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1. Introduction

In this paper, we study scattering for Schrédinger operators on asymptotically hyperbolic
manifolds. In particular, we show that the scattering matrix depends meromorphically
on the energy (€C, and for the values of ¢ where it is defined, it is a pseudo-differential
operator of order 2Re{—n (really complex order 2¢—n), where the dimension of the
manifold is n+1. We then show that the total symbol of this operator is determined
locally by the metric and the potential, and that, except for a countable set of energies,
the asymptotics of either the metric or the potential can be recovered from the scattering
matrix at one energy. This also allows us to characterize the total symbol of the scattering
matrix in the case where the manifold is of product type modulo terms vanishing to
infinite order at the boundary.

We remark that the fact that the scattering matrix at energy ¢ is a pseudo-differential
operator is a known result, see for example §8.4 of [29]. However, the proof in the general
case does not seem to be available in the literature. Proofs of several particular cases
have been given, see for example (6}, [13], [14], [17] and [37], and references given there.

Recall that a compact manifold with boundary (X, 8X) is asymptotically hyperbolic
when it is equipped with a metric of the form

_H
g“;’

where 7z is a defining function of X, and H is a smooth Riemannian metric on X, which
is smooth and non-degenerate up to 8X. Furthermore we assume that |dz|gz=1 at 6X.
In other words, g can be expressed by

dz?+h{z,y,dz, dy)
9= p :

(1.1)
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for some boundary-defining function z, and a product decomposition X ~8X x [0, €) near
the boundary, where h|,_¢ is independent of dz?, and h|,—¢ induces a Riemannian metric
on OX. As observed in [28] this implies that along a smooth curve in X \8X, approaching
a point pedX, the sectional curvatures of g approach —1. We note that this form is
invariant under multiplying z by a function of y, so there is no canonical metric on X
induced by g, but there is a natural conformal structure. The simplest example of such
a manifold is the hyperbolic space, H**!, and its quotients by certain discrete group
actions.

Let A4 be the (positive) Laplacian on X induced by g. It will be shown in §4 that
given a function f€C*(0X) and (€ C\ (—o0, 0], with 2¢€ C\ Z, which is not a pole of the
meromorphic continuation of the resolvent, there exists a unique solution of the equation
(Ag+¢(¢—n))u=0 of the form

u=zf +2" ¢ f_, (1.2)

with f,, f_€C®(X) and f=f_|sx. This is implicit in [26], [28] and is stated without a
proof in [29]. A related result is also stated in the introduction of [28]. The first terms
of the expansion with Re{=3n have been established in [6].

It is then natural to define, as in [29], for these values of ¢, the scattering matrix to
be the map

T(C): fr> f-lox- (1.3)

However, the scattering matrix is then (mildly) dependent on the choice of boundary-
defining function z, and so we instead define it as a map

5(¢): C°(8X, |N*(0X)|"¢) = C*°(8X, |N*(8X)[) (1.4)

via S(¢)(f|dz|"=¢)=(T(¢) f)|dz|, and it is then invariant. Whilst this definition can not
make sense for ¢ such that 2(€Z, as the decomposition (1.2) can not then be unique,
and the uniqueness of the expansion (1.2) is not established in §4 for (€(—o00,0], we
shall see in Proposition 4.4 that the scattering matrix can be defined as a restriction of
the resolvent. This allows a meromorphic continuation of S(¢) across points which are
not poles of (4.36). In fact, we show that these results remain valid in the presence of a

short-range potential V, which in this context means
VeC=(X,R), V=zV, VeC®(X,R). (1.5)

As we will see in §3, such a potential does not affect the normal operator of Ay, and that
allows the construction of [28] to go through without significant change.
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For simplicity, we work in a product decomposition such that

dz?+h(z,y,d
9= (2 y y). (1.6)
z
The existence of such a model form is established in §2. This yields a trivialization of

the normal bundle which we work with. In §5 we prove

THEOREM 1.1. Let (X,3X) be a smooth manifold with boundary. Suppose that g in-
duces an asymptotically hyperbolic structure on X, and that g=(dz?+h(z,y, dy))/x? with
respect to some product decomposition near 0X. Let Ve C*°(X) be a short-range poten-
tial and let (€C be such that the scattering matriz, S(C), associated to Ag+V+{((—n)
is defined. Then S(C)€UZReC—™  and its principal symbol equals C(C)|€[2~™, where |€]
is the length of the covector £ induced by ho=h(0,y,dy), and

T(in—
C(C) — 2n—2< (2” - 4) .
I(¢—3n)

This result has been established in [6] for Re(=Zn. As a direct consequence we

obtain

COROLLARY 1.1. Let (X,0X) be a smooth manifold with boundary, and let p€0X.
Suppose that g1 and go induce asymptotically hyperbolic structures on X, and that
gi=(dz®+hi(z,y,dy))/x?, i=1,2, with respect to some product decomposition. Let V;,
i=1,2, satisfy (1.5), and let S;(() be the scattering matriz associated to Ag,+V;+(({—n).
There ezists a discrete set QC C such that S2(¢)—S81(¢)€¥2Re¢—1 for (e C\Q if and
only if h1(0,y,dy)=h2(0,y,dy).

We then analyze the difference of the scattering matrices when the metrics g1, go,
and the potentials Vi, V5, agree to order k>1 at the boundary. We also prove in §5

THEOREM 1.2. Let (X,0X) be a smooth manifold with boundary, and let pcoX.
Suppose that g1 and g2 induce asymptotically hyperbolic structures on X, and that g;=
(dz?+h;(z,y,dy)) /22, i=1,2, with respect to some product decomposition. Moreover
suppose that ho—hi=2*L(y,dy)+O(z**"), k>1, near p, and that V1,Vy are smooth
short-range potentials such that Vo—Vi=zFW(y)+O(z**!) near p. Let S;(¢) be the
scattering matriz associated to Ay, +V;+{({—n). We then have that, near p,

51(¢)—S2(¢) € YRk, (L.7)
and the principal symbol of S1(¢)—S2(¢) equals

Ak, Q) Y Hg&&g €™ 24 Ag(k, O (W FR(R+ D T)EP ™, (1.8)

iij
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where H=hg'Lhg' as matrices, ho=h1|z—0=ha|s=0, T=trace(hy L), |¢| is the length
of the covector £ induced by hg, and Ay, Az are meromorphic functions of {, given by

n/22k+2—2(+nF(%(k+2_2C+n)) C(©)

L(-3(k+2-20)) M()
P(k-204m) C()
I(-3(k-2¢) M(S)
where C(C) is given by (5.4), T;(k,(), j=1,2, is the meromorphic continuation of the
functions given by (5.4), and M(C) is given by Proposition 4.2.

Al(k‘,C):*’ﬂ' Tl(k7<)7

(1.9)

Ay(k, ¢) =nm/22k—20+n Ty (k, ),

As an application of Theorem 1.2 we analyze the cases where the manifold is actually
hyperbolic and is almost of product type.

THEOREM 1.3. If (X,0X) is such that in some product decomposition the metric
18 a product modulo terms vanishing to infinite order at the boundary, then the scattering
matriz is equal to
gn— 24(_i) {—n/2
L(C~gn) 2%
modulo smoothing. If (X,0X) is a smooth hyperbolic manifold, the same result holds
modulo pseudo-differential operators of order 2Re(—n—2. Here we have chosen a defin-
ing function x in order to trivialize the normal bundle and to induce a metric on the
boundary, with respect to which we take Agx.

We prove the result for almost product-type structures in §6. In the hyperbolic case,
the result for principal symbols is due to Perry, [37] (Perry’s definition of the scattering
matrix was slightly different which caused an extra factor to be present). The result for
hyperbolic manifolds is an immediate consequence of Theorem 1.2 and observing that a
funnel is product type to second order.

As consequences of Theorem 1.2 we have the inverse results:

CoROLLARY 1.2. Let (X,0X),g,,V;,S;, j=1,2, be as in Theorem 1.2, let p€dX
and suppose that V1=V, near p. There exists a discrete set QCC such that if (€C\Q
and S1(¢)—S2(¢)€ W2ReC—n—k k>1, near p, then there exists a diffeomorphism 1 of a
neighbourhood UCX of p, firing 8X, such that ¥*g1—go=0(z*2).

CoroLLARY 1.3. Let (X,0X),9,,V;,S;, j=1,2, be as in Theorem 1.2, let p€dX
and suppose that g1=g, near p. There exists a discrete set QCC such that if (eC\Q
and S1(¢)—S2(¢) e VZReC—n—k k>0, near p, then Vi—Vo=0(z*) near p.

Of course, intersecting over all k, we see that off a countable set of energies a metric
or potential can be recovered modulo terms vanishing to infinite order at the boundary.
We will prove these corollaries in §5, after the proof of Theorems 1.1 and 1.2.
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In §7 we give an application of these results, or rather of the methods used to prove
them, to inverse scattering on the Schwarzschild and the De Sitter-Schwarzschild model
of black holes. We show that the Taylor series at the boundary of certain perturbations
of these models can be recovered from the scattering matrix at a fixed energy.

Our approach is heavily influenced by the work of Guillopé and Zworski, [13],
[14], [15]. In particular, we compute the scattering matrix as a boundary value of the
resolvent. To do this we use the calculus developed by Mazzeo and Melrose, [28], of
zero-pseudo-differential operators in order to construct the resolvent.

As in our work on asymptotically Euclidean scattering, [21], 23], [24], a key part
of our approach is to consider the principal symbol of the difference of the scattering
matrices rather than the lower-order terms of the symbol of a single operator, which
allows us to proceed more invariantly. We remark that whilst our results are quite
similar to those in the Euclidean case, the proofs and underlying ideas are very different.
The fundamental reason for this is that in the asymptotically Euclidean category, as
observed by Melrose, [30], and by Melrose and Zworski, [33], there is propagation of
growth at infinity, whilst this does not occur in the asymptotically hyperbolic category.
This is reflected in the fact, proved in [33], that in the asymptotically Euclidean case the
scattering matrix is a Fourier integral operator associated to the geodesic flow at time T,
whilst in the asymptotically hyperbolic manifold case it is a pseudo-differential operator,
and in the fact that the principal symbol of the difference of the scattering matrices is
locally determined by the perturbation. See [32] for a discussion of a general framework
including both cases.

There is a long history of scattering theory on hyperbolic manifolds arising from the
observation that the Eisenstein series for a Fuchsian group is a generalized eigenfunc-
tion for the Laplacian on the associated quotient of hyperbolic space—the fundamental
reference for this is [25] where the finite-volume case is studied. The study of the infinite-
volume case was initiated by Patterson in [36]. There has been a wealth of results in
both cases, and we refer the reader to [14] for a comprehensive bibliography and to [17]
and [29] for a review of the subject. There has been less work on asymptotically hyper-
bolic spaces. Mazzeo and Melrose, [28], and Mazzeo, [26], [27], studied properties of the
Laplacian on such manifolds from which the properties of the scattering matrix proved
in §4 are implicit. In [6] Borthwick showed the continuous dependence of the scattering
matrix on the metric. Agmon has also studied related questions, see [1], [2]. Recently
Borthwick and Perry, (8], showed that, except for possibly finitely many exceptions, the
poles of the resolvent agree with multiplicity with those of the scattering matrix. An-
dersson, Chrusciel and Friedrichs have studied solutions of the Einstein equations and
related problems on asymptotically hyperbolic spaces, [3], [4]. There appears to be no
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results in the literature on the inverse scattering problem on asymptotically hyperbolic
manifolds. Perry, [38], has shown that for hyperbolic quotients in three dimensions by
convex, cocompact, torsion-free Kleinian groups with non-empty regular set, the scat-
tering matrix determines the manifold. Borthwick, McRae and Taylor have proved an
associated rigidity result, [7].

We would like to thank several of our colleagues: Maciej Zworski for explanations of
hyperbolic scattering and helpful comments; Richard Melrose, Rafe Mazzeo and Laurent
Guillopé for helpful conversations; Tanya Christiansen for explaining her computation
in the almost product case in the asymptotically Euclidean setting; and Mary Sandoval
for carefully reading the paper and making many useful comments. Finally, we would
also like to thank the referee for comments which helped to improve the content and
exposition of the paper. This work was initiated whilst visiting the Fields Institute and
we would like to thank that institution for its hospitality. This research was partially
supported by an EPSRC visiting fellowship. The second author is also grateful to the
NSF for its support under Grant DMS-9970229.

2. A model form

In this section, we establish a model form for asymptotically hyperbolic metrics near
infinity (the boundary). This is very similar in statement and proof to the model form
for scattering metrics proved in [24]. See also [22] for a similar model for exact b-metrics.
In the case where all sectional curvatures are equal to —1 near the boundary a related
normal form has been established in [16].

ProrosITION 2.1. Let (X,0X) be a smooth manifold with boundary 8X, and sup-

pose that g is a metric on X such that

dz?+h(z,y, dz, dy)
g= 72

in some product decomposition near 0X, where x is a defining function of X, with
h|z=o independent of dx?, and inducing a metric on 0X. Then there exists a product
decomposition, (Z,§), near 8X such that
2 — _
d
o= FhET,dj) 2.1)
z
Proof. First we prove this result modulo terms that vanish to infinite order at x=0.
It is enough to show the existence of a sequence of diffeomorphisms, ¥4, of 3X x[0,¢)
such that

) o
h yd g
1/,;9:@_;‘;’_119_)_4_0@’6 %) k>l
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and
Fe =0t 1

fixes the boundary to order k+1. This is enough, as a diffeomorphism ¢ can then be
picked, using the Borel lemma, of which the Ith term in the Taylor series will agree with
that of vy for I<k, for all [.

First we observe that we can assume that h(0,y,dz,dy) is independent of dz? and
drdy;. Indeed, by defining the vector field V, as g(Vz,-)=dz and denoting |V,|?=
9(Vz, Vz), the vector field =V, /|V,|? is smooth in X, and moreover £z=1. For
pedX, let y;, 1<j<n, be smooth local coordinates on 9X valid in a neighbourhood
of p. Extending y; to be constant along the integral curves of X, which are perpendicular
to 8X, gives a coordinate system in X valid in a neighbourhood of (0, p). It is clear by the
construction that g(%,dy,)=0 at X, 1<j<n. Thus, in these coordinates, h(0,y, dz, dy)
is independent of dz? and dz dy;. This gives the map ;.

Next we proceed by induction. Suppose that ¥,_1, k=1, has been constructed. We
show how to pick fi so that

. dz’+h(Z, g, dy e
fk¢k—19:—‘*%+o(xk %), k>2.
Putting v =vk_1 fi, our result follows.
We work in local coordinates on the boundary. We shall see that the choice of the

next term in the Taylor series is actually unique so there is no problem patching these
local computations together. So suppose that we have, for £>2,

dz®+h(z,y,dy)

W g= 3 +a2FBa(y) da®+ 2573 B;(y) dz dy; + O(z" ).

Putting

=2+7(y) 7
and

y=g+6(7)7,
we have

dz =dz +17"y(g) dz + 7" g—; dy

and

96
dy =dj+17"716(9) dri:—HEla—y(g) dy.
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Now if h(0,y,dy)=>" hi;(y) dy; dy,; and I=k, we see that the metric becomes, mod-
ulo O(z*~?)-terms,

dz?+h(z,7,dy T I
WG D) | gh-2a(g)az+ 2+ Y 8, (5) dz

+2ky(g) 23 dz®+ 2622 hyj6; dy, dz.

Pick v(§)=—a(7)/2k; as the form h;;(j) is non-degenerate, there is a unique choice of
6 such that 2k2hij6i:_,8j. This cancels the terms of order k—3 in dz? and dzdy.
Equation (2.1), modulo O(Z*)-terms, follows.

Having achieved the modulo form modulo z°°, which is all that is necessary for the

rest of this paper, we now show that this form can be improved to remove this error. If

g dz?+h(z,y, dy)+O0(z>)
= p

then the geodesic flow is generated by the Hamiltonian function
o=2’r2+2% Y h(z,y)&&+O0(™).
4,3

Now if we work in rescaled zero-coordinates, that is, let 7=z, £=x¢, and leave (z,v)
fixed, the canonical one-form a=7dz +£-dy is rescaled to

d ~d
Oazf_z_*_é“._ﬂ,
T X

and the Hamiltonian to

G=72+> h(z,y)&&;+0(™).

43

The zero-Hamilton vector field of &, Hj, is defined by

d%(-, Hy) = da.

We then find that, modulo O(z*)-terms,

(B 0N (o, 9, 1)@
H &27(1’(%%—5 8{) (Zh +z6$h )af+th-1,

where

_ iy _ 0 a
-1 _ % _ _ —14q_
R (z,y,&) = E R (z,y)&:€; and Hp-1= E (35,-’1 18—%—‘-“5%’1 3@)-

%7 i
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This is of the form

(0 50 241812
Ha—2‘r(m 2y ag)+0(”” IER),
where |€|?=h"(z,y,&).

Now if we restrict to the cosphere bundle,

which is invariant under the flow, we can re-express 7 in terms of (z,y,£), and near
7=-1 the vector field becomes

0

9,00
oz

H;=-2 £.— |+ O(€> +22).
(2 55+65¢ ) +OleP+")

This forms a sink at (z,£)=0 and thus, by Theorem 7 of [40], there exist local
coordinates (2/,¢'), equal to (x,€) to second order at (z,£)=(0,0), which reduce the

vector field to the form

Ho =2y +6 5 ) +OUE PP 5
We therefore see that any integral curve starting close enough to (z',£')=(0,0) will
converge to (0,0).

So in particular if we take a hypersurface S.={r=¢}, then the geodesics starting on
the unit normals pointing to the boundary will converge to (z',£’)=(0,0). We also have
that the z’-derivatives of these geodesics will be non-zero so they can be reparametrized
in terms of z’. In 2’ >0, we can put =¢'/2', and use (2',8,y) as coordinates. The form
of the vector field means that the angular coordinate § will be constant on geodesics,
and we have p

2 =0((@')+()1617) = O((=')?).
Now as the finite-time solution of an ODE, the point y on the boundary, which is the
limit of the geodesic, will vary smoothly with the start point on S.. We also see, as the
change in y is the integral of the derivative along the curve, that the Jacobian of the
map from S, to the boundary will be invertible for ¢ sufficiently small. This will also be
true for the map to hypersurfaces S/, '<e.

So if we now take geodesic normal coordinates to the hypersurface S, then these give
us a map x: 0X xR — X, which is smooth up to the boundary, and is a diffeomorphism
in a neighbourhood of the boundary. Now the metric in these coordinates is of the form

(d')*+h(z’,y, dy),
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so if we put X=e"% we get coordinates in a neighbourhood of infinity such that the

metric is of the form
dXx?

X2

Note that the change of coordinates gives the correct compactification at the boundary

+h(X,y,dy).

to ensure that there has been no change of smooth structure there. Thus we know that
the transformed metric must be of the form

dX?+1(X,y,dy,dX)
X2 ’

with I smooth up to X=0; so we conclude that h(X,y,dy)=k(X,y,dy)/X?, with
k(X,y,dy) smooth up to X=0, and we are done. g

We remark that the construction of the Taylor series in the first part of the proof
gave a boundary-defining function of the form z=z+0(z?), and that the rest of the
Taylor series was then determined; one could however start with a different defining
function a(y)z. This contrasts with the case of a scattering metric where the z'-term is
fixed by the metric but the z2-term can be chosen.

3. Constructing the resolvents

In this section, we review the construction of the resolvent on an asymptotically hyper-
bolic manifold due to Mazzeo and Melrose, and show how to modify it to obtain infor-
mation about the difference of two resolvents associated to data which agree to some
order at the boundary. Our account is necessarily brief and we concentrate on explaining
where our construction differs from theirs and refer the reader to their paper [28] for fur-
ther details. We shall work with half-densities throughout as they give better invariance
properties.

We recall that a Riemannian metric g on a manifold Y induces a canonical trivial-
ization of the one-density bundle by taking w=+/3 |dy| where ¢ is the determinant of g;;
in the local coordinates y on Y. The square root of this is then a natural trivialization
of the half-density bundle. We then have a natural (self-adjoint) Laplacian, A, acting on
half-densities by

A(fw'?) = A(f)w'/?,

where A is the Laplacian acting on functions.
Mazzeo and Melrose showed that in an asymptotically hyperbolic manifold, the

resolvent

R(Q)=(A+¢(¢—mn))"', Re(>n,
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which is a well-defined operator for Re {>n, depending holomorphically on ¢, could be
meromorphically continued to the entire complex plane, and that its extension could be
constructed in a certain class of “zero”-pseudo-differential operators. A “zero”-vector
field is a vector vanishing at the boundary, and a “zero”-differential operator is a compo-
sition of such vector fields, the most important example being the Laplacian associated
to an asymptotically hyperbolic metric.

“Zero”-pseudo-differential operators have kernels living on the blown-up space
XxoX. This is the space obtained by blowing up X x X along the diagonal, Asx,
of 0X x0X. We recall that blow-up is really just an invariant way of introducing polar
coordinates, and that a function is smooth on the space X x¢X if it is smooth in polar
coordinates about Agx. As a set, X xgX is X x X with Agx replaced by the interior
pointing portion of its normal bundle. Let

B: XxpgX = XxX

denote the blow-down map. If (z,y) are coordinates in a product decomposition of X
near 90X, and we let (2',3') be the corresponding coordinates on a second copy of X,
then R=(2?+(z')2+(y—y')?)}/? is a defining function for the new face, which we call the
front face. The functions p=xz/R and ¢’=x'/R are then defining functions for the other
two boundary faces, which we call the top and bottom faces respectively. One advantage
of working on this blown-up space is that the lift of the diagonal of X x X only meets
the front face of the blown-up space and is disjoint from the other two boundary faces.
See §3 of [28] for a picture.

To define the space of “zero”-pseudo-differential operators, Mazzeo and Melrose
defined a bundle T'y(X'), whose sections are smooth multiples of the Riemannian density.
Note that for the Riemannian structure (1.1), the natural density is singular at 8X. In
local coordinates (z,y), where z is a defining function of the boundary, it is given by

dx d
h@,y) = =, heC™(X), h+0.

We denote 1"(1)/ 2(X ) the analogous bundle of half-densities. Similarly we define the bundle
Ty/?(Xx X). The bundle T§/? over X xo X is then defined to be the lift of ['y/2(X x X)
under the blow-down map.

A “small” zero-pseudo-differential operator of order m is then an operator on X of
which the Schwartz kernel when lifted to X xqX vanishes to infinite order at the top
and bottom faces, and is the restriction of a section of I‘(l)/ ? over the double across the
front face, which is conormal to the lifted diagonal of order m. In the interior, these
are of course just the usual class of pseudo-differential operators acting on half-densities.
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The space of these kernels will be denoted K§*(X), and the corresponding operators by
U5 (X, To(X)).

The “large class” Wj"**(X), s,t€C, is then defined to be operators which have
Schwartz kernels that are equal to an element of K§*(X) plus a function of the form
0°(¢')tf with fEC®(X xp X, Fé/ 2) and smooth up to the boundary. This space then has
three natural filtrations, but it will also be important to consider a fourth which is the
order of vanishing at the front face, so we commonly work with operators with kernels
in the class RFUg"**(X). In [28], Mazzeo and Melrose show that the meromorphic
extension of the resolvent to C lies in ¥ > ¢(X).

The ordinary symbol map, expressing the lead singularity at the diagonal in the
interior, extends to this class and is a homogeneous section of the zero-cotangent bundle—
that is, the dual bundle to the space of vector fields vanishing at the boundary. There is
also a second natural symbol map, which is called the normal operator. This is obtained
by restricting the Schwartz kernel to the front face, and hence expresses the lead term
there, which is therefore a section of the bundle I‘(l)/ 2(X xoX) restricted to that face.

Let p€0X and let X, be the inward-pointing vectors in Tp,(X). This is a manifold
with boundary and has a metric

Ip= (dm)—zhp’

where g=z~2h, making it isometric to the hyperbolic upper half-plane. (We regard h,,
and dr as linear functions on the tangent space X,.) Mazzeo and Melrose observed that
the leaf of the front face above a point p is naturally isomorphic to X,,, using a natural
group action on the front face. This group action is obtained by lifting the action of the
subgroup of the general linear group of the boundary of X, to the normal bundle of X,
as a leaf of the front face is just a quarter of the normal bundle over p.

It is also observed in [28] that the restriction of F(l)/ *(X x¢X) to the front face is
canonically trivial, and then can act as a convolution operator using the natural group
structure on the front face. As mentioned above, the fibre of the front face above a
point p can be identified with X,. Let (x,y) be local coordinates near pcdX, with z a
boundary-defining function, and also denote the natural corresponding linear coordinates
on X, by (z,y). Let (z’,%') be the same coordinates on the right factor in X x X, and
let s=z/2’, z=(y—vy')/z. Then if the Schwartz kernel of a map B is k(z',y’, s, 2)y with
vy=|ds dz dz dy/sz™*'|}/?, the normal operator is given at p=(0,7) by

_ x T
NB) (] = [ k0.5.5,2)1 (F9-2)

ds dz-p, (3.1)
s

where

dz dy|"*

du =
H z "
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This formula will be very useful in §5.

In fact, Mazzeo and Melrose only used the normal operator for terms in ¥, °°’s’t(X )
but it works equally well for terms in ¥§»**(X), see Theorem 4.16 of [28], the main
difference being that the normal operator instead of being a smooth half-density on the
front face, now has a conormal singularity at the centre, i.e. the intersection of the lift
of the diagonal of X x X with the front face. The normal operator will of course have
growth at the boundaries of the front face according to s,t. In particular, it will be in
the space A*? of half-densities growing of order s at the top edge, and of order t at the
bottom.

The important fact is that the normal operator of a zero-differential operator is
obtained by freezing the coeflicients at a point on the boundary, and the normal operator
of the Laplacian is just the Laplacian of the induced metric on the space X,. As a short-
range potential vanishes at the boundary, if P(¢)=A+V +¢(¢—n), with V short-range,
and Q€ U)"**(X), we thus have that

NP(P(C)Q)=(Ap+§(c_n))Np(Q)7 (3.2)

see the proof of Proposition 5.19 of [28], with AP the Laplacian on X, acting on half-
densities, which is the model hyperbolic half-space up to a linear scaling.

Now what we are interested in in this section, and in this paper in general, is the
structure of the difference of the resolvents associated to two pieces of data. We begin
by proving

ProposITION 3.1. Suppose that g1, g2 are asymptotically hyperbolic metrics which
agree to order k at 80X, i.e. in some product decomposition X ~0X x[0,¢) near 80X, x is
a defining function of 08X, in which

_ dz?+hi(z,y, dy)

. , 1=1,2, (3.3)

a

where
ha(z,y, dy) = ha(,y, dy) + " L(z,y, dy)+ O(="**), k>1.

Suppose that Vi,V are short-range potentials that satisfy Vo—Vi=z*W, WeC>®(X).
Let Agi, 1=1,2, be the {positive) Laplacian associated to g; acting on half-densities via
the natural trivialization of the half-density bundle given by g;, and let

Pi(Q)=Ag+Vi+¢(¢—n). (3.4)

Let hi(z,y) and L(z,y) denote the matrices of coefficients of the tensors hi(z,y,dy)
and L(z,y,dy) respectively. We then have that for H=h,(0,y) " L(0,y)h1(0,y)"* and
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T=Tr(h1(0,y) " L(0,y)),

P,—P :a:k< > Hijzd,zd,,+ ik(k+1)T+W> +z*HR, (3.5)
i,j=1

with R a second-order symmetric zero-differential operator.

Proof. In local coordinates (z,y) near g€9X the operator F; acts on a half-density
F(z,y)|dz dy /2 as

P(f(z,y) |dz dy|/?) = [/ (Ag+ V +C(C—n)) & f(x, )] |dz dy| /2,

where A, denotes the Laplacian acting on functions, and §; denotes the determinant
of g;.

So we need to consider the operator §1/4A ;6714 +V +-(({~n). Let g;; denote the
components of the metric g, and ¢g¥ its inverse. Denote z=(z,y) with zo=z, 2z;=y;,

1<j<n. So using the expression of A, in local coordinates,

Agf==671%%" 08,,(g760,, f),

,j=0
we have

FYAAG@EVAE) = D 67148,,(97 (f(D,8"*)—6Y*(8:,1)). (3.6)

i,7=0

Recall that )
gOOZF, giOZQOi::Oa 2#0,

Gij = ?hijy i,7#0.

Therefore ,

g"=a® g¥=¢"=0, i#0, 58)

g9 =229, 1<i,j<n .

Using (3.3) we can write

Ry = hi(I+z*R7 L+ O(zF ) (3.9)
and therefore conclude that

hy'=hit—z*h LA +O(zF 1),
2 1 1 1 ( ) (3.10)

det hp =det hy(1+2* Tr(hy 'L)+0(z"*1)).
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We also deduce from (3.7) that
§; =22 deth;, j=1,2. (3.11)

Hence
8o =81 (1+2* Tr(h ' L) +O(z**1)),

(3.12)
&t =65 1k LT (AT L) +O (24 H)).

Examining each term of (3.6) and using (3.8), (3.10), (3.11) and (3.12), we deduce
that (3.5) holds. We carry out the computation for the term i=3j=0. This is the term
that will contribute with a multiple of T to (3.5). The computations for the terms
involving y-derivatives are easier and will be left to the reader.

first term = 8, /40, (€2 (f8,64* — 6378, £)) — 67 /0, (22(£0.01* — 61748, f))
=2z (65 0,00 — 67 0,8,/ Y1 a? (57 /49265 A 5T 152611,

Using that v='8,v=08,logv and that v~02v=082log v+ (9, logv)?, we obtain

first term = 2z f8, log(g—z) +12%f02 10g(§—2> +L2°f0, log(g—Q) 0, 1og(6201).
1 1 1

Since log(1+u)=u+u20(1), (3.12) gives that
first term = Lo f(ka* ' T)+ 122 f (k(k—1)2**T) + O(z* ™) = 1k(k+1)z* T f+ O(z* ).

This ends the proof of the proposition. O

Let us denote P,— Py=1z*F, where E is the operator given by the right-hand side
of (3.5). Now let Ry(¢) be the resolvent of P, which by Theorem 7.1 of [28] lies in
\Ilaz’C’C(X). We then have

Py(Ry~Ry)=PyR;~1d=(P,~P)R, =z"ER;.
So to get Ro as a perturbation of R, we need to solve
P,F =2*ER,. (3.13)

We can rewrite this as
Py((z')fF) = (2')*s*ER,,

with s=z/z’. As 2’ commutes with P, this becomes

P2F1 = SkERl.



56 M.S. JOSHI AND A. SA BARRETO

Now s*ER; is in \Ilg’<+k’<_k(X), and we look for FIGIIIEQ’C’C"’C(X). To get improvement
on the front face, we use normal operators, (3.2) and the fact that V is short-range, to
deduce that

(Bp+¢(C—n) Np(F) = Ny(s*ERy). (3.14)

This can be solved near the singularity by using the elliptic calculus, and away from this
the right-hand side is in AS**¢~*. Now Proposition 6.19 of [28] states that this equation
has a meromorphic solution in .A4$°¢~*. So we can choose F; meromorphically to satisfy
(3.14).

Putting F=(z')*Fi€ R*¥;%%¢(X), we then have that

Py(R,—F)—Id e RF 19004 (X). (3.15)

We can then remove the term at the front face iteratively and asymptotically summing
obtain
P3(R,—F')—Id € R°¥y¢¢(X),

with F'e R*¥;>¢¢(X). The error term now vanishes to infinite order at the front face.
The diagonal singularity can be removed by an element of R, 2‘C’C(X ) by standard
symbolic arguments for constructing the parametrix of a pseudo-differential operator.
This leaves an error in the class z¢(2')¢f, fEC®(X XX, I‘(IJ/Q(XXX)). This can be
removed using the indicial equation by an element of the same space as in [28].

We observe that the error term in RV, 2’C’C(X ) is, by definition, the sum of
a term in R®W;%(X) plus a term whose kernel is of the form R®¢(o')¢F, with F
smooth in the blown-up space. The latter term is in fact of the form z¢(z')Sf, fe€
C®(XxX, I‘(l,/ 2(XxX )). Since the kernel of an operator in R®W;2(X) vanishes to
infinite order at the three faces of X x X, this construction gives

THEOREM 3.1. Let (X,0X) be a smooth manifold with boundary and defining func-

tion z. Suppose that
da® +h;(z,y, dy)

gj 3 j=1727

and V; are smooth real-valued functions vanishing at 0X. Let R;(¢) denote the re-
solvent of Pj=A;+V;+¢((—n) where A; is the Laplacian associated to g; acting on
half-densities. Suppose that { is not a pole of R;(¢), and that hy—hy and Vi —V; vanish
to order k=1 at x=0. Then

Ri(Q)=Ra(¢) =G1(Q)+G2(Q)+G3(¢), Gie 324X, TY/* (X)), i=1,2,3, (3.16)

where G has kernel of the form z¢(z’)Sy, y€C®(X x X,Te/*(X x X)), the lift of the
kernel of Go under B is singular at the lift of the diagonal but vanishes to infinite order
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at the top, bottom and front faces of X XX, and the kernel of Gy satisfies
B*Gi(¢) = R*e*(¢)a(¢),  a(¢) € C™ (X xo X\ Ao, Ty * (X x0 X)), (3.17)

15 a conormal distribution to the lifted diagonal Ay.
If E is such that P,— P,=x"E, then the restriction of a(() to the front face, F=
{R=0}, satisfies

(Any+C(C—n))Np(0° () F () = Ny ((z/7')F E) G, (3.18)

where Aho is the Laplacian on the hyperbolic space with metric ho(p), acting on half-
densities, i.e. in coordinates (29, 2') where the boundary is given by {z9=0}, Ap,(fw'/?)=
(Ap, w2, with

dzo dy

5

Z0 2:61
and

Ah,o :Zg Z hij (p)aZialj —("—1)203zoa (319)
2,7=0

and G is the Green function of Ap,+¢(C—n).

Note that the last statement follows from Propositions 2.17 and 5.19 of [28] and the
fact that the normal operator of the resolvent is its Green function.

Remark 1. In what follows, it is important to realize that there is a unique solution
(3.18) which is meromorphic in {, is conoermal to the centre of the front face, and is in
A%S~F near the boundaries.

To see this, note that, if we have two choices, w; and ws, then
(Apg+{(C—n) ) (w1 ~w2) =0.

Since wy —ws is conormal to the centre of the front face it must be actually smooth. By
Theorem 7.3 of [26], we know that w; —wa=(g0")*f+(00')"¢g where f, g are distribu-
tional coefficients.

On the other hand we also know that w; —ws € AS¢~*, and so is of the form w; —wy=
0%(¢)*~*w with w smooth up to the boundary. Therefore we conclude that wy —wy=
(00')*®w with @ smooth up to the boundary. Since Ay, has no discrete spectrum, it
follows from Proposition 4.3 that for (¢ (—oo, én], w;=ws3, and thus by meromorphicity
everywhere.
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4. The Poisson operator and the scattering matrix

In this section we extend some of the results of [13] and [14], obtained in the case of
Riemann surfaces, to asymptotically hyperbolic manifolds. We show that the kernel of
the Poisson operator is a multiple of the Eisenstein function and, as in [13], [14], we
obtain a formula for the scattering matrix in terms of the resolvent. Similar results
have been established by Borthwick in [6] for Re{=4n. The Poisson operator has also
been studied by Agmon in [1]. As a consequence of this formula, we prove that the
scattering matrix at energy ¢, (€ C\ @, where @ is a discrete subset which is described
in Proposition 4.4, is a pseudo-differential operator of order 2( —n. We also prove the
result stated in equation (1.2) of the introduction.

Before proceeding to this, we sketch our argument. The resolvent of the Laplacian
acting on half-densities has, by [28], a meromorphic extension to the entire complex
plane. Its weighted restriction to X x8X, we call the Eisenstein function, E(¢), in
analogy to previous work on hyperbolic manifolds. This function is automatically in the
kernel of A+4-{{(—n) and we examine its distributional asymptotics. In particular, we
see that it has two components, one lead term is a multiple of the delta-function on the
diagonal times z¢, and the other is a pseudo-differential operator times 2" ~¢. This means
that upon integration of a suitable multiple of the Eisenstein function against a half-
density on the boundary one obtains roughly an eigenfunction of the form z¢f+z" g
plus lower-order terms, where g=S5(¢)f, with f prescribed, and S(¢) a fixed pseudo-
differential operator, which is of course the scattering matrix acting on half-densities. So
the Eisenstein function is really the Poisson operator for the problem, and our first task is
to prove that it has the appropriate distributional asymptotics. The Eisenstein function
E(¢) plays an analogous réle to that of the Poisson operator P()) in [33]. However, it
lives on the manifold X x X blown up along the boundary diagonal, rather than on a
microlocally blown-up space.

Recall that X xoX is the space obtained from X x X by blowing up the diagonal
ACOXx0X, and that 8:X xgX—XxX is the corresponding blow-down map. Theo-
rem 7.1 of [28] states that the resolvent R(({), which is well defined and holomorphic
in ¢, for Re(>n, extends to a meromorphic family R(C)E\PEQ’<‘C(X, Fé/z(X)), CeC,
that satisfies, in terms of the spaces introduced in §3,

R(Q)=R()+R"(), R(Qe¥*(X,T/*(X)) and R"(Q)e¥y™(X,Ty*(X)),
with the boundary term, R”((), having Schwartz kernel of a special form:

BK"(Q)=0(¢')F(C), F(¢)€C™(XxoX;Tg > (X %0 X)), (4.1)
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where g and ¢’ are defining functions of the top and bottom faces respectively, and F(()
is meromorphic in ¢.

Let R(C)eC~(XxX,Tt/>(Xx X)) also denote the Schwartz kernel of the resol-
vent, and let z and z’ be a boundary-defining function of each copy of X in X xX. We
will show that the Eisenstein function, which is defined by

E({)=(z')"*"/2R(()|ar=o, (4.2)

is a section of 1"(1,/ 2(X x 0X) which is smooth in X x 0X and has a conormal singularity at
ACOX x0X. Notice that it depends on the choice of the defining function z’. To make
it independent of this choice one can view it as a section of F(l)/ 2 (Xx0X)®|IN*9X|s~"/2
by defining it as

E(Q)=(2) =" "2R(Q) =0 da’["/2. (43)

This is the analogue of Definition 2.2 of [13]. For simplicity we will work with the
definition given by (4.2), and so we fix a product decomposition X ~9X x[0,¢) of X
near 0X.

Since R'({)e¥5%(X, Fé/ %(X)), its kernel vanishes to infinite order at the top and
bottom faces. So we deduce that its kernel satisfies

(') 2R ()= =0.
Therefore, for K”'({) given by (4.1),
E(Q)=(z")"*"2K"({)|z=0- (4.4)

Since the singularity of K" is better described in X xgX, to understand the sin-
gularity of E(¢) at A we blow up the manifold X x9X along A and analyze the lift of
E(¢) under the blow-down map. Let X x(8X be the manifold with corners obtained by
blowing up X x3X along the diagonal AC3X x9X, and let

B: X xg8X - X x0X

denote the corresponding blow-down map. It is then clear that 8 =B|(xx,8x)-
Let F be the new boundary face introduced by the blow-up, the front face, and let
M denote the lift of X xdX\ A under 3, i.e.

F=B"YA), M=closB (0Xx8X\A).

We refer the reader to Figure 1 for a picture of the two-dimensional local model case
X=[0,1)x(0,1). We observe that in this case A is a submanifold of dimension one of a
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Xx8X X xg0X

Fig. 1. X x8X for the local model X=[0,1)x(0,1).

manifold of dimension two, and thus when A is blown up the manifold M is disconnected,
as shown in Figure 1. In general, A is a submanifold of dimension n of a manifold of
dimension 2n, so M is not disconnected.

If ReC*®(XxX) is a defining function of the front face in X xo X, EZRlXXOBX

1/2 and

is a defining function of F. In local coordinates we have R=(z2+(z')2+|y—v'|?)
R=(a+ly—y'|%)/2.

Next we consider the lift of E under the map 3. It is actually more convenient to
analyze the lift of z=$*"/2E. We deduce from (4.1) and (4.4) that

F*(a=*2E(()) = (Ro)™“T/*(R')~*™/265 (') F(O)ler=o0

(4.5)
= R4 g (¢ )P Q) o

As in §3 of [28], it is simpler to do the computations in projective coordinates valid
in regions of X xoX which together cover X xoX. Following the notation of [28], we use
three coordinate patches:

o s=2L =YY
’ PRl z
z' ot
z, t=—", F=-2"Y , (4.6)
xr xr
' )
o= — P r=y—v] w=—2Y_
ly—y'’ ly—y'|’ ’ ly—y']

We observe that so far we have used ¢ and ¢’ to denote z/R and z'/R. However, in the
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region where the third set of coordinates hold we see that

z z , x z'

R r(+(@/r2+@/nd)72 ° TR v+ /ret (@/nR) 2

Q:

So for z/r and z’/r small, ¢ and ¢’ are essentially given by (4.6).

In the region away from the top face, we can use projective coordinates (z,t, 2',y),
and near the intersection of the top and bottom faces we can use (r, 0,0 ,y,w). So we
can represent the half-density F({) in these local coordinates by

1/2

!
dz dy dt dz . FeC™,

T ozt tn

dr do do’ dwdy

r o Ql g"(g')nT"

F(C) =F(C,t7$,ya zl)

e (4.7)

F()=F(¢, 100 ,y,w) , FeC>™.

‘We observe that in the respective regions,

R=(z2+(a;’)2+|y——y’|2)1/2=z(1+t2+|z’|2)1/2=a¢R', RIECOO,
_ 1 . t

T atre+ZP2 8T et PR
R=(a’+(2' ) +ly—-y'P)/? =r(1+(¢')*+0*)/*=rR', R'eC™.

4

Hence restricting to the bottom face, which is given respectively by {t=0} and {¢'=0},
gives

F (@ S 2E(Q) =g X VRF(C ,y, 2 ) [de dy d2' V2, F'eC™,

~ (4.8)
B (x= T 2E(Q)) = KAV 2= V2 N ¢ 0, oy, w) |dr dodw dy|Y?,  F'e C™.

Therefore we have that
B*(z=St2E(¢)) € R+ (1721720 (X %, 8X, TV/?(X x0X)), (4.9)
where we also denote p=p|xx,5x. Note that
Bz V2TY2(X x8X) » R™2p1/2T/2(X x4 8X) (4.10)

is an isomorphism. Indeed, if we use local coordinates

(4.11)
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where the first set is valid away from MNJF, and the second is valid near MNF, respec-
tively. Then the lift of = /2|dx dy dy/|}/? is given by

D2\ dz dy dwlV?, " D/2p 12 dr dg du dy[/?

respectively. Therefore the map (4.10) is in fact an isomorphism.

Now that we have found a space which contains 3*(z=¢*+*/2E(()), which is given in
{4.9), we consider the push-forward of a smooth section of this space. That, in particular,
will establish the properties of z=$*"*/2E(¢). First we need to introduce some notation.
Note that F and M are manifolds with boundary, and that the restriction of B to M
induces a map

Bo=8m: M~3Xxg0X - 9XxIX,

which corresponds to the blow-up of the manifold dX x8X along the diagonal AC
X xdX, see Figure 1.

Given ReC™®(X x¢8X) and z€C>®(X), defining functions of F and X respec-
tively, the function g:z/EEC“’(X x00X) is a defining function of M. Since F and M
intersect transversally, with MNF=0M =3dF, the functions

Ry =R|py € C®(0Xx8X), or=o|re€C®(F)

are defining functions of M and OF respectively.

Recall that, see for example §3.2 of [18], if Y is a manifold with corners, and
y€C>(Y) is a defining function of a boundary hypersurface of Y, then sections of
yST'Y/2(Y), viewed as distributions acting on T/2(Y) via

(ygF,f)=/Yy<Ff, for Re¢>—1, FEC®(Y,IVA(Y)), fFeC(Y,TH3(Y)), (4.12)

have holomorphic extensions to C\—N.

We will consider three such half-densities associated to ﬁ, Rps and g7 defined on
X x90X, M and F respectively.

We have fixed a product decomposition X~3X x[0,¢) near 8X, and will prove
that the sections of the push-forward of R=%+(n~1)/2p=1/21'1/2(X % ,3X) have distri-
butional asymptotic expansions as /0. To do that we define the partial pairing for
ue€ R=2+(n=1)/25=1/20% (X % 18X, TV?(X x¢8X)), FEC® (DX x8X,T1/2(8X x 8X)):

(Bovu, f) = / (Bour)(z,9,4) F(:¥). (4.13)

X x0X

We remark that if u is a smooth section of

§—24+(n-1)/2g—1/21a1/2(X XOBX)
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then the restriction of u to M, denoted by u|as, is well defined as a section of
Ryfe 2 g VAT X % 0X).

It is also easy to see that 22¢~("~1)/2y is a smooth section of p*¢~™/2TY/2(9X x(0X).
Therefore it can be restricted to F={R=0}, and (2%~("~1/2y)|+ is a smooth section
of o "2TV/2(F).

We now prove a push-forward theorem which relates the distributional asymptotics
of the class of half-densities given by (4.9), which includes the Eisenstein function, to
their behaviour at the boundary, cf. Proposition 16 of [33].

PROPOSITION 4.1. Let x€C>(X) be a defining function of 80X, and fix a product
decomposition X ~93X x[0,¢) near 0X. Let §€C°°(X><08X) be a defining function
of F, g:av/ﬁ, and let pr=o|#, as above. Let

v=R"X+N/2,712p  FeC®(X x08X,TV?(X x¢8X)), 2¢€ C\Z.

Then the push-forward of v under B, denoted by B,v, is a section of £~/ T'V2(Xx8X),
which has a conormal singularity at A, and moreover it has an asymptotic expansion in
z as zl0, in the sense that if f€C®(OX x0X,T/2(0X x8X)) and {-,-) is the partial
pairing defined above, then

(Bov, f) = (He(2)+2" 2 G (z)) |da/z|?  as 210, (4.14)

where G¢, He € C*([0,¢)) depend holomorphically on ¢. Also, if v|p and z2¢~(=D/2y|x
denote the restrictions of these half-densities to M and F respectively, then

H(0) = (B (vIm), f),

n (4.15)
Ge(0) = (@D 2| o (M 26, £y

where 8, is the delta-function of the diagonal, and (z2$~("=1/2y| 5, Q;l_"/2) is the pair-
ing induced by the trivialization of the half-density bundle T/ 2(F) given by the product
structure.

Proof. Since this is a local result and 3 is a diffeomorphism away from A, we only
need to work in a neighbourhood of a point g€ A. Let y,y’ be local coordinates near g,
and let R=(z%+|y—v'|2)"/2, p=2/R and w=(y—y')/R. The map 3 can be described as
(see Figure 1)

B:8"x[0,00)x[0,00) xR* 5 R, x R" ' xR !,
(w,0,R,4") = (Ro,y' +Rw,y'),
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and we will denote
v=R-X+(-V/2,-1/2p(p . R)|dodw dR|'/?, FeC™(XxedX). (4.16)
We also set z=y—y’. Then the variables y’ become parametric, and for simplicity
we will ignore them. The diagonal is given by A={z=0, 2=0}.
It is easy to prove that §,(R~2¢F) is conormal to A. Just observe that the vector
fields tangent to A are spanned over C°(X x8X) by

1‘81, zjazka .’)Sazk, zkaa:;

and it can be proven, by using projective coordinates as in (4.11) above, that these vector

fields lift under 3 to smooth vector fields that are tangent to F. Thus repeated appli-

cations of these vector fields to B*(E_QCF) will not change its Sobolev regularity. This

shows that 3,(R~%F') is conormal to A. Next we establish the asymptotic expansion.
We observe that the radial vector field is given by

-8 -
R— =8"(28,+20,). 4.17
oF B*( ) (4.17)

Thus, since z(z?+|z[?)~1/2 is homogeneous of degree zero with respect to the action
(®,2)~(Az,A\z), A€R,, we have

(20 +2-8,)(z(z*+]2|?) V) =0, (z,2)#0.

Therefore,

Riﬁ*(zk(x2+|z|2)—k/2) =0, keN. (4.18)
OR
We will also use that
B, (22 +|2|)2 = x(z®+2*) "2 =z/R (4.19)

and that EB*(@Z) is a smooth vector field in X x¢d0X which is tangent to F.
We deduce from (4.17) and (4.19) that

20, (205+2-0,+2¢) B (R~XF) =28, (R"XF,), F eC®(Xx0dX),
and using (4.17), (4.18) and (4.19) we obtain

(28, ~1)(@0p+2-0,+2¢-1)zB (R F) =228, (R"¥F,), F,eC™(Xx00X).
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Similarly it follows that

(20, —k) (20 +2-0,4+20 —k)2* B, (R Fy,) = 2T B, (R~ Fiy1),

(4.20)
Fk+1 S COO(XXQGX)
Induction and (4.20) give
M ~ o~ ~ —~
[[ (=82 —5)(28:+2-8.+2( = 5) B (R™X F) = zM ¥ B (R™ Fyy),
=0 (4.21)
FreC™* (X x¢0X).

Since the map defined in (4.10) is an isomorphism, it follows that the push-forward
of (4.16) can be written in local coordinates x, z as

1/2

B.(R%F)(z, 2) d?x dz

Let feCg°(R™). Then

dz 1/2

x

(Bal0), () d2]/2) = ( [ 5. m e 250 dz)

Using (4.21) and the identity div(zu(z))=nu(z)+z2-0,u(z) we deduce that the func-
tion u(x) given by

u(z) = Rnﬁ*(é-%m(x,z) f(z)dz, x>0,

satisfies

M
[[@8:—5) (@8 +2¢ = (n+7)) u(z)
3=0 (4.22)

=zM* [ (R %Fy)(z,2)f(z)dz, z>0.
R”

Let
M

un(z) = [ [ (@8 +2¢— (n+5))u(z).

3=0
Then we deduce from (4.22) that there exists s€ R, independent of M, such that

M

Jj=1

<czM* z>0. (4.23)
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Thus, for M +s>0, there exists Cy& C such that
M
i . — 1] =(Cp. 4.24
i TT 0.3 =Co (24
From (4.23) we obtain

[i (fj(waz—j)UM ~CO)

It follows from (4.24) that

<CzM*s, >0.

M
H(x@x—j)uM—Co <CMHstl 0.
Jj=1
Since (28— j)Co=—3jCy we have, for ap=Cp/(—1)MM!,
M
H(z@x—j)(uM—a.o) LCLMrstl 0.
=1

Proceeding by induction, and using that (z8,—j)-=z7%18,(z77.), we find that for
M+s5—p+1>0, there exist a,,€C, 0<m<p—1, depending on ¢, such that

M p—1
H(z@x ~7) (uM— Z amzm). LCMTstl g>o0. (4.25)

Jj=p m=0

Let us denote V},zH;.‘ipH (z0;—j)(upm —an_:lo a,,z™). Then
|8,z PV, ()| < CxM TP,

Integrating this equation from z to 1 and using that M+s+1—p>0 we find that
[V, (2)| <Ca.

Now we observe that if
(z0r —)ul <Cz?, 0<z<1,0<B<Req,

then
|u(z)| < Cz”. (4.26)

To see that, just notice that u satisfies

1 1
lu(l)—z %u(z)|= / 8s{(s™%u(s))ds| = / s (38, —a)u(s)ds

1 —Rea
C CzP

< B-Rea—lgo ~ |1 _pPReey_ 2%

C’/z s ds < 1—-z | Rea—B

_ .Rea-p
|6—Rea] (1-z )
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Hence

lu(z)—z%u(1)] < #P(1-zRe Py < C2P.

C
Rea—p
Thus (4.26) follows.

Applying (4.26) repeatedly with 8=p and a=3, with p+1<j<M, we deduce that,
for M+3s+1—p>0,

p—1

up(z)— Z amz™

m=0
Notice that (x0;+2(—n—j)z™=(m+2{—n—j)z™. Since 2(¢Z, m+2{—n—j#0, we
deduce from (4.27) that for d,,, Hj]\io(m+2c —n—3)=0m, v,,:an_:lo dmz™ satisfies

<Czx?, z>0. (4.27)

M
[ @8 +2¢—n—j)(u-up)

=0

<CzP, z>0. {(4.28)

This gives that

M
g AXAntlg g2 -n H(a:az-l—?(—n—j)(u—vp)
j=1

<Cz?, z>0.

Thus, for p+2Re(—n—1>0, there exists bye C such that

M
. 2(—n A _ _
1;&)1m H(x@z+2§ n-j7)(u—vp) =bo.

=1

Since 2¢¢ Z, we can proceed as above to deduce that there exists -y such that

M

[[@o:+2¢—n—j)(w—v,— 702" %)
j=1

<CzP, z>0.

Using induction we find that for p+2Re {—n—g>0, there exist v,,, 0<m<g—1, depend-
ing on ¢, such that

M q—1
H(mBZ—FQC—n—j) <u—vp— Z ,mem+n—24)‘ £Cz?, z>0.

Jj=q

m=0
Proceeding as above we find that

M q—1 .
20;+2C—n—j) | u—v,— Ymax™t 2 ) <O ITEReC T 50
p

Jj=g+1

m=0
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Applying (4.26) with a=n+;-2¢, ¢+1<j<M and B=n+q—2Re(, we obtain, for ar-
bitrary M€N, and p, q satisfying respectively M +s—p+1>0, p+2Re(—n—g>0,

p—1 q-1
u(z)— E dpz™—z" % Z Y™ < CgTI72ReC - 250,
m=0 m=0

Now Borel’s lemma gives the desired result. It is clear from the construction that H, and
G¢ depend holomorphically on ¢, provided 2¢¢Z. This method of proving the existence
of an expansion goes back to Euler and has been used in similar contexts in [19], [20]
and also [31].

Next we need to compute G¢(0)=+~y and H;(0)=dy. Since these are holomor-
phic functions of {, we only need to compute H¢(0) for 2Re{—n<0, and G¢(0) for
2Re(—n>0.

In the coordinates above we have, for f€ C(R™) and R=(z2+(z[2)!/2,

(Bov, £ |dz[M/?) :/ ﬂﬁ‘ch(ﬁ, %, %)f(z) dz |dz |2, (4.29)

It follows from the dominated convergence theorem that for 2Re(—n<0,

zl0

lim R 2<F(R =, ~)f(z dz—/ 2|~ 2<F(|z| 0, T |>f(z)dz—(5a*(U|M) f).

To compute G¢(0) for 2Re(~n>0 we set z=zw. Observing that in these coordinates
=(1+|w|?)~%/2, we deduce from (4.29) that

w

(B(R™%F), f) :mn—x/néﬁch (IQ}I, oF, W) f(zw) dw

Again by the dominated convergence theorem,

s ) flow) du

lim [ o¥F (IQ}I, or, A+l

w

=10 [ B (0.0r s ) o

Using the map R"3w— SP(w)=((14]w|?)~V2, w(1+|w|?)~1/2)€S™ we have, for
geC>(87),

/gdoz/ g(SP(w))(1+|w|?)~(+1/2 gy,
L R
+

Therefore
/npircF(O,Qf,wa) dw=/sn9}l_n/2g2f<_"/2F do
+

— (g%~ (n-1)/2

(4.30)
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Since 2Re { —n>0 the integral converges. This concludes the proof of the proposition. O

Next we compute the coefficient of da in the second equation of (4.15) when v is the
lift of the Eisenstein function. This will be important in the definition of the scattering
matrix.

PROPOSITION 4.2. Let g and V satisfy the hypotheses of Theorem 1.1. The coeffi-
cient of da in the second equation of (4.15),

M(Q) = (5" («*~ " DPEQ)|r, 07 ),

s equal to |h0|1/ 2 times a function which is independent of the base point of the fibre F,
and s also independent of g and V.

Proof. According to (4.30), (4.5) and (4.10), M(¢) depends only on the value of F|z
where F is given by (4.1) and F is as above.

We recall from the construction of R(¢) in §3 and the proof of Proposition 7.4 in
[28] that the normal operator of R(() is just Ro(¢), the Green function of the operator
Ap,+¢(¢—n) given by (3.19), where as observed in [28], the fibre of the front face over a
point p€OM can be naturally identified with the hyperbolic space H” with linear metric
induced by ho. Thus in order to compute M(¢) we need only compute for Ro(¢). It is
well known, see for example Lemma 2.1 of [16], that

RO(vavx’ay, y/)

1 r ¢(z')¢ ' dy |
(SO e i
2 L(¢—3(n—2)) ) (2 +(z')2+|y—y'|2)¢ z " 2 (x')
S1e ASTLOHL (4.31)

where [y—1y'|o is the distance in the hg-metric and |ho| denotes its volume element. (Here
we have multiplied by the appropriate half-density.) Since p=xz(z?+(z')?+|y—v'|?) /2
and ¢'=7'(z%+(2')%+|y—1'1?)"'/? we deduce from (4.31) that Ro(¢)=0(¢')$n where
¢ is the half-density induced on the front face. By an abuse of notation we denote the
restrictions of g and ¢’ to the front face also by g and ¢’. Thus F| is just the half-density
induced on F. This concludes the proof of the proposition. O

Now it follows from (4.9) and Proposition 4.1 that 2~$*"/2E(¢), with 2(¢Z and
¢ not a pole of R((), is a section of z~/2I''/2(X x8X) which is smooth in the inte-
rior of X x8X and has a conormal singularity at A. Since z~(*+1D/2T/2(Xx8X)=
Fé/ >(Xx8X), we have that z~SE is a smooth section of I‘(l)/ 2(Xx8X). Therefore we
have from (4.14) that
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COROLLARY 4.1. For 2(¢7Z and ¢ not a pole of R(C), the Eisenstein function, E((),
defined by (4.2), is a smooth section of Fé/z(anX) which is holomorphic in . More-
over, for any product decomposition X~3X x[0,¢), and for any f,geC>®(0X,T1/2(8X)),
we have that, as x0,

1/2

i (4.32)

(E(Q), f®g)(z)=2""/*(2 1, ¢ (2) +3" ho ¢ (x)) T

where h; c€C™([0,¢)), i=1,2, depend holomorphically on (.

We observe that, as an element of C>®°(X xdX, I‘(l)/2(X><8X)), E(¢) defines, by
duality, a map

E(¢): C®(8X,TV2(8X)) = C=(X, T * (X)),
(BC)(f),v) = (B(C), faw), feC™X,TV*3X)), ve C®(X,Ty*(X)).

By definition of the resolvent, R((), the kernel of (Ag(z)+V(x)+C(C—n))R(§) is sup-
ported on the diagonal in X x X. In particular, we find from the definition of E({) that
if fEC>®(0X,TY/?(dX)),

(Ag@)+V(@)+{((—n))(E()f)=0 in X.
Moreover, it follows from (4.15) and (4.32) that for any f€C>(8X,I''/%(0X)),
(B Nz, )=afi+2" ., feC®(X,T* (X)), &2f lox =M(O)f,

where M(¢) is given by Proposition 4.2. This shows that (1/M({)) E(¢) is the Schwartz
kernel of the Poisson operator.

For completeness, as the general result does not seem to be in the literature, we
prove the uniqueness of the generalized eigenfunction E({)f. The case Re( :%n has
been proved by Borthwick in [6]. Our proof, which is based on an argument of [30], is
not very different from his. For simplicity we consider the Laplacian acting on functions.
The half-density case is identical.

PROPOSITION 4.3. Let (€C be such that 2(¢Z, (¢ (—o0, in] and {({—n) is not
in the point spectrum of A,. Suppose that u=z°f+z" ¢ f’, with f, f'€ C®(X), satisfies
(Ag+¢(¢C—n))u=0. If f'lax=0, then u=0.

Proof. Substituting u=z¢f+z"¢f’ in the equation (A;—((n—¢))u=0, equating
the powers of z, and using that 2{ ¢ Z, we deduce that if f’|5x =0 then, in fact, f’ vanishes
to infinite order at X, and so can be absorbed into f. So we may assume that u=2xz¢f.
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If Re(> %n then u is an L2-eigenfunction and, by our assumption on ¢, must be
ZEro.,

To analyze the case Re(<3n, we proceed as in [30]. Let #€C®(R), ¢(t)>0,
¢'(t) =0, with ¢(t)=0 for t<1 and ¢(t)=1 for t>2, and let (z,y) define a product decom-
position near the boundary as in Proposition 2.1. Since in this product decomposition

Ay= —(28;)* +nzd, —a:QF(ac, Y) 0 +22Q(x, y, Oy),

with F smooth, ¢(e~'z)u€C*°(X) vanishes near X, and Ay is self-adjoint, we obtain
[ (g6 @uyudg = 2itmic(c-n)] [ ol a)uldg
x

= [ (@020, ~aFlz, )., 6(c 2wy dn

where dg is the Riemannian measure induced by the density, and h is the natural density
induced by g in y.

Now if we have u=x¢f, then, after setting r=e7, integrating by parts, and using
that ¢(2)=1 and ¢(1)=0, we obtain

2
(—2’&'(25)2Rec_"Im(+2is2ReC‘"ImC(2Re(~n)/ r2ReC—n=1g(r) dT)
1
X/ |£17(0,y) dh+ O(e2 Rty (4.33)
X
~2itm(¢(¢-n) [ $(ea)luP dg.
X
Observe that
2e
/ $(c 1) uf2dg = / o(e ™ a) 2?1 f2(z, y) da dh +O(1)
X e JOX

2
___:&.ZReC—n/ ¢(T)T2Re§-n—ld7_/ |f|2(0,y)dh (4‘34)
1 ox

+O(52ReC—n+1)+O(1).
Since Im ((2Re {—n)=Im[(({—n)], we deduce from (4.33) and (4.34) that
—2i(2a)2"~e<-"1mg/ 1£12(0, y) dh+ O(e2Be¢ 1) = 24 Im [¢ (¢ —n)]O(1).  (4.35)
8x

When 2Re {<n, since this holds as e—0, we deduce that f|sx=0. Observe that when
2Re{=n, Im[{({—n)]=0. Thus the right-hand side of (4.35) vanishes. Letting e—0, we
also deduce that f|gx =0.
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Ouce f|ox vanishes it follows, using the indicial equation and the fact that 2(¢Z,
that u must vanish to infinite order at the boundary, thus that u€ L?(X) and therefore
u=0. O

The scattering matrix, acting on half-densities, can then be defined, for the values
of ¢ as in Proposition 4.3, and such that M ({)#0, as the map

S(¢):TY2(8X) »TY?(dX),
1

S f= Wmn/zﬂrlax,

with M(¢) defined as above. Thus it follows from the first equation in (4.15):

PROPOSITION 4.4. For the values of ¢ as in Proposition 4.3, and such that M(¢)#0,
the scattering matriz S(¢) is a pseudo-differential operator in 0X, acting on half-
densities, which is meromorphic in (. Moreover its kernel, which we also denote by S(¢),

satisfies
1
55(C) = —= B (H/2 (') 2R 4.36
where TNB s the intersection of the top and boitom faces, and M(C) is defined in

Proposition 4.2.

Observe that the right-hand side of (4.36) gives a meromorphic extension of S(¢)
for values of ¢ that are not poles of (1/M(¢))R(¢).

As pointed out in the introduction, this definition of the scattering matrix is depen-
dent on the choice of the defining function z. There is a standard way to remove it, see

for example [14], [37], and view it as an operator
5(¢): C®(8X,TY2(X)®|N*(8X)|""¢) = C=(8X, T/2(dX)®|N* (8X)[°).

Now this scattering matrix is not quite the same as the one defined in the in-
troduction, as this is the scattering matrix associated to the operator acting on half-
densities rather than on functions. Let wg denote the canonical density over the bound-
ary induced by h. To get the appropriate Eisenstein function for functions we take
w™2(z,y)E(C )w(l)/ %(y'). We thus see that the scattering matrix on functions is obtained

/2. Note that conjugating

by trivializing the half-density bundle over the boundary by wé
the scattering matrix by the trivializing half-density will not affect the principal symbol,
nor will it affect the principal symbol of the difference of two scattering matrices asso-
ciated to differing metrics which agree at the boundary. It follows therefore that in the
next section, where we establish our inverse result, it is irrelevant which definition we

use.
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5. The principal symbol

We compute the principal symbols of S({) and 51(¢)—S2(¢). Throughout this section
we assume that ¢ is not a pole of the right-hand side of (4.36). We also fix a product
structure in which
_ dz’+hy(z,y, dy)
)
ha(o,y, dy) ~ b (2,y, dy) =" L{y, dy)+O(z*), k21, (5-1)
Vo—=Vi=2*W(y)+0(z**Y), k>1.

gj s Vjecoo(X)a V7(0’y):07 j=1a27

First, we prove Theorem 1.1.

Proof. Tt follows from (4.36) and (4.29) that the leading singularity of 83S(¢) is
given by (1/M(¢))FlrnpR™2¢. As observed in the proof of Proposition 4.2, F|rnp is
the induced half-density on TNB. Thus, pushing forward to X x8X gives that the
leading singularity of S(¢) is given by (1/M(¢))|y—%'|~% times the half-density induced
by h. The density term in M (¢) cancels with that of h. Taking the Fourier transform we
find that the principal symbol of S(¢) is given by C(¢)|£]%¢~", where |¢| is the length of
the covector { with respect to the metric induced by h. Note that the principal symbol
could also be computed by observing that it must agree with that in the almost product
case, and that doing so gives the explicit value of the constant—we have proceeded in
the other way in order to prepare the ground for our next result. |

As a consequence of Theorem 3.1 and Proposition 4.4 we obtain

ProposITION 5.1. Let g;,V;, j=1,2, satisfy (5.1). Let S;(¢), j=1,2, be the scat-
tering matriz corresponding to g;,V;, and let M(C) be defined as above. Then

1
M(C)
where A€ U~°(8X,T2(0X)) and the Schwartz kernel of A, satisfies

51(€)=52(¢) = (A1(Q)+A2(E)),

ByA1(C) = (R*%+0™2(0')*?a(())] p=er=05
with a(C) defined by (3.17).

Proof. We will apply (3.16) and (3.17) to (4.36). Since the lift of the Schwartz
kernel of G, defined in (3.16) and (3.17), under 3 vanishes to infinite order at the top
and bottom faces, it does not contribute to the difference of the scattering matrices. Also
notice that if yeC®(X x X, I‘(l)/z(XxX)), then

(=2 (2" )= 208 (2 ) ) | gmai—o € CP(BX x OX, TH2(8X x 8X)).
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So G3(¢) contributes to the difference of the scattering matrices with a smoothing oper-
ator. Finally observe that

B* (@S2 (o)A G )y = (REH 020 g (5:2)

This concludes the proof of the proposition. O

Next we compute the leading singularity of S;(¢)—S2(¢). The main part of the

calculation is

LEMMA 5.1. Let g;,V;, §=1,2, satisfy (5.1), and let S;, j=1,2, be the scattering
matriz corresponding to g;,V;. Let pc0X and assume that, after a linear transformation,
ho(p)=Id. Let S;(¢), j=1,2, be the scattering matrices acting on half-densities. Then,
for M(¢) as above,

S10)~52(0) = 7767 (BrO)+BalC)).

where in local coordinates x,y’, valid near p=y, with Y=y—y', r=ly—v'|, o=z/r,
o'=z'lr, w=(y—y')/r, valid near TNB, the lift of the kernels of B, and Bz under
Bs are given by

, dr dw  |M?
BéBl=r’“‘2§+”a(<,O,w,y,O,G)%r—ifdy , (5.3)
B3 By =O(rk—2¢tnt,
Moreover, for 2Re{>max(k+2,n—k+1),
a(¢,0,w,y,0,0)=a(¢,0,Y/]Y],y,0,0)
—c(©) [Tl(k, 'S Hig) Y (X *0y,dy, [y [F2-%
i,5=1
+Ta(k, ) (W (y)+ 1 k(k+1)T(y)) (5.4)
(1 e T Y
c©=(37 r(c—an—z)))’

00 w26 +k+3-2l-n
Ti(k, Q)= /0 R (W H[VP) (2 + e — V)¢

dVidu, e =(1,0,..,0),1=1,2.

Proof. In these coordinates, (5.2) is given by

2
s g Cn/2¢ \(+n/2 _ L kE=2C+n dr dw ; v
B (= (") Gi)lrnp=r o¢,r,w,y,0,0) — dy

(5.5)



INVERSE SCATTERING ON ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 75

Now we use Proposition 5.1 and observe that 85=08|rnp. Equation (5.3) is just the
first-order Taylor expansion in r of the function «(¢,r,w,y,0,0).

We observe that a (¢, 0,w,y,0,0) |dw dy’|1/? is the restriction of R*/2p™/?(g')*/2a(()
to the the intersection of the top, bottom and front faces, TNBNF={R=p=¢'=0}, so
the second part of the lemma is to compute this value. We know from Theorem 3.1 that
the half-density R™2a((), restricted to the front face, satisfies (3.18). By Remark 1 (after
Theorem 3.1) this equation has a unique solution in A$¢~*. After solving it directly, we
find the value of its solution at TNBNF.

Instead of using coordinates (r, g, ¢',w,y’), it is easier to solve (3.18) in coordinates
s=z/x', z=(y—y')/z’. The front face is then given by z'=0, and we have

xr L]
TPy P T (LR

o . (5.6)
/

NG e N (D e

The intersection of the top, bottom and front faces, TNBNF, is then given by {z'=s=0,
|2]=00}, and since hg=1d, equation (3.18) is reduced to

(A+C(C—m))(s° (1487 +|2[) ¥29 20 (s, 2)) = Ny (s"E) G, (5.7)
where A is the Laplacian in the hyperbolic space acting on half-densities. Hence we have
s (1482 4+|2|) 207245, 2) = G(N,(s*E) G)(s, 2). (5.8)

P

It follows from (3.5) that

Np(E)= " Hij(y)s0,,50., +(W(y)+1k(k+1)T(y)). (5.9)

%,j=1

We recall from Lemma 2.1 of [16] that

8, 2)= 17{‘"/2 P(C) . ¢
G(s, 2) (2 T'(¢(—1(n-2)) (1+32+|2|2)<)

1/2

ds dz +E, (5.10)

s s"

dy’

where E; has a conormal singularity at {s=1,z=0} and, near the boundary, G:€
ASHLH where A%? denotes the space of half-densities of the form
ds dz  ,|"/*

s“|z|‘b s s"

dy’
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It follows from Proposition 6.19 of [28] that G(ASTE+1.+)C ASS—*+1. Since, as in
equation (4.12) of [28], see also equation (3.1), G acts as a convolution operator with
respect to the group action defined in §3 of that paper, we find that

1/2
s$(1+82+|22)E20/20(s, 2) ds j—j dy'
=C(C)( > Hij(y)0:,0:,11(k, ¢, 5,2) (5.11)
i,5=1
ds dz 1/2
where )
(! —n/2__r(§)__) ¢.¢—k+1
C(C)—<2ﬂ' F(C—%(n—2)) b ﬁGA v
and
o < s \CHk+4-21 gt
Iz(k,C,s,z):/O /n (1+t2+|U|2)C(1+32/t2+lz—(8/t)U|2)4 (E) —t-dU

Recall that our goal is to compute the restriction of R™2p™2(o"\*?a(() to TNBNF.

In these coordinates
" /2

(1824|224
So, after restricting to the front face, which is given by {z’'=0}, we have to restrict
sn/2 ds dz 1/2
(s, 2) | — — dy’
(1482+]z[2)n/4 s 8™
to the corner TNBNF={s=0, |z|=00}. This is the same as the restriction of

sv/2 ds dz . ,|'?
Wa(& z) S 8"
Notice that for w=2z/|z|, we have dw=dz/|z|". Thus it follows by (5.11) that the value

of s™/2|z|~™/2a at TNBNF is then given by A(w)|dw dy’|}/?, where

Rn/ZQn/Z(QI)n/Z - (Il)n/Z

7

. 1
Alw) = ll_}?) sg(1+sz+lzlz)(k—2c)/2[

|2|

3 Hy)30, 11+ (W) + ol DT ) 1]

i,5=1

(5.12)
Set |z|u=s/t and U=(t/s)|z|V, and observe that I;(k,{, s, 2)=1I;(k,(, s, |z]), so we
can also set z=|zle1, e1=(1,0,...,0). Then
Il(kv ¢ s, Z)
oo u2(+k+3—2l—n
:SC'z]—2<+k+4—2i/ / dV du.
o Jrn (U222 +VIP)<(1/|2P+u?+(e1 - V)?)C
To analyze the limit of I;(k,(, s, 2) as s—0 and |z|— 00, we begin by proving
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LEMMA 5.2. For k21, and for 2Re{>max(n—k+1,k+2), we have

2Re(+§c+3 2t—n
J(1,k,0) = // R e vy O <o

Proof. We carry out the proof for n>>1. The case n=1 is actually simpler. Observe
that for V=(v,V’), V'eR"! and |V’|=p,

9 2ReC+k:+3 21— nQn 2
n— du dp.
(l k C |S |/ / / (u2+g +U2 Re((u2+g +(U 1)2)Re< dvdudp

Setting v=Rcos ¢, u=Rsin ¢ cosf, p=Rsin¢sinf, 0<p<, 0<0<%7r, we obtain

RF+3-21 Sln¢)2ReC+k+2 ~2i
J(1, k, ) = Ki() / / (R —cos 6)2+ (sin g)2]"=¢ d¢ dR,

/2
Kl(C):|Sn»2|/ (cos 9)2Re(+k+3—2l(sine)n_2d9‘
0

Thus, for k22 and { as above, we have that

4 pm
J(1,k,¢) < Ki(Q) (/ / RFF3-2(sin ¢)k+2-2 4y dR
0J0
+K2(<) /OO/WR—ZRe(+k+3—2l(Sin ¢)2Re(+k+2—2l dd) dR) < 0.
4 JO

The same argument can be used to show that J(1,1,{)<oco. When k=1 and =2, another
argument has to be used. Setting R=cos ¢+1sin ¢ we find that

J(2,1,0) < K(C) /_oo /01r(1+t2)_ ReC do dt < 0.

This concludes the proof of the lemma. O
Thus the dominated convergence theorem gives that for
Ti(k, ¢, 5,2) = s~ |2 TF 42 (K, ¢, 5, 2),

we have

Y2 HE+3—2l-n
lim Ty(s, 2) = Tu(k, ¢) = / / AR Ve 1)

lz|—~)oo

By identical considerations we deduce that

8:,Ti(s,2) = O(s¥/12P), 8,85, Ti(s,2) = O(s%/|21").
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Hence
8,0, I1(s,2) = C1() 84 (8,, 0, | 2|27 X) T (s, 2) + O(sRe 2| F 272 Re ), (5.14)

Using that z=(y—y')/z’ we find that z/|z|=w=(y—y')/ly—y'|. Therefore (5.4)
follows directly form (5.11), (5.12), (5.13) and (5.14). This concludes the proof of the
proposition. J

Now we can prove Theorem 1.2.

Proof. 1t follows from (5.3) and (5.4) that the leading singularity of the kernel of
51(¢)—52(¢) is given by
(<)

M(C—) (Tl(k', <) Z H;;(y) Oy, Oy, [Y|F 2% 1 Ty (k,C) (W(y)+ %k(k_p 1)T(y)) lYlk-zg)

i,7=1
(5.15)

times a non-vanishing smooth half-density, where C({) is given by (5.4) and M(¢) by
Proposition 4.2. We obtain (1.8) by taking the Fourier transform in Y of (5.15), and
observing that (5.4) was obtained under the assumption that hg=1Id, and using the fact
that hq is symmetric. The coefficients of Tj(k,¢), j=1,2, in (1.9) arise when we take
the Fourier transform of the corresponding power of |Y|. See for example p. 363 of [12].
This ends the proof of the theorem. 0

We now prove Corollaries 1.2 and 1.3. The proof of Corollary 1.3 is a direct con-
sequence of the fact that, for every k, A2(k,()#0 for at least one value of (. The
proof of Corollary 1.2 requires a more delicate analysis due to the presence of the term
involving T (y).

Proof. As we are working modulo diffeomorphism invariance we can take a product
decomposition such that each g, is of the form (1.6). Suppose that g1 equals gz to order
k near p, and suppose that the principal symbol of $;(¢)—S2(() of order 2Re{—n—k
is equal to zero at p. Since V1=V, near p, we find that W=0. By a linear change of
variables on the tangent space to X at p we may assume that ho=Id. It is clear from
(1.8) that if the trace is zero and A;(k,{)#0 then L;;j(p)=0 is zero, so we need only
show that off a discrete set these hold. By taking é=e;=(0,...,0,1,0,...,0), 1 in the jth
entry, we deduce from (1.8) that

Ak, Q) Lij(p)+ gh(k+1) A2(k, () T(p) =0, 1<4,j<n.
By taking i=7 and adding in j we obtain, for all ¢ which is not a pole of 4;(k,(), j=1,2,

(Ax(k, ¢)+ gnk(k+1) A2(k,)) T(p) =0.
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Using the formulas for A; and A; given by (1.9) and the fact that I'(2+1)=2I'(z) we
have, again for all ¢ which is not a pole of A;(k,(), j=1,2,

(T1(k, ) (k+2-2C) (k—2¢+n) + gnk(k+1)Ta(k, ) T(p) =0. (5.16)

(This can also be deduced directly from (5.15).) It follows from the meromorphicity of
the scattering matrix that the coefficient, Z(¢), of T(p) in (5.16) has a meromorphic
extension to C, and we will show that it is not identically zero. Hence, if the symbol of
order 2Re{—n—*k of the difference of the scattering matrices vanishes at an energy ¢,
which is not one of the zeros of Z((), it follows that T'(p)=0.

We know from Lemma 5.2 that for k> 1, and for 2Re ¢ 2max(n—k+1, k+2), T1(k, ()
and Tx(k, () are finite. In particular they are finite for 2{=k+n, as long as n>2. It is
clear from the definition of T} that for 2{=k+n, T;(k,{)>0, j=1,2. Hence T'(p)=0 and
Hi;=0.

For n=1, we can apply the same argument except that we take 2(=k+2 instead of
k+1. This ends the proof of the corollary. O

6. Almost product-type metrics

In this section, we examine the scattering matrix for metrics which take the form

4= dz?+h(y, dy)

2 +0(z*) 6.1)

for some product decomposition. Our approach is analogous to that of Christiansen, [11],
and Parnovski, [35], in the asymptotically Euclidean setting. The computation is also
closely related to that of Hislop, [17, §2.3], for H™.

As we have shown in previous sections that if two metrics agree to infinite order
then the associated scattering matrices differ by a smoothing operator, it is sufficient
to compute for the manifold R, x X with metric (dz?+h(y,dy))/z?. The Laplacian is
then

a Y o
—(z%) +n$%+x Asx,

where Apx is the Laplacian associated to h on 8X. Let ¢; be a complete orthonormal
basis of eigenfunctions for Agx with 1; of eigenvalue /\§.

We then look for solutions of (A+(({—n))u=0 of the form z™*/%a(z);(y). Com-
puting as in [17] we deduce that a satisfies

2
(mz% —HU{% - [xQ)\?—F (¢— %n)Z]) a{z)=0.
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This is a modified Bessel equation, and taking the solutions which are regular at infinity,
we see that ¢ has an asymptotic expansion as z—0, and its lead term is of the form

-
r(1-(¢-3m))

1

1y Yo~ n/2
N e ICLO M

(3e)* - >
It now follows immediately that S(¢) applied to v; multiplies it by the ratio of these
coeflicients:
(3 M) T (14 (¢ 4n) —gn—2¢ L(zn—¢) AK—n
(31— (c—4n) Me=zm) 7
As the functions ¢; form an orthonormal basis, we have now proven the second part of
Theorem 1.3.

7. Inverse scattering for black holes

We consider two models for the exterior of a static black hole, the Schwarzschild and the
De Sitter—Schwarzschild models. These are given by

(Y,g9), Y=R,;xX, where g=a?dt®—a ?dri—r?|dw|?.

|dw|? is the standard metric on S2. In the Schwarzschild model,

2m\1/2
X =(r,,00).xS? and a=(1—7m> , ry=2m<r, (7.1)
and in the De Sitter—Schwarzschild model,
2 1 1/2
X=(ry,7,.)rx82 and a= (1—-—:—1-§Ar2) , Te<r<lry,. (7.2)

The parameter m>0 denotes the mass of the black hole. In (7.2), A, with 0<9m2A<]1,
is the cosmological constant, and r,, r,. are the two solutions to a:=0.

These are semi-Riemannian metrics on the manifold with boundary Y, so their
Laplacians are in fact hyperbolic operators, and we denote them [J;. We have

O, =a 2(D?-a?r 2D, (r*a®) D, —a’r™2A,), (7.3)

where D,=(1/i)d., and A, is the positive Laplacian on S2. Therefore stationary scat-
tering phenomena are governed by the operator

P=a?r"2D,(r?a®) D, —a%r2A,,. (7.4)
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Scattering theory for the operator P has been extensively studied, see for example
(5], [9], [10], [34], [39] and the references cited there. It was observed in [39] that, after a
change of C*°-structure on X, in the De Sitter-Schwarzschild model the operator P can
be viewed as a zero-differential operator which is elliptic, and whose normal operator is,
after a linear change of variables, a multiple of the Laplacian on the hyperbolic space.
This change in C*°-structure is simply the addition of the square root of the boundary-
defining function and therefore only affects smoothness up to the boundary and not
smoothness in the interior. Thus the methods of [28] directly apply, and it was shown in
[39] that R(A)=(P—A%— %nz)_l has a meromorphic continuation to C. It also follows
from the discussion in [39], and the methods of §4, that the scattering matrix can be
defined in this situation.

The case of the Schwarzschild model is more complicated. At one end, =0, which
is the black hole, the operator P behaves as in the De Sitter-Schwarzschild model, i.e.
after a change in the C'°°-structure of X, it is an elliptic zero-differential operator, and
its normal operator is essentially the hyperbolic Laplacian. On the other end, as r— o0,
a—1, and the metric g tends to the Lorentz metric. Thus the operator P tends to
the Euclidean Laplacian. This is the case of an asymptotically Euclidean metric. To
study the scattering matrix at this end one proceeds as in [33]. Since the construction
of the symbol of the scattering matrix at each end only depends on the metric in a
neighbourhood of each boundary, see [33] and §4, it follows that, modulo smoothing
operators, the scattering matrices at each boundary are independent.

It was shown in [5] that the resolvent R(\), for the Schwarzschild model, as an op-
erator from 030(5% ) to C°°()2' ), has a meromorphic continuation from Im A>0 to C\iR._.
It is not known whether its poles might accumulate at the origin.

In this section we will prove that the Taylor series of certain perturbations of both
models, at a=0, are determined from the scattering matrix at a fixed energy. The
analogous result at =0 also holds for the Schwarzschild model. However, since its proof
relies on the methods of [24], we will not carry it out here.

THEOREM 7.1. Let (X,0X) be a smooth manifold with boundary with dimension
n+1, and let pe0X. Suppose that g induces an asymptotically hyperbolic structure on X,
and that g=(dz?+h(z,y,dy))/x?, with respect to some product decomposition near 0X .
Suppose that P is a positive, smooth, elliptic, zero-differential operator of second order,
and that its normal operator satisfies

Ny(P)=KNy(Ay) for all gedX, (7.5)

where K>0 is a constant on each component of 8X. Then for each AéeR\Q, Q a
discrete subset, and f€C™(0X) there ezists a unique u satisfying (P—A?—in?)u=0 of



82 M.S. JOSHI AND A. SA BARRETO

the form

u= xi)\+n/2f+_+_z—i)\+n/2f‘, f+|8X — f

Moreover the scattering matriz given by

S\ f=Ff-lax

18 a pseudo-differential operator of order 2i\.
Furthermore if P, is another smooth elliptic zero-differential operator of second
order that satisfies (7.5), and is such that

P—Py=z* ( zn: Hij(x)xayizayj+W(x)> +0(z*1), (7.6)

i,j=1
where H=(H,;) is a smooth symmetric matriz, then
S(\)—Sa(N\) € WAk

and the principal symbol of S(A)—S2()\) equals

Ai(k,A) ZHijfi£j|§|2M—k-2+A2(kv A WP, (7.7)

i3

where ho=h|z—q, [£| is the length of the covector & induced by hg, and A, Ay are func-
tions of A which are not identically zero.

Proof. A line-by-line inspection of the proof of Theorem 1.2 with ¢ :%n—l—i)\ gives
the result. a

As an application of Theorem 7.1 we will prove

THEOREM 7.2. Let X and a be given by either (7.1) or (7.2). Let a;;(r,w)€
C>(X), 0<14,7<2, and let

2 2
g= a2 dt2 —a_2(1 +aa00(r, w)) dT‘2 —Z apj dr dwj - 7‘2 Z ((5,] +aa,-j) dw, dwj (78)
j=1 i,j=1
be a perturbation of the models above. Let Xi/2 be the manifold X with the new C*-

structure in which a€ C*(X, ) is the new boundary-defining function. Then the oper-
ator P, defined by

O, =a 2(D?-P,) (7.9)

a
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satisfies the hypotheses of Theorem 7.1 at the boundary, {a=0}, and there exists a prod-
uct decomposition (&,w), with W=w at a=0, near X such that for A€ R\Q, Q a count-
able subset, its scattering matriz at energy A determines the Taylor series of ai; in
coordinates (&,w) at {@=0}.

Note that as before we can recover to finite order off a discrete subset but to infinite
order off a countable subset.

Proof. We will only carry out the proof for the Schwarzschild model. The other
case is very similar, although the computations are more tedious, but are essentially
done in [39].

First we check the statement about the normal operator of P,. Since a?=1—2m/r
we find that dr=a(r?m)da. Hence g is given by

4 2 2
o242 T r 2
g=a’dt —m(1+aaoo(r, w)) da2—aﬁaoj dadw;—r ‘ZI((Sij‘i—aaij)dwl' dwj. (7.10)
ij=
Let Ao=(af;), where afy=a"2, af,=ad3=r? and a;=0, i#j. Let A,=(aj};), where

ajo=0"2ag, ap;=0j0=0j0, ai;=aij, 1<i,j<2. Let A=Ag+aA;. Then we have A=
Ap(ld+aAy 14;) and hence

det(A) =det(Ag) det(I+aAy A1) =det(4o)(1+aT+0(a?)),
T =ag+a11+0a92, (711)
AT = A7 oA A AL

Using (7.11) and the definition of P, we find that the normal operator of P, at a point
p at the boundary a=0 is

Np(Pa) = 4@y +02A,),

1
16m2 T6ma ¢
where A, is the Laplacian at the tangent plane to S at p. Thus N,(P,) satisfies (7.5).

Next we consider two perturbations of the Schwarzschild metric F' and H satisfying

4 ,,.2 B
F00—7(1+af00) Fy=Fp=—5fj Fij =12(8i5+ar™2f;),

4 7.2 2 5
Hoo——z(l‘i'ahoo) Hlj :Hjlzwhlj, Hij =7 (6,~j+ar_ hij).

Let gr and gy be defined by (7.10), where f;; and h;; play the réle of a;;. Let Sp and Sy
be the scattering matrices corresponding to Pr and Py. It follows from the computation
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of the determinant above that, for o small and f;;, h;; smooth,

4t r2 2
GFZW(l—i—afoo(T,w)) da%—am Z fojdad<uj+r2 Z (6,-j+afij)dw,~ de,

j=1,2 ij=1
ré g T2 2 2

Guy= —3 (1+ahg(r,w)) do +ta—s 2_1:21103' dadw;+r ~jzl(§ij+ahij) dw; dw;
J=1 3=

are Riemannian metrics near 0X.
Let (&,@) be a product decomposition of X near 0X in which

GF:da2+fAi;-dw,~dwj, GH=d02+I;;;Ci(didCUj.
Suppose that, in these coordinates, f;—:’;}=&"‘ﬁ}}. Therefore
Pp— Py = &"(4;;0,,0.,)+O(@**).

So it follows from Theorem 7.1 that the kth-order symbol of Sg(A)—Su(A) determines
and is determined by u;;.
This ends the proof of the theorem. O
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