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1. Introduction

Construction of lattices in PU(n,1) has been a major challenge in the last decades. In
particular, in contrast with the situation in real hyperbolic space, non-arithmetic lattices
have been found only in dimensions up to three (see {Mol], [DM] and [Mo2]).

Mostow’s first examples in PU(2, 1) were constructed by giving explicit generators,
and verifying that the corresponding groups are discrete by finding a fundamental domain
for their action. In complex hyperbolic space, or in any space where sectional curvature
is not constant, such an approach is bound to be at least somewhat difficult since there
are no totally geodesic real hypersurfaces.

Other direct proofs of discreteness have led to domains bounded by various types
of hypersurfaces, each of them adapted to the situation at hand (see the constructions
in [FPk], [S1] and [S2]). There is a canonical construction due to Dirichlet, where the
boundary of the domain is made up of bisectors, i.e. hypersurfaces equidistant from two
given points. One chooses a point pg, and considers the set F' of points closer to py than
to any other point in its orbit under the group. It is obvious that the group is discrete
if and only if F' contains a neighborhood of pg, but the set F' is in general very difficult
to study or describe. Such a description amounts to solving a system of infinitely many
quadratic inequalities in four variables (the real and imaginary part of the coordinates
in the complex 2-ball). In particular, bisector intersections are neither transverse nor
connected in general.

Nevertheless, this was the original approach taken by Mostow ([Mol]) to study a
remarkable class of groups, I'(p,t) (where p=3,4,5 and ¢ is a real parameter). Each
of these is generated by three braiding complex reflections, R;, Rs and Rs, of order p;
it is contained with finite index in the group f‘(p, t) generated by R; and the elliptic
element J which conjugates R; into R;1; (see §2.2 for further details).
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There are very few values of the parameter ¢ for which I'(p, t) is discrete; for these
values Mostow shows discreteness using Dirichlet domains, discovered by computer ex-
perimentation. They turn out to be the intersection of the three Dirichlet domains for
the finite groups (R;, R;) generated by only two of the generators R;. The advantage of
working with a finite group is obvious, namely one needs to solve a finite set of inequali-
ties. However, the fact that the inequalities are quadratic is still an important difficulty,
and in fact using current computer technology, it is fairly easy to convince oneself that
Mostow’s domains for these finite groups (see [Mol, p. 220]) are incorrect. The missing
faces, most of which do not contain the common fixed point of the finite group, are
described in [De] (it turns out that many of the extra faces disappear when taking the
intersection of the three domains for different finite groups).

Part of Mostow’s mistake comes from the assumption that the Dirichlet domain for
each of the finite groups I';; is a cone with vertex given by its fixed point p;;, which is
far from being the case. Conical fundamental domains for finite subgroups of U(2) have
been constructed in [FPp], but these are not Dirichlet domains. Our constructions also
naturally yield cone fundamental domains for I';;, having eight cone faces over the eight
faces in Figure 5.

The fact that these mistakes are particularly difficult to notice in Mostow’s paper,
and that they seem quite difficult to fix, prompted us to write a detailed argument,
using more geometric techniques. Another motivation for our work is to obtain simpler
domains than the ones obtained by the Dirichlet construction, by allowing totally real
2-faces, which are necessarily excluded from Dirichlet domains (see Proposition 2.5).

The presence of totally real faces is related to the fact that Mostow’s groups are
index-2 subgroups of groups generated by three involutions fixing Lagrangian totally
geodesic submanifolds (see §2.2). This observation makes them part of a large family
containing infinite covolume groups (see [FK]) and all finite subgroups of U(2) (see [FPp]),
among which one would expect to find other lattices as well.

We construct new fundamental polyhedra II=II,, in HZ for the action of I~‘( D, t).
Our fundamental domains have the same vertices as Mostow’s domains, but their higher-
dimensional skeletons are simpler and more natural. All our 1-faces are geodesic seg-
ments, and many (but not all) of our 2-faces are either real or complex totally geodesic
submanifolds. The 3-faces are either on bisectors, or on cones over totally geodesic
submanifolds. Note that this construction is related to a fundamental domain for the
Eisenstein—Picard group constructed in {FPk].

The main advantage, beyond the simplification of the combinatorics of the domains
(see §7), is that most verifications can be phrased in concrete geometric terms and the

arguments are often completely synthetic, i.e. very few calculations are needed.
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In order to prove discreteness, we show that II and its images under the group tile
complex hyperbolic space, by using the appropriate version of the Poincaré polyhedron
theorem. In particular, to show that IT and ~II have disjoint interior for every non-trivial
group element -, we are reduced to showing this for a finite set of group elements, pro-
vided that we can check some detailed compatibility conditions along the codimension-2
faces of II.

It turns out that only the cycles of complex geodesic faces impose conditions on
the parameters, known as the Picard integrality conditions. The corresponding cycle
transformations are simply complex reflections, whose angle of rotation is required to be
an integer fraction of 7, see Proposition 5.4. The heart of the proof consists of a careful
justification (incomplete in [P}, and not quite satisfactory in [Mol]) that these are the
only conditions. The main result is the following theorem (see §2.2 for the definition of
the group, and §3 for the description of II):

THEOREM 1.1. The group f(p, t)CPU(2,1), for p=3,4,5 and |t|<1/2—1/p, is dis-

crete if
1 1 ¢\ 1 1 t\!
k=(>—— 4= d l=(-—=-=
<4 2p+2) o (4 2p 2)

are in Z. In that case, 11 is a fundamental domain with side pairings given by J, Ry,
Ry, RoRy and R1Rs, and the cycle relations give the following presentation of the group:

T(p,t)=(J,Ry, Ry | J*=RP= RE=J 'R;'JR; ' = Ri Ry R R; 'R 'R; *
=(RaR1J)* = ((RRy) W) =1).

The condition |t|<1/2—1/p shall be referred to as small phase shift, following
Mostow. In fact, the conclusion of the theorem holds for large phase shift as well,
but the combinatorics of the fundamental domains are then quite different. For the sake
of brevity, we shall only sketch the corresponding changes in our fundamental domain,
see §6.

There are finitely many values of ¢ for which the integrality conditions hold, and
among the corresponding groups, seven are non-arithmetic. The list is given in Re-
mark 5.2.

Our cone polyhedra turn out to be very convenient when proving that II and ~II
have disjoint interiors. In most cases we find a bisector B, that separates them (but these
bisectors are certainly not all equidistant from a given point pg, unlike in the Dirichlet
construction). In order to verify that II or +II lies entirely on one side of B,,, we carefully
argue that it is enough to verify this on the level of its 1-skeleton. Note that verifications
on the 0O-skeleton would quite clearly not be enough to prove that our polyhedron is on
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one side of a bisector, since the two complementary components of a bisector are far from
being convex.

Verifications on the 1-skeleton become relatively easy, as they amount to analyzing
the intersection of a bisector with geodesic segments (see Lemma 4.2). Note that the
strength of the reduction is that we only need to check the position of a finite number
of geodesic segments with respect to finitely many bisectors, which in turn amounts to
checking finitely many inequalities. The verifications can be done very efficiently with
the aid of a computer; however, our proofs are geometric and most of the time synthetic.
For the case p=3, the small number of calculations could in principle even be done by
hand.

Going from the 1-skeleton to the 2-skeleton involves geometric arguments of gen-
eral interest about the projection of totally geodesic submanifolds onto a given complex
geodesic, which is usually the complex spine of the relevant bisector (see Lemma 2.1).
The main point is to analyze when a geodesic projects onto a geodesic, as in Lemma 4.1.
Finally, passing to the 3-skeleton is quite natural using the structure of our 3-faces, either
the slice decomposition of bisectors, or the cone structure of the other faces.

The paper is organized as follows. In §2 we review a number of geometric facts about
complex hyperbolic space and bisectors, and give a description of the relevant groups. We
construct our polyhedra II, ; in §3, and §4 is devoted to a detailed verification that they
have no self-intersection and are homeomorphic to a closed ball in complex hyperbolic
space. In §5 we prove the main theorem by verifying the conditions of the Poincaré
polyhedron theorem, following the strategy outlined above. §6 states the modifications
needed in order to treat all the cases from [Mol], allowing [t|>1/2—1/p. §7 contains
a comparison with Mostow’s original fundamental domains, including some difficulties
encountered with the arguments in [Mol]. For the reader’s convenience, the last section
lists the faces of our polyhedra and their lower-dimensional skeletons.

2. Complex hyperbolic space

We use [Go] as a general reference for this section. Let (-,-) be a Hermitian form of
signature (2,1) on C3. The set of complex lines in C3 on which the Hermitian form is
negative definite is a model of complex hyperbolic space. One can write the distance
between two points as

cosh (4 d((al, [1]) = <'<—§’<>y'5 2.1)

The factor  is chosen so as to get a metric with sectional curvature between —1 and -3
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More explicitly, we consider a Hermitian form (z, w)=2zTHw, where H is a Hermitian
matrix of signature (2, 1), and the following subsets of C3:

Vo={2€C°\{0}: (2,2) =0},
V. ={2€C*\{0}:(z,2) < 0}.

Let m: C3\{0}—CP? be the canonical projection onto the complex projective space.
Then H4=n(V_) is complex hyperbolic space. In the case where

1 0 0
H=101 0
0 0 -1

we obtain in non-homogeneous coordinates the complex ball
HZ = {(21,22) €C?: |21 > +]22|* < 1}.

The group of holomorphic isometries of HZ is then PU(2,1) (the projectivization of the
unitary group of the Hermitian form), and the full group of isometries of complex hyper-
bolic space, which we denote ﬁI(Z, 1), is obtained by adjoining just one antiholomorphic
involution.

Antiholomorphic involutions are also called real reflections (R-reflections) or La-
grangian reflections. In the ball coordinates as above an example of such a transformation
is (21,22)+(Z1,22). Their fixed-point set is a totally real totally geodesic submanifold
which is a Lagrangian submanifold for the symplectic structure on HZ, defined by the
imaginary part of the Hermitian metric.

Given a vector v with (v,v)=1, we consider the isometry of C* given by
R, c(z)=z+({-1){z,v)v, (2.2)

where ( is a complex number of absolute value one. The corresponding isometry of
complex hyperbolic space is called a complex reflection; it fixes the totally geodesic
subspace corresponding to the linear hyperplane v1, and rotates in the normal direction
by an angle 8, where (=e%.

Totally geodesic subspaces of complex hyperbolic space have the following natural
description:

PROPOSITION 2.1. The complete totally geodesic subspaces of HZ are either geo-
desics, fized subsets of complex reflections (complex lines, also called C-planes) or fized
subsets of Lagrangian reflections (Lagrangion planes, also called R-planes).

The following lemma, describes the projection of geometrical objects into a complex
line:
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LEMMA 2.1. Let w¢ be the orthogonal projection of complex hyperbolic space onto
a complex line C.

(1) The image under ¢ of a polygon in a complex line is either a point or another
polygon such that the angles at the vertices are preserved.

(2) The image under mc of a polygon in a Lagrangian plane is either contained in

a geodesic, or a polygon or the union of two polygons with a common vertex.

Proof. The first item follows from the fact that the projection is holomorphic. For
the second item, suppose that the image of the projection is not contained in a geodesic.
The projection is either a diffeomorphism, and in that case the image is another polygon,
or the projection is singular at a point. That means that the differential of the projection
has a non-trivial kernel. Every vector in the kernel generates a geodesic which projects
to a point; in fact, such a geodesic is contained in the Lagrangian and in the complex line
tangent to the vector. We then claim that there is at most one of these geodesics: if there
are two of them then clearly they are ultraparallel, and the common orthogonal geodesic
is contained in C, which therefore intersects the Lagrangian in a geodesic. This would
mean that the Lagrangian projects to that geodesic, which we have ruled out. Then the
singular geodesic separates the Lagrangian in two, and in each half the projection is a
diffeomorphism. 0

Remark 2.1. One can easily show, by using coordinates with center at the intersec-
tion, that if the Lagrangian intersects the complex line, its projection is either a geodesic
(and in that case that geodesic is precisely the intersection) or a geodesic cone in the

complex line at the intersection point.

2.1. Bisectors

Recall that the bisector equidistant from two points x;,z2€ HZ is given by
B(z1,20) = {z€H% 1 d(z,21) = d(z, z2) }. (2.3)

In what follows we will also denote by x; and z lifts to C3, by a slight abuse of notation.
In view of equation (2.1), if we normalize two vectors z; and z2 to have equal norms,

the bisector is simply the projectivization of the set of vectors x that satisfy

[z, 21)| = {z, z2)|- (2.4)

An example in the ball model is the “standard” bisector

Bo={(z,t)eH%:2€C and teR},
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which is equidistant from z1=(0, 37) and z2=(0, — 1), for instance.

A bisector is a smooth real hypersurface diffeomorphic to a ball, but it is not totally
geodesic. The complex spine % of B(x1,x2) is by definition the complex geodesic that
contains z; and z3. The real spine o is the real geodesic in ¥ that is equidistant from
x7 and xs.

PRrROPOSITION 2.2. (1) (Mostow) B is foliated by complex geodesics of the form
75 ({p}) for p€o. These are called the complex slices of B.

(2) (Goldman) B is the union of all the Lagrangian planes that contain its real
spine a. These are called the meridians of B.

The complex slice decomposition is quite easy to understand from equation (2.4),
which is equivalent to saying that x€ (z;—-ax2)* for some complex number « with |al=1.
The hyperplanes corresponding to the orthogonal complements of z;—azy {(whenever
such a vector has positive norm) are precisely the complex slices of B.

Remark 2.2. (1) The complex slice decomposition makes it clear that a bisector is
uniquely determined by its real spine.

(2) The Lagrangian reflection in any meridian of B fixes its real spine, hence pre-
serves its complex spine. It must then interchange the two points z; and x3. In fact, if
x is on the complex spine (but not on the real spine), and p is the Lagrangian reflection
in any meridian of B, then B is equidistant from z and u(x).

The following result gives a refinement of the statement that bisectors are not totally
geodesic:

PROPOSITION 2.3. (See [Go, Theorem 5.5.1).) Let B be a bisector and z,y€B.
Then the real geodesic between x and y is contained in B if and only if x and y are in

either a complez slice or a meridian of B.

2.1.1. Intersection with complex lines. In view of the slice decomposition for bisec-
tors, it is clear that the following result is important in order to understand bisector
intersections.

PROPOSITION 2.4. ([Mol]) Let C be a complex geodesic that is not a complex slice
of a bisector B. Then BNC is either empty or o hypercycle in the complex geodesic.

Recall that a hypercycle in C is a curve at constant distance from a real geodesic.
In particular, unless the two bisectors share a common slice, the proposition implies
that their intersection is foliated by arcs of circles. Since the complex slices map into
the real spine under projection onto the complex spine, one sees that each connected

component of the intersection B1NB; is a disk (indeed it fibers over an interval, with
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intervals as fibers). It can be proven that there are at most two connected components.

If the bisectors are coequidistant, more can be said:

PROPOSITION 2.5. Let B, and By be two coequidistant bisectors, i.e. such that their
complex spines intersect outside their real spines. Then BN By is diffeomorphic to a disk.
If the disk is totally geodesic, then it is in a common complex slice.

A proof of this can be found in [Go]. When the intersection is not geodesic, we call
it a Giraud disk (such surfaces were analyzed in [Gi]). Observe that, in particular, the
intersection of two coequidistant bisectors cannot contain a meridian. The latter fact
can be seen directly: if two equidistant bisectors B;=B(xq, z1) and By=B{(zg,x2) share
a meridian with R-reflection u, then as we have just seen, u exchanges on one hand xg
and z1, and on the other xg and x5, so that the bisectors are equal.

The following lemma characterizes complex lines intersecting a bisector in a geodesic:

LEMMA 2.2, Let C be a complex geodesic, and let B be a bisector with real spine o.
Suppose that C is not a complex slice of B, and CNB is non-empty. Then CNB is a
geodesic if and only if the extensions to projective space of C and o intersect.

Proof. Let X be the complex spine of B, which is the complex geodesic containing
the real geodesic o.

(1) Suppose that % and C intersect in HZ. If the real spine goes through their
intersection, then taking the origin of our ball coordinates to be that intersection point
makes the equation of B linear, and hence the intersection is a line through the origin,
which is a geodesic.

Conversely, if C intersects ¥ outside of o, we still take coordinates centered on o,
so that the intersection is again given by a straight line. If this line were a geodesic, it
would have to be contained in a meridian of B, but then it would intersect ¢ in projective
space (but two complex projective lines intersect in exactly one point).

(2) The case where . and C intersect on JHZ is similar to the previous one.

(3) Suppose that ¥ and C intersect outside of HLUJHZ,. Then these two complex
geodesics have a common perpendicular complex geodesic D. We may assume that ¥
is given by z3=0, that C is zp=c, ¢#0, and that D is z3=0. The real spine is either a
straight line or a circle, depending on whether or not it goes through the origin.

Note that the intersection BNC is the intersection with C of the inverse image of
o under the linear projection (z;, z3)~—21. Remembering that real geodesics in complex
geodesics are orthogonal to the boundary, we see that BNC is a geodesic if and only if o
is a straight line. This in turn is equivalent to saying that C and o intersect in projective

space (since any intersection would have to take place at infinity in C?). [
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2.1.2. Intersection with Lagrangian planes. The intersections of Lagrangians with
bisectors have the following general property (which expresses the fact that a suitable

normalization of the coordinates gives a quadratic equation for such an intersection):

PROPOSITION 2.6. Let L be a Lagrangian which is not a meridian of the bisector B.
Then BNL is a conic in L.

Note that singular conics can occur (two intersection lines). We describe that sit-
uation more explicitly. Using the ball coordinates, the Hermitian metric is written at
p=(b,0) with b real as (see [Go])

1
wr
1
0 1-b2

LEMMA 2.3. Consider coordinates of the standard bisector {(z,t):2€C and t€R}
at a point p=(b,0) with beR, and let two tangent vectors vi=(21,t1) and va=(z2,t2)
be in 1, B. Then

(1) v; is tangent to a meridian if and only if z;€R;

(2) v1 and vy are tangent to a common Lagrangian if and only if z1Z2€R.

Proof. The first item is obvious. For the second, we need iv, Lvy. Computing, using
the form of the metric defined above at the point (b, 0),

) . L o 1 ‘ 1
g(iv1,v2) =Re (iv1, v2) =Re ((iz1,it1), (22, t2)) :Re<22122 DE +ititg 1—b2>’

we see that the Hermitian product is purely imaginary if and only if 2;Z,€R. (]

PROPOSITION 2.7. Suppose that the tangent space to a Lagrangian L is contained
in the tangent space to a bisector B, i.e. T,LCT,B. Then

(1) LCB is a meridian, or

(2) LNB is the union of two geodesics passing through p, one being in a meridian

and orthogonal to a slice which contains the other one.

Proof. It follows from the lemma and proposition above. If L is not contained in B,
we first observe that the tangent space T, L in the coordinates of the lemma contains the
vector (0,t) which is tangent to the meridian passing through p=(b,0). The geodesic
along that vector is contained in both the meridian and L. Analogously, the vector (z, 0)
is tangent to the slice, and the geodesic defined by it belongs to the slice and to L. The

above proposition implies that there can be no more intersection. g
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LEMMA 2.4. Let g be a geodesic in a meridian of a bisector B, ultraparallel to its
real spine. Then there exists a unique slice of B which is orthogonal to g; moreover, it
15 orthogonal to the complex geodesic containing g.

Proof. Observe that in the meridian there exists a unique geodesic orthogonal to the
real spine which is also orthogonal to g. The lemma follows from the fact that orthogonal

geodesics in a Lagrangian plane are contained in orthogonal complex geodesics. ]

PROPOSITION 2.8. Let B be a bisector with real spine o, and L a Lagrangian not
contained in B. Suppose that LN B contains a geodesic g which is in a meridian of B
but not in a slice.

(1) If g is ultraparallel to o, then LNB contains another geodesic which is in a
complex slice of B.

(2) If g intersects o in HLUOHZ,, then LNB=g.

Proof. In the first case, by the above lemma, there exists a unique slice of B or-
thogonal to the complex geodesic containing g. This implies that L also intersects that
slice in a geodesic. In the second case, by Proposition 2.7, we can exclude a singular
intersection because g is not orthogonal to any slice. To show that there is only one
component in the intersection, in the case where g intersects o in HZ, we can use ball
coordinates such that both the bisector and the Lagrangian are linear. In the parallel
case we observe that there is a point p at infinity belonging to the boundary of both o
and L. If LN B were to contain a point outside of g, then the geodesic joining that point
to p would belong to B and L; there would then exist a complex slice of B having two
points in L, and therefore LN B would contain another geodesic intersecting g, which is
a contradiction. |

We also need the following corollary to Proposition 2.7:

PROPOSITION 2.9. Fiz four points in HZ. If three triples of these points are con-

tained in Lagrangian planes, then the four are contained in a common Lagrangian plane.

Proof. First observe that the four triples are in fact contained in Lagrangians. In-
deed, it can easily be seen (as in [Go, p. 219]) that the Cartan angular invariants of

various triples among four points 1, Ta, T3, T4€ HZ satisfy the relation
A(Il, To, 1}3)+A(I1, T3, 1‘4) = A(l‘l, X2, 1174)+A(.’L‘2, zs, .’IJ4).

Consider then the tetrahedron formed by the four points. Taking opposite edges as
real spines of two bisectors we obtain that the intersection contains at least the other
four edges. Using Proposition 2.7 we conclude that if the Lagrangians do not coincide,
then there exists one of the faces with all its edges meeting at right angles, which is a
contradiction. O
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2.2. The group I'(p, 1)

The most natural description of a complex reflection group is done by means of a Coxeter
diagram, where the nodes correspond to generating reflections, and the edges translate
into braiding relations between the generators. In the case of complex reflection groups,
there is an extra parameter attached to each loop in the diagram, the so-called phase
shift. More details on the general case can be found in [Mol] or [C], but for the sake of
brevity we only discuss the following special case.

Consider the groups with Coxeter diagrams of the form

for p=3, 4 or 5. Each such group is generated by three complex reflections R,, R and R3
of order p, satisfying the braid relation

R;R;R;=R;R;R;. (2.5)

We write the mirror of R; as 63L (take v=e; and (=€?"*/P in equation (2.2)). We may
assume after rescaling the vectors e; that (e;,e;)=1 and (e1, ez)=(ea,e3)=(e3,e1). The
braid relation imposes a condition on the angle between the mirrors of the generating

reflections, which translates as

_ 1
~ 2sin(n/p)’

In what follows we shall write a=1/2sin(n7/p).

Iei,e5)] (2.6)

The phase shift ¢ that appears in the above diagram corresponds to specifying the
common value of the argument of the inner products {e;, e;+1); specifically we take

<eiaei+1> =—ayp, (27)

where |p|=1. We follow Mostow’s notation and write p3=e™, and denote the corre-
sponding group by I'(p, t).

In the basis {e1, e2,e3}, the matrix for the Hermitian form is given by

1 —ap —a@
H=| —-ap 1 —ayp | . (2.8)
—ap —ap 1
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The existence of a triple of positive vectors e; satisfying (2.7) is equivalent to the require-
ment that H be of signature (2, 1), which in turn is equivalent to

it <3<%—})). (2.9)

In what follows, we shall always use coordinates in this basis and the Hermitian form (2.8).

The linear transformation

01
0 0 (2.10)

is clearly an isometry, which is a regular elliptic element fixing po=[1,1,1]¥. Moreover,
there are three natural antiholomorphic isometric involutions o;;, given by complex con-
jugation of the coordinates followed by exchanging two of the standard basis vectors. For
instance,

12! [$1,$2,$3]Tr——) [:i‘g,i‘l,ig]T. (211)

We will denote by L;; the fixed-point set of 0;;, which is a Lagrangian plane by Propo-
sition 2.1.
One checks that R; is given in the basis {e1, e, e3} by the matrix
n”? —me  —nip
R={0 1 0 , (2.12)
0 0 1

where n=¢e""/P. Note that J conjugates R; into R;, 1, where indices are taken modulo 3,
so that the matrices for Ry and Rj3 are easily deduced from the matrix above.

The condition that p<6 is equivalent to requiring that the mirrors of two reflections
R; and R; intersect in the ball, in a point denoted by p;;. The common fixed point of

R; and Rs can be written as
a¢+a2¢2

pro= | ag+a?e? |, (2.13)
1-a?
and the other p;; are deduced by applying the isometry J.
We study the group I~“( p,t) generated by J and R;. It is instructive to decompose

these generators as a product of antiholomorphic involutions
J=012003 and Rj=o093T, (2.14)

where the o;; are as in (2.11), and 7 is by definition g23R;. We shall write I(p,t) for
the group generated by 012, 023 and 7. Note that the subgroup f(p, t)Cf(p, t) is the
index-2 subgroup of holomorphic elements.

We write L;; and L. for the fixed-point set of o;; and 7, respectively.



NEW CONSTRUCTIONS OF FUNDAMENTAL POLYHEDRA 167

PROPOSITION 2.10. The Lagrangians fized by the generating antiholomorphic invo-
lutions intersect as follows:

(1) LiaN Lag is the isolated fixed point po of J;

(2) L12NL; is the isolated fized point py of JRy;

(3) LosN L, is a geodesic g1, contained in the mirror of R;.

Proof. The first part follows from the definition of .J. In order to get the second part,
note that JR; has three distinct eigenvalues, its characteristic polynomial being given
by —(A+7ip)(A\2+nip). The eigenvector with negative norm is the one corresponding
to /—mip =e™(1/4=1/2p=t/6) for t>_(1/2—1/p), and corresponding to —ni@ otherwise.

We now prove part (3). Since g23e;=e1, o23 preserves the mirror of R;, and this
implies that Log intersects the mirror in a geodesic (cf. [FPp]). d

We wish to use these three Lagrangians and their intersections, of dimension 0, 1
and 2, as building blocks for a fundamental polyhedron. The first observation is that
these objects define a 3-dimensional object, namely the bisector B; having ¢, as its real
spine. This bisector then has Fix(R;) as complex spine, Loz and L, as meridians, and
contains the points py and p1, so it is indeed well adapted to our configuration.

In the following definition, we collect the groups introduced above:

Definition 2.1. For any integer p and |¢t|<3(1/2—1/p) define

(1) T(p,t)=(012,023,7);

(2) T(p,t)=(Ry,J)CT(p,t) of index 2;

(3) T(p,t)=(B1, Ra, Rs)CL(p, 1),
where R1=0937, J=012023, Re=JR1J ' and Ry=J?R;J 2.

Note that the index of ['(p, ) in I'(p, ) could be 1 or 3. Although we are not going
to use the next proposition, we observe that using the main theorem we can decide, in

certain cases, what the index is.

ProPOSITION 2.11. (Cf. [Mol, Lemma 16.1].} Let p and t in Theorem 1.1 be such
that

are in Z. Then T'(p, t)Cf(p, t) is an index-3 subgroup if k and 1 are both divisible by 3,
and otherwise the groups are equal.

Proof. Clearly, the quotient f( p,t)/T(p,t) is represented by the class of J. From
the main theorem we obtain the presentation with relation (RyR;J)*¥=1I, so
(1) (R2R1J)F=(R2Ry R3)*™ if k=3m;
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(2) (RoR1J)f=(RyR1R3)*™ Ry Ry J if k=3m+1;

(3) (ReR1J)*=(Ra R R3)*™ 1Ry J?% if k=3m+2.
Therefore J is generated by Ry, Ry and Rj3 if 3 does not divide k. Using the relation
((RyRy)~1J)'=I we obtain an analogous result for [. O

2.3. A canonical hexagon

Let B, be the bisector with real spine g;, the geodesic where Ly3 and L intersect. Note
that its complex spine is by construction the mirror of the complex reflection R;, and
the Lagrangians Los and L, are two of its meridians. In particular, it also contains the
points {po}=L12NLa3 and {p;}=L12N L, (see Proposition 2.10).

The bisector B; can also be described as being equidistant from two understood
points. Indeed, the isometry o923, which is the involution in a meridian of By, sends p12
to ps1. This implies that B; is equidistant from p12 and ps; (see Remark 2.2).

Recall that we would like to construct a 3-face of a fundamental domain on B;. We
need this face to intersect “well” with its neighbors, i.e. its images under short words in
the group. This leads us to explore the intersection of the whole bisector B; with some
of its images. Now R; stabilizes B, (in fact, each slice is stabilized), and J cyclically
permutes

By, By:=J(B;) and Bsz:=J*(Bi).

We thus study the intersection S,=B1NJ(By).

The surface S, is by construction equidistant from the three fixed points pi2,
pas=Jp12 and p3;=J%p12. This also makes it apparent that S, is the intersection of
any two among the three bisectors By, B2 and Bs.

PROPOSITION 2.12. (1) S, is a smooth non-totally geodesic disk.
(2) S, contains siz geodesics, arranged in a herxagon with right angles.

The extension to projective space of the hexagon S, is shown in Figure 1. Note that
the hexagon appears already in Mostow [Mol, Figure 14.1], but not as a face. In his

notation the six vertices are s;3, 313, S23, 821, $31 and §32, and are given by

iy —1ip
s12=|Mp|, Sn=|-M@|, (2.15)
1 1

s93=J812, $31=J5923, 832=J521 and 813=J332.

The next section, which provides a proof of Proposition 2.12, is devoted to a more
detailed analysis of this situation. It is somewhat technical and can be skipped during a
first reading; the reader can simply assume Proposition 2.12 and refer to Figure 1.



NEW CONSTRUCTIONS OF FUNDAMENTAL POLYHEDRA 169
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VU321
U132 512 \
513
32

523
vy23 821 831

U213 V231

Fig. 1. A right-angled geodesic hexagon on the Giraud disk B1NB2MBs, for t= ILS' The figure

shows a neighborhood of the disk in its torus extension to projective space.

2.4. Computing the vertices of the hexagon

We now prove Proposition 2.12. The first part follows from Proposition 2.5. Indeed,
the bisectors B, and B, are co-equidistant, since their complex spines intersect at the
point p;;.

In the following arguments, we shall often refer to intersections taking place in
complex projective space rather than hyperbolic space. We denote by gn the extension
to projective space of Sy, which is the set of lines [z] (not necessarily negative definite
with respect to the Hermitian form) such that

Iz, p12)| = [z, p23) | = |{x, p31)|- (2.16)

It is readily checked that g,, is a torus in projective space (cf. [Go, Lemma 8.3.4]).
Similarly, &; denotes the extension to projective space of the real spine ;. It is simply
the circle parameterized by p;; —ap;k, |@|=1. It is clear from the definitions that [z]€S,,
is equivalent to saying that x is orthogonal to two vectors of the form p;; —a;pr: and
Pij — Pk, [ou|=]og|=1.

The second statement follows from the following observations:
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PROPOSITION 2.13. (1) For each i, there are precisely two complez slices of B; that
intersect S, in a geodesic. We choose vectors vjy and vii; polar to these two complex
slices.

(2) The vectors vj;, and vk correspond to the two intersection points of &; and §,7
in projective space.

(3) vijkLvjir and vijk Lvik,.

(4) The union of any two adjacent sides of the hezagon is the intersection with S,
of a meridian of one of the three bisectors B;.

The reader should keep Figure 1 at hand when reading the proof of the proposition.
The picture of Sy, is drawn using spinal coordinates on B; 1By, so that the complex slices
of By, Bs and Bj intersect §,, in vertical, horizontal and slope-1 lines, respectively.

Proof. Lemma 2.2 implies that any slice of B; that intersects S, in a geodesic must
intersect both &; and &; in projective space. By the slice decomposition, their points
of intersection with the slice are orthogonal to some vector z€6;. Such a z is clearly
contained in §,7, since it is orthogonal to two points from two different extended real
spines.

Hence the slices C; of B; that intersect S, in a geodesic are polar to points of inter-
section ;NS;. Now o; is not contained in B; for j#i, and it intersects (the extension)
of B; (hence S;) in at most two points.

We now describe the intersection points &; ﬂgn. The corresponding six points appear
already in [Mol], and are denoted v;;x (where all indices are distinct among 1, 2 and 3).
We give the coordinates of two of them, the other ones being deduced by applying J and

the according cycle in the indices:

—me nip
V123 = 1 and V321 = 1 . (217)
iy —nip

These vectors have geometric meaning, namely v;;, can be checked to be orthogonal to
the mirrors of a complex reflection given by J i1RJ-R;C, where the power is 1 if k=j+1
and —1if k=j—1.

Using (2.13), one verifies that

Pr2+Nippes = &2 (NP@* +7i@) vios, (2.18)
P12 —Tippas = & (7P —niP)vaa, (2.19)

which implies that v;23 and v35; are indeed on the extended real spine of B,. Similarly,
applying J, we see that v, is on the extended real spine of B;. Another unenlightening
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computation yields

(vi2s, pr2) = i, (2.20)
<U123ap23> = -77i<.5% (221)
(v123, P31) = 7, (2.22)
{v321, P12) = —nip, (2.23)
(va21, p23) = Nigs, (2.24)

(v321,D31) = 2, (2.25)
where sc=det(H)=1-3a%—a3(¢*+¢?%). Note that all the complex numbers in equations
(2.20)—(2.25) have the same absolute value, so v123 and v3p; are in g,,, see (2.16). The
above result remains true for any v;; simply by applying the 3-cycle J.

This proves parts (1) and (2) of the proposition. We now check the orthogonality
claim, namely that two successive spikes of the star of Figure 1 are represented by
orthogonal vectors. We only check that vss) and vz12 are orthogonal (the other orthogo-
nality properties are easily deduced from this one). This follows at once from direct
calculation, but a better interpretation is that the group contains a number of pairs of
commuting complex reflections. Namely, vaj is the mirror of J™1R; Ry, and v3,; is the

mirror of JRyR;. Now these two mirrors are orthogonal, since
(J7'R1Ry)(JRyRy)=J 'Ry JJ 'Ry JRyR, = RsR1 Ry Ry, (2.26)
(JRyR1)(J'RyRy)=JRyJ YJR1J 'R Ry = Rs Ry R R, (2.27)

and these two are equal because of the braiding relation (these commutation relations
become more transparent in the description of the groups given in [DM]).

It can be checked that, for |t|<1/2—1/p, all v;i are positive vectors, so that
v3i5,MNv3s; is a negative line. The corresponding point in complex hyperbolic space is
denoted by sy2 in [Mol]. Similarly, there is a point §5; which can be described as
V133N V3i 3.

One can compute explicit homogeneous coordinates for these points, and obtain
expression (2.15). Coordinates for the other four vertices of the hexagon are easily
obtained from s12 and §,; by applying the symmetry J, namely ssz3=Js12, s31=4J523,
S30=J821 and §13=J33.

It follows from the above orthogonality property that the complex geodesics that
contain two successive sides of the hexagon are orthogonal, and hence the real geodesics
themselves must be orthogonal. The orthogonality of the complex geodesics also implies
that two successive sides of the hexagon are contained in a totally real 2-plane, which
must then be a meridian of one of the three bisectors intersecting in the Giraud disk
(indeed, it contains two points of its extended real spine). This gives part (4). O
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Fig. 2. A schematic view of the fundamental domain. The two 3-faces H and H’ intersect in

a 2-face (a hexagon) 7. The domain is a geodesic cone from pi2.

|

Fig. 3. The boundary of the fundamental domain is a sphere divided into 10 cells. The cone
point pi12 is represented at infinity and only two of the 3-cells are finite. They correspond
to H and H' and intersect in a hexagon. There are 4 pentagonal prisms and 4 tetrahedra

containing pi2 as a vertex. The 1-cells are all geodesics.

3. Description of a fundamental polyhedron II in H2C

Our fundamental domain is a polyhedron II constructed as a cone at a point piz over
the union of two 3-cells named H and H’ intersecting in a hexagonal 2-cell 7.
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to3

S32 93

512 513

Fig. 4. The 3-face H in the bisector B;. One of its 2-faces is the hexagon 7 contained in the
intersection B1NJ(By).

3.1. The core hexagon

In order to construct the first 3-faces of the fundamental domain we recall that the
intersection S,=B,NJ(B;) is a topological disc which contains six geodesics, arranged
along a hexagon with right angles, see Proposition 2.12. We thus define a 2-face n of
our polyhedron to be the part of the surface S, bounded by the hexagon; this 2-face is
contained in two 3-faces, H in By and H' in Bj=J(B;), which we define below. Here

and in what follows, we write

B:, Bj:=J(B)) and Bj:=J*B).

3.2. The 3-faces H and H'

We first take a closer look at the position of the hexagon in the first bisector B;. We
have that

1) $12, 831 and §32 are in the meridian L,;

2) 813, S23 and §p; are in the meridian Ry (L;);

3) s31 and 351 are in a common slice;
4)

s12 and 8,3 are in a common slice.
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The situation can be seen in Figure 4, where we use coordinates on B; adapted to
the bisector structure, in the sense that the (real) spine is the vertical axis, slices are
horizontal planes and meridians are vertical planes containing the axis. We call such
coordinates spinal coordinates on Bj.

We are now ready to complete the 3-face H by adding two vertices, ta3 and ¢32 in
Mostow’s notation. They are given by the projection onto the spine of B; of the two slices
containing the pairs (s3;, $21) and (s12, 813), respectively. An elementary computation

gives the formulas

alp—me?? alp—nig®?
tas=| @-nip° and tp=| @+7ip? |. (3.1)
P+ifig? @-nip?

We then enclose H by adding four 2-faces:

(1) two C-planar geodesic triangles, 711 ={(t23, $31, 321) in the “top” slice and ;=
(tsz, $12, §13) in the “bottom” slice;

(2) two R-planar geodesic right-angled pentagons, w1 =/(t23, S31, §32, S12, £32) in the
meridian L., and mo=/(ta3, 521, S23, §13, t32) in the meridian Ry (L, ).

It is natural to construct this wedge from the spine g; because R; acts on the bisector
Bj by rotation around its spine. These five 2-faces enclose a region in By which is our
first 3-face H.

Now the next face H’ is easily derived: we simply consider H'=J(H) in B{=J(B1).
This new face, isometric to H, is glued to H along the 2-face n (with a rotation of
%7&' in the orientation of the picture), and it only has two new vertices ¢33 =J(t23) and
t13=J(t32) which are on the spine of Bj.

We have thus closed the 2-face n in the sense that it belongs to two 3-faces; we

eventually want to close all the 2-faces we have introduced, which is what we now do.

3.3. The whole polyhedron I1

Recall from §2.2 that pis is the intersection of the mirrors of R; and R, (see equa-
tion (2.13)). Alternatively, it can be seen as the intersection of the complex spines of the
two bisectors we have used so far, B; and Bj.
We then construct our polyhedron 11 as the geodesic cone over the “core” part HUH'
from the point p;2. We use the notation
Cone(a) = U [p124],
q€a

where |pg| denotes the geodesic segment from p to g, so that

IT:=Cone(HUH').
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ta3

523

S12 "
513

Fig. 5. The core part HUH' in BiUB]. The pentagonal 2-cells 71 and 72 contain the spine

g1, and 7} and 7} contain the spine g2. The side-pairing transformation which interchanges
H and H' is J.

This is analogous to the construction in [FPk] for the Eisenstein-Picard modular group,
where the cone vertex was at infinity.

With this construction, the interior of II is the cone over the interior of HUH’, and
its boundary is the cone over the boundary of HUH’, together with HUH'. Thus the
boundary of II consists of ten 3-faces: H, H' and eight faces of two combinatorial types,
tetrahedra (cones over a triangle) and pentagonal pyramids (cones over a pentagon).
We will see, in fact, that these two types are also geometrically different, because the
tetrahedra live in bisectors whereas the pentagonal pyramids do not.

What is less obvious, and which we leave to the next section, is that this construc-
tion does not yield any unwanted intersection between the faces. We first describe the
remaining 3-faces.

3.4. The remaining 3-faces

3.4.1. Description of a tetrahedron. The “top” and “bottom” triangles 71; and 721 are not
isometric (unless t=0); however, the tetrahedra based on them have the same structure,
so we need only describe the tetrahedron T} based on 79;.

Recall that 711 =(t23, 831, 821) is C-planar. Now when we add the point pi, we
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D12

P12
(ReRy)™!

D12 R R,

P12

Fig. 6. The four tetrahedra in the boundary of the polyhedron II actually have the common
vertex p12. Shown are the corresponding side-pairing transformations.

Ry

Fig. 7. The four pentagonal pyramids in the boundary of IT and their side-pairing transfor-
mations. Again, they are defined as cones to the common vertex piz.
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obtain a special configuration:
LEMMA 3.1. The triangles T12:(t23,831,p12) and T13=(t23,§21,p12) are R-planar.

Proof. This can be seen by computing the two Hermitian triple products. An-
other proof is obtained by observing that the complex geodesics containing [t23, $31] and
[ta3, p12], respectively, are orthogonal. Indeed, by construction, the first one is a slice
of B; and the second is the complex spine of Bj. O

This shows that three faces of the tetrahedron are naturally reconstructed from its
vertices; there remains some flexibility in the choice of the fourth face, and we have
chosen the union of geodesics from p12 to the opposite edge (this ensures that this face is
also a face of the neighboring pentagonal pyramid). We can moreover see the following
result:

LEMMA 3.2. The tetrahedron T} is contained in a (unique) bisector.

Proof. We need to find a bisector B such that the R-planar triangles 72 and 73
are each in a meridian of B and such that the C-planar triangle 735 is in a slice. This
is possible because the geodesic (fa3p12) common to both R-planes (which is the only
possible spine) lives in a C-plane orthogonal to the possible slice. O

3.4.2. Description of a pentagonal pyramid. We also have a priori two isometry
classes of pentagonal pyramids. They share, however, the same structure, and we only
describe the pyramid P; based on the R-planar pentagon m;. What happens now is that
when we add the point p;s, we obtain five triangular 2-faces, one of which is C-planar
((t23ts2p12) is contained in Fix(R;)), the two adjacent faces (tg3831p12) and (t32812p12)
are R-planar (they are also faces of the tetrahedra T} and T3, respectively), and the two

remaining faces are not geodesic. In particular, we have the following lemma:
LEMMA 3.3. The pentagonal pyramid Py is not contained in a bisector.

Proof. Indeed, three of its faces are R-planar, intersecting in two distinct geodesics,
whereas any three (or more) R-planes contained in a bisector intersect in a common
geodesic (the real spine). O

4. Topology and combinatorial structure of II

The reader can skip this section if he assumes Proposition 4.1. We will now show how
the combinatorial structure of II ensures that its topology is reasonable, in the following
sense:
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projected
geodesic

Fig. 8. Generic intersection of a geodesic and a bisector.

PROPOSITION 4.1. Topologically, the boundary polyhedron O11 is a sphere S, and
the whole polyhedron I is a ball B2,

Proof. We show that OII is homeomorphic to S3. The technical aspect is to show
that the 3-faces as we have defined them intersect only where we expect them to, i.e.
in common 2-faces or unions of 1-faces; this will be seen below and follows from the
structure of the bisector faces and the special position of our cone point p1z. Assuming
this, the fact that every 2-face belongs exactly to two 3-faces ensures that J1I is a 3-
manifold; in fact, we have a realization of 8II in S by considering the core part HUH’
(a topological B%) in R? and setting the point p; at infinity. The boundary polyhedron
OII is then the union of HUH' with the cone from pi2 over §(HUH'), which is the
exterior of this ball; the verifications below ensure that this is an embedding. O

We now want to check that the different 3-faces that we have defined intersect
pairwise as expected (in 2-faces or unions of 1-faces), i.e. that there is no unwanted extra
intersection. A real difficulty resides in the fact that bisectors are not geodesically convex
and that, more precisely, the generic intersection between a geodesic and a bisector is
empty or a pair of points. This is a problem for us as we have defined our polyhedron as
a geodesic cone over certain objects living in bisectors. For instance, it is possible that
a geodesic between p;2 and a point g€ H meets H’' before reaching q. We will see that
this does not happen, the key point being that p;2 is on the complex spines of both B;
and Bj.

LEMMA 4.1. Let C be a complex line and wc be the orthogonal projection onto it.
If ~ is a geodesic intersecting C then no(7y) is a geodesic in C.

Note that this is not true in general, mc () being an arc of a Euclidean circle (see
Figure 8).
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Proof. Normalize the coordinates in the ball model so that C={(z1,0)eB%} and
CNy={(0,0)}. Then the projection is simply (23, 22)>(21,0), and the result is obvious
knowing that the geodesics through the origin are the Euclidean segments. ]

We apply this simple fact to the context of bisectors. Recall the slice decomposition
of a bisector: if B is a bisector with (real) spine g and complex spine C, and if as above
¢ is the orthogonal projection onto C, then B=nr"(g), where the fibers n5'({p}) for
peEg are the slices of B. The above lemma has the following consequences:

LEMMA 4.2. Let B be a bisector with (real) spine g and complex spine C, and let
peC. Then the geodesics through p

(1) intersect B in {p} or are contained in B if pEg;

(2) intersect B in at most one point if pég.

Proof. The first part comes from the fact that the (real) spine is contained in all
meridians. For the second part, the preceding lemma shows that if v is a geodesic
through p, then 7o () intersects g in at most one point ¢g. Then BN+ is contained in
the slice 7" ({g}). The slice being totally geodesic, this shows that BN+~ contains only
one point. O

We are now ready to analyze the different intersections of 3-faces.

4.0.1. Intersection of the pentagonal pyramids with H and H'. There are two types

of intersection between a pentagonal pyramid and a core face H or H’, as follows:

PROPOSITION 4.2. (1) Py intersects H in the pentagon .

(2) P intersects H' in two geodesic segments, [$32831] and [S32s12].

Proof. We prove the stronger statement that
PlﬂBlzTrl and PlﬂBiz[gggsgl]U['ggQSlz],

by projecting to the C-spine of the appropriate bisector and using the above lemma. Let
¢, (resp. m¢:) denote the orthogonal projection to the C-spine of By (resp. Bj).

For the first point: since m C By, 7¢, (1) is contained in the (real) spine of By, so
that the preceding lemma implies that each geodesic from p;2 to a point g of 71 intersects
B; only in ¢.

It remains to see how P, intersects H'. We start off by showing that the pentagon m;
is entirely contained in the half-space bounded by B and containing p;2. Recall that my
is contained in the R-plane L, (see Proposition 2.10). Now L. has singular intersection
with Bj, consisting in the two orthogonal geodesics (532831) and (S§32512) which separate

L. into four regions as in Figure 9 (where + and — indicate the half-spaces bounded
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Fig. 9. The trace of Bj on the R-plane L.

by Bj). Thus m; (which is convex) is entirely contained in one of these half-spaces,
which contains the vertices ¢»3 and #35. Now we can check, using two points from which
Bj is equidistant, such as p;2 and py3, that to3 and t3; are on the same side of B as
the point py2. (Figure 10 illustrates the difference cosh g(t23, p23)—cosh o(ta3, p12) as a
function of the phase shift ¢, the point being that it remains positive for [t|<1/2—1/p.)
We can then conclude, by projecting to the C-spine of Bj and using the lemma, that the
whole cone P; is on the same side of B as pj2, which implies that P, and Bj have the

desired intersection, which is the pair of edges [332531] and [332512). ]

The same argument applies to the other pentagonal pyramids, knowing that £,3 and
t3; are on the same side of B; as the point pis.

4.0.2. Intersection of the tetrahedra with H and H'. These intersections are exactly
as above, replacing the pentagons with triangles. We have in this case:

ProposITION 4.3. (1) T} intersects H in the triangle Ti1.
(2) T intersects H' in the geodesic segment [32131].

4.0.3. Intersection of two cone faces. The intersection of two faces which are unions

of geodesics from p;5 is not much of a problem.

LEMMA 4.3. If o and 8 are subsets of 0(HUH'), then

Cone(a)NCone(3) = Cone(ang).

Proof. It is obvious that Cone(an3)CCone(a)NCone(3). That there is no extra

intersection follows from what we have seen on the other faces. O
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Fig. 10. t23 is on the same side of B{ as p12.

4.0.4. Intersection of the two core faces H and H’. This is the easiest case because
we have defined the 2-face n so that HNH’'=7. Note that H (resp. H') lies entirely on
one side of the bisector B] (resp. B}, which is the same side as p12 as we have seen by
testing the vertices.

5. Using Poincaré’s polyhedron theorem

In this section we review Poincaré’s polyhedron theorem. We will follow the general
formulation of the theorem given in Mostow [Mol, §6, p. 197], and we refer to it for a
proof (see also [FPk] and [Ma]). We define a polyhedron as a cellular space homeomorphic
to a compact polytope. In particular, each codimension-2 cell is contained in exactly two
codimension-1 cells. Its realization as a cell complex in a manifold X is also referred to

as a polyhedron. We will say that a polyhedron is smooth if its faces are smooth.

Definition 5.1. A Poincaré polyhedron is a smooth polyhedron D in X with co-
dimension-1 faces T; such that

(1) the codimension-1 faces are paired by a set A of homeomorphisms of X which
respect the cell structure (the side-pairing transformations); we assume that if y€A then
YTrEN;

(2) for every «v;; €A such that T;=";;T;, we have v;; DND=T;.

Remark 5.1. If T;=Tj}, i.e. if a side pairing maps one side to itself, then we impose,

moreover, that «;; be of order 2 and call it a reflection. We refer to the relation fyfj:l
as a reflection relation.
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Let Ty be an (n—1)-face and F) be an (n—2)-face contained in T;. Let T be the
other (n—1)-face containing F,. Let Tp be the (n—1)-face paired to T by g1€A and
F>=g,(F1). Again, there exists only one (n—1)-face containing F, which we call T5.
We define recursively g; and F; so that g;_q0...0q1(F)=F;.

Definition 5.2. Cyclic is the condition that for each pair (F},7) (an (n—2)-face
contained in an (n—1)-face), there exists r>1 such that, in the construction above,
gro...og1(T1)=Ty and g,o...og; restricted to F; is the identity. Moreover, calling g=
gro...og1, there exists a positive integer m such that

91 {(P)U(g2091) "1 (P)U...Ug" H(P)U(g109)  (P)U(g20g1°9) " (P)U...U(¢g™) " 1(P)

is a cover of a closed neighborhood of the interior of F; by polyhedra with disjoint

interiors.
The relation g™ =(g°...cg;)™=1d is called a cycle relation.

THEOREM 5.1. Let D be a compact Poincaré polyhedron with side-pairing trans-
formations ACIsom(H%) in HZ satisfying the cyclic condition. Let T be the group
generated by A. Then T is a discrete subgroup of Isom(H%), and D is a fundamental

domain. A presentation is given by

I'=(A| cycle relations, reflection relations).

5.1. Side pairings

The side pairings of our polyhedron II are, writing Ry=JR;J "},

J
H-SH,
R R
PP, P{ —2->P2',

RiR>

-1
BB o, B,

5.2. Cycles and orbits of faces

We now write the cycles of 2-faces induced by the side pairings, according to the type of
2-face.
(1) The hexagon cycle
n—n—0on BN 7.
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(2) The pentagon cycle
R, J. 4 R, g
T — > Ty —=>Tg ——> T —> 7.

(3) The C-planar triangle cycles

(ReR))™" , g1
T11 T11 T11,

RiRs 7 J-!
To1 —— > Tg; — T21,

Ry
Tel = Tels

Ry
Tc2 > Te2.

(4) The R-planar triangle cycles

Ry (ReR1)™'  , R3' | RyRy

T12 > T13 T13 > T1o > T12;
Ry RiR , R;' , (RaRy)™!

To9 — 723 Tog > Too T92.

(5) The generic triangle cycles

(R2R1)™'  , Ry Ry
T4 ——> T4 —Tg2 —* Tl4,

- —1
RiR: s Ry ! Ry
T24 Toyq Tgl T24-

5.3. Verifying the tessellation conditions

5.3.1. First step: the side pairings send II off itself. We show in this section that each
side pairing ¢ of II satisfies

IIng(Il)=@.
This is more easily seen in the case where the faces corresponding to the side pairing live
in a bisector, because the bisector in question separates Il and its image, and hence the
intersection of these polyhedra has dimension at most 3, and their interiors are disjoint.

We now verify this claim.

+ Side pairing J. J maps H to H’, which lives in the bisector Bj. We have the

following result:
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PROPOSITION 5.1. Bj separates I1 and J(II).

Proof. We first see this for the core parts HUH' and J(HUH')=H'UH". Now H'
is in Bj, so we only need to check that H is on one side of B and H” on the other.
We already know that H is on the same side of B] as p;s (see §4.0.4), and the second
part follows, knowing that the R-reflection 013 (in the meridian L3 of B}) exchanges H
and H”, as can be checked on the vertices.

The cone parts are then easily seen to be on the appropriate sides of B, because
the cone points pi2 and peg=J(p12) are in the C-spine of Bj, each on the same side as
the base of its cone. O

o Side pairings RyRy and RoR;. We treat the case of Ry Ry, the other being com-
pletely analogous. The side pairing R;jRs maps T2 to Tj, which is contained in the
bisector Bry, having as real spine the geodesic (t13p12). We have the following result:

PROPOSITION 5.2. Bry separates 1 and R;R(II).

Proof. Tt suffices to show that II is entirely on one side of Br;. Indeed, II is then
analogously entirely on one side of By, so that by the side pairing Ry Rz, R1Ry(II) is
entirely on one side of Br;=R;Ry(Br,). We then check one point in each polyhedron to
see that they are indeed on opposite sides.

The fact that II is entirely on one side of Br; can be seen by projecting to the
C-spine of By (the mirror of Ry), which contains the points p;2, t13 and ta;.

— Position of H'. H' lives in the bisector B, which has the same C-spine as Bry;
its projection is thus contained in the geodesic (£13¢31) (the real spine of Bf), and in light
of the foliation of H' by complex triangles it is in fact inside the segment [t13%51].

— Position of H. Recall that the 2-skeleton of H consists of 1, my, 72, 711 and 7o;.

The 2-face n is also in H’, so it projects in the segment [t13t31]. For the pentagons

we need the following lemma:

LEMMA 5.1. The four points pia, 321, t13 and taz (resp. p12, S12, t31 and tsz) lie

in a common R-plane.

Proof. Indeed, as we have seen earlier, the triples (p12, 821,%13), (P12, 821, t23) and
(821,13, t23) each lie in an R-plane because the pairs of geodesics (p12t13) and (321t13),
(p12t23) and (S21t23), (S21t13) and (321t23) lie in pairwise orthogonal complex lines.
Thus we have a tetrahedron of which three faces are R-planar; by Proposition 2.9 this
is possible only if the four points lie in the same R-plane. O

We can now analyze the position of mo. As we have just seen, the geodesic (521£23) is

contained in (a meridian of) Bry, which also contains (521523) in a complex slice. Thus
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t13, S23, 821 831, 813 131, 812, 532

P12
Fig. 11. Projection of H to the C-spine of BTé'

the intersection of the R-plane containing m» with Br; is exactly a pair of geodesics,
which are two sides of 7y, so that 72 lies entirely on one side of Bry, as in Figure 9.

We now use the other quadruple of points of the lemma: these lie on an R-plane
which is, for instance, a meridian of the bisector Bry having (pi2ts1) as real spine (and
having the same C-spine as Bry). Thus the entire quadrilateral projects into the segment
[p12t31]. We now know that the 1-skeleton of H projects to the appropriate side of Byy,
except maybe for the edge [s31t23]. This is the third side of the C-planar triangle 711,
whose two other sides, [S21t03] and (821831), project, as we have seen, into the segments
[t13p12] and [t13ts31], respectively (see Figure 11). This gives us sufficient control over the
third side. Indeed, the projection restricted to a complex face is holomorphic, thus an
open and angle-preserving map. This rules out the possibility that the image of the edge
[s31t23] (which is an arc of hypercycle in the C-spine of Br;) would pass through the
real spine (t13p12) (see Figure 12; the first case is ruled out by “angle-preserving” and
the second by “open”). We then conclude by saying that the image of H is bounded by
the image of its boundary, using, for instance, the foliation of H by complex triangles.

— Position of the cone faces. As earlier, the geodesics through p;» project to
geodesics because pi2 is in the complex line onto which we are projecting; moreover,
P12 is in the real spine of Bry, so that the cone on an object is entirely on the same side
of By as that object. |

o Side pairings R1 and Ry. This is the most delicate case because II and its im-
age cannot be separated by a bisector (or else this bisector would contain one of the
pentagonal pyramids, which we have seen to be impossible).

To prove that R;(IT) and II have disjoint interiors, a possible approach would be
to show that II is contained in a fundamental domain for R; (as suggested to us by the
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t13 531, 513 t13 831, 513

t23

Fig. 12. Non-admissible projections of a complex triangle.

referee). In fact, R; acts on complex lines orthogonal to its mirror as a rotation. There-
fore, the choice of a wedge (of angle 27/p) in each of these lines defines a fundamental
domain for R;. Unfortunately, there does not seem to be a simple global choice of such
wedges.

Instead we have to consider separately the core faces and the cone faces, and use
the fact that if the interiors of the polyhedra were to meet, then so would the interiors

of some of their 3-faces.

PROPOSITION 5.3.
HHRI(H) =.

Proof. We follow the lines given above, first separating the core faces (H and H’,
R (H) and R;(H'}). The only obvious intersection between these faces is that of H
and Ry (H) (namely Py}, which live in the same bisector Bj.

We first prove the following lemma:

LEMMA 5.2. There exists a bisector Br, which separates HUH' and R(HUH').

In particular, these two objects have disjoint interiors.

Observe that the four faces in question all have the edges [313523] and [s23821] in
common, so that a suitable bisector must contain these edges. In fact, our bisector will
contain the whole R-plane R;(L,) as a meridian.

The most natural idea is to use one of the complex slices of By as a C-spine for our
bisector (the C-plane onto which we will project). For practical reasons we use the slice
containing so3 and 332 (this is the slice containing the largest section of H). We thus
define Bg, by its real spine, which is the geodesic joining so3 and its projection to the
vertical axis (fa3t32). The first thing to say is stated in the next lemma:

LEMMA 5.3. The bisectors By and Bp, intersect only along the common merid-
ian Ry(L;).

Proof. It is clear that B; and Bp, share this meridian, because it contains both real
spines. One can then invoke [Go, p. 174], or use Proposition 2.9 on R-planar tetrahedra
to conclude. O
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ta3, t32, P12

Fig. 13. Projection of H and H’ to the C-spine of Bp,.

This shows that H is entirely on one side of Bg, (and R;(H) on the other). Consider
now H'; we examine each 2-face separately.

— The most obvious is the hexagon 7, which also belongs to H.

— The C-planar triangle 74, has an edge, [s23521], which is in Bg,. That geodesic
can be the only intersection between Bg, and the C-plane containing 74, so that 74, is
entirely on one side of Bp,.

— The R-planar pentagon #} also has an edge which is in Bg,, namely [s23513]. Now
this geodesic meets the R-spine of Bpr,, in sa3, so that by Proposition 2.8 it can be the
only intersection between the R-plane Ry(L,) and Bg,. Thus the whole pentagon is on
one side of Bp,.

So far, we know that the entire 1-skeleton of H’ is on one side of Bpg,, except maybe
for the edge [332t31]. Now this edge meets the C-spine of Bg, (in §32), so it projects to
a geodesic and stays on the same side of Bp, as its endpoints. Having the 1-skeleton, we
extend the result to the 2-skeleton: the only non-obvious faces are a C-planar triangle
and an R-planar pentagon of H’, which are handled by Lemma 2.1. Finally, we get the
corresponding result for all of H' by using the foliation of H' into C-planar triangles.

Thus HUH' is entirely on one side of Bg,; the same arguments (replacing the R-
plane Ri(L,) by L.) prove that HUH' is entirely on one side of Bp- (the bisector
analogous to Bp,, but containing L, ), so that in fact HUH' is entirely in the “wedge”
of angle 27/p between Bg, and By (see Figure 13).

We conclude by noting that R; rotates the C-spine of Bg, by an angle 2n/p (around
the point image of to3, t32 and p12), sending the wedge off itself. 0

To conclude the proof of the proposition, it remains to see what happens with the



188 M. DERAUX, E. FALBEL AND J. PAUPERT

Fig. 14. View of a complex slice of By (for p=4).

cone faces: we have already seen, when describing the self-intersection of II, that the cones
from p12 on H and H' have no other intersection than the cone on their intersection.

There remain three intersecting pairs to analyze:

LeMMA 5.4. (1) Cone(H'}NCone(R;(H))=Cone(H'NR;(H)).
(2) Cone(H)NCone(R,(H'))=Cone(HNR,(H")).

Proof. We start with the first item. We project the cones to both complex spines of
B, and Bj. If a geodesic containing p,, is in the intersection of the cones, it projects onto
a geodesic under both projections by Lemma 4.1. Such a geodesic will meet either H' or
R (H) first. The lemma is proven if we show that the geodesic meets H' and R;(H) at
the same time. To see this, recall from §4.0.1 that the projection of H’ in the complex
spine of B; is on the same side as p;» with respect to the real spine (which contains the
projection of Ry (H)).

This shows that the geodesic meets H’ first. Projecting to the complex spine of Bj
shows analogously that the same geodesic meets Ry (H) first. Indeed, R;(H) is contained
in By, on the same side of the surface S, as H, as can be seen slice by slice (if C is a slice
of By, S,NC is a hypercycle, i.e. an arc of a Euclidean circle meeting twice the boundary
circle, bounding CNH, and CNR;(H) is on the same side of this arc as that of CNH,
see Figure 14); thus R; (H) is on the same side of B} as H and pj2.
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The second item is proven analogously, noting that in a slice C of By, CNH is on
the same side of the hypercycle CNR(S,) as CNR(H). ad

LEMMA 5.5. Cone(H')NCone(Ry(H'))=Cone(H'NRy(H'")).

Proof. We project the cones on the complex spines of B} (which contains H') and
Ry (Bj) (which contains Ry(H')). Since p2 is in both complex spines, as in the previous
lemma, the projections of the cones are cones over the projection by Lemma 4.1. The
same argument as above will hold if we show that each projection is on the same side as
p12 with respect to the corresponding real spine; we will refer to that side as the good
side.

To show this, let us first consider the projection of R;(H’) on the complex spine
of Bj. We check that the vertices of Ri(H') are all on the same side of B as p;2. That
gives a hint that the whole 3-face R;(H’) is on the good side. More precisely, we divide
the proof in several steps:

(1) We check numerically that R;(¢13) and R;(ts1) are on the good side of Bj.

(2) From the knowledge of S, =B;N B}, which is a union of hypercycles, one in each
slice of By, we obtain that R;(n) intersects Sy, in precisely two geodesic segments, [821 823]
and [s23813), and, moreover, is contained in the good side of Bj.

(3) As the intersection of Ry(71,) (a slice of R1(H')) with Bj is a hypercycle and
contains the geodesic segment [s23313], we conclude that Ri(7{,) is on the good side.

(4) We have to check that the pentagonal faces Ry (m}), i=1,2, project on the good
side. Observe that the Lagrangian pentagon R;(7}) has a geodesic in common with the
bisector B, namely [52;s23]. Now the intersection of the whole Lagrangian with the
bisector could contain at most one more geodesic, orthogonal to the first (see Proposi-
tion 2.8). However, if such a second geodesic existed and met the pentagon R;(w}), the
vertices of Ry (m5) would lie on both sides of this geodesic (because the pentagon has only
right angles), and thus on both sides of Bj. This is impossible since we have verified that
all points are on the same side of B]. We conclude that the whole pentagon is on the
good side.

Concerning the other pentagon, R; (1), the same argument does not apply (because
a priori it has no intersection with Bf), and it remains to check that one of its edges is
on the good side, namely the edge [R;(¢13) R1(s23)]. This is done in the next item.

(5) We need to prove the following statement, which seems quite obvious in Fig-
ure 15: the geodesic segment between R;(f13) and R;(s23) does not intersect the bisec-
tor B}. Computer investigation shows that a stronger statement is true, namely that the
entire geodesic (and not only the segment) does not intersect the relevant bisector. We

shall explain how this can be done for the first case only, the second one being completely
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> g

(a) Cone(R;(H’)) projected onto ex (b) Cone(H') projected onto R;(e3)

Fig. 15. The straight line segments represent the spine of the relevant bisector, which we
need to separate H' and Ri(H’). The thick segment is the only one that we need to check

numerically. The pictures are drawn for p=3 and t= ilé'

analogous.

Let 7 be the geodesic segment between p=R;(t13) and ¢g=R;(s23). We claim that
it never intersects the bisector B equidistant from pj2 and pes.

We write y(x)=(1—z)p+2zq/(g,p)=v+zw (note that the geodesic is not param-
eterized with constant speed, so the parameter z should range through some interval,
whose endpoints are irrelevant to our computation).

Any possible intersection of v with B] would be found by solving the equation
[(v+aw, pr2)| = (v+aw, pas)|. (5.1)

Using the linearity of the Hermitian product and squaring both sides of the equation, we
can rewrite it in the form of a quadratic equation

azx’ +br+c=0, (5.2)
where
a=|(w, p12)|*—[{w, pas) ?, (5.3)
b=2Re((v, p12){p12, w) — (v, p23) (P23, w)), (5.4)
c=|{v, p12)* = (v, p23)|*. (5.5)

It can easily be checked that the discriminant of this quadratic equation is negative for
small phase shift. The values of A=b%—4ac for the values of ¢ corresponding to discrete
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Fig. 16. The 3-faces H’, R;(H’), H and R1(H). Note that H and Ri(H) are contained in
the bisector Bj.

groups with p=3 are given in the following table:

t A

0 | —0.2369...
35 | —0.2465 ...
= | —0.2472...
& | —0.2414...
& | —0.2236...

(6) The projection of the face R1(H') in the complex spine of B is bounded by the
image of its 2-skeleton, because Ry (H') is foliated by triangles in slices and the image by
the projection (a holomorphic map) of each triangle is a triangle in the complex spine
of Bi. In fact, it is also bounded by the projection of the 1-skeleton by Lemma 2.1.
Using the items above we then conclude the proof that the projection of the face R;(H’)
in the complex spine of B} is on the good side.

The same argument shows that H’ is on the good side of R;(B{). In particular,
a key step is to show that the geodesic segment between t3; and 335 does not intersect
the bisector R;(B]) (see again Figure 15).

To conclude the proof of the lemma we show as above, by projecting to both C-
spines, that the intersection on the cones over the bases has to contain a point of the
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intersection of the bases. O
The proposition follows from the three main lemmas. 0

5.3.2. Second step: further along the cycles. In this section we verify the cyclic con-
dition of the Poincaré theorem. Recall that for a cycle of codimension-2 faces ¢,

Gk—
01T o B TN 4 25 ¢,

the cycle transformation gxogr_10...0g1 has a certain finite order m (this is one of the
hypotheses we have to check; the side pairings g; are explicit in matrix form, which allows
us to find m). We will call k& the length of the cycle, and mk its total length. The cyclic
condition ensures that the mk images of I1

gl_l(n)v (g2°gl)—l(n)a sy ((gkogk—lo'--ogl)m)_l(n)=H

tile a neighborhood of the face ¢,. In fact, each of these polyhedra shares a codimension-1
face with its two closest neighbors, so that we only need to check that all of these
polyhedra have pairwise disjoint interiors.

We have shown in the preceding section that this is true for all pairs of adjacent
polyhedra (those differing by a side pairing). This settles the case of all cycles of maxi-
mum total length 3; for greater total length we must check that II and its non-adjacent
images have disjoint interiors. We will start with the three cycles of total length 4, where
we only need to compare II with its “diagonal” image (see diagrams below). The cycles
of total length 4 are as follows:

« The pentagon cycle

Ry J_ 4, R3' , g!
Ty — Mg ——> Ty ——> T ——> 7.

A schematic picture of the tiling of a neighborhood of the 2-face 7, (represented by the
central vertex) is

J™HI) = Ry ' J 1Ry (1) I
J7'Ry () =Ry 'J-Y(ID) | RYH(ID)

The fact that II and its “diagonal” image J~'R5 '(II) = Ry 'J~1(II) have disjoint interiors
follows easily from what we have already seen. Indeed, we know that the bisector B;
separates IT and J~1(IT). Now R, fixes pointwise the C-spine of By (which is its mirror)
and commutes with the orthogonal projection onto it, so that it preserves each of the
half-spaces bounded by B;.

Thus, applying Ry * to J~!(II), we see that B, separates II from Ry *J~'(II).
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¢ The R-planar triangle cycles

R, (R2R1)™'  , R3! ; Ra2Ry

Ti2 —* T13 *T13 * Ti2 T12,
Ry RiRs _, R;' ; (RaRg)™"

Ta2z — 723 > Tag T > T22.

A diagram for the first cycle is

Ry Ry (IT) = Ry 'Ry Ry Ro(IT) 11
Ry'RyRa(T) = Ro Ry Ry '(I1) | Ry(T0)

As above, we can easily separate IT and its diagonal image Ry 'Ry Ry (II)=R, R, Ry ' (),
this time by the bisector Br,. Indeed, Br, separates IT and Rz Ry (IT), as we have already
seen, and as above, R; preserves the half-spaces bounded by Br, (whose C-spine is again
the mirror of R1), so that Br, separates IT and R 'Ry R, (IT).

The second cycle is analogous.

Now the only other cycles with total length greater than 3 are the C-planar triangle
cycles

(ReRy)™' , J!
711 T11 T11,

RiRy , J7?
T21 —>’7'21 —> 791

on one hand, which has length 2 but arbitrarily large total length, and

R
Tel ? Tels

Ry
Te2 = Te2

on the other, of length 1 and of total length p (in our cases, p=3, 4 or 5).

+ We start with the first pair of cycles. The cycle transformations are respectively
(ReR1J)~! and J~1R; Ry; they both fix pointwise a C-plane, namely the one containing
the triangle 71 (resp. 791). Computing the eigenvalues of these two elements tells us that
they act on C-planes orthogonal to their mirror by multiplication by 7i@? (resp. —ni@?),
corresponding to rotations of angle w(1/2—1/p+t). If the group is discrete, these elliptic
elements are to have finite order. In fact, imposing the angles to be of the form 27/k and
2n/l with k,l€ZU{oo} is sufficient to obtain the cyclic condition for these two cycles,

and thus discreteness of our group. More precisely we have the following proposition:
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PROPOSITION 5.4. (1) If
-1
1 1 ¢
= =-—=—+= V/
k (4 2p+2) SY/N

O, RyRi(T), ReRyJ(I), .., (RyRyJ)*(IT), (ReR1J)*RyR, (1)

then the polyhedra

have disjoint interiors. In fact, two of these share a common 3-face if they are adjacent,
or else they only have the 2-face T, in common.
(2) Analogously, if

then the polyhedra
0, (RiRz)™'(T), (RiRg)™'J(M), ..., (RiRz)™')H(ID), ((R1R2)™'J)'(RiRs)~'(ID)

have disjoint interiors, and two of them share a common 3-face if they are adjacent, or
else they only have the 2-face 21 in common.

Proof. We have just seen that the elements (RaR;J)~! and J™'R;R; act on C-
planes orthogonal to their mirror by certain rotations, the two integrality conditions
saying that these are of angle 2n/k and 2n/l. Now we know that the C-plane containing
the points ta3, t32 and p;» (which is the common spine of the bisectors By, Br, and Br,) is
orthogonal to the mirrors of (Ry R;J) ™! and J~!R; R2, at points 23 and t32, respectively.
We project to this C-plane, which contains the geodesic triangle (#23, £32, p12), each of the
sides being the real spine of one of the bisectors By, Br, and Br,. We have shown that
the polyhedron II is entirely on one side of each of these bisectors, which means that its
projection is entirely inside of the triangle (f23,%32,p12). This proves the proposition. O

Remark 5.2. There are finitely many values of ¢ for which the two numbers

1 lit_l
4 2p 2

are integers; these are listed in the table

p| ltI<1/2=1/p ||t|=1/2-1/p | [t|>1/2~1/p
1 1 1 5 1 7 1
310,35 18 13> 13 5 360 3
1 3 1 5
4 0, 55 5 3 V)
5 11 117
10° 5 30° 10
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Remark 5.3. It follows from what we have done that the group generated by A=
(RoR1J)™! and B=J 'R R; is a C-Fuchsian triangle goup, preserving the mirror of R;.
Indeed, one checks that the product AB acts on this complex geodesic as a rotation by
an angle 27/N, where N=2p/(6—p), fixing p;2 (a geometric reason for this value can be
found in [Mol, p. 243]). In particular, a fundamental domain for its action is given by
the union of the triangle 7.1 and its reflection about the geodesic (to3t32).

» Now consider the last cycles, where the cycle transformations are R; and Rs, of
order p=3, 4 or 5. For p=3 there is nothing to add, but for p=4 or 5 we must ensure that
the non-adjacent polyhedra IT and R2(TT) have disjoint interiors. We do this by following
the lines of the analogous verification for IT and R;(II) (proof of Proposition 5.3); in
principle, the two non-adjacent polyhedra are easier to separate because they have a
smaller intersection; however, we lose some control over this intersection. Rather, we
handle this by using the computer to check the position of the sixteen core edges (as
opposed to just one previously).

The core faces are easily separated using the bisector Bg, which was introduced in
the proof of Proposition 5.3:

LEMMA 5.6. For p=4 and p=>5, Bg, separates HUH' and R?(HUH').

Proof. This follows from what we have seen: we know that HUH' projects to the
C-spine of Bpg, inside a wedge of angle 2n/p (see Figure 13) whose images under R
(k=0,...,p—1) tile this C-plane. a

As before, two of the three cases of intersections of cones are easily described (using
arguments of elementary plane geometry on hypercycles). However, the bases of the
cones are now disjoint, so that the cones intersect only at the common apex p;2, as
follows:

LEMMA 5.7. (1) Cone(H')NCone(R2(H))={p12}
(2) Cone(H)NCone(R2(H'))={p12}

The last case, which requires some numerical verifications, is contained in the fol-

lowing lemma:
LEMMA 5.8. Cone(H')NCone(R3(H'))={p12}-

Proof. As before, we consider simultaneously the projections to both complex spines
of the bisectors containing the bases of the cones, namely B} and R?(B}). Both complex
spines contain the cone point pi2, so that the cones will behave well provided that the
bases H' and RI(H') are on the appropriate side of these bisectors. Using the same

arguments as earlier, we reduce this to a verification on the 1-skeleton of these 3-faces.
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g N7

(a) Cone(R2(H')) projected onto e3 (b) Cone(H') projected onto R?(es)

Fig. 17. Cone(H’) and Cone(Rf (H')) intersect only in the point pi2, as can be seen by pro-
jecting each one onto the complex spine of the other. The pictures are drawn for p=>5 and

1

It then remains to check the position of sixteen edges for each face (thirty-two in all), for
every value of ¢ where the integrality condition holds, listed in Remark 5.2. One way to
do this is to plot the projection of these edges using a computer, as done in Figure 17.
Note that the picture is fairly unambiguous in the sense that all edges are “very far” from
the real spine, i.e. at a distance much larger than the implied precision. In principle,
a detailed verification could also be written along the lines of part (5) of the proof of
Lemma 5.5. g

6. Beyond the critical phase shift

In this section we describe the modification of the combinatorics of our polyhedron for
t>1/2-1/p.

For small phase shift, the starting point of our construction is the hexagon n con-
tained in the intersection of the two natural bisectors B;=B(pi2,p13) and Bi=J(B1).
Recall that the sides of the hexagon are contained in the complex geodesics polar to the
points v (see §2.4).

As already observed by Mostow, when [t|=t.:=1/2—1/p, the hexagon degenerates,
three of its sides collapsing to points on the boundary (three of the v;;;). After this
critical value, the corresponding v;;; are inside the ball (see Figure 18), and they replace
their polar triangles in the construction of our polyhedron. More precisely, for £>1., the
3-face H simplifies to a tetrahedron with vertices vi32, v213, v321 and t3s, having one

C-planar and two R-planar faces (see Figure 19). The whole polyhedron II is then a
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V213
V312
523 /

532

U132 513 812

VU321

V231

V123

$31 o1

Fig. 18. For large phase shift, some edges of the hexagon 7 are outside complex hyperbolic
space. The corresponding face is a triangle, with vertices v132, v213 and vz21, if t>0.

cone over a union of two such tetrahedra, H and J(H). Note that II is non-compact only
for the critical values where |t|=t..

The side pairings and cycles remain the same as earlier, removing those involving the
3-faces which have disappeared (namely T and 77 for t>t., and T, and Tj for t<—t.). In
particular, there remains only one of the two integrality conditions from Proposition 5.4.

Keeping these changes in mind, the arguments given above for small phase shift
go through without any major modification. The main difference occurs for critical
phase shift, since the hypotheses of the Poincaré polyhedron theorem include an extra
verification at the cusps (see [FPk]).

7. Comparison with Mostow’s domains

In this section we comment on Mostow’s fundamental domains for the groups I'(p,t)
generated by Ry, Ry and R3 (for more details see {De]). The goal of his construction is
to describe the Dirichlet fundamental domain centered at pg. Mostow gives an explicit
set of points in the orbit of pg that are supposed to describe all the faces of F, namely
RE'po, (RiR;)*'po, (R:R;R:)*'po (a total of twenty-four points).

One then needs to prove that the corresponding twenty-four inequalities suffice. As
explained in [Mol], this can be done by using the appropriate version of the Poincaré
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U213

U321 V132
Fig. 19. The core part HUH’ for large phase shift.

polyhedron theorem, by verifying that the polyhedron bounded by the above twenty-four
hypersurfaces has side pairings, compatible along the codimension-2 faces.

To explain what goes wrong in his agument, we observe that Mostow describes a
polyhedron by giving each face of its k-skeleton, 0< k<3, as the intersection of a number
of bisectors (sometimes more than 4—k of them, some intersections not being transverse).
Most of this skeleton is not geodesic, and in particular there are several instances of
bigons, i.e. two different 1-faces with the same endpoints.

Mostow’s verification that there are side pairings between the 3-faces is correct, but
it is relatively easy to check numerically that, for some specific values of the parameters
p and t, he missed some of the intersections between the 3-faces. This means that the
polyhedron he uses is not simple, which makes it doubtful that it could be used in the
context of a Poincaré polyhedron theorem.

Moreover, some of the verifications on the cycles of non-totally geodesic 2-faces are
incorrect, some of his 3-faces having (very tiny) extra intersections, which are easy to
miss at first glance with coarse numerical experiments.

It turns out that for two of the groups (the ones with p=5 and large phase shift,
namely F(S, %) and F(S, {6)), there are more faces in the Dirichlet domain than ex-
pected, corresponding to (R;R;)*2p, (see [De]). Although this might seem only like a
minor correction, it illustrates the difficulty in using Dirichlet domains in complex hyper-
bolic geometry. Even though the construction is quite canonical (it depends only on the
choice of the point py), bisector intersections are too complicated to be practical.

The complexity of Dirichlet domains is explained in part by the fact that none of

its codimension-2 faces can ever be in a Lagrangian plane. Indeed, any two bisectors
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bounding faces of a Dirichlet domain are coequidistant, since their complex spines all
contain po (see §2.5). If their intersection were to contain a Lagrangian plane L, the real
reflection fixing I would preserve both complex spines, and hence fix their intersection
point, which is a contradiction.

In Mostow’s Dirichlet domains, certain pairs of 2-faces are close to a Lagrangian
plane, in the sense that their vertices are all contained in such an R-plane. These two
non-totally geodesic faces wrap around a certain Lagrangian quadrilateral contained in
the Dirichlet domain, forming some kind of droplet contained in a bisector having the
Lagrangian as a meridian (see the pictures in [Mol, Figure 14.4] and [De]). One expects
this phenomenon to be due to the rigid nature of Dirichlet domains, and indeed we get
rid of such faces in our fundamental domains.

8. Appendix: list of faces and combinatorial structure of IT

We will now list the (proper) faces of II; the inclusions are obvious because the 1- and
2-faces are determined by their vertices. The 1-faces are all geodesic segments, and the
2-faces are either R- or C-planar, or unions of geodesics from pi2 to a segment (except
for the hexagon n which lies on a Giraud disk).

This contrasts strongly with Mostow’s Dirichlet domain, where faces shaped like
“bubbles” occur, in the form of distinct 1-faces having the same endpoints and of distinct
2-faces having the same boundary.

o The ten 3-faces. These are of three types (and five isometry classes): the core
faces H and H’, the tetrahedra T, T}, T» and T (where Ti(l) is the cone based on the

triangle 7'1-(1,)), and the pentagonal pyramids P;, P/, P, and P} (where Pi(l) is the cone

(’)).

%

based on the pentagon =

o The twenty-five 2-faces. These are of three types (and ten isometry classes):
— the right-angled hexagon n=(s12, 313, S23, 521, 931, §32) living in the intersection
of bisectors By and By;

— four R-planar right-angled pentagons:

71 = (23, $31, 832, S12, t32),
7y = Ry (m1) = (t23, §21, 523, 513, t32)
my = J(m1) = (t31, $12, 813, S23, t13),

7y =J(mg) = (t31, 832, 31, 521, ¢13);

— twenty triangles:
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the faces of T1:

T11 = (t23,831,821)  (C-planar),
Ti2 = (t23,831,P12) (R-planar),
713 = (t23, 521,p12) (R-planar),
714 = (P12, 831, 521)  (generic);

the faces of Ts:
tsz, $12,513) (C-planar),

= (t32, 513, P12) -planar),

=(
= (
(
=(

(
i32,512,p12) (R-planar),
(R
D12, 812, 813) (generic);
the faces of T7:
711 = (t31, 812, §32)  (C-planar),
719 = (t31, 812, p12) (R-planar),
713 =(t31, §32,p12) (R-planar),
714 = (P12, 12, 832)  (generic);

the faces of Ty:

731 = (t13, 823, 821)  (C-planar),
Ty = (t13, 523, p12) (R-planar),
Ta3 = (t13, 321, p12)  (R-planar),
T34 = (P12, S23,821)  (generic);

four triangles belonging to two pentagonal pyramids:

Te1 = (t23, t32,p12)  (C-planar),

Te2 = (t13,t31,p12)  (C-planar),

( (
=(531,832,p12) (generic),
=( (

523,813, p12) (generic).

o The twenty-siz edges (1-faces). These are the sixteen edges of the core part (six
for the hexagon, adding five for each of H and H’) together with the ten edges joining
the ten vertices of the core part to the cone point pya.

» The eleven vertices (0-faces). These are the vertices of the hexagon, s12, 513, S23,
821, s31 and 332, together with the vertices £o3 and t32 of H, t13 and t3; of H’, and the

cone point pis.
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