?"Y)? and, by Lemma
5.3, its Jacobian equals |Det(n,(y,~))‘1‘| a.e. where n{y;) is the normal vector of A; at y;.

Consequently, with x=(¢, x') (note that x¢ A;+x—y,) and & as defined in Section 5,

WA,,...,Ay) = f f f f %’(g(t)I(EU{A,.+x—y,~}‘f covers C, and x§ UE)
0 ~1Jaa, 3A,

6.7)
xI(e is special for {A;+x—y}¢ at x))dtdx’ do.

We write

®(x, A,q,..., Ay = f f PEU{A;+x—y;} covers C, and x§ UE)
04, a4, 6.8)
xI(e is special for {A,~y;}¥ at 0)dd.
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By symmetry, this function is independent of x’ and we will write it as ®(¢, A, ..., A,).
Thus

lP(Al,...,Ad)=ff gD, A,, ..., A)drdx’

o I 6.9)
=f DDAy, ..., A)dt
0

and, by (6.6),

@«

g(z) =-‘%}.“ f g() ED(, A,, ..., Ay dr. / 6.10)

0

Since g is arbitrary with g(0)=0, this formula shows that 7 is absolutely continuous on
>0, with density function given by

o) = %Ad%’d)(t,A,, A 6.11)

In order to estimate ¢ we proceed as follows. We fix x=(¢, x’), Ay,...,Agand yy,..., ¥4
such that e is special for {A;—y,} at 0. Let E; be the restriction of the Poisson process =
to {B: x¢ B}, i.e. E with all sets covering x excluded. (Thus Z’ in Section 5 equals E;.)
Note that the distribution of Z. equals the conditional distribution of = given x§ U E.
Furthermore, the number of sets BEE that contain x is Poisson distributed with
expectation [ [ I(x€A+y)Adu(A) dy=A€lA|, and thus P(x¢ U E)= e *¥4. Hence

P(E U{A,;+x—y,} covers C, and x ¢ UE)
=PZEU{A+x—y;} covers C,|x§ UE) P(x ¢ UE) 6.12)

= PE, U{A+x—y;} covers C,)-e 2 %Ml

We define D®(x) and D®=D%0) as on RY and let D=D%x), E=C,\D. Let
E* denote Z; U {A;+x—y;}. The correlation inequality (2.3) yields, the events obviously
being increasing functions of E.,

P(E* covers C,) = P(E* covers EU D) = PE* covers E) HE* covers D). (6.13)

However, since neither any set A;+x—y; nor any BEZ with x€EB meets E (because
their diameters are less than J), E* covers E<E, covers E<E covers E. Hence

=* covers C,) = P(E covers E) P(E* covers D)

6.19)
= P(E covers C,) H(E* covers D).
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Similarly we obtain, reversing the roles of = and =¥,

P(E covers C,) = PE covers E) P(E covers D)
= P(E* covers E) P(E covers D) 6.15)
= PE* covers C)): P(E covers D).

These inequalities, translation invariance, and the fact that E covers C,«<t=t, vield

Pr=1) PE' U{A,~y,;} covers D®) < P(E* cover C)

< P(x = 1)/P(E covers DP). (6.16)

Furthermore, if e is special for {4,—y,}{ at 0, we may assume using Lemma 4.4 that
e €Cone (n(y)){, and, conversely, if e € Cone® (n(y))! and each 3A; is differentiable at
y; (which holds a.e.), then e is special. Hence, by (6.12), (6.16), (6.8)

&, A, ..., A)< f f Pz =1) PE covers D%)'e "4l I(¢ € Cone (n(y ) do
A, BA,4

=e"g"‘|ﬂ+(A,,...,Ad, e)Pr=t) 617
and, similarly, .
Ot A,,...,A)=e B (A, ..., A, e) P(r=1). (6.18)
(6.1) follows by (6.11), and the definitions of a,,a_ and y. Q.E.D.
LLEMMA 6.2. If e is admissible and 2r{(A)<6<1/2 a.s., then
Pa=n<e ™' (6.19)
Prznze ' Pa=0)z e 7Y, (6.20)

Proof. By (6.1),

%(%z D™ = () +ya. Pa=D)e’™ <0, .1>0.

Thus P(z=1) "' is decreasing and, if >0,

Parznee'<limPr=s)e” = Hr>0) <.

§—0

Similarly P(r=1) ™' = P >0).
Finally, note that if ¢>0, the two sets [0,&)XT¢ ! and [6+¢, 6+2e)xT?"! are
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covered with the same probability P(r=¢) independently of each other. Hence
Pr=e)l=Pa=0+2e)= e_ya*w”s)g’(t >0).

We obtain, as ¢—0, since P(r=e)— PAr>0)>0, g’(t>0)>e_ya*6, which completes the
proof. Q.E.D.

7. Covering a set in R?

In this section we return to R%. We first estimate the probability of covering a cube. We
keep the notation of the preceding sections, in particular e=(1,0, ..., 0). In this section
all cubes are closed and have sides parallel to the coordinate axes.

LEMMA 7.1. Suppose that e is admissible and that 2r(A)<d a.s. If Q is a cube in
R? with side s>0, then

_ d
PE cover Q)< e AP RS (7.1

P(E cover Q)= ¢ AP Mk (7.2)

Proof. The change of scale s—as, —ad, A—aA, Al—a % preserves PE covers
Q) and a- and changes y into y(aA, a~4)=a"%!(A, A). Hence it is sufficient to prove
the inequalities for a specific s.

For (7.1) we may thus assume that s=1/2. The closed cylinder C, may be
decomposed into 2¢ cubes of side 1/2. Each of these is covered (by the process on
RXT“!) with the same probability as 0, and thus, by Lemma 2.2, #(z=1)=%(C; is
covered)=P(Q is covered)zd. Hence (7.1) follows from (6.19).

For (7.2) we assume that s+d=1. Then Q may be regarded as a subset of the
cylinder C,_s and, by (6.20),

P(Q is covered) = HC,_, is covered) = Pr>1-8)=e " QE.D.

The next step is to approximate the set K by a union of cubes. (We are squaring the
circle!)

Let %, be the family of cubes {x: n;s<x;<(n;+1)s, i=1...d}, where ny, ..., ng are
integers.

LEMMA 7.2. Suppose that K is a bounded set in R? and let n,=#{Q€ %,: QcK},
m=%#{Q € F;: QNOK*D}. If e is admissible and 2r(A)<d0<s a.s., then
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- —ya_(s=0)%
PE covers K)<e 707" (7.3)

_ - &)
PE covers K) = ¢ 70+ rm) (7.9

Proof. Let {Q}'={Q€ % QcK}, and {Q}i1"={Q€E F.: QN3K+D}. Further-

more, let Q; be the cube with the same center as Q; and with side s—d. Then, the events
{E covers Q;}, i=1, ..., n, are independent and, using (7.1),

P(E covers K) < PE covers every Q',., i=1,...,n)

" (1.5)
= H P(E covers Ql) < e_ya-(“_‘”d"s.
1

ntm

In the opposite direction we note that KcU* " Q.. Hence, the correlation inequality
(2.3) yields

P(E covers K) = AE covers every O, i=1,...,n,+m)
n +m, (7.6)
= H P(E covers Q).
1

Lemma 7.1 now completes the proof. _ Q.E.D.

LEMMA 7.3. Suppose that K is a bounded set in R such that |3K|=0 and that
EnA)¥ i< for some &>0. Suppose further that v is admissible and that

oA, v)=a¢(A, ). If a—>0 and
55|aA|l—log—'5-|— - dloglog—lﬁ— —loga(A,v)>u, —-o<u<oxo, 7.7
&laA| &laA|

then

ME, , covers K)— exp(—e™). (7.8)

Note. The conditions on v hold a.e. by Lemmas 5.2 and 5.4.

Proof. We may assume that v is a unit vector; further we may assume that v=e.
(Otherwise we rotate everything.)

We truncate the distribution of A by defining

A when {(A)<R (7.9)

AR = {
@ when H{A)=R.
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Let ZF denote the Poisson process defined as E; , but based on A®. Thus E{

differs from E; , only in that the sets aA+x with r(aA)=aR have been deleted.
We choose R=a""! where #>0 is such that 1-n>d/(d+¢). (Thus R—» as a—0.)
Then, the number of sets in &, ,\ E{° that meet K is a Poisson distributed random

variable with expectation (a is tacitly assumed to be small enough)
f f I(x€aA—K)-I(r(A) = R) Adx du(A) = A&(laA-K]|I(r(A) = R))

< A%(C(ar(A)+r(K))’I(r(A) = R))
< C(a“’log%) E((a*r(A)'+1) I(r(A) = R)) (7.10)

< C&(r(A)log R+RY~"1og R) I(r(A) = R))
< CEMA)""MlogHA)-I(r(A) = R))—0 as a—0.

Hence
PE, , covers K)—PEP, covers K)—0. (7.11)

For AEF) covers K) we use Lemma 7.2 (with A replaced by aA®®), taking 6=2aR and
s=06'2, Thus, s—0 and 0/s—0 as a—0.
With the notation of the proof of Lemma 7.2,

ntmg

UQ,cKc U @
1 1

and thus
n,s’<|K|<(n,+m,)s". (7.12)
Furthermore,
n:q? Q,c{x: d(x,8K) < \/Fs},
and thus
mys?<|{x: d(x,0K) <V d 5}|—>|0K|=0 as s—0. (7.13)
Consequently,

m,s°—>0 and n,s—|K|,
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whence
n(s—90?—|K| and (n,+m)(s+0)'—|K]. (7.14)
Furthermore,

y(aA, Ay = (A€aA)(&aA) e+
= (1og—|’—q—>d(1+o(1))(%’|aA|)°‘

Glad KL K (7.15)
Xexp (—log Flad] —dloglog Flad] —loga(A, e)—u+o(1)>
- |K|"a(A, e) le v,
By (7.10),
MElaA|- EaA®|) = 18(|aA|l(r(A) = R))— 0
and thus
YaA®, Diy(aA, y)— 1
and
WaA® 1) —|K|'a(A, e) e 7" (7.16)

The only step remaining before we can deduce (7.8) from (7.3) and (7.4) is to show
thata.(aA®, e, 4,2aR) convergeto a(A, e). Wefix r suchthat €A"/€A=1-n/2. Then,

since DﬁR is included in a cube of side 4R, Lemma 7.1 (with 6=2r) yields, for R>r,
P(EY, covers DIF) = exp(—1(A”,aD a, (A7, e,a’d, 2 @R+21)%).  (7.17)
By the definition of ¥ and (7.15),
,},(A(r)’ a"/l) Ri= Rd(ad;l)d(gA(r))d-le—a‘A%’]A"’l
< YA, a’D) " (@ )T (BAD)- IR
— C(ady(aA, A))"”’z(adl)d”’sz
dn/2 dnl2
SCa"'“‘””’(log—l—) "R = C(a logi> "o
a a

(7.18)

Furthermore, #E), covers DY) increases as a\0, whence a.(4?,e¢,a%l,2n<

Ca(A”, e)<=. Consequently, the exponent in (7.17) tends to 0 and
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P(ES, covers DI¥) = P(E", covers DXF)— 1. (7.19)

a1
Thus

a,(aA®, e, A,2aR) = a, (AP, e, a4, 2R)

7.20
= a(A®, e)- P(EX) covers DF)™'— (A, o). (.20

In order to show that a_ converges we fix A,,...,A; and y,,...,y; such that e is
special for {4,—y;}¢ at 0. Thus {4,~;} covers D% forsome »>0. As a’4 increases E),

contains more and more sets and it is obvious that D\ D eventually becomes

covered, i.e. »

P(E®, covers DY\D;)— 1. (7.21)
Since E) and ), coincide on D*\D?, it follows from (7.19) that

P(E), covers DIFN\D)— 1. (7.22)

Together, these estimates yield

“a) “ald

P(ES U{Ai~y}{ covers DF) = P(EQ, U{A;—y;} covers Dy—>1. (1.23)

By dominated convergence, it now is clear from the definitions (5.8) and (5.2) that

B_(A,,...,Ase,a’A,2R)>By(A,, ..., Ay €) (7.24)

and-
a_(aA®,e,2,2aR) = a_(A®, e,a’A, 2R)—a (A, e). (7.25)
: Q.E.D.

COROLLARY 7.4. a(A, V) is a.e. independent of v, i.e. there exists a constant a(A)
with a(A, v)=a(A) a.e. Similarly, (Ay, ...,As, V) =B(Ay,...,Ay) a.e.

Proof. If Lemma 7.3 applies to both v and w (for some K), then obviously
a(A, v)=a(A, w). This proves the statement for a by Lemmas 5.2 and 5.4. The result for
B follows easily from this if we, for fixed Ay,...,A,4, consider the random set A that
equals A; with probability p; (Z¢p;=1) and vary {p;}. Q.E.D.

Lemma 7.3 proves (3.8) and thus Theorem 1.1 for m=1.
For m>1, essentially the same argument works. The main modifications are as
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follows: We define z,, as inf {s=0: (s, x") ERXT?"! is not covered m times by £} and
find as before that (a.s.) 7,,=t>0<> there exists x=(t, x’) which belongs to the boundary
of exactly d sets By, ..., B; and to the interior of exactly m—1 sets By, ..., Baim—1
such that e is special for By,...,B; at x. We define ¢, (B, ..., Ba+m-1,Z) as y but
with the extra conditions that Z covers C; m times and x€B4.1,...,Bg4.m—1. This
gives

2 YnBuyves By ) = dim=1g(@.

We use Lemma 2.1 as before and make the same change of variables x;=x—y,;, y; €9A,,
i=1,...,d as before and put x;=x—y, for i=d+1,...,d+m—1. This yields that 7,, has a
density function

@, (0= (m—1)1d) A" IED (1, A, ..., Agemy)

with

<Dm(x,A,,...,Ad+m_l)=f J’ j PE U{A+x—y} !
oa, Joa,Ja

d+1 Agim-1
covers C, m times and if BEE then x§ B)-I(e is special for
{Ai—y}d at 0)dwdy,, ... dy gy pmei-

We define a,,,=a/PE covers D’ m times),

a,. =217(3|A|)_(d+m‘2)%j f f PE U{A-Y !
: 8A, A 7 A4 Agem—1
cover D2 m times)- I(e € Cone*(n,(y,) ... ny ) dwdy s, ... dY 4y rm_
and
_ 1 d+m-1 d+m—-2 ,—A€A|
=____— __ Jd+m A
Ym = n=1)1 (BAp™™e

and proceed as above.
This completes the proof of Theorem 1.1.

Remark. We close this section with an example of the misbehavior when the
condition K< V° of Theorem 1.1 is not satisfied.
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Let V=K be the unit cube [0, 1]¢ and let A be the cube [—1/2, 1/2]%. Thus we try to
cover a cube with small cubes of side a and centres uniformly distributed inside the big
cube. We take m=1. By Example 1 of Section 9, a=1.

First, we assume that d=2. Suppose that a—0 and a’A—loga—2—-2logloga >—u
(7.7). 1t follows from Lemma 7.3 that if K,=[a/2,1-a/2)*, PE}, covers K,)—
exp(—e™*) since E/, and E, ,coincide on K,. However, on the boundary the intensi-
ty of (£, is smaller. For example, on K"={0}x[a/2,1-a/2], E}, is a Poisson
process of intervals of length a with intensity A,=al/2. Since al,—loga~'—
logloga™ ! —>u/2+log2, Lemma 7.3 yields

— i ~uf
MEY , covers K)—exp(—fe 7).

Hence (7.8) fails for E} , and (1.1) fails for this V. In fact, it is not difficult to show
that

PE) , covers K)—exp(—2e™?—e™") (7.26)
and thus the left hand side of (1.1) converges to a random variable with this distribution
function.

If d>2, the situation is even worse. If A is as in (7.7), the intensity on an edge is
(a/2)*"'A~d2'~?loga™!, which is too small to cover. In fact, the correct result is

Pa’N, —2* loga™'—2%'loglog a~! < u)— exp (—2“"e°“’zd—l—% 2"‘1e_"/24-2> .

(7.27)

The asymptotic behaviour is governed exclusively by the edges and the two-dimension-
al facets of K, the interior being covered much sooner.

8. Covering a manifold

In this section we suppose that K is a C2 compact Riemannian manifold. We denote the
geodetic distance by d and the Riemannian measure by v. Let, for A>0 and R a positive
random variable with distribution u, Ef ; be the Poisson process on KX[0, ®) with
intensity A dvxdu and identify it with the corresponding Poiss_qn process of geodesic
balls {B(x,r): (x, r)EE’f z}- The argument of Section 3 shows that the case m=1 of
Theorem 1.2 is equivalent to the following lemma. The case m>1 is entirely similar, but
we omit the details.
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LEMMA 8.1. Suppose that €R***<x for some £>0. Let

b= n‘“[‘<%+ 1)-' ERYV(K)

and let o be given by (9.24). If a—0 and

1 1
bav(K)A—log——dloglog ——loga—» u, 8.1
(K) g, 4 glog- —~log

then
P(ES g covers K)— exp(—e™). 8.2

Proof. For simplicity we assume that supR<w; the general case is treated by
truncation as in the proof of Lemma 7.3.

The manifold K may be covered by a finite number of maps (U;, ¢;). Furthermore,
there are compact sets K;c U; such that K=U K;, the interiors K? are disjoint, and each
boundary 3K; has measure zero. By shrinking U; somewhat, we may also assume that
the geodetic distance on @(U)) is equivalent to the Euclidean distance. We let &, be the
mesh of cubes defined in Section 7 and put

{21 ={Q€F: Qc g (KD} {Qy}; iy = {Q€ F: Q1 B (K) + D}

Thus

Wi

D w(Qp— v(K)

Jj=1

and
n,-+m,-

D uQ@)->uK) ast—0,

j=1

cf. (7.12)(7.14).

For each cube Q; we select a point x;€ Q; and define a new map (U, y;0¢),
where y; is the linear map of R? onto itself that is defined by g(x;)""?, where g; is the
coordinate representation of the metric tensor on the map (U;, ;). Thus, on the map
(Ui, w50 @), the metric tensor is given by the identity matrix at y;{x;) and hence by
I+0(d(x, x)) at Y(x),xE V..

Consequently, for some C not depending on i, or ¢ (less than some ¢g), a geodesic
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ball {y: d(x, y)<r} with r<t on this map that intersects ¥;{Q;) lies between the two
Euclidean balls {y: [x~y|<r(1-Cn} and {y: |x—y|<r(1+Cn)}. Further, the intensity of

the centers is Adv=A(1+0(d(x, x;)) dx.

Consequently, if E, , denotes the Poisson process on R? defined in Section 3 for

the random set A={x: |x|<R} (i.e. a sphere with random radius R),

Py Q) is covered by Z(_cy1 q-cna) < Pl@; (Q,) is covered by Ef )

= g’(wy(Qg) is covered by E(1+cr)1.(1+Cr)a)'

We note that a(A)=a by (9.24) and that €JA|=bv(K).

Let s=¢* and apply Lemma 7.2 to each y{Q;), noting that

Sdns < W)V(Qu)l = Sd(ns+ms)’ sdms = Cfl%(Qu)l

and
(1-CHUQ,) <y Qp| < (1+CHv(Q)),
whence
(1-CHu(Q,) € s'n, < s%n,+m) <(1+CHV(Qy).
Since

H(1~ChaA, (1~Cr)A) < (1~ Cr) A ERAady! ¢ ~(1~Vra"eatr?

<y(aA, A) e

(7.2) yields
P(@; (@) is covered) = exp(—p(ad, 1) e a (1+ Cals) (1+COv(Q,)

and hence, by the correlation inequality,

PK is covered) = H P7(Q,) is covered)
ij

= exp(—plad, 1) "% (1+C als) (1+CH) D, v(Q,).
i

8.3

(8.4)

8.5

(8.6)

8.7

With r=a", 1/2>x>0, tlog 1/a—0 as a—0 and the right-hand side of (8.7) converges, cf.

(7.15) and (7.20), to exp(—v(K) " la~ e “a(A) v(K))=exp (—e™¥).
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Similar estimates in the other direction are cobtained by studying slightly smaller

cubes Q; with sides —Ca, cf. the proof of Lemma 7.2.

9. The constant term

Q.E.D.

To avoid trivial complications we assume henceforth that A°+O (a.s.). We recall that
a(A, v)=a(A) a.e., where a(A, v) is given by (5.3). We begin with a criterion for a given
v to satisfy this equality. (It follows that the condition in Lemma 7.3 that v be

admissible is superfluous.)

LEMMA 9.1. If a(A, v)=a¢(A, v), then a(A)=a(A,v). The corresponding result for

B holds too.
Proof. In fact, we show that for every v=0,
ay(A,v) < a(d) a4, v),
BoA,, ..., Ap VS PA,, ..., A)<PA,,..., A, V).

Let B be a ball. By Fubini’s theorem and (5.1),

/S(A,,...,Ad)=|B|”'fﬁ(A,,...,Ad,v)dv
B

=j j |B n Cone(n,(3,), ..., ny H/|Bldé.
34, 34,

Let B shrink to v; then
I(v € Cone® ((n)})) <liminf|B n Cone ((n,)%)|/|B]
<limsup|B n Cone ((n)?)|/|B|

< I(v € Cone ((n)?),

and (9.2) follows. (9.1) follows by (5.3), (5.4).

9.1

9.2)

9.3)

Q.E.D.

Let w =271%%/T'(d/2) be the area w(S%"!) of the unit sphere. We note the follow-

ing analogue of (9.3)

ﬂ(Al,...,Ad)=w;‘f f w(S%" n Cone (n(y))}) d>.
Joa, 8A,

9.4)
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When the random set A has a centrosymmetric distribution, we may simplify the
expression for a. (In particular, this is true if each small set is centrosymmetric, but
that is not necessary.) We define

ﬁ*(Al,...,Ad)=f f di> = (BA, X...X JA,). ©.5)
24, 84,

LEMMA 9.2. If —-A and A are equidistributed, then
a(A) =(d)7'27UEA) " VEB*(A,, ..., A). 9.6)

Proof. Let g=+1,i=1,...,d. If n,, ..., ny are linearly independent, then a.e. vES?~!
belongs to Cone (¢ ny, ..., e4n,) for exactly one choice of {¢;}. Hence, summing over
the 29 possible choices and using (9.4), (Det(n{y))+0 @-a.e. by the definition of @)

z BleAy, ..., e4A) = f f w;lE oS4 n Cone (g n,.(y,.))f)) dw
94, 04,

{fi) (51} (9‘7)

=f f I(Det (n(y)) +0)di> = B*(A,, ..., A,).
34, EYY

Thus &B*(A4,...,A) =29€B(A4, ..., Ay). Q.E.D.

When the distribution of the small sets is isotropic, i.e. when their orientations are
random, we may simplify further. We begin with a preparatory lemma.

LEMMA9.3. If ey, ..., eq are independent, uniformly distributed unit vectors in R?,
then
d

d
€| Det(e,, ..., e,)| = n-"2r<——) r(

5 9.8)

d+1>—<d—l>
: .

Proof. Let X, ..., X, be independent standard normal random vectors in R%. Then
Xi=|Xile;, with e; as above and |X;| has the chi distribution y4, |X;| and e; independent.
Thus

d
g Det(X,,...,X,)| = %(HIX,.HDet(e,, e,,)|)
1

9.9)
= (%xd)dgl Det (e,, cees ed)l'
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A standard computation yields

I ).

|Det (X, ..., X)| = |X ||y, (X, ,(X3)] ... Inxl...xd_l(Xd)L

However,

where Ty, .. xk(Xk+1) is the projection of X,,; onto the orthogonal complement of

X, ..., X, Given X,,...,X;, this projection is a (d—k)-dimensional standard normal
random vector and thus

e,y KX, o X = By = VT r(""‘“ ) /r(""‘). 9.10)

2 2
Consequently,
d-1
€Det(X,,...,X,)| = H \/TI‘( d_k+1 )/é’(d_k) = 2dﬂr<ﬂ)/{-<_l_> 9.11)
k=0 2 2 2 2
and (9.8) follows from (9.9) and (9.11). Q.E.D.

LEMMA 9.4. If R(A) and A are equidistributed for every rotation R of R?, then

a(A) = 2“’7r"’2(d!)"1“<g;—1> ‘('H)r(%) (B (GA) (B . 9.12)

Proof. For simplicity we assume that Lemma 9.2 applies. (This is necessarily true
if d is even. The proof in the general case is similar, using (9.4).) Let Ry,...,R, be
independent, uniformly distributed random elements of the compact group of rotations.
Then, for fixed A, ..., A,

EB*(R(A),...RA) =% f f | Det (R(ny))|dw(y)) ... do(y)
34, 34,

= f f € Det ((e)D]dw(y)) ... do(y,) . (9.13)
o4, Joa,
= g Det ((e)D)|w@A)) ... w(3A ).
Hence
EB*(A,, ..., AD = EF*R (A), ..., R{A) = & Det ((e)D|(Ew(8A))’ 9.14)
and (9.12) follows by Lemmas 9.2 and 9.3. Q.E.D.

8868282 Acta Mathematica 156. Imprimé le 10 mars 1986
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Thus, in the isotropic case, the asymptotic distribution of N, ,, in Theorem 1
depends only on %A| and $w(8A). If d=2, (9.12) is a(A)=(4x)~" (Bw(8A))*/€Al, and if
d=3, a(A)=(n/384) (Bw(3A))* (EA)2.

If d=1, B(A;)=1 for every nonempty convex set A;. Thus, if PA+0)=1, a(A)=1
and the asymptotic distribution of N, ,, depends only on €|A|.

If d=2 and A is a non-random centrosymmetric set, the same is true.

LEMMA 9.5. If A is a fixed centrosymmetric set in R?, then a(A)=1.

Proof. Let z(¢) be the boundary 84 parametrized ¢.g. by the direction from the
origin. Since A is centrosymmetric, z(@p+m)=—z(p). Thus

2 (27 2 T+
B*A,A)= f f |dz(@)xdz(y)| = f 2 f dz(@)x dz(y)
o 0 0 e 9.15)

2n

2
=2 f dz(@) X (z(+@)—z(p) = 4 f 2(p) X dz(@) = 8|A|
0 0

and thus a(4)=1 by (9.6). Q.E.D.

It may similarly be shown that if A; and A,cR? are centrosymmetric,
$6*(A,, A,) equals the mixed volume V(4,,4,), cf. [1]. (8* is not a mixed volume

when d>2; it has the wrong homogeneity.)

Next, we show that the symmetrization of A to £A never increases o for d=2. We
do not know whether this is true or not for d=3.

LEMMA 9.6. Let A be a random convex set in R?, let R be a random rotation
independent of A with an arbitrary distribution (not necessarily uniform) and let +A
equal A or —A with probability 1/2 each (independently of A). Then

a(tA) < a(R(A)). 9.16)
In particular,

a(xA) < a(A). 9.17)

Proof. The mapping y—n(y) defined a.e. maps 94 into the unit circle 7. Hence, the
arc-length measure w on 64 induces a measure v4 on T.
Let k be the periodic function given by

k(f) = n) " !tsint for —n<t<um.



RANDOM COVERINGS IN SEVERAL DIMENSIONS 115

It follows immediately from (9.4) that

BA,,A) = f f k(s—0) dv, (s)dv, (1) = > kn)®, () 9, (n) (9.18)
and hence
€A, A) = D, kn)| &9 ,(m). (9.19)

-0

We note that 94 (—1)=9,(1) =[ €” dvo(t)=[ 54 n(y) dw(y)=0 by Gauss’ theorem. Fur-
thermore, &b 4(n)=%p4(n) if n is even and 0 if n is odd, and, if A is the distribution of
R, | &gy (m)|=|A(n)||€94(n)|<|EP4(n)|, with equality for n=0. An elementary compu-
tation shows that k(n)=(—1)"*'2n(n?—1))~! for n+=+1 and thus k(n)<0 if n+0 is even
and k(n)>0 if n+=+1 is odd. Hence

(LA, 2A)= >, Kn)| B0, mIPs D, k(n)|E0peum)f?
< EB(R,(A)), Ry(A)).
This yields (9.16), and the special case R=Identity yields (9.17).
With the notation of the proof above,
B*A,A) = f f |sin(s—0)|dv, (s)dv, (0). (9.20)

Furthermore, it may be shown that

|A] =—;—f f ky(s—1) dv ,(s) dv ,(9), 9.21)

where k;(f)=(2x) " }(n—|t})| sint|, —w<t<n. Hence, if A is a (non-random) convex set in
R%,2|A|+B(A, A) = 1B*(A, A) and thus

1+a(A) =2a(XA). (9.22)
This combined with (9.17) yields

aA)=1, (9.23)
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where equality holds iff A is centrosymmetric. (This yields an alternative proof of
Lemma 9.5.) We will see that (9.22) and (9.23) fail when d=3.

We return to arbitrary d in our final lemma. We remarked in Section 5 that a is
homogeneous; in fact, a much stronger invariance is true.

LEMMA 9.7. If T is a linear map of R? onto itself, a(T(A))=a(A).

Proof. An immediate consequence of Theorem 1.1, since T(K) is covered by
{T(aA+X)}={aT(A)+T(X)} iff K is covered by {aA+X}. Q.E.D.

Example 1. Let A be a cube with edges parallel to the coordinate axes and random
side L. If A, ..., A, are such cubes with sides Ly, ..., Ly, we choose v=(1,1,...,1) and
obtain from (5.1), (5.2) and (9.2)B(A,, ..., A)=d!L{™"-...-L{"". Hence

Ll )¢

ILIl,

In particular, if A is a fixed cube, a(4)=1 (for all d). If d>1 and the side is random,
a(A)<1.

a(A) = (BL* H)(ELYH* ' = (

Example 2. Let A be a rectangle [0,L,]X[0,L,] in R? with edges parallel to
the coordinate axes. Then, as in Example 1, if A; has sides
L, L;,i=1,2, then B(Ay, A))=L,L}+L}L) and a(A)=%L, €L,/¢L,L,. Hence a(A)>1
iff the sides are negatively correlated.

Example 3. If A is a box [0, L;]1x[0, L;)X...X[0, L] in R? we similarly obtain
d d 1-d
a@@ =] %<]‘[ L,,) : <$<]‘[ L,.)) :
i=1  \j*i 1

In particular, if L,, ..., Ly are independent, a(A)=1.
That a fixed (non-random) box always gives a=1 also follows from Example 1 and
Lemma 9.7.

Example 4. If A is a sphere with random radius R, it follows from Lemma 9.4 that

d-1

ﬁr(—‘ziﬂ)

1

a(d) = @ (ER M4 (ERY D, (9.24)
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If the radius R is fixed we obtain for low dimensions: a=1 for d=1 and d=2 (cf. Lemma
9.5), a=37%32 for d=3, a=64/81 for d=4.

Example 5. If A is a cube of fixed size and random rotation, Lemma 9.4 yields
d —(d-1)
a(A) =n_”2d"l"<-£21-) r(%) @,
If d=2, a=4/n and if d=3, a=97/16.

Example 6. If d=2 and A is the triangle with vertices at (0,0), (1,0), (0, 1), we
obtain from (9.2), with v=(—1,—~1), ¢f. Example 1, S(A4,A)=2 and thus a(A)=2.
By Lemma 9.7 a(A)=2 for every fixed triangle. Similarly

a(A)=(d)*(d- D)~ ?=d* /d~-1)!
for a fixed simplex in R,

Example 7. If A is a fixed triangle, it follows from Lemma 9.2 or by (9.22) that
a(+A)=3/2.

Example 8. If A is an equilateral triangle of fixed size and random orientation,
Lemma 9.4 yields a(4)=3V 3 /.

We recall that smaller a corresponds to more efficient coverings. Thus, for
example, if d=2, small squares and discs (of the same area) cover asymptotically
equally efficiently, but if d>2, a(sphere)<l=a(cube) and small spheres cover better
than cubes (i.e. with less overlap), although the difference is minor. Furthermore, if
d=2, small sets of a fixed size cover less efficiently than sets of varying size of the same
shape and orientation. On the other hand, long and narrow sets pointing in different
directions give a large a and a less efficient covering.

The examples above show that cubes of a fixed size with a fixed orientation cover
better than cubes with a random orientation, while equilateral triangles with a random
orientation cover better than triangles with a fixed orientation, although triangles with
just two opposite orientations cover even better. Lemma 9.6 shows tha this behaviour
is typical in two dimensions.

Some of these results are far from obvious and the detailed behaviour of a raises
several questions, such as

Problem 1. Does Lemma 9.6 extend to d=3? In particular, if A is centrosymmetric,
and A’ is the set A with random orientation, does a(A)<a(A’) always hold?
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Probiem 2. Lemma 9.4 (or Examples 2 and 3) implies that a(A) may be any positive
real number if A is random, but what happens if A is non-random? Thus, what is
inf {a(A): A is a fixed convex set in RY}? What is the supremum? Which convex sets
are extremal? Spheres (and thus ellipsoids also) and simplices? (For d=2, the infimum
is 1 by (9.23), and the supremum is 2 (which is attained by triangles by Example 8). We
omit the proof.)
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