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CHAPTER 1.

Concentrated Sets.

I have arrived at the definition of concentrated sets from the following two
similar problems:

Problem I. What are the linear sets whose measure with respect to any con-
tinuous monotone function ¢ (I) is zero?

Problem II. What are the linear sets on which the variation of any con-
tinuous monotone function is zero?

Concentrated sets are defined as follows:

A non-enumerable set of points E s said to be concentrated in the neigh-
bourhood of an enwmerable set H if any open set containing the set H contains also
the set E with the exception of at most an enumerable set of points.

§ 1. Measure with respect to a function. Let ¢ (l) be a positive increasing
function satisfying defined for !> o and such that ¢{+ o)=o0 and let E be a
linear set of points. Denote by I== =, any sequence of intervals containing the
whole of the set E (I; denoting both an interval and its length). Denote by m; E
the lower bound of the sum

Z ¢ (l)
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for all possible sets 7, for which the length of the largest interval does not
exceed 2. The limit of m(;E, as A tends to zero, we shall call the exterior
g-measure of I, or the exterior measure of E with respect to ¢.

Obviously the ¢-measure of an enumerable set and the variation of a con-
tinuous monotone function with respect to an enumerable set are both zero. Now
we know that a B-measurable set E either is enumerable or else contains a per-
fect subset E’. In the first case the variation of any monotone continuous func-
tion on F is zero. In the second case E’ may be transformed into an interval
by means of a monotone continuous function f{(x). The length of such an inter-
val is obviously the variation of f(xr) with respect to E’, and hence the variation
with respect to F is positive. Hence

The only B-measurable sets whose variation with respect to any continuous

Junction is zero are enumerable sets.*

We shall shew that
In the general case there are nom-cnwmerable sets whose measure s zero with

respect to any function @,

but the proof will be based on the assumption that the power of the conti-

nuum is Ni.

§ 2. We shall first prove some preliminary theorems.

Theorem 1. A necessary and sufficient condition for a linear set E to be of
measure zero with respect to any function @ (1) is that given any decreasing sequence
of positive numbers

Zl‘, i:I,Z,...,

however rapidly tending to zero, there always exists a sequence I of intervals
(@i, 2f), of —xi =1, containing the whole of the set E.

The condstion is necessary. For let E be a set of measure zero with respect

to any function and I; (¢=1,2,...) assume that there exists any decreasing

' L. C. YOUNG. Note on the theory of measure. Proceedings of the Cambridge Philosoph-
ical Society. Vol. XXVI. Part 1.

L. C. YouxG considers variation of a function on a given set as measure of this set. The
definition we are using is not so general and it is not obvious that if variation of some functions
on a given set is positive then also measure of the set with respect to some function is positive.
We shall consider in § 3 B-measurable sets of measure zero with respect to any function.
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sequence of positive numbers. Define an increasing function @ (I) satistying the
conditions

g)(l,-):lz. fori=1,2,...
Obviously ¢(+0)=o0, and consequently m, FE is defined and by hypothesis is

equal to zero. Therefore there exists a set I of intervals (xi, i), i — @ = [,

decreasing in length, containing the whole of the set £ and such that

Dol <1

Then for any =

S -~

@ ()<
1. e
<l

and the condition is therefore satisfied.

The condition vs also sufficient. For suppose a set I satisfies this condition:
then given a function ¢(l) satisfying the usual conditions and two positive

constants 4,¢ we can always find a sequence of positive numbers /; << 4 such that

Ddoll)<e

and then a sequence I of intervals (x;, x7), 27 — i = [;, containing F, which shews
that measure of E with respect to ¢(l) is zero.

§ 3. We can now solve the problem mentioned in the footnote to § 1.

‘Theorem 2. The only B-measurable sets of measure zero with respect to any
Sunction are enumerable sets. For any perfect set P there exists a function ¢(l)
with respect to which the measure of the set zs positive.

On account of 2 the theorem will be proved if we prove that given any
perfect set P there exists a sequence of positive numbers I, #n=1,2,...such
that no set of intervals of lengths /,,l,,... can cover the whole of the set P.
Obviously the set P cannot be covered with one interval of arbitrarily small
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length. Let A, be the lower bound of the length of an interval which covers
the whole of P (evidently 2, is the distance between the extreme points of P).
Take for I, an arbitrary positive number less than 4,.

It is also easy to shew that the set E cannot be covered with one interval
of length I, and another interval of arbitrarily small length. Otherwise let two
intervals

(xn’ o+ l), (o, yn+ 1 n)

where 1, ,—0, as n— o, cover the whole of P for any n. Let (x,¥) be a limit

point of (zn,y.). Then for any & the two intervals
(x—e,x+l+e), y—e,y+e

cover P. Consequently the set P is included in the set consisting of the interval
(z,z+1,) and of the point y. Being a perfect set, P has no isolated point and
thus is contained in the interval (x,z + {,), which is impossible.

Let A, be the lower bound of the length of an interval which together
with another interval of length I, covers the whole of the set P. Denoting by
l, a positive number less than 1, we have that no pair of intervals of lengths
l;,1 can cover the whole of the set P. Similarly we can find l; >0 such that no
three intervals of lengths [,,1;,l, can cover the whole of P, and so on. Thus

we arrive at a sequence of positive numbers
Il ..

such that no finite set of intervals whose lengths are represented by different
numbers of the sequence, can cover the set P. Then by the Heine-Borel theorem

no infinite set of intervals of lengths
lly l2, .o

can cover the set P, which proves the theorem.

§ 4. Theorem 3. If the measure of a set E is zero with respect to any
Sunction @ (1), then the variation of any monotone continuous function f(x) on E is zero.

Denote by O{f(x),!} the upper bound of the oscillation of f(x) on any
interval of length [. Obviously

0{f(x),l}—o0, as l—o.

Consequently, given &>o0 we can always find a decreasing sequence of positive

numbers /;, ¢=1,2,... such that
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S 0{ fla), 1) <e.

1

k3

On the other hand, by Theorem 1 the set F can be included in a set of intervals
(i, x7), & —xi <l;. Then denoting by V;E the variation of f(x) on the set F
we have

VB = Sl — i)

<¢&

which proves the theorem.

After these preliminary theorems have been proved we can pass to the main
problem of this note, 7z.e, to the proof of the existence of non-enumerable
sets of measure zero with respect to any function ¢ (/). It can be easily shewn
that concentrated sets, if they exist, are of measure zero with respect to any
function ¢(l). For let E be a set concentrated in the neighbourhood of a set
{z.} (m==1,2,...) and {l,} an arbitrary sequence of positive numbers. By

the definition the set of intervals (xn-—é lon, 0 + élzn) contains all points of ¥

except at most an enumerable set of them, which can be included in intervals
of length [,,l;,... Consequently by Theorem I the set F is of measure zero
with respect to any function.

Thus our problem reduces to the proof of the existence of concentrated sets.

§ 5. This proof will be based on the existence of a transfinite sequence

{@:i} of positive decreasing functions which will be called a fundamental sequence.

We say that a function f(n) 75 ultimately greater than (greater than or equal
to) another function g{(n), and we write

S(n)= g (n)
(f(n)=g (n),

if there exists a number 7, such that
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for n>n,.

Definition. A sequence {@:(n)}, where i takes all values less than w,,w, being
the first transfinite number of power R,, is called a fundamental sequence if any positive
SJunction f(n) ultimately greater than all @;(n) except at most an enumerable set
of them.

The existence of such a sequence can be established in the following way.
We first order the set of all positive decreasing functions into a sequence f;(n)
¢ taking all values less than w,.

We then define

@, (n) = fi ()
@ (n) = min { @, (n),f; (n)
@3 (1) = min { @, (n), fy (n)
and so on.
For any transfinite number 7+ 1 of the first class we put
@i+1 () = min {g; (n), fi+1(n)} .
For any transfinite number ¢ of the second class we first define a sequence

k; (I < wy, w, being the first transfinite number of power X,)
of increasing transfinite numbers such that
limk =".
Then we define ¢;(l) for any ! by the equation
gill) = min (A0, s (D, -, 9,0
In this way the sequence
@i ()

is defined, where ¢ takes all values less than w,. The sequence possesses the
following properties:
(i) For any i < o,

Jiln) = gi(n)

(ii) Any @i(n) is a decreasing function.
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(i) If 1 <k, then
@i (n) = gr(n).

The properties (i), (ii) are obvious. In order to prove (iii) we observe that

P1(n) 2 @a(n) = @s(n) . ..

Suppose that these inequalities bhave been proved for all indices less than ¢.
Then if 7 is a transfinite number of the first class, we have

Pia (n) & @i (n)
by the definition of ¢;(n). If 7 is of the second class, then

' i =lim &

and again from the definition of @;(n) we conclude that

P () & s ()
for all I, and consequently

i (n) = g: (n)
for any j<<.

(iv) To any transfinite number 7 < w, corresponds an 7' >¢ and less than
w;, such that
@i (1) = @r(n).

For, all decreasing functions having been enumerated we have

1
L i) =Jfr(n)
where ¢ must be greater than ¢ since ¢;(n)>fr(n). As fiy(n) = @s(n) we have

Let now g(n) be any positive function.
Define f(n) by the condition

f(n)=min g(m) for 1=m=<n.
f(n) is a decreasing function and consequently

S(n) = fi(n), i< w
and thus

Sfin) = gi(n)

and as there exists «'>¢ such that ¢;(n)> @ (r) we have that



296 A. 8. Besicovitch.
Sf(n) > @;(n) for all j=+¢'
7. e., for all j except an enumerable set of values. Thus the sequence

, (pi ()}
is fundamental.

§ 6. Lemma. Let {x,},(n <w,), be a set of points everyihere dense, {yn
any enumerable set of points and f(n) any positive function. There always exists a

poent « different from all y, and such that the inequality
la—za| < f(n)

is satisfied for infinitely many values of n.

’ Take an arbitrary positive integer », and the interval (xn, —4,,2n, + 4,),
where A, <f(n,) and is so small that the interval does not contain any of the
numbers y,,¥s, . .., Yo, different from x,. Take now an integer »;>#n, and a
positive number 4, < f(n,) such that the interval (z,,—4;, xp, + %) is contained
in the interval (z,,—4,, x,, +4,) and does not contain any of the numbers
YisYss - - -, Yn, different from x,,, and so on.

In this way we arrive at a sequence of intervals
(@n, — Aiy T, + L) i=1,2,... <@,
each of them being interior to the preceding one. Any point « interior to all
these intervals (if 4 — o there is only one such point) is different from all y.
and satisfies the conditions
|a—x,,i| < A
< f(ny) fori=1,2,...

which proves the lemma.

§ 7. We shall now construct a concentrated set of points of power X,.

Let ¢:(n),({<w), be a fundamental sequence of functions and {z,} an
everywhere dense set of points. Take a point «, different from all points z, and

such that the inequality
oy —an| <@, (n)

is satisfied for infinitely many values of n. Then choose a point «, different

from all x, and from o, and such that the inequality

|“2_x"| < ‘}’2(")
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is satisfied for infinitely many values of ». When a; has been defined for all
k<¢ we define a; to be different from all x, and from all o, %£<Cz, and to
satisfy the inequality |e;—zn| < @i(n) for infinitely many values of n. Thus we
arrive at a set of points {&;}, (i < w,).

Let now {,} be an arbitrary sequence of positive numbers. Take the set
of intervals (xn—1In,zn+ 1), n=1,2,... and write f(n)=1I1,. Let ¢, be the
least transfinite number such that

S () > @i, (n).

Take now any ¢>¢,. We know that
les—aa| < @i(n)

for infinitely many values of #» and thus

[ —an| < fln)
for infinitely many values of #». Thus among all the intervals (x,—ln, zn + In)
there are infinitely many ones containing o; for any ¢>4¢,. The set of points
..., being enumerable we conclude that the set of points «;, ({<w,), is
concentrated in the neighbourhood of the set {x,} and thus our problem is solved.

CHAPTER I1.
Rarified Sets.

I have arrived at the definition of rarified sets from the following:

Problem. Has every plane set of infinite linear measure a subset of finite
measure?

This seems obvious and yet it is not the case.

We shall construct a lLnearly measurable 'plane set of infintte measure, every
subset of which is either of infinite measure or of measure zero,

The solution will be given by rarified sets. They are defined as follows:

A non-enumerable plane set is said to be rarified if any subset of this
set, of plane measure zero, conststs of at most an enumerable set of points.

The construetion of most rarified sets will be based on the assumption that
the power of the continuum is ¥,

Denote by FE any set of plane measure zero which can be represented by
the product

38-—33617. Acta mathematica. 62. Tmprimé le 18 avril 1934.
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@

E=]]4:

1

where each ; is an open set. As any open set is defined by an enumerable
set of points (for instance by the points with rational coordinates belonging to
the set), then so is any set F.

Now the aggregate of all enumerable sets of points on a plane is known
to have the power of the continuum. Hence the aggregate of all the sets E has
power of continuum.

Let now two transfinite sequences E;, P;, ¢ running through all values of
power less than X , represent all the sets E and all perfect sets of positive plane
measure, belonging to the square 0 =z <1,0=<y =< 1).

Denote by M, an arbitrary point of the set

P —FE P,
by M, an arbitrary point of the set
P,—(E, + E,) P,
different from M, by MM, an arbitrary point of
P,—(E,+ E, + E,) P,

different from M, and M,, and so on. After we have defined M; for all ¢ <%,
M;, will be defined as an arbitrary point of

P,—(E,+ E,+ -+ E)P;,
different from all the points M; for 7 < 7,. Such a point exists for any ¢, < w,.
For, the set
E + E + -+ E,
is of plane measure zero, since it is the sum of an enumerable set of sets, each

of plane measure zero. On the other hand P is of positive plane measure and

consequently so is the set
P,—(E,+ E, + - + E;) P,
and thus it contains more than an enumerable set of points. Hence it must

contain points different from an enumerable set of points MM, (1 < ).
Denote by G the set of all the points M;.
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(i) The exterior plane measure of G is 1.
For by construction the complementary set of G in the square 0 <z <1,

0 =y = 1) does not contain any perfect subset of positive plane measure.

Corollary. The exterior linear measure of G is infinite.

(ii) The intersection of G with any set Ei, is an enumerable set.

For the points of G contained in Fj, are all among the points M;
(E=1,2,...<4).

(iii) Any subset of G of plane measure zero is an enumerable set.

For, any such set is contained in a set E;.
Corollary 1. Gisa rarified set.

Corollary 2. The set G is linearly measurable.
For let H be any set of finite positive exterior linear measure u* H, a
Sortiors of plane measure zero.

The set & - H being enumerable we have
p*(H— G- H)=u*H

p*G-H=o0
and thus
wWrH=p*(H—G -H)+ p*G-H

which proves the corollary.

Theorem. The set G has no subset of finite positive exterior linear measure.
For let H be a subset of G of finite exterior linear measure. Then by
(iii) & - H is an enumerable set and so is H, since G- H= H.

Thus the set ¢ gives a solution of the problem of this chapter.

Note some other properties of the set G.

(iv) The set G being tself measurable has no non-measurable subset.

(v) The set G s not measurable with respect to plane measure.

For if it were measurable its measure would be equal to its exterior measure,
z.e., to 1. Then by the Fubini theorem its intersection with allmost all lines
of the square, parallel to the sides of the square, will be sets of linear measure
1, which is impossible by (iii).

Thus G gives an example of a set which is measurable with respect to linear
measure and non-measurable with respect to plane measwre.
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The converse phenomenon is, of course, very trivial since any set lying on

a straight line is of plane measure zero but need not be linearly measurable.

Remark. We can remove the above anomalous possibilities by introducing

a new definition of measurable sets.

Definition. A set H ¢s said to be linearly measurable if it can be represented
by the difference of the product of a finite or enumerably infinite set of open sets
and of a set of linear measure zero.



