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1. Introduction

A number of conjectures originating from the 1970’s and before is related to the prime
decomposition of middle binomial coefficients, i.e. binomial coefficients of the form

2n
()
Most of these problems were raised by Paul Erdés and some of his co-authors (see [3],
[4], [5], and [6, Problems B31, B33]). Apart from being interesting in itself, the prime
factorization of middle binomial coefficients has an important application in elementary
number theory, namely the distribution of primes.

Chebyshev was the first mathematician who (around 1850) could prove that the
prime counting function 7(x) satisfies

r

m(z) = Togz’

(1) Supported by the Tata Institute of Fundamental Research (Bombay) and the Hannoversche
Hochschulgemeinschaft.
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which means that «(z) is bounded from above and below by the function on the right.
This can be obtained by studying middle binomial coefficients which—for two reasons—
are an appropriate tool: They have nice multiplicative properties, most of all many
distinct prime factors, and a simple additive property, that is, their recursion formula.

With this in mind, Erdés and others investigated more closely the prime decomposi-
tion of middle binomial coefficients. Despite the fact that these are “almost” squarefree,
i.e. they have only very few prime factors of order at least 2, it was conjectured that for
any integer a and sufficiently large n>ng(a), there is always a prime p such that

(2:) (1)

This conjecture was settled for the case a=2 by Sarkozy [13] in 1985. Recently, the

a

p

general conjecture was confirmed by the author [11]. In fact, much more was shown:
— One can choose p>py for any pp in (1), if n>no(a,po) [11].
— These results extend to binomial coefficients of the form

(2n§:d), @)

if d is “not too large” compared with n [11].
— Let s4(n, d) denote the largest ath power dividing the binomial coefficient in (2).
Then for small d, we have asymptotically

log sq(n,d) ~ C(a)n'/®

with an explicitly given constant C(a) [12].
An open problem, which has not been dealt with so far, pertains to the function

2n . 2n
<n) for some prime p} =max{e<(n);p) :pGP},

e(n; p) :=max{e:p|n}, ()

E(n):= ma,x{.]: p’

where

i.e. E(n) is the largest exponent in the prime factorization of (2:) Clearly, the conjecture
mentioned above is equivalent to

E(n)—o00, n— oo,

which follows from the result in [11]. In this paper, we shall present a lower bound for the
function E(n), which gives the first answer to a question of Erdés (see [6, Problem B31)).
It shows that E(n) is at least of order (logn)® for some positive constant §. More
precisely, we obtain the following



ON THE ORDER OF PRIME POWERS DIVIDING (37) 87

THEOREM. For sufficiently large n, we have

logn 1/10
E —_— .
> (i)
We like to mention that one can easily show
E(n) < logn, (4)
and
E(n)>»logn for almost all n. (5)

Concerning the true size of E(n), we make the

CONJECTURE. For n—oo, we have
E(n)=<logn.

In §2, we shall prove the upper bound (4) of the conjecture, as well as (5). Moreover,
some heuristic argument for the lower bound in our conjecture will be given. §§3-7 will
be devoted to the proof of the theorem. A major effort is made to keep all the results
along the way explicit with respect to certain parameters. We did, however, disregard
any constants that are not important for our final result.

The following notation will be used throughout the paper. As widely accepted, N,
Z, and C designate the sets of natural numbers 1,2, 3, ..., integers, and complex numbers,
respectively. By P we denote the set of primes 2,3,5,7,11, ..., while the letter p with or
without subscript will always be restricted to be an element of P. For real x, we define
e(z)=exp(2miz). All the explicit and implicit constants (as in O(-) or, equivalently, <)
are absolute and positive unless otherwise indicated. We adopt the convention that the
constants ¢ and C, which always are assumed to be absolute and positive, may change
their values within inequalities. This enables us to write

xl—c 10g£1? < .’L‘l_c,

for instance. While ¢ is supposed to denote small constants, C will be used for large
ones.

Acknowledgement. This paper was written while the author enjoyed the pleasant and
inspiring atmosphere of the Tata Institute of Fundamental Research at Bombay, India.
I would like to express my gratitude to Professor S. Srinivasan for his kind hospitality.
Special thanks are due to him as well as to Professor K. Ramachandra and Professor
T.N. Shorey for helpful discussions.
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2. A heuristic consideration

The upper bound (4) of our conjecture is simply proved by applying the familiar decom-
position of factorials, namely

() -2, (F]6)

1<a<log 2n/logp

< Z 1<10g2n<10g2n.
1<axglog 2n/logp

No improvement over (4) is known (see [6, Problem B31]). In fact, it is quite easy to
show that we have log n also as a lower bound, at least for almost all n, i.e. (5) holds.

In order to see this, we first recollect that for almost all n<N the sum Sz(n) of
the digits of n in binary expansion satisfies Sa(n)=~1log, N; this is obtainable by a
straightforward counting argument. More precisely, for any >0,

card{n < N :(}—¢)log, N < Sz(n) < (§+¢) logy N} = (1+0(1))N. (6)

Using this and Lemma 12, we obtain

card{n<N:e(<2:) ) %logN}—card{n<N S3(n) < Slog N} =o(N

This means that for almost all n< N,

E(n) 26((3?);2) > 3log N > 3 logn,

which proves (5).

In order to tackle our conjecture, one is tempted to make use of the bounds given
in [12]. For this reason, let s;(n) be the largest Jth power dividing ( ™). The main result
in [12] is that for any £>0 and sufficiently large n2>ng(J, €),

exp((C(J)—e)nt/7) < 55(n) <exp((C(T)+e)n'’7), (7
where 1/J 1 & 1 1/J 1 1/J
cw=2"t"5(w=) (7))
Now

J2°° 1 1 -2
<@ Y (o) = B Tos2< (3
k=1
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We set

J—
er= (1)

By (7), it follows for sufficiently large n that

J—
ss(n) <exp((3)''nt7). (8)
For
logn < £ (log2)J?,

we have
logn < J(J—1)log 2+ J log log 2,

which is equivalent to
exp((1) a7 <2.

By (8), we get sj(n)<2, i.e. s5(n)=1. Therefore, we have shown that for sufficiently
large n

ss(n)>1 = logn > $(log2)J?. (9)

On the other hand,
cW)>2 ()7 1-(3)") = (3) T @ - ). (10)

‘We have for all z>0
f(z):=2-zlog2-1>0,

since f(0)=0 and f’(z)>0 for 0. Hence (10) implies
J-11 2J-1
C(J)>(3) jlog2>(%) .
With

= (1

we obtain by (7) for sufficiently large n

b

sJ(n)zexp((%)unIN). (11)

The inequality
logn > 2(log 2)2J?

is equivalent to
exp((3)7n") >2.
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With (11) we conclude that for sufficiently large n
logn >2(log2)2J? = ss(n)>1. (12)

By definition,

E(n)= max{J: p’

(2:) for some prime p} =max{J:sy(n)>1}.
If (9) and (12) held for sufficiently small n, they would imply

E(n)=<+/logn,

which, however, contradicts (5).

The reason why this argument apparently fails is that the exponential sums which
are used in [12] can be bounded non-trivially only if the summation variable ranges over
large intervals of primes. On the other hand, the above proof for the lower bound in (5)
suggests that small primes are the ones to look at. In fact, (5) was shown by taking just
the prime p=2 into account. Formulae similar to (6) do hold for any prime p. Assuming
that the p-ary expansions of an integer with respect to different primes p are independent
of each other, the conjecture seems to be reasonable.

3. An exponential sum estimate of Karacuba
We will make use of the following result due to Vinogradov.
LEMMA 1 ([16] or [17]). For n>12 and a positive integer I, let

ki =ni+[in(n+1)+1]

and
D, = (20”) n(n+1)l )

Then for positive integers k2 k; and P, we have

-k

The next lemma which is crucial for our principal result is mainly due to

P 2k
Z e(anz™+...4a17)| daj..da, < D, P2 in(n+D+in(n+(1-1/n)"
r=1

Karacuba [8], but sharpens and simplifies it in a way which suits our purpose; it was also
obtained in a slightly weaker form by G.J. Rieger. The proof follows Karacuba’s ideas.
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LEMMA 2. Let N, 0K P'<P, n, t>0 and 2<351<...<s:<n be integers, let cg<1 and
c3<ca<c1 <] be positive real numbers satisfying

P>gl/es, (13)
nz max(12, ! , ! ) (14)
Vi-e Ve
and
con<t<n. (15)

Furthermore, let f(z) be a real function having a continuous (n+1)-st derivative in N <
< N+2P such that for NSe<N+2P

1

and for j=1,...,t and N z<N+P

1
peasi g };—, FE(z)| < Pes%s. (17)
j.
Then, for
N+P'
5= e(f(z)),
z=N
we have

S < P11/ (log PY/™,

where the constant implied by < is absolute (in particular does not depend on the c;),

and )
36, \~
’yzgcg(l-l—log—cl—)
0¢Co
with
=min|{ c3,c;—c¢ 1
0= 3,C1—C2 n2n+l) )’
Proof. Let

Py= {P%(m—l/nz(n‘#l))]_
By (14), we get immediately
1< P <VP. (18)
By definition of S, we have for non-negative integers y and z

N—yz+P'

S= Y e(flatyz)).

a=N—-yz
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Thus,
P, P, N—yz+P'

(P+1)25=)"Y" 3 e(fla+yz))
y=0 2=0 a=N-—yz
N+P’

Y Y Y elflaty2)

(Z:]V—P22 Osngz OSZSPQ
N—agyz<N+P' —a

(19)
N+P
=Y. > Y elflaty2)+6: P (Pp+1)
a=N 0<y<P,; 0<z<P,
yz<N+P'—a
N+P!
= Y W(a)+6:P}(P+1),
a=N
where 0; are absolute constants with |6;|<%, i=1,2, and
P, P
W)=Y > e(flatyz))
y=0 z=0
By Taylor’s formula,
flatyz) =) bs(y2)"+R
3=0
where for s=0,1, ...,n
1
— = £
by == F(a),
and for some & with NSEKN+P'+P}<N+2P,
1
S +1) P2n+2.
By (16) and the definition of P,, we get
lRl < P—cl(n+1)P22n+2 < P—l/nz.
For real ¢, le(¢)—1]|<2n¢ holds, hence
W (a) = W1 (a)+2783(Py+1)2P~ 1/ (20)

where |6;|<1, and
P, P

Wi(a)=)_ > e(bo+biyz+...+bn(yz)").

y=0 2=0
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For any non-negative numbers u,, v,, and a positive integer k, we have by Holder’s
inequality

P k P k P k-1 P
(Z u,,'v,,) = (Z u,(,k_l)/k(u,l,/kv,,)> < (Z uy) Z u, v, (21)
v=0 ’ v=0

v=0 v=0
Setting all u, =1, we get

Py 2k

Z e(b1y2+~~-+bn(yz)n)

z=0

Py
Wi (a)|* < (Pp+1)71 )
y—O

= (Py+1)%- 12 Z ety oo An)e(br Ay + b ny™)  (22)

y=0 Ay,...
P
S(PAD* Y B[ eyt +baday™)],
A=(A1,..,An) y=0
where
Jk(A) =card{(z1, ..., 221 ) : z{+...+zi——zi+1—...—zgk =X, 1<j<n}

P, 2k

e(orz+...4a,z™)| e(—(arh+...+axA)) doy ... doy,.

|- L1

Obviously, in (22) we have for A in }°,

I\l <kP], 1<j<n. (23)
Clearly,
> TN = (P +1)* (24)
A
and
P2 2k

e(mz+...+a,z™)| day...do, =Ji(0). (25)

2=0

1 A)|</ /

For any positive integers [, n>>12 and k=nl+[in(n+1)+1], Lemma 1 implies

t
Jk(0)<DlP2k tn(n+1)+{n(n+1)(1- l/n) (26)

Raising (22) to the (2k)th power, applying (21) and then (24) and (25), we obtain

W@ < (Pt (3 ka) IS

2k

nAny™)

=0
2k

<P+ 1) % 0) Y Ze(bl)\ly+...+bn/\ny”)
A ly=0

= (P4 D) 1 (0) Y3 Se(w)edrrups +oHbudngin).
A
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For any positive integer U, we have (see for instance [10, p. 189])

mée am) <min (U, iy ).

where ||a||=mingez |o—al. This implies

W1(a)|** < (Pa+1)* =% 1, (0) S~ Ji () [ | min (2kP;+1,

I’ s=1
< (P2+1)8k2—4ka(0)2T

1
2”bs/1's“) (27)
with

and

1
T,= Y. min(sz;H, —-—>
lita | <kPS 2“bsﬂs“

Since P,>1 by (18), trivially for 1<s<n,
T, < (2kP§+1)2 < 5k*P}°. (28)
For s=s;, we have by definition of b,

1 0
by=—+—
9s 4s

for some |05|<1, where the integers g;=[b;!] satisfy by (17) and (13)
1< $P%* L P9 —1< g < PP K P (29)

It is well-known that for U>0, ¢>1 and a=a/q+0/¢? with (a,q)=1 and |8|<1

me( "2|a 1+,3||) < (U+qlogq)<—§+1>

holds (see [7, p. 23] or [10, p. 189]). Applying this for s=s;, we get with (29)

kPs lo
T < (kP +gs logqs)( . ) <<k2(P§+qs)2—§qs
8

8§

log g5 1 s
<K} Pi 43— gq < k®n{log P)PZ (q—+}32$).
8 2
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By (18) and (28), we conclude that for some absolute constant Cy

t
T < CPk™ " (log P)" PRV T (—1— + 2 ) .

=1 qs; P;sj
By (29),
i<2P_6351'
Qs
and o8 ca \%j . S
Py Py F; (2(P+1))
Therefore,

T <CTk*"n"(log P)" Py "4 preoos,

Together with (27) and (26), this implies

]
|W1 (a)|4k2 < (P2+1)8k2—4kDIQP24k—n(n+1)+n(n+1)(l—1/n)
x Ok 04" (log P)" Py "t p=e T
<28k2DICTRAM " 4" (log P)" BY T+ DU/ pre e,
= By (PP 0 oy

say.
Clearly, since k> in(n+1),

Ba(P) = By(P)V/4¥ < 22(20m)V/"" CL/ "k /* /7 (log P)Y/"°44/7° < Cy(log P)Y™" (30)
with a constant C; not depending on any of the parameters. Hence
|Wi(a)| < Bo(P)PFHD=1/m)' /4 p—o(5s;)/4k”
thus by (20),
W (a)| < 32(P)P22+n(n+1)(1—1/n)’/4k2P_g(z; /4 | 976, (Py41)? PEr+2 p-ei(nt1),
By (19), we get

|S| < By(P) PR+ DO—1/m /4" peo(S05)/4k% (pr 1 1)
4270, P22 pma (Pl 1) 4.0, P2 (31)
< B3(P)(P1—(1/4k2)(g(§: .szj)—%cln(n+1)(1——1/n)l)_i__lgl—l/n2 +Pc1—l/n2(n+1))’
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where B3(P)=max{By(P),2r6;,605).
Now choose [ in such a way that

! ¢ -1
1 1
cln(n+1)<1—;> <p E 8; <c1n(n+1)(l*;> .

Jj=1

This is possible since by assumption on the s; and (15), we have
t
Z 85 2243+ +(t+1)=2t(t+3) > Ledn(n+1).
j=1

Together with (14) which ensures that 1—-1/n%>¢;, (31) and (32) give
|S| < Ba(P)(P1-0(X2)/8K* Lo p1-1/n%),
Inequalities (32) and (33) imply

-1
o oZu (1))
9

2 T2 San(ntl) n

thus )
2c; 1\ 1
—>(l- —— 2(-1)—-.
log e (! 1)log(1 n) ( )n

Since n>12 by (14), this in turn yields

261 ( 1/12 2Cl> 361
1< 1+nlog = < nlloge'/*?+log = <nlog — =cn,
ggcg g ggc(z) gc(z)

say. Notice that cs>1. Thus by definition of k,
k< nl+in(n+1)+1<can®+3(n?+n+4) < (ca+1)n’.
Therefore, (33) gives

0¥ o eqgn(n+l) o 1

8k2 ~ 16(ca+1)2nt ~ (ca+1)2 n2’

Now (34) finally implies
|S| < 3B3(P)P /™,
where

= o
(ca+1)?

With regard to (30), this proves Lemma 2.

(32)

(34)
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In the sequel, let for >0 real numbers h; (1<i<7) and positive integers j; (1<i<r)
be given such that

H =max{|h;{:1<i<r}

and
1<j=51<j2<...<Jjr<J, (36)
where
J>8 (37)
is a real number. We define )
log X
AX,Y):= (logY)
and
vi(j):= 5 (log 2) 2.
LEMMA 3. Let T'>2, T=T'h such that
0< P <P<T1/(j+1)+1/1°°j3, (38)
P(log P)’ > JH(3log T)’ (39)
and
P> exp(CJ(log2J)?%), (40)

where C is a sufficiently large absolute constant. Then

P4 p! h 3
> e<T’(—.1+...+ >> < Pl=cus(DA(PT),
i zir

=P

Proof. We intend to apply Lemma 2 and put N:=P,

f(z) :=T’<h—.1+...+ h,r ),

i I
logT
=|12j——
" [ 710g P]’
1 1 1
= =1-— =1——, ==,
Co 12_], C1 6]7 C2 5] C3 3

and

logT logT
{si:1<i<t}::{seN:2i<s<4 o8 }

< 41
logP ™~ log P (41)

7-945205 Acta Mathematica 174. Imprimé le 20 janvier 1995
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By (38), we have

g7 (1, 1 \' .., 1
log P~ \j+1 ' 10053 Iy
By (41), this yields
logT log P\ logT
>2—=—_1= -
t/2logP ! (2 logT) log P

1 1 logT _ logT
>(2-—- > > con.
( J+1 100j3>logP logp > "

By definition of n and (42), we have

. 1 .
n2 [12](]+1——27)] > 1252,

hence
n>12,
>1/6 !
nz =
1—-61
and
n>=/30j= !
= \3/61—02'

(42)

(43)

(44)

(45)
(46)

(47)

Summing up so far, we have chosen n, ¢, o<1 and c3<cz2<c; <0 satisfying conditions
(13), (14) and (15) of Lemma 2 by virtue of (40), (45), (46), (47) and (43). It remains

to check conditions (16) and (17).
For >0 and meN, we have

1 .m T’ = GG+ 1) o (Ji+m—1)A;
- FmN () =(-1) — Zl e : (48)
Now (39) and (38) give P>H. By (35), we thus get
Aol icicr, (49)
which implies for P=N<z<N+2P=3P by (48)
1 |hq| || JrHir h
(n+1) 1 1 e
eyt @S <P1‘1+n+1 tot prcndt ) S Tpaat T
Jrr _ P(n+2)logJ/logP+]ogT/log P—(j+n+1) =P—Cll(n+l),

= pitn+l T



ON THE ORDER OF PRIME POWERS DIVIDING (%) 99

where
1 J (n+2)log J logT

a= n+l (n+1)logP (n+1)logP’
By (40), we may assume that P>J?%. This implies by the definition of n
(n+2)logJ  logT S 12 —cp,
(n+1)logP (n+1)logP 125

& >1-

which proves (16).
In the same way, we get for P<z<2P and s€{s;}

1 JsHiT ,
~ £(9) — p—css
al (x)‘< pive T

where

&= 1+1_ (s+1)logJ logT .
s slog P slog P
Using again P>J?% the definition of the s; gives

1 logT 1 1 1
og/ _ logT N,

P>1-2——— -
> logP slogP 125 2~ 3

This proves the upper bound in (17).
By (48), we have for P<z<2P and s€{s;} using (35)

h J—1+s\ H
;T:($j+s_(r—1)( \ )$j2+8>. (50)

We apply a weak form of Stirling’s formula, namely

S f9@)

(n+3)logn—n+3(1-log 3) <logn! < (n+1)logn—n+1.

For J—1<s, this implies together with (37)

s
For J—12>s, we have trivially
(J‘”s) <471, (52)
s

By (50), (51), (52), (35) and (36), we get for so=max(s,4)
1 T Jsg'H
2 £(s) _Z%
wti (w)‘ Z s (h R )
T’ Jsg 'H
> (2P)i+s (h— Piz—ij > (53)

A Jsg'H
~ (2P)i+s P '
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By (39), (42) and (41),

P>2Js]H.
Therefore, (53) yields
= P63 54
5190 > g =P (54)
where i\ /. log2\ log2 logT
. og og2 log
_<1+s><1+logP>+slogP slog P’
We have log? 1
, ., log2 1
c("'_H_logP sG’
with

_logT . (j+1)log2
" log P J logP

By (40), P>220U+1). With (42), we get

Hence, by (41) and (42), we get for P>22907 which follows from (40),
J log 2 B log P
25" "logP 4logT

_1~1 1— logP log2 (j+1)log2
T A\ logT ) TlogP T 4logT

<1 1 1—i 1 + 1 +2log2
STTIUTIN G T 10057 )) T g P
1/ 1 1 1 1, 1
<l-= —— <1t
4(j+1 100J2>+100] t50; S

Hence, by (54) the lower bound in (17) also holds.

Thus we have checked all the conditions of Lemma 2. Its application provides the

estimate
& h h 2 .
Z (T’( ! . T )) <<P1—’Y/TL (log P)4/’n , (55)
x}l i
=P
where by definition of v and ¢ in Lemma 2
2 -2 9
%= £ jiog T 2% AP,T 56
T Pl > e D 69

and

. 1 1 1 1 1
"‘m’“(c3’c’_02_rﬂ(_n+ﬁ)>mm(3 30; 1_00076>>E
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Therefore
3 e s 2 .
1+log — =log — < log(3e-31;-125) < log(567)* < 121og 2.
€Co 2Co
Then (56) implies

;j—z > mA(R T) = c-vs(j) A(P, T). (57)

For a given positive constant é and P=exp(CJ(log2J)?), where C=C(¢) is suffi-
ciently large, we have

log P = CJ(log 2J)% < (2J)°¢ = (exp(CJ (log 2J)3))¢v* () = peu(d),
Hence, by (40) we get for any absolute constant ¢
log P < Po1 ), (58)

By (42), the definition of n, and (57),

. L logT . logTY 1 1
w() <wl)ip <GP (52T ) <350’

With &:=c in (58), we thus obtain
log P < p/8
or
(log P)¥/™* < p7/2*,
By (55) and (57), we therefore have

P+P A R
Z e(T/<ElT+"'+z_;)) « pl-v/an® ¢ pl-cus AT,
z=P

4. Application of van der Corput’s method

The next two lemmas may be found in {14]. Lemma 5 is obtained by following the proof
there and keeping track of the constants.

LEMMA 4 ({14, Lemma 4.2]). Let f(z) be a real differentiable function with mono-
tonic f'(z) and f'(z)>m>0 or f'(£)<—m<O0 on the interval [a,b]. Then

/ " e(f(@)) e

a

<—.
m™m
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tonic f'(z) and |f'(z)|<0<1 on the interval [a,b]. Then

LEMMA 5 ([14, Lemma 4.8]). Let f(z) be a real differentiable function with mono-

N T [ e
a<n<befn —/ae z))dz|< — 75t .
LEMMA 6. Let T'>2, T=T'h and 0K P'< P such that
P>T1/(j+1)+1/100j3, (59)
P>2J%H (60)
and
P> (2J)%007, (61)
Then
P+P’ i
Y o (i) <
s h ir

Proof. We use van der Corput’s

well-known method. Again let

hy h,
a— ry v
f(z)=T (le :L'jr)‘
Since by (85), (36) and (60) for P<x<2P,
_ jl(j1+1)h1 jr(jr+1)hr
f/l(.'l?) = —T'( porFe> rirt2

'
>z —
= pJ2t+2

TI

> @pyt?

(GG +1)ha?>~I —(r—1)J(J+1)H)

(2hP—J3H) >0,

f'(z) obviously is an increasing function. Because of (49), we get for P<z<P+P' by

(59) and (61)
! v jlhl jrhr
|f'(z)|=T Tt
TJ( hy h, < TJ h JiT
SP APttt Er )ST B TR S P
11005 ¢ J2(97)"2I/i L,

<J*P
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Thus Lemma 5 implies
P+P P+P' h
> e(T’(h—j1 ot hj' >>—/ e(T’(fJ.l+...+ - )) da:‘
P Tt xTir P It /T (62)
32 Arx
<—+—+1<09.
= 37r+ 3 +

The function f'(z) is increasing in [P, P+P'] and, by (36) and (60), we have in this

interval
, A jh JH T . J*H
mARES <$j+1 _(r"l)szﬂ) z (2P)i+1 Ih= P
1 Th 1 T
25 T 25 1
2 (2P)it1 7 2 (2P)it?
Hence Lemma 4 gives
P+P’ j j i+1
el T _,2._{_ +£ dz LH.P]_H <21+2i
P mjl o g;jr = = T '
By (62) and (59), the desired result follows.
LEMMA 7. Let T'>2, 0KP'<P,
P>JH(3log T'H)’ (63)
and
P> exp(CJ(log 2J)?). (64)
Then
P+P i+1
3 e<T'<—h.i+...+ By )) l <O (pl—cvs(j)A(P,T'H)JrE’_f_)‘
= xhn xir T

Proof. For P>T', the lemma obviously holds. In case P<T’, (63) implies (39)
and (60). By (64), the conditions (40) and (61) are also satisfied. Hence the proof is

completed by Lemma 3 and Lemma 6.

LEMMA 8. Let z>2, 0K M'<M and
M > exp(CJ(log 2J)3). (65)

Then

hy h.,
Z ey A i
M'<mgM m m

< Cj(Ml—cvs(J)A(M,:cH) +MIFIgT +H2(log xH)”).
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Proof. For M<J?H?(3logzH)?’, the lemma is obvious. Thus we assume
M > J?H?*(3logzH)?. (66)

Let 3 <x<1. Then

h h
|2 (o))<
M'<mgM m m M <mgM*

+ ) 2

v20 Ao cmg MoVl
M*2¥<M M'<mg&M
»
<M +E R,
v
where
hi1 h
R, = E e(z( — o — .
mIt mir
M*2¥ <cmgM*2¥ !

M'<mg<M

Since »>1, (66) implies (63). Moreover, (65) yields (64). Therefore, we get from
Lemma 7

R, < CJ((M;tzu)l—cvs(j)A(M"T’,zH)+(Mx2u)j+1$—1)
< CJ(2qu—cv5(j)x3A(M,zH) +2(j+1)uM(j+1)x$—l)‘

In )" R,, the variable v runs through the interval 0< v <(1—)log M /log 2, hence
Z ¥ < 2M1——x
14

and
3 201 ¢ it G+ A0,

For sufficiently large s <1, the lemma follows.
LEMMA 9. Let 2< M<M’<min(2M, N)<N<z, B>2 and
M > exp(CJ(log 2J)%). (67)

For
2

r- %

M<m<M'

b

S ame(a( e o))

B<ng<N/m

we then have

T CJ(NzM—l—cvs(J)A(M’ZH)+Nj+2(M.’L‘)_1 +N+N2M—2H)(log .'1)H)J+2,
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where A(n) denotes von Mangoldt’s function.

Proof. For M<JH(3logzH)’, we obviously have

2
T JH(3logmH)J(%logN>

<C’H(logzH)’ (%)2(log z)?
<C/N?M~%H(logzH)’*2,
which proves the lemma in this case. Hence, let
M > JH(3logzH)”. (68)
Clearly

= ¥ Y ¥ AWﬂA(“Z”(”i(mEV«‘<mff2>ﬁ>)

M<m<M' B<n1<N/m B<n2<N/m i=1

h1A, he A,

D D M S D S - S
B<ni<KN/M B<na<N/M M<mgM'
mgN/ny,m<N/nz

with

Thus

hiA her
retoen? Y Y |8 oMt
ni<N/M na<N/M M<mgM'
mgN/n;,m<N/ny

<(logN)2(N+z D3 M;M,e(”(hrﬁ ++hmJA))I) (69)

0<ni<na<N/M
= (log N)*(N +2T}),

say.
By the mean value theorem, we have for fixed 1<n; <n,<N/M

0<A,<...<A <1

By this and (68), Lemma 7 implies

= YY | ¥ e(xA1<-h—l+h2A2./A1+...+hTAT./A1))l

O<ni<naKN/M'M<mgM' mi mi2 mir
gCJ ZZ (Ml—c'us(J)A(M,mH)+Mj+1(_,L.A1)—1) (70)
0<ni<n2&<N/M
. 1
I a2 pp~1—-cos(J)A(M,zH) 1, -1 1
<C (NM *H) 4 Mg > Al)'

0<n1<na<N/M
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We set Ag=ny—n;. For 1<n;<ns and 1<i<r, we get

_ ng"—n{‘ _ ng‘_l+n§‘*2n1+...+n2n{“2+n1"—1 S Ao
P (mamg) 0 (nang)¥ T gt
Therefore,
1 1
XY a2 X2 &
0<n1<n2<N/M 0<A0<N/M 0<n1<ng<N/M
ﬂg—n1=Ao
1 1 ; NY?
<= — 12 =] 1logN.
h jl 0 Z 0 Z "2 = M g
<Ao<N/M 0<n2KN/M
By (70),

T1 < CJ(N2M—1—cv5(J)A(M,zH)+Nj+2(Mx)-1 log N)

This and (69) yield the desired result.

5. Application of Vaughan’s identity
As a corollary to Vaughan’s identity (see for instance [15] or {2, p. 138-140]), we have
LEMMA 10. Let U22, V22, UVLEN, and let f(z) be a complex-valued function
satisfying |f(z)|=1 for real x. Then

> A(n)f(n) <V +(log N)S1 +52,

n<N

where A(n) denotes von Mangoldt’s function, and

Si=> max > f(st)

t<UV w<s<N/t

S5= Y XY w@Am ).

U<m<N/V V<ng{N/m dISU
d|m

)

The constant implied by < is absolute.

LEMMA 11. Let >0 and

exp(CJ(log 2J)%) < N < z*/9. (71)
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Then

%A(n)e(x(%ﬁ...m@:))

< CJ(Nl—cvs(J)A(N,:cH)+N(j+2)/2x—1/2 +N5/6H2)(log .’L‘H)4J

Proof. We apply Lemma 10 with U=V =N1/3 and

f(n) =e<m(%+.“+:;;>>.

First consider S;. By splitting up ), into intervals M <m<2M, we get

S amsm) (T ua)|

MLm<M! <V<n$N/m dU
dim

|Sz| <3(10g N)

max
U<M<M'<min(2M,N/V)

Cauchy’s inequality implies

> (=

ML m< M’ m

Y. Am)f(mn)

V<ngN/m

V(g o)

<t
dlm

say. The definition of U and (71) guarantee that
U > (2J)°J(log2J)>.
Thus we may use Lemma 9 and obtain

Ty < CT(N2M~1-evs(DAMSH) 4 Ni+2(M2) =1 L N+ N2M~2H)(log 2 H)7*2.

Moreover,
2
ms ¥ (L) - % > 1
M<m<M' \d<U di<U da<U M<m<M'
d|lm m=0 (mod di), m=0 (mod d3)

vy Y @dony, ¥y L
fcvicy B bl di<U i<y Gd
1x 2 1 2

di1 =0 (mod b) d2=0 (mod b)

3
gzM(Z %) < M(log N)3.

ugU
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Together, we get

< 1/2
|S2] € 3(log N) U<$Z)I(V/V(T1T2)

< CJ(IOg CDH)(J+7)/2 max (NM—cvs(J)A(M,zH) +N(j+2)/21,‘_1/2
U<M<N/V

+(NM)2+ NM~/2 12 (72)
<OV (NU~cvs(DAWU=H) | N(+2)/25-1/2 4 Ny —1/2

+NU~'2H'?)(log zH)*
< CY(N-evs(DANH) 4 N(G+2)/2,=1/2 | N5/6 [11/2)(log 2 H)* .

It remains to bound S;. For ¢ in S, we have by the choice of U and V and (71)
that

% > N3 > exp(CJ(log 2J)3).

For 1<w< N/t, we have by Lemma 8

z, i)
w<sN/t (st).‘h (st)Jr

z (hy  hotir—J2 hptir—ir
Z e(t]—l(sT'*' 572 +...+ Sir

w<sEN/t
1—cus(J)A(N/t,zH) J+1 -1
<((%) () (5) +wosenr)
t t t
N 1—cvs(J)A(N/t,zH) )
=c’ ((?) +NJ+1(:ct)_1+H2(long)2">.
Thus
3 ) )|
max elz|\ ———+...+——
w>0 w<s2<:N/t < ((st)]l (st)]r
N 1—cvs(J)A(N/t,zH) )
<0J<(T) +N’+1(zt)_1+H2(log:vH)2J>.
Therefore,

1—cvs(J)A(N/t,zH) )
) +N’+1(xt)_1+H2(loga:H)2J))

|51 SC’J< Z ((g
t<UV

SCJ (Nl—cvs(J)A(N/UV,zH) Z t—1+cv5(J)A(N/UV,a:H)
t<UV
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; 1
+NItg—t Z Z+UVH2(long)2J>
t<Uv

-1
< C.}’ (Nl—cvs(J)A(N/UV,:I:H}C,US(J)A( J\‘T/ CL‘H) (Uv)cA(N/UV,J:H)
U )

+ N1 og UV +UV H?(log xH)zJ)
< CJ(Nl-cvs(J)A(N,a:H) (IOg 1‘H)2+Nj+1.'l7_1 logN+N2/3H2(log .’L‘H)2J).

For N<x!/7, this together with (72) implies according to Lemma 10

> Aln)e (x<%++%))

ngN

<OV (N-evs(DAN2H) | NG+2)/25-1/2 4 N5/ [2)(log z ).
This is the desired bound.
PROPOSITION 1. Let
exp(CJ(log2J)%) < N < z'/7. (73)
Then

Z e(:r(il—++£r—>) \
<N p71 er

< CJ(NI—_cv5(J)A(N,zH)+N(j+2)/2x—1/2+N5/6H2)(10g .’L'H)4J.

Proof. By Chebyshev’s theorem (|2, p. 55]),

$ A(n)e(x(%-}—...—}-%)) -3 logpe<x(£711+-"+;z ))}

ng<N p<N

S S togpe(s( 2kt ))| (74)

P a22
p* <N

éﬂ(\/_ﬁ)logNg4\/N.

Put
g(N) = (N1-evs(DANH) 4 N (G+2)/25-1/2 1 N5/SF2Y(log zH ).

By partial summation, Lemma 11 with (73) and (74) gives, using .y A(n)<2N on
the way,
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,;ve<x(;%+m+;:>)‘
(k)
AL g (o) ey

1
log N

p<t
hr 4/N
lOgN r;vA(n)e( ( +nJ‘f))\‘lplogN
h adt
ol )b
/ nzq ( < < t(l gt)2 \/—(log t)2
7 9(N) 20\/_ exp(CI(10g2J)%) 44
oo " Tog T Togt?
v’ [ ! e
exp(CJ(log 27)3) t(l0gt)?

N
<Cg(N)+C/ (log zH)* (/ gevs(NAtzH) gy
2

N N
2 2

N
<C7g(N)+C’ (log zH)* (\/N+ / tevs(DAGH) gy
vN

+N(j+2)/2x_1/2+N5/6H2>
<C7g(N)+C (log e H) (VN + N~ (DAVN =H) )
<Clg(N).

This completes the proof of Proposition 1.

6. Vinogradov’s Fourier series method

The following method may be found in [16, p. 32] or [1, Lemma 2.1].
Let 0<A<1. For JEN and real numbers 4; and B; (1<j<J) with 0<B;—A;<
1-2A, there are 1-periodic functions v;(2), satisfying

) 1 for A; <2< Bj,
(2) =
0 for Bj4+A<z<1+4;-A,
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and 0<v;(z)<1 for all z such that

oo

'l[)j(z) =Bj—AJ'+A+ Z am‘je(mz), (75)
i
where a, ;€C and, for |m|>0 and 1<j<J,
1
Ia’ ;]l m2A ( )

PROPOSITION 2. Let 0=(01,...,05) with 0<o;<1 for 1<5<J,
exp(CJ(log 2J)%) < Pz’ (77)
and
D(e):=D(o; P,x) :=card{p<P: {%} <0, 1<5< J}.

1

Then we have for arbitrary €, 0<e< 3,

ID(O’)—Ul '..quJ7T(P)| < CJ(PI_CM‘*(J)A(P’E)+P(J+2)/2+5.’L‘_1/2)(log .’L‘)4J.
Proof. For A={A,...,A;}, B={B,...,Bs}, let
T(A,B)zcard{pspzAj < {%} <B;, 1<j<.1}.
Then
J z
Hw,-(;)) <T(A-A,B+A), (78)

=1

T(A,B)< Z(

p<P
where A=(A,...,A).
By (75),

ljl"/’j (%)—Ijl(Bj-Aj+A)

- mx (79)
= Z H(B]—AJ+A)H( z am,je<?)).
@#TC{1,...,J} jgT jer m;;ooo
By (76),
b Z am,je(ﬂ) - Z am,je(ﬂ) < l Z am,je(m.—w)
m=-200 v 0<|m|<A~2 v |m|>A-2 P
m#0 (80)

KL 2A.

1
<'Zm

Im|>A~2
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Define L to be the right hand side of (79). The preceding inequality yields for some
le|<2

L:XJ: 3 ﬁ(6A+ 3 am,e(’;””))

r=1 1€j1<...<jr&J i=1 0<|m;|<A—2

hence

lL—i 2 H( > ami,jie(rgf))lgcm.

=1 151 <...<j-<J =1 0<|m;]|<A~2

We get by (76), (79) and Proposition 1

> (115(5))-S (M)

p<P Nj=1 p<P Nj=1

E E Qmy,j; - Q. je

o<|mij<A=2  0<|m |<A~2

x3" e<x(§}++£—’))

p<P
< CJ((Pl—cus(J)A(P,zA_z)+P(J+2)/2x—1/2+P5/GA—4)
x (logzA2)* A~7 + PA).

<C?  max
1< < <Gr<J

(81)
+C’PA

Choose
A= p-1APa)

where
v :=7(J) = cvg(J)e,

and here ¢ is the constant occurring in (81). Then by (77),
.’L'A—z = ZPZ'yA(P,:c) < zl+(2‘y/J)A(P,:n:) < .’L‘2,
thus
(log zA~)* < C7(log )%’

and
Pl-cvs(J)A(P,mA“z) < pl- Lcvs (N)A(P,x) .

Since e 11—2, we get

Pl—cvs(.I)A(P,mA‘2)A—J gPl—icvs(J)A(P,:v)+J‘yA(P,z)

<Pl—vs(J)A(P,z)(c/4—c/12) <P1—%cv5(J)A(P,z)'
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Clearly,
P(J+2)/2A_J<P(J+2)/2+E
and
PSS A—(T+) < ps/6te <P11/12 < pl-cs(D)a(Pz)
Finally,

PAK Pl—csva(J)A(P,m)‘

Applying all these estimates in (81), we obtain

5(I0(3)- (Te-nea)oer)

p<P Nj

< CJ(P1~CEUG(J)A(PJ) +p(J+2)/2+5z‘1/2)(log .Z')4J.

Let R denote the right hand side of the last inequality. Then, by (78),

J
7(A,B)<(P) [[(B;— 4;+A)+R (82)
and ,
T(A-A,B+A4)2n(P) [[(Bi-4;+A)-R. (83)

Replacing A,B by A— A A and B,B+A, respectively, (82) implies
T(A-A,A)<(28) 7(P)+R
and
T(B,B+A)< (2A) n(P)+R,
respectively. Thus, by (83),
T(A,B)=T(A-A,B+A)-T(A-A,A)-T(B,B+A)
J

>n(P) [[(B;j—A4;+A)-3R-2(2A)  n(P)

i=1
J
>n(P) [[(B;—A;)-6R.
i=1
Similarly, we get by (82)

J
T(A,B) < n(P) H(B ~A;)+6R.

8945205 Acta Mathematica 174. Imprimé le 20 janvier 1995



114 J.W. SANDER

Together, we have

J
\T(A,B)—W(P) [1(B;-4;)|<sR.

J=1

Setting A;=0, B;=0; (1<j<J), the desired result follows by observing that

D(o; P,z)=T(A,B).

7. Proof of the theorem

Let m and n be positive integers, and p a prime. We define U,(m,n) to be the number
of “carries” which occur when adding m and n in p-ary notation. Let e(n;p) be defined
as in (3). An old result of Kummer is the following

(i) = Untrmum).

PROPOSITION 3. Let J>Cy and

LEMMA 12 ([9, p. 116]).

No= /% log J)a’ (84)

where Cy and C are some absolute constants. For all n> Ny, there is a prime p such that
2n
Ik

Proof. We apply Proposition 2 with z:=n> N, e:=3, P:=n/(/*1) and obtain for

pJ

n > exp(CJ?(log 2J)3%),

which is guaranteed by (84), that

2
K;(n) ::card{p< ACREE 3 < {;7-}, 1<j< J}
satisfies
|K(n) = (3) n(n!/ D)
< CJ(nl/(l+1)—c5v7(J)A(n1/("+1),n) +n(J+2+25)/2(J+1)n—1/2)(log n)“
85
<CJ(nl/(J+1)-cv9(J)+n7/12(J+1))(logn)4J ( )

< CJnl/(J+1)—cvg(J) (log TL)4J.
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By Chebyshev’s theorem (see [2, p. 54]),

1/(J+1)
YI+Dys Logo )™
m(n )= 5(J+1) Togn
Together with (85), we have
pl/(J+1)
KJ(TL) 2 CJ l_ogh_ -CJnl/(J-’—l)—cvg(J)(lOg n)“. (86)

We wish to show that K ;(n) is positive for sufficiently large n. Obviously, it suffices
to prove that
Clogn < nfv() =p2 (87)

where ,
pi=tévio(J) < = (88)

without loss of generality. For n>C/#, which is guaranteed by (84), we clearly have
C<nt. (89)

Assume that for some y>e, there is a v such that

loglogy
< 1. 90
Togg—1 <7< (90)
Then
log(1++v)+loglogy < y+loglogy < vlogy,
hence

¥ Cexp(y?).

By (88), y:=1/u and
_loglog1/u
()= log1/u—1

1 1+5(n) 1 v(1)
- Lex — ,
(M) h p((u) )
1
N1 ::exp(m),

1 1+(p) 1
pu— —_ —_— = /-l'
logNl-(#) Sexp(lﬂ(“)) Ny

=

satisfy (90). Thus

in other words, for

we have
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Hence the function
. z+

fl@)= log z
satisfies f(N;1)>1. Moreover, f'(x)>0 for z>exp(1/u), thus f(z) is increasing in this
range. Since N; >exp(1/u), we conclude that for n>N;

logn < n*.

Then (89) and (88) imply that (87) holds for

14+v(p)

n>CYr (91)

If (91) holds, we then have by (86) that K j(n)>0, which means that there is a prime
p satisfying

pJ+1<n
and 0
{§}>§, 15 <. (92)

In order to make sure that the last conclusion holds without additional assumptions,
it suffices to show that (91) is satisfied. For this reason let ¢ and C be arbitrary positive
constants. For a sufficiently large constant C only depending on ¢ and C, we have

log log J*° 2 ~
10 3 10 2
log(J " (log J)* log C) > (1+ oz J10 log z J* (log2J) log C

> (1+v(p)) log(%Jm(log 2J)% log 5’) i

This means
70 ) 5 (H(2/8)T10(log 27)°) 7 _ B(1/m) )

Hence, (84) yields (91).
Now write n in p-ary notation, namely

n:anJ+nJ_1p"‘1+...+n1p+n0, 0<n; <p.
For 1<j<J, we have by (92)

2 < {E} . nj_1p7‘1+...+n0
P i ’

thus
nj_1

>§—@—n(%+m+%)>§—l
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This implies for p>7
nj_1> %p:

i.e.
n;>1p, 0<j<J-1 (93)

It follows from this that we get at least J carries when adding n+n in p-ary notation.

(())>

which means that there is a p satisfying p’|(>"). This completes the proof of Proposi-

Hence, by Lemma 12,

tion 3.

Proof of the theorem. For C and Cp being the constants of Proposition 3, let n be
large enough such that for some a>Cjy

e loga)* « py o ((a+1)"(log(a+1))* (94)

Then we obtain by Proposition 3

E(n) :max{.]: p’ (2n) for some prime p} Za. (95)
n
By (94),
logn 1/10
. <(log a)3>
and

log a < log log n.
Thus (95) yields

logn 1/10
E _—
(n)> ( (log log n)3) ’

which proves the theorem.
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