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0. Introduction

Let us consider a Schrédinger operator in L2(R9),
—A+YV, (0.1)

where V is a real-valued function. Lieb and Thirring 23] proved that if y>max(0,1-1d),
then there exist universal constants L. 4 satisfying(*)

tr (-A+V)? < L,y,d/ yod/2 (z) dz. (0.2)
R4

In the critical case d>3 and =0, the bound (0.2) is known as the Cwikel-Lieb-
Rozenblum (CLR) inequality, see [8], [20], [25] and also [7], [19]. For the remaining
case d=1 and y=3, the estimate (0.2) has been verified in [27], see also [14]. On the
other hand, it is known that (0.2) fails for y=0 if d=2, and for 0<y<3 if d=1.

If VeL"*42(R%), then the inequalities (0.2) are accompanied by the Weyl-type
asymptotic formula

G (-Atav) = lm — / / (E2+avyy L&
R4 xR4

lim
aSYoo gy Hd/2

a—+too Y td/2 (27r)d
(0.3)
2
=Ly / VIt g,
R4
(}) Here and below we use the notion 2x_:=|z|—z for the negative part of variables, functions,

Hermitian matrices or self-adjoint operators.



88 A. LAPTEV AND T. WEIDL

where the so-called classical constant LS ; is defined by

B I'(y+1)
247d/2T (y+ 3d+1)’

Ea=(eny? [ (lg1-17 ae b0, (04)

It is interesting to compare the value of the sharp constant L. 4 in (0.2) and the value
of LEYI’ 4 In particular, the asymptotic formula (0.3) implies that

LY y<Lyg (0.5)

for all d and v whenever (0.2) holds. Moreover, in [1] it has been shown that for a fixed
d the ratio Ly 4 /Lfylyd is a monotone non-increasing function of 4. In conjunction with
the Buslaev—Faddeev—Zakharov trace formulae (6], {9] one obtains (23]

Lya=LS, (0.6)
for
d=1 and 72%. 0.7
On the other hand, one knows that
LYy <Lyg

if d=1 and $<y<3 (see [23]), or y<1 and deN (see [12]).

Up to now (0.7) was the only case where (0.6) was known to be true for general
classes of potentials Ve L7+%/2, Notice, however, that (0.6) has been proven for various
subclasses of potentials. If, for example, C R? is a domain of finite measure and

—a asz€e,
V(z)= 4 (0.8)
oo as R\,

then the equality (0.6) with v=0 can be identified with the Pdlya conjecture on the
number of the eigenvalues {4} less than a for the Dirichlet Laplacian in Q. It holds
true for tiling domains [24] and has been justified in [16] for certain domains of product
structure by using the method of “lifting” with respect to the dimension d, which is also
one of the main ideas of this paper. If v>1, then for V defined by (0.8),

tr(—A+V)Y = Z (@—px)) < L2 0"+ meas Q. (0.9)
k

This inequality was first obtained in {2, §5.2] as a simple corollary of the Berezin-Lieb
inequality (see [3], [21] and also [18]).(2) The Berezin-Lieb inequality was also used in

(?) Later P. Li and S.-T. Yau [19] proved that 3§, p,k2(d/(d+2))(L§1’dmeasﬂ)_z/dnu'z/d,
neN. By using the Legendre transform it is easy to show that the latter is equivalent to (0.9).
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[17] in order to improve the Lieb constant [20] in the CLR inequality for the subclass of
Schrodinger operators whose potentials are equal to the characteristic functions of sets
of finite measure.

Another example is given in [5], where the identity (0.6) with y>1 and d€N has
been verified for a class of quadratic potentials.

We note that, with the exception of (0.7), the sharp value of L, 4 has been recently
found in [14], where it was proved that for d=1 and y=1

Lijp1=2L5)5,=3%.
In particular, in higher dimensions d>>2 the sharp values of the constants L, 4 have been
unknown.

The main purpose of this paper is to verify (0.6) for any 72%, deN and any Ve
LYt/2(RE),

In fact, this result is obtained for infinite-dimensional systems of Schrodinger equa-
tions. Let G be a separable Hilbert space, let 1¢ be the identity operator on G and
consider

~-A®lg+V(z), zeRT, (0.10)

in L2(R%,G). Here V(x) is a family of self-adjoint non-positive operators in G, such
that tr V€ L"T4/2(R%). Then we prove that

tr(~A®lg+V(z))? < LY, / tr VY% (2) da (0.11)
Rd

for all 72% and d>1. The inequality (0.11) can be extended to magnetic Schrédinger
operators, and we apply it to the Pauli operator.

We shall first deduce (0.11) for d=1, y=2 and G=C" from the appropriate trace
formula (1.61) for a finite system of one-dimensional Schrodinger operators. In the scalar
case these trace identities are known as Buslaev-Faddeev-Zakharov formulae [6], [9].
The matrix case can be handled in a similar way as in the scalar case (see [9]). We
give, however, rather complete proofs of the corresponding statements in §1, since we
were unable to find the necessary formula (1.61) in the numerous papers devoted to this
subject.

Note that we discuss trace formulae only as a technical tool in order to establish
bounds on the negative spectrum. We therefore develop the theory of trace identities
only as far as it is necessary for our own purpose.

In §2 we extend the results of §1 to the Schrodinger operator in L2(R!, G). Applying
a “lifting” argument with respect to dimension as used in [10] and {16], we obtain in §3
the main results of this paper.
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Finally we would like to notice that the combination of the results of this paper and
the equality L, /2’12% discovered in [14] has lead to new bounds on the Lieb-Thirring
constants in [13], which improve the corresponding bound obtained in [4] and [22].

1. Trace formulae for elliptic systems

1.1. Jost functions. Let 0 and 1 be the zero and the identity operator on C™. We con-
sider the system of ordinary differential equations

_(j_;@’l) y(z)+V(z)y(z) =k’y(z), z€R, (1.1)

where V' is a smooth, compactly supported (not necessarily sign-definite), Hermitian-

matrix-valued function. Define
Tmin=minsuppV and T,y :=maxsupp V.

Then for any k€ C\{0} there exist unique (nxn)-matrix solutions F(z,k) and G(z, k)
of the equations

—F! (z,k)+VF(x,k) =Kk*F(z,k), (1.2)
—GU (2, k)+VG(z, k) =k*G(z,k), (1.3)
satisfying
F(z,k)=e**1  as 2> Tyax, (1.4)
G(z,k)=e"**1  as 2 < Tmin- (1.5)

If ke C\{0}, then the pairs of matrices F(z, k), F(z, —k) and G(z, k), G(z, —k) form full
systems of independent solutions of (1.1). Hence the matrix F(z, k) can be expressed as
a linear combination of G(z, k) and G(z, —k),

F(z, k) = G(z, k) B(k)+G(z, —k) A(k) (1.6)

and vice versa

G(z, k) = F(z, k) B(k) + F(z, —k) a(k). (1.7)

1.2. Basic properties of the matrices A{(k), B(k), a(k) and B(k) for real k. Through-
out this subsection we assume that k€R\{0}. Consider the Wronskian-type matrix
function

WAF, G|(z, k) = G*(z, k) Fy(z, k) — (G (z, k) F(z, k).
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Then by (1.2) and (1.3) for k€R we find that

%Wl[F, Gz, k) = G* (@, k) F (z, k) — (G (x, k))* F(z, k) =O0.

Note that for £<Zmin by (1.6) we have

Wi [F, G)(z, k) = [G"(z, k) Gy (2, k)~ (G (2, k)" G(z, k)] B(k)
+[G™ (2, k)G (z, —k) = (G (2, k)" G(=z, —k)] A(K)
= —2ikB(k),
while for 22 Zmax by (1.7) we find
WA[F, G(z, k) = B"(k)[F™(x, k) Fy(z, k) — (Fy(z, k)" F(z, k)]
+a* (k) [F*(z, —k) Fy(z, k) — (Fy (2, —k))" F(z, k)]
=2ik[* (k).
This allows us to conclude that
8*(k) = —B(k).

Similarly, for the matrix-valued function

WalF, G(z, k) = G™(z, k) Fy(z, —k) — (G (z, k)" F(z, —k)

we have p
—Wh|F k)=
dz 2[ ,G](.T, ) 0
and
Wa|F,G)(z, k) =—2ikA(—k) as T < Zmin,
Ws|F, G(z, k) = —2ika™(k)  as 2 Tuax-
Thus,

A(—k) =a" (k).
Inserting (1.6) into (1.7) and making use of (1.8) and (1.9) we obtain
G(z, k) =G(z, k)[B(k) B(k)+ A(=k) olk)|+ G(z, —k)[A(k) B(k)+ B(-k) a(k)],
and thus

A(—k) A*(—k)— B(k) B*(k) =1,
B(—k) A*(—k)— A(k) B*(k) =0.

91
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(1.10)

(1.11)
(1.12)
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In particular, this implies
|det A(k)|? =det A(k) det A*(k) =det(1+B(—k)B*(~k))>1 (1.13)

for all keR\{0}.

1.3. Associated Volterra equations and auziliary estimates. Next we derive estimates
for the fundamental solutions of {1.1) for Imk>0. Note first that the matrices F(z, k)
and G(z, k) are solutions of the integral equations
. o0
F(z,k)=e**1- / k~lsink(z—t)V(t) F(t, k) dt, (1.14)
x
. T
G(z, k) =e—z’“1+/ k™ lsink(z—t)V(t)G(t, k) dt. (1.15)

oo}

Put
H(z,k)=e **F(z,k)-1.

Obviously, this matrix-valued function satisfies

H(z,k)=0 for z 2 Tmax (1.16)
and o .,
H(z, k) :/ K(z,t,k)dt +/ Kz, t,k)H(t k) dt, (1.17)
where
P i S (1.18)
Note that Ci(Vm)
1 Xy
< 1.19
for all k with Im k>0, and all k with z,;, <z <t. Here and below || - || denotes the norm

of a matrix on C™.

Solving the Volterra equation (1.17) we obtain the convergent series

H(z, k)= // [ & @1, 21, k) das ... darm.
m=1w<z1<...<zm =1

From (1.19) we see that |[H(z, k)| <C2(V) for all Zmin T Tmax. Inserting this estimate
back into (1.17), we conclude that the inequality
CS(V7 ’I’L)

| H(z, k)| < Er (1.20)
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holds for all z with Zyin << ZTmax, and all & with Im k>0.

Remark 1.1. If we assume that Im k>0 and |k|>1, then (1.19) and therefore (1.20)
holds true for all z€R.

It is not difficult to observe, that H(z, k) defined by (1.17) is smooth in
(z,k)eRx{kcC:Imk >0}
In particular, if we differentiate (1.17) with respect to k we find that
——ka / Ka:tk H(t, k) dt.

Since 8H(xz,k)/0k satisfies a homogeneous Volterra integral equation with the kernel
(1.18), we obtain 8H(z,k)/0k=0, and thus all the entries of the matrix H(z,k) are
analytic in k for Im k>0.

1.4. Further estimates on A(k) and B(k). If we rewrite (1.14) as

F(:v,k):e““”{l—— / V(t)d _51_k /z OOV(t)H(t,k)dt]

—ikx o oo
+62ik [ / 2Ry (1) dt + / eZiktV(t)H(t,k)dt},

z T

(1.21)

then the expressions in the brackets on the right-hand side do not depend on z for
T Tmin. Comparing (1.21) with (1.6) we see that

A(k):1—2—1E +ooV(t) dt—— / v HE R, (1.22)

1 [t 1 [t
B(k)= 5 / RV drt g [ RV K (1.23)

For sufficiently large |k]>C the smoothness of V and (1.20) imply
1 [+
HA(k)—l—l—ﬂ / V(1) dtH <Cu(Vin) k|2, Imk>0, (1.24)
1Bk < Cs(V,n) k|2, keR. (1.25)
In §1.6 we shall see that (1.25) can be improved so that

B(k)=O(|k|™™) forall meN as k- +co. (1.26)
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1.5. The matriz A(k) for Imk>0. First note that all entries of the matrix A(k) are
analytic in k for Im k>0, and continuous for Im k>0, k#0. This follows from (1.22) and
the analyticity of H(x,k). Fixing a sufficiently small €>0, and using (1.22) and (1.20),
we obtain

|A(K)]| < Cslk|™" as k| <e, Imk>0. (1.27)

Moreover, all the entries of A(k), and thus the function det A(k), are analytic for Im k>0,
and continuous for Im k>0, k#0. Near the point k=0 we find

|det A(k)| < Cr|k|™ as |k|<e, Imk>0. (1.28)

Next let us describe the connection between the function det A(k) and the spectral
properties of the self-adjoint problem (1.1) on L?(R, C™). Our assumptions on the matrix
potential V imply that the operator on the left-hand side of {1.1) has a discrete negative
spectrum which consists of finitely many negative eigenvalues A\;=(isq)?, 3,>0, of finite
multiplicities m;. Obviously a solution y(z) of (1.1) with k=13 belongs to L?(R,C") if
and only if

y(.’E)=G(.’II,i}q)6yG as xgxminv

F

y(z) = F(z,im)e,

a8 T 2 Tmax,

for some non-trivial vectors eg,ep€C™. Linear independent solutions y1, ..., ym, define
G

linear independent vectors eg oo € and ‘351’ ...,egmz, respectively. In view of {(1.6) we
conclude that
dim ker A(is) =my. (1.29)

If we select an orthonormal basis in C” such that the first m; elements belong to
ker A(is), we find that the first m; rows of A(k) vanish as k—is;. Since det A(k)
does not depend on the choice of the orthonormal basis, and all entries of A(k) are
analytic, the function det A(k) has a zero of order

my=my (1.30)

at k=i, 54>0. Moreover, if A=k2, Im k>0, is not an eigenvalue of the problem (1.1),
then det A(k)#£0.

In the remaining part of this subsection we prove that

my =my. (1.31)
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Let g(z,y,k) be the Green function of the problem (1.1). If k<0, Imk>0 and
det A(k)#0 it can be written as

Gz, k) Z~(y, k) as y >,

9z, y, k) = { ~F(z,k)Z*(y,k) s y<c.

Here Z*(y,k) and Z~(y, k) are (nxn)-matrices, which are chosen such that

Lm g(z,y;k)= lim g(z,y; k),

Jm go(e,yik) = lim g (z,y;k)+1.

These equations turn into

wob ()< (3) MR- (G maw) 0¥

Since ddet W/9y=0, the determinant of W is a constant with respect to y. If y with
Y<Tmin, Im k>0, then in view of (1.6) and (1.5) we have

—iky —ikyB iky
e~ Y1 e (k)+e**YA(k) ) (1.33)

W(y, k) = ‘ : :
k) (—ike_““yl —ike=**¥ B(k)+ike*Y A(k)

Hence
det W = (2ik)" det A(k),

and W is invertible if and only if det A(k)#0. From {1.33) we see then that for y<Zmin
the entries Xj; of

Wy, k) = (Xu(y, k) Xlz(y,k))

Xo(y, k) Xoa(y, k) (1.34)

satisfy

eﬁikszl —ike_ikyX22 = 0,

e *Y(Xo) ~ik Xo2) B(k)+e™¥ (Xo1 +ik Xa2) A(k) = 1.
This gives Xo) (y, k) =1k X22(y, k) and thus
Xoo(y, k) = (2ik) " te " ¥ A~ L(k).
In view of (1.32) and (1.34) we obtain Z*(y, k)=X2(y, k) and finally conclude that

g(z,y, k) =—(2ik) TATH(K)e*TY) a5 y < Zmin < Tmax < T- (1.35)
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If & is in a sufficiently small neighbourhood of i3, the Green function g(x,y, k) can
be written as

oty e (@) e (y)

g(z,y,k): (k—l}fl)(k-i-l}tl) +gl(£,y,k)-

Here g;(z,y, k) is locally bounded and {t,} !, forms an orthonormal eigenbasis corre-

sponding to the eigenvalue /\l:—zlz. Hence,
det Xoo(y, k) = (2ik) " "e """ ¥ det A~ (k)
= (—1)"e~""*® det g(x, y, k) = O(|k—isq|™™)
as k—4s¢. This implies that det A(k) has a zero of order
my <my

at k=ts. Finally, the last inequality and (1.5) imply (1.31).

1.6. The matriz function T'(z, k). Consider the matrix function
T(w, k) =1+ H(z, k)= 1+ / K(z,t, k) T(t, k) dt. (1.36)

According to §1.3 the matrix-valued function T'(z, k) is smooth and uniformly bounded
for
(z,k)e Rx{k€C:Imk>0 and k| >1}.

Obviously T'(z,k)=1 for £>Z.x- Integrating by parts in (1.36) and using (1.18) we

obtain
dl o] ik dl—l

for all leN. Since supp VC [Zmin, Zmax] We find

d'T(z,k)/dz' =0 as Tmax < I, (1.38)
||le(l‘, k)/dzl” <Cs as Tmin T < Tmax, (139)
[d'T (2, k) /dz']| < Coe*=™=m) ™k ag ¢ g, (1.40)

for all k with Im k>0 and |k|>1. The constants Cs and Cy depend only upon V, n and .
If we integrate the right-hand side of (1.37) by parts, then (1.39) and (1.40) imply

a8 Zmin T < Zmax, (1.41)

1d'T (z, k)/da'|| < %62(“‘”“‘"“’“’“ 25 T < Tmin, (1.42)



SHARP LIEB-THIRRING INEQUALITIES IN HIGH DIMENSIONS 97

for all & with Imk>0 and |k|>1. The constants C1p and Ci; depend only upon V, n
and [.

In a similar way, integrating by parts in (1.37), we obtain the asymptotical decom-

positions
d' * sik(t-a) @
EE—IT(z,k) :—/cg 2kl "”)W(V(t)T(t, k))dt

g (_1)r+1 drti—2

:{2 T -d$r+l‘2}(V(x)T(x,k))

] (1.43)
41 oo 2ik(t—z) gg+i-1
HWr [ e s (VOT( ) e
-1
-1 r4+1 dr+l—2
= {Z ((szc)r S } (V(z)T(z,k))+Rq,i{z, k)
r=1
as k|21, Imk>0. Here
Ry i(z,k)=0 as Tmax < T, (1.44)
C12
R k <“‘_ in< < max) 1.45
” q,l(x, )” (1+|k|)q as I'm: z T ( )
”R‘Ll(‘x) k)” < ﬁgl)_qe%x—zmin)lmk as Z < Tmin- (146)

The constants C15 and C13 depend upon V, n, ! and g.
Since d'H/dz!=d'T/dz' for all €N, integration by parts in (1.23) and the inequal-
ities (1.38), (1.41) and (1.42) give (1.26).

1.7. The matriz function o(z,k). By using (1.6), (1.20) and Remark 1.1 for suffi-
ciently large |k}, Im k>0, the matrix T(z, k)=1+H(z, k) is invertible for all z€R and

|17~ (x, k)| <Cua for all z€R, |k|>Cys, Imk >0, (1.47)

with sufficiently large constants C14=C14(V,n) and Ci5=C;5(V,n). Hence, for suffi-
ciently large |k| with Im k>0 the matrix function

d
o(z, k)= {3; T(x, k)] T Yz, k) (1.48)
is well defined for all z€R.. Liouville’s formula

% (Indet T(x, k)) =tr { [%T(m, k)] T}z, k)}
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implies
ZidE (Indet e”**F(z,k)) =tro(z, k).
Since e~**F(z,k)=1 as £>Tmax and

e % F(z, k) = e~ 2% B(k)+ A(k) = A(k)+0(1)

as z——o0, Imk2e>0, we finally conclude that

+oo
Indet A(k) = —/ tro(z,k)dz, |k|=2Cis Imk2e>0. (1.49)

hate el

Remark 1.2. Formula (1.49) is a matrix version of the corresponding well-known
identity for scalar Schrédinger operators (see e.g. §3 in [9]).

1.8. The asymptotical decomposition of o(x,k). Next we shall develop o(z, k) into
an asymptotical series with respect to the inverse powers of k. For the sake of future
references we compute the first three terms, although we only need the second one in
this paper.

If we apply (1.43) with ¢=2, I=1 we find that

a:—2—kV+Q2, Q2=Ryn T, (1.50)

while (1.43) with g=4, =1 gives

2 2
L {dV+2dV +Vd—TT }

T (2ik)3 | dz? " Tdz dz?
(1.51)
1 (dv
__ 1 Jev il 74 L.
(2ik)2{dz +Veo } qug ¥ TR
Inserting (1.50) into (1.51) we obtain

1 1 dv 1 , d2V
_ Lty A 1.52
=5k’ T @ik? da (2ik)3{v iz 2}+Q4 (1.52)

Finally, if we insert in a similar way (1.52) and (1.43) with /=2, ¢=3 as well as [=3, ¢=2
into (1.43) with [=1 and ¢=6, we arrive at
. dV d*v
o= (2ik)71V - (2ik) 2 < T(2ik)" {d = V2}
, B3v  dv?
—(2ik)~ { e -2— ir }

s [dYV d?v? dv
+(2ik) 5{54——371_—2—4'((1

(1.53)

)+2V3}+Q6
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As well as Ry ; the terms Q2, Q4 and Qg satisfy the inequalities of the type (1.44)—(1.46)
with ¢=2, ¢g=4 and ¢=6, respectively. Then we conclude that

“+o0
| uQuemds=0(k ), =245,
as |k|—oo with Imk>e>0, and thus

oo 1 +o0 1 +oo 9
t = dr— ——= Vad
/oo ro(z, k) dz Qik/ trVdx (2ik)3/ tr z

- -0 —o0

1 [t 5 avy 6
+(2z‘T)5/ {2trV +tr(%)]da¢+0(|k| )

—oQ

(1.54)

as |k]—~oo with Imk>e>0.

1.9. The dispersion formula. Let
{)‘l}i\il = {(i%l)2}l1ila M > Oa

be the finite set of the negative eigenvalues of (1.1). Each eigenvalue occurs in this set
only once. Let m; be the order of zero of det A(k) at the point k=i, which by §1.5
equals the multiplicity of the corresponding eigenvalue. Then the arguments in §1.5
imply that the function

M(k):]n{det ) y (’“*i”’ )ml} (1.55)
=1

fc—i}q

is analytic for Im k>0 and continuous up to the boundary except k=0, where it has at
most a logarithmic singularity. Moreover, the inequality (1.24) gives

| M (k)| < Ca(V) k|

for all sufficiently large |k|>C, Imk>0. Hence, by applying Cauchy’s formula for large
semi-circles in the upper half-plane we obtain

TRM(2)dz TOM(2)dz
—_— 3 ——_—-:0
/_Oo (2 omiM(K), Lm o

for arbitrary & with Im k>0. This implies

Mk)=L /_ +°°R—ez]‘_iliz—) dz, (1.56)



100 A. LAPTEV AND T. WEIDL

which by (1.55) is equivalent to

1 [*®In|det A(z)|dz k—ix
= et hibinin 4 Ruiad 1 1.57
In det A(K) = — /_m — +l§mz i (1.57)
for all £ with Im k>0.
1.10. Trace formulae for elliptic systems. Note that
N . N N
k—ixy 2 2 2
; Tl T l; AT 3k IE_-; el
B B B (1.58)

N
Bik5 Zml“ls'f'o(lkl—fi)

as |k|—o0, Imk>e>0. On the other hand, from (1.13) and (1.26) we have
In|det A(z)| =2 'In|det(1+B(~z) B*(—2))|=0(]z| ™), z€R,

as |z]—o00, for all meN. Hence, the integral in (1.57) permits the asymptotical decom-

+oo
/ lnldetA z)ldz Z k]+1 O(lk[™+),

position

- (1.59)
+oo
I; :/ 27 In|det A(2)|dz
— 00
as |k|—o0, Imk2e>0.
Combining (1.58), (1.59) with m=5 and (1.54) we obtain
1 I &
0
1 =20 _ , 1.60
4/trde 5 ;mm (1.60)
6 tr V3dz +Z mys, (1.61)
5 5 v AR
3 S Y dp= 224 5. 1.62
3 trvV dz+64/ (d:z:) z= l:1mlzl (1.62)
Finally we remark that in view of (1.13)
;20 (1.63)

for all even, non-negative integers j.
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2. Sharp Lieb—Thirring inequalities for second-order
one-dimensional Schrédinger-type systems

2.1. A Lieb-Thirring estimate for finite systems. Let us first consider the operator on the
left-hand side of (1.1) in L?(R,C") for some smooth, compactly supported, Hermitian-
matrix potential V. Preserving the notation of the previous section the bounds (1.61)
and (1.63) imply

d2 3/2 3 3 2
S V = < — . .
tr( dz2®1+ (ac)>‘ El mys; < 16/trV (z)dzx (2.1)

By continuity (2.1) extends to all Hermitian-matrix potentials, for which tr V2 is inte-
grable. Finally, a standard variational argument allows one to replace V by its negative
part V_:

d2 3/2 3 2
——®1 <= . 2.2
tr( da:2® +V(x)>_ < 16/trV_ (z)dz (2.2)

The constant on the right-hand side of this inequality is sharp and coincides with the
classical constant Lgl/z - In particular, this constant does not depend on the internal
dimension n of the system.

2.2. Operator-valued differential equations. Let G be a separable Hilbert space with
scalar product (-, )¢ and norm | - ||g. Let H(R,G) and H%(R,G) be the Sobolev
spaces of all functions

u(-2R-G
for which the respective norms

400 .
ul%: = / (e 12+ [l ) diz,

—00
+oo

lul% = / (" 12+ ) d
—00

are finite. Finally, let 1 be the identity operator on G. Then the operator

d2

~ a2 ®le

defined on H2(R, G) is self-adjoint in L#(R,G). It corresponds to the closed quadratic
form

Bl u] = / |2 da

with the form domain H!(R, G).
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Let B and K respectively be the spaces of all bounded and compact linear operators
on G. Let || - ||g denote the corresponding operator norm. Consider an operator-valued

function

W(-):R—B

for which W(z)=(W(z))*, z€R, and ||W(-)|ls€LP(R), 1<p<oco. Denote

+oo
wlu, u] :/ (W(z)u(x), u(z))c dx.

— 00

This form is well defined on H!(R, G) and

+o0 1/p
utuull < [ nwmnzdx) 2. (23)

— 00

The constant Cy¢ does not depend upon W or u. Moreover, for all £>>0 there exists
a finite constant C17(e, W) such that

|wlu, u]| < ehlu, u]+Cl7(a,W)/HuH2G dr. (2.4)

Both (2.3) and (2.4) follow immediately from the corresponding inequalities which hold
in the scalar case. Hence, the quadratic form

hlu, u]+wu, u]

is semi-bounded from below and closed on H!(R,G). It induces a self-adjoint semi-
bounded operator

d2
Q=-73%letW() (25)

on L2(R, G).

If in addition W(z)€K for a.e. z€R, then the form w(-,-] is relatively compact
with respect to the metric on H!(R, G). In order to prove this fact we introduce the
orthogonal projections Py; on the linear span of the first M elements of some fixed
orthonormal basis in G. As a consequence, the Birman—Schwinger principle implies,
that the negative spectrum of the operator () is discrete and might accumulate only to
zero. In other words, the operator Q_ is compact on L*(R, G).
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2.3. A Lieb-Thirring estimate for operator-valued differential equations. We shall
prove

THEOREM 2.1. Let W(x) be self-adjoint Hilbert-Schmidt operators on G for a.e.
z€R and let tr W2(-)e LY(R, G). Then we have

d? 3/2 +o0
tr(—d—wz®1g+W(x)) <L§1/2,1/ tr W2 dz, (2.6)

— 00

where according to (0.4) it holds L), ;= 7.

Proof. Assume that (2.6) fails. Then there exists a non-positive operator family W
satisfying tr W2(-)€ L'(R) and some sufficiently small £>0, such that

+oo
trxg/z(Q)>1% / tr W2dz. (2.7)

— o
Here

Xe(Q) = _E(—oo,-a)(Q)Q,

with E(_o, _¢)(Q) being the spectral projection of @ onto the interval (—oo, —¢). Since
@ _ is compact, the operator E(_., ) (Q) is of finite rank n(e).

Fix some orthonormal basis in G and let Py, be the projection on the linear span
of its first M elements. Consider the auxiliary operators

Q(Ma 6) = E(—oo,—e)(Q)(l(m)@)PM)Q(l(m)®PM)E(-00,46)(Q)'

Obviously we have rank Q(M, e)<n(e) for all M. Since 1{z)®Pxs turns to the identity
operator on L*(R, G) in the strong operator topology as M — oo, the operators Q(M, ¢)
converge to x.(Q) in the L2(R, G)-operator norm as M — oo and

tr (Q(M,e))*2 5 trx.(Q) as M — oco.

Thus,

M, )2 > " w2 2.8
tr (Q(M,e))> >1—6/ tr Wedz (2.8)

— 00

for some sufficiently large M. On the other hand, a standard variational argument implies
tr (Q(M, €))% < tr ((1(z) ®Pur) Q(1{z)®Pw))*/%.

Observe that the expression on the right-hand side is nothing else but the Riesz mean
of order y=3 of the negative eigenvalues of the (M x M)-system (1.1) with V(x)=

PyW(z)Pps. Thus, from (2.2) we obtain

tr (Q(M, ))¥2 < —13—6/trV2(:c) dr < —%/trWz(m) dz,
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which contradicts (2.8). This completes the proof.

2.4. Lieb-Thirring estimates for Riesz means of negative eigenvalues of order v= %
We shall now suppose that the non-positive operator family W(x) satisfies

trW22(z) e LN(R)  for some 7> 3. (2.9)

Let dE(_x0,2)(Q) be the spectral measure of the operator (). Repeating the arguments
of Aizenman and Lieb [1], we find

B(y-3,3)tr Q" =tr{/

0 oo
dE(_,x,,,\)(Q) / t’7—5/2(t+/\)§/2 dt}
oo ’ 0

:/ 752 40 (Q+1)%/2 dt
0

[e’s} +00
s% / dit7=5/2 / tr (W(z)+t)? dz,
0 —o00

where
_ T(z+y)
I'(z)T'(y)

is the beta-function. Let —u;(z)<0 be the negative eigenvalues of W(x). Then

oo +00 o +oo0 o
/ dtt7‘5/2/ tr (W(z)+t)? d:z:=Z/ dz/ dt 1752 (t—p ()2
0 —0o0 j=1vY %0 0

B(z,y)

T SN 41/2
dzy pl " (z)

=B(v—%,3)/

+o00
=B(y-3 3)/ tr W% (2) da.

From (0.4) we obtain

" I'(y+1) 3 T(y+)IB) 3 B(y-

3
2,3
2
T2 (y+3) 16 T(v+3)T(3) 16 B(y-3.3)
and this implies

THEOREM 2.2. Let the non-positive operator family W(z) satisfy (2.9). Then

d2 Y ) too +1/2
tr(—-d—x—2®1G+W($)) <Lfm/ tr WX (z) dz. (2.10)

It remains to note that the constant Lg{l in (2.10) is approached for potentials aW

as a—+o0.
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3. Lieb—Thirring estimates with sharp constants
for Schrodinger operators in higher dimensions

3.1. Lieb—Thirring estimates for Schrédinger operators. Let G be a separable Hilbert
space. We consider the operator

-AQlg+V(z) (3.1)

in L2(R4, G). If the family
V(-:R*=B

of bounded self-adjoint operators on G satisfies
IV()lse LP(RY), max{1,3d} <p<oo, (3.2)

then the quadratic form

viu, u]l= /Rd(V(ac)u(a:), u(z)) g dz

is zero-bounded with respect to

2

dx.
G

u
axj

h[u,u]:/Rdé1

This immediately follows from the corresponding scalar result and the arguments given
when proving the inequalities (2.3), (2.4). Hence the quadratic form A[-,-|+v[-,-] is
semi-bounded from below, closed on the Sobolev space H'(R?, G), and thus generates
the operator (3.1). As in §3.2 one can show that if in addition to (3.2) we have V(z)e K
for a.e. z€R%, then the negative spectrum of the operator (3.1) is discrete.

The main result of this paper is

THEOREM 3.1. Assume that V(z)<O0 for a.e. z€R? and that tr V/2+7(-) is inte-
grable for some 72%. Then

tr(~A®lg+V(z))? < LY, / tr VY () dx. (3.3)
Rd

Proof. We use the induction arguments with respect to d. For d=1, 72%, the
bound (3.3) is identical to (2.10). Assume that we have (3.3) for d—1 and all y>3.
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Cousider the operator {3.1) in the (external) dimension d. We rewrite the quadratic
form Afu, u]+v{u,u] for ue H'(R4, G) as

+o0 +o0
hlu, u]+v[u,u] = h(zq)[u, u] dzg +/ w(zq)|u, u] dzg,
) 2
h(xd)[u’ U] =,/Rd—1 a-::‘: Gd(l,'l ...dl’d_l,
d-1 au 2
'U)(xd)['ud u] :Ad_l [Jz::l 5_’1}_] G+<V(.’L')u, u)(;] d:vl d.’l?d_l.

The form w(zy) is closed on H!(R%~! G) for a.e. z4€R and it induces the self-adjoint
operator

-1
82

W(za) == &7®1G+V($1, ey Td—1; Td)
k=1 k

on L*(R%"!,G). The negative spectrum of this (d— 1)-dimensional Schrédinger system
is discrete. Hence W_(z4) is compact on L?(R%"!,G), and according to our induction
hypothesis tr W~ +1/ 2(md) satisfies the inequality

tr Wj+1/2(xd) <L§1+1/2,d_1/ tr Vj+d/2(z1,...,xd_l;:cd)dwl...d:cd_l (3.4)
Ri-

d—1

for a.e. zz€R. For Ve LY*%/2(R4-1), the function tr W2/?(.) is integrable.
Let w_(z4)[-,-] be the quadratic form corresponding to the operator W_{z4) on
H=L?(R%!,G). Then we have w(zy){u,u)>—w_{zq)[u,u] and

2

Ju

Bxd

hlu, u]+vlu, u] 2/%0{

—00

—(W_(zaq)u, u)HJ dzg (3.5)

H

for all ue H*(R%, G). According to §2.2 the form on the right-hand side of (3.5) can be
closed to H*(R,H) and induces the self-adjoint operator

d2
— =5 ®1lg—W_(zq)
dz?
on L?(R,H). Then (3.5) implies

2 Y
tr(—A®1lg+V)? <tr (—d‘iz ®1H—W_(wd)) . (3.6)
d —_
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We can now apply (2.10) to the right-hand side of (3.6), and in view of (3.4) we find

d2 Y +oo +1/2
tr (—%7 Rly—W._ (xd)) <LSq / o WIT (z4) dag
2 2 _

o0
SIS LS4 /2,01 /RdterM/z(w) dz.

The calculation

el zel _ T+y P(y+3+1)
v, 1y+1/2,d—1 27r1/21‘(fy+%+1) 2d—17r(d—1)/21“(,y+%+%(d_1)+1)
F(’y_‘_]‘) __gcl

- 2d7rd/21—‘(’y+%d+l) —r.d
completes the proof.

For the special case G=C we obtain the Lieb—Thirring bounds for scalar Schrodinger
operators with the (sharp) classical constant L%d:LEYl 4 for 72% in all dimensions d.

3.2. Lieb-Thirring estimates for magnetic operators. Following a remark by B. Helf-
fer [11] we demonstrate how Theorem 3.1 can be extended to Schrédinger operators with
magnetic fields. Let

a(z) = (a1(z),...,aq(z))t, d=2,

be a magnetic vector potential with real-valued entries ax€ LZ (R?). Put

H(a)=(iV+a(z))’®1lc.

Its form domain d[h(a)] consists of the closure of all smooth, compactly supported func-
tions with respect to h{a)[-, ]+ - H%Z(Rd Gy (cf. [26]), where

h(a)[u,u]zg/nd (i%%—ak)u

Let the operator family V' and the corresponding form v be defined as in the previous

2
dz.
el

subsection. If (3.2) is satisfied, then one can apply Kato’s inequality [15], [26] and find
that the form

g(a)[u, u] = h(a)[u, u]+v(u, u] (3.7)
is closed on d[¢(a)]=d[h(a)] and induces the self-adjoint operator
Q(a)=H(a)+V(x) (3.8)

on L2(R%,G). Finally, by applying Kato’s inequality to the higher-dimensional analog
of (2.3) we see that V(z)€K for a.e. zeR? in conjunction with (3.2) implies that Q(a)
has discrete negative spectrum.
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THEOREM 3.2. Assume that acL? _(R?) is a real vector field and that the non-

loc

positive operator family V(z) satisfies tr V¥/2t7€ LY(R?) for some v=3. Then

tr (H(a)+V(z))? <L, / tr VY24 g, (3.9)
R4

Proof. In dimension d=1, any magnetic field can be removed by gauge transforma-
tion. Thus (2.10) can serve to initiate the induction procedure.

Assume now that (3.9) is known for all y>2 for dimension d—1, and consider the
operator H(a) in dimension d. Put

We find that

q(a){u,uJ=/Rd (z-gi_dm)u

o
= b —
/Rd (3 Oz4 * ad) “

where for fixed z;€R the operator W_(z4) is the negative part of W(zy) on H=

2
dz +/ (W(zg)u, u)udzq
G R

2
dx —/ (W _{(zq)u, uyu dzg,
e R

L?(R%!,G). We now choose a gauge in which ag vanishes. Namely, put

g
o(x1, ..., Tg) :/ ag(Z1y ey Tgm1,7) dT
0

and @(x)=e**®)y(z) for all ued[g(a)]. Then

o

8acd

a(@)lu,ul> |

2
dz — / (W (22, iyu dea, uedlq@)],  (3.10)
Rd G R

where
W(l’d) = €i¢(wl’zd) w_ (.Z'd) e—i¢(z’,zd)’ x'= (.’L‘l g3 reny md_l),

acts on H for any fixed z4€R. Closing the form on the right-hand side of (3.10) we see
that

d2 — Y
tr (H(a)+V(x))? <tr (— o ®1H—W(xd)) , (3.11)
d —

where the operator on the right-hand side acts in L?2(R,, H). From our induction hypoth-
esis we have

tr WY 2 (z) = tr WY T2 (2) € Lfylﬂ/zﬂi_1 / tr Vj+d/2(;c’; zq)dz’.
Ré-1
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Hence (2.10) can be applied to estimate the right-hand side of (3.11), and we complete
the proof of (3.9) in the same manner as in the proof of Theorem 3.1.

3.3. Lieb-Thirring estimates for the Pauli operator. As an application of Theo-
rem 3.2 we deduce a Lieb-Thirring-type bound for the Pauli operator. Preserving the
notations of the previous subsection we put d=3 and G=C?. Let

a(z) = (a1(z), a2(2), as(x))"

be a twice continuously differentiable vector function with real-valued entries. The Pauli
operator is given by the differential expression
a —tas1+a
Z=Q(a)®1+(. h2 . 2’3>+V®1, (3.12)
1a31+0az23 —a1,3
where 1 is the identity on C2, V=V/(z) is the multiplication by a real-valued scalar
potential and
Oa; Oay
ik=—————, k,j=1,2,3.
@ik dxp Oz;’ J
Let B(z) be the length of the vector B(z)=curla(z). Then the two eigenvalues of the
perturbation of the term Q(a)®1 in (3.12) at some point z€R3 are given by

V(z)£B(z).

If V, Be L""3/2(R3) for some >3, then Theorem 3.2 implies
tr 27 < LSy ( / {(V+B)Y*3/2 (v -B)*3/%} dx) : (3.13)
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