Acta Math., 163 (1989), 181-252

Quasiconformal 4-manifolds
by

S. K. DONALDSON and 'D. P. SULLIVAN

Mathematical Institute I.H.E.S., Bures-sur-Yvette
St Giles, Oxford, England Bures, France

§1. Introduction

For any pseudo-group of homeomorphism of Euclidean space one can define the
corresponding category of manifolds. The most familiar examples in Topology are the
full pseudo-group of homeomorphisms, giving rise to the theory of topological mani-
folds, and the subgroup of smooth differomorphisms giving rise to the theory of C*
manifolds. In this paper, we discuss an intermediate category—quasiconformal homeo-
morphisms and manifolds.

Recall that a homeomorphism ¢:D->R" from a domain D in R" to its image @(D) is
K quasiconformal if for all x in D

b i o M)~ | px{ =1} _
o = S (=0 | b—x| = 1}

@ is quasiconformal (QC) if it is K quasiconformal for some K=1. Roughly, a quasicon-
formal map distorts the relative distances of nearby points by a bounded factor.
Contrast this with the Lipschitz condition: a homeomorphism ¢ is bi-Lipschitz if for
some C=1 and all x,y in D:

C™ =y < |p(x)— ()| < Clx—y).

Both these conditions define pseudo-groups of homeomorphism and hence guasicon-
formal and Lipschitz n-manifolds; Hausdorff spaces made from domains in R”* pieced
together by, respectively, quasiconformal and Lipschitz homeomorphisms. We also
have the obvius notions of equivalence in the two categories.
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For n+4 it is known that these two categories are both essentially equivalent to
that of topological manifolds. We have:

THEOREM (Sullivan [25]). If n+4 any topological n manifold admits a quasiconfor-
mal structure. Also, any two quasiconformal structures are equivalent by a homeomor-
phism isotopic to the identity.

With a similar statement, also proved in [25], for the Lipschitz case. In this paper-we
show that neither part of the above theorem can extend to dimension 4. We will prove:

THEOREM 1. There are topological 4-manifolds which do not admit any quasicon-
Jormal structure.

" THEOREM 2. There are quasiconformal (indeed smooth) 4-manifolds which are

homeomorphic but not quasiconformally equivalent.
(The corresponding Lipschitz statements are trivial consequences.)

These theorems illustrate the special nature of manifold theory in four dimensions.
It is now well known that there is a radical divergence between the theories of smooth
and topological 4-manifolds. This has been discovered by a combination of the classifi-
cation theory of Freedman [14] on the topological side and, on smooth manifolds, the
use of new information coming from Yang-Mills fields. In this paper also we take our
topological input straight from the results of Freedman and our theorems will follow,
transferring arguments developed in the smoth theory, if we can lay down the founda-
tions of Yang-Mills theory over quasiconformal 4-manifolds. This task takes up the
bulk of the paper. In §7 we return to give the proofs of Theorems 1 and 2. The whole
programme is similar in spirit to Taubes work on end periodic manifolds [27]. As there,
one could hope that once the basic theory is in place one could extend all the results for
smooth manifolds proved using Yang-Mills theory to the quasiconformal case. We will
make some detailed remarks on this in §7.

It is instructive to isolate more precisely the point at which the general theory for
n=+4 breaks down in four dimensions. Let T be a pseudogroup contained in the
pseudogroup of quasiconformal homeomorphism of n-space. It is a general fact that
two properties of I' suffice to provide unique I structures on topological n-manifolds.

(i) n-deformation. C° close T homeomorphisms can be deformed to one another
through I’ homeomorphisms (together with a suitable relative version of the statement).

(ii) n-approximation. Any homeomorphism of a ball B" into R" can be C’-approxi-
mated by a I' homeomorphism.
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Now in [25] the n-deformation property is proved for quasiconformal and Lip-
schitz homeomorphisms in all dimensions n. So our Theorems 1, 2 show that n-
approximation fails for these peudogroups when n=4. Thus we have:

COROLLARY. There is a homeomorphism of the 4-ball into R* which cannot be
approximated by a quasiconformal homeomorphism.

We now turn back to the central topics of this paper—the global analysis of Yang-
Mills theory on quasiconformal manifolds—and review the standard theory in the
smooth case (see [13] for example). There we start with a smooth, compact, oriented 4-
manifold ¥ with Riemannian metric g. Let P—Y be a principal bundle with compact
structure group G. One forms the space & of LY connections on Y and the ‘‘gauge
group” ¢ of L?,, bundle automorphisms. There is a great choice in the possible
Sobolev spaces L? to use—the key constraint is that ¢ should consist of continuous
automorphisms, i.e. that a Sobolev embedding

L, ,-C°

should hold. This requires (k+1)—n/p>0. In this case % is a Banach Lie group acting
smoothly on . One then constructs slices for the action (away from ‘‘reducible
connections”’) using the Coulomb gauge condition. For A in & there is a coupled
opererator d% acting on bundle valued 1-forms and

T, .,={A+ald}a=0,|a|<e}

gives a local transversal for the %-orbits. These make the quotient space B=/¥into a
Banach manifold (except for singularities at reducible connections). Next, for suitably
chosen Sobolev spaces L (e.g. Li, k>1) the curvature F, lies in L?_, and defines a
smooth %-equivariant map on sf—or section of a Banach bundle over %. Using the
Riemannian metric g we split the curvature into self-dual and anti-self-dual parts:

F,=F,+F;.
‘The anti-self-dual (ASD) moduli space M is the subset of % cut out by the zeros of F;.
Elliptic regularity gives that an anti-self-dual connection (i.e. one with F;=0) is ¢
equivalent to a smooth connection, so the precise Sobolev spaces used are not too

important. The equation F;=0 is, on %, a Fredholm equation and the moduli space M
has a virtual dimension given by the Fredholm index of the linearisation:

d = index(d*%+dy).
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Under suitable restrictions one achieves a manifold M of this dimension either by an
abstract perturbation of the set-up ([5], (7], (15]) or by varying the metric g slightly.
Similarly one arranges that under smooth change of parameters M changes by a
cobordism ([8], [9]). These moduli manifolds are then the input for various simple
topological arguments by which one deduces conclusions about the original 4-mani-
fold Y.

Turning now to a quasiconformal base 4-manifold X, the first point is that quasi-
conformal maps are differentiable almost everywhere. This allows one to set up some
differential geometric structures, in particular, we can choose a measurable conformal
structure on X. The Yang-Mills equations are conformally invariant so this conformal
structure defines ASD connections. Two main changes are needed to take the standard
theory over to the quasiconformal case. The first concerns the slice condition and the
d* operator. This enters already in the linear set up of the Hodge theory (signature
operator) coupled to an auxiliary connection. For Lipschitz manifolds a theory of
signature operators has been developed by Teleman [28], [29]. He shows that one can
define d% and it has sufficient good properties to mimic the usual linear elliptic analysis.
However despite some efforts we have not been able to use this operator to construct
slices in the non-linear problem, even in the Lipschitz case. The basic difficulty is that

dy=%d,x

involves differentiating the % operator and for our manifolds % is at best bounded,
measurable; with no control of its regularity. Thus we use a different approach based
on the constructing of a (right) parametrix for the d; operator. The latter is better
behaved since

dj=%(l+*)dA

and the measurable % occurs outside the differentiation. The basic analytical lemma for
handling this measurable-coefficient operator we learnt from the book of Ahlfors ([1]
Chapter V) who deals with the analogous 2-dimensional problem. This lemma is
discussed in §2 and, as the reader will see, underpins the whole theory. (In Appendix 2
we should show how this approach can be used to reproduce some of Teleman’s
results).

The second main change has to do with choosing a suitable functional-analytic
framework. The L* norm on 1-forms is conformally invariant in 4 dimensions and it is in
many ways most natural to try to work with connection matrices which are locally in L*
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(with curvature in L?). However the natural class of gauge transformations would then
be those in Lj, and these are not continuous—the exponent being the borderline one
where the Sobolev embedding fails. In the Lipschitz situation one can work (thanks to
the lemma of §2) in L*** for some fixed small ¢ and restore the Sobolev embedding
theorem but quasi-conformal maps do not preserve the space of L**¢ 1-forms for £>0.

We overcome this difficulty by the introducing new function spaces; smaller than
L* but larger than any L**¢, which are on the one hand preserved by quasi-conformal
maps and on the other hand yield continuous gauge transformations. As in the standard
theory, these function spaces depend on real parameters and the precise choice we
make is not in the end too important. Similarly, we have ‘‘elliptic regularity’’, that any
solution is locally gauge equivalent to an L*** one (analogous to smooth for us). The
key here is a theorem of Gehring that a quasiconformal map in » dimensions has
derivative in Lj.'* for some £>0 [16]. We give a new proof of this fact (for n=4) using
our basic lemma.

Indeed, in Ahlfors’ book this result is proved (following [4]) for n=2 and our proof
is the natural generalisation of that one from 2 to 4 dimensions (in Appendix 2 we
discuss the general even dimensional situation.)

§2. Local theory

(i) Conformal classes

Let E be a 4-dimensional oriented real vector space. A conformal structure on E is an
equivalence class [g] of Euclidean metrics g on E:

(gl =A%l

There is, however, a more concrete description, special to 4 dimensions, using the %
operators %, on 2-forms AXE*). The operator %, depends only on the conformal class
of g and gives the familiar splitting:

ANYE*)= NT@ON

into self-dual and anti-self-dual parts. The eigenspaces A*, A~ are respectively, maxi-
mal positive and negative subspaces for the wedge product form:

w—>W AW

on AXE*). (Of course we need to fix a volume element to define this as an R-valued
quadratic form). A" is the annihilator of A~ under the wedge product so %, on A? is
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completely determined by A~. If we have some fixed reference metric g, with positive
and negative subspaces Ay, A, we can represent the negative subspace A~ (g) for any
other metric g as the graph I, of a linear map:

2.1 wNg—=AN;.
The condition that A be negative on I, goes over the condition:
2.2) Ju(@)| < ||

for all non-zero forms w in A.

LEMMA 2.3. The map [g]l—A"(g) yields a bijection between the conformal struc-
tures on E and the space of negative 3-planes in NA(E*)

Proof. Fix a reference metric g and standard go-orthonormal basis e,, e,, €;, e,
for E. If {g;} is the dual basis then:

NG = (€18, 838, €183 6485, £18,+E983)
Ny = (€,8y= 8384, €1E3—E4E,, E1E,=ExE3) .
Let g, be a new metric, diagonal relative to this basis.
gile,e)=0, iFj
) =A?
gi(e; ) =A;.

We normalize so that 4,4,4,4,=1. Then A~(g)) is represented by a map u, as above, with:

AA2-1)
MEEy—EsE)) = 5 (£,6,F €36,

(Ai+1)

and symmetrically for the other basis elements. Now the function

=1

fo= D)

gives a bijection from (0, ®) to (~1, 1) and for any prescribed values of 1242, 2343, 2342
we can solve unigely for 4; with ,4,4,4,=1. So we have a bijection between the e-
diagonal conformal classes and maps u:A~—> Ay with operator norm |u|<1, diagonal
relative to the given orthonormal bases. But we know that the A? representation gives a
double covering:
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SO@)—S0(3)xS0Q3)

So, up to a sign, pairs of orthonormal bases in Aj, A; correspond precisely to
orthonormal bases in E. Since any metric is diagonalisable the assertion follows.
There is a natural metric on the set of conformal structures:

(2.4) d((g,l, [g,]) = max log <&>
Ko=lrlo=1 \ [,

In the notation above
d([goly [gll) = IOg(}an)
if ,24,=4;=4,. On the other hand the operator norm |u| of the associated linear map is:

221
2.5) =1z
( a Pz

this is in fact symmetric in gy, g;. We have:

! log((i—f%) <d(lgg), g < log(i—ft%ll).

So the metric and the operator norm define equivalent ‘‘distance functions’’ on the
space of conformal classes.

We now take these ideas over to manifolds. Let Y be a smooth oriented 4-
manifold, and fix a smooth Riemannian metric g, on Y. We can define a bounded,

measurable conformal structure on Y to be an equivalence class of measurable sections
g of SX(T*Y) with

sup d((g], [go)) 7y <.
ve€Y )

If Y is compact this notation is plainly independent of our reference metric g,.
Equivalently we can define the structure by a measurable bundle map.

2.6) 1 Ay— A}

with

el = sup s <1.
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There is then a measurable field of subspaces I', = A™(u) in A% In the smooth case we
have first order operators.

d*: Q,—-Q; =T(A})

d: Q;-—»Q; =T(A})
with d=d*+d~. Similarly if we compose with the projection from A*(u) to A" the d*
operator relative to the new conformal structure is represented as:

(2.7) df=d" +pud "1 Qy—-Qj5.

(Strictly we should replace Q} here by a space of bounded sections of A}.) Thus d,) is a
first order operator with bounded measureable coefficients.

(ii) Elliptic theory and measureable coefficients

In this sub-section we prove the basic analytical lemma for the d ,j operators. The proof
is elementary and is a direct translation of an idea due to Boyarskii [4] for the 2-
dimensional problem discussed by Ahlfors [1]. See also [17] Chapter V.

Let Y be a smoth compact oriented Riemannian 4-manifold and introduce standard
differential operators:

d dt_-Q}
PO N o

Then d*d=d~d=0 and we have a pair of elliptic complexes, whose cohomology can be
readily identified by Hodge theory. First for a in Q) the relation between the norm and
wedge on A? gives:

2.9 f |d*af —|d"al du= fda/\da =0.
Y

So ||ld*all,.=|ld"al|,.. (Notice that the L? norm on 2-forms appearing here is conformal-
ly invariant.) In particular:

Kerd”* _Kerd”

= H'(Y;R).
Imd Imd ( )

(2.10)

On the other hand:
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.11 coker(d*)=H73, coker(d”)=Hy;

the + self dual harmonic forms representing maximal positive and negative subspaces
for the cup product form on HX(Y;R). In particular, if Y is a homology 4-sphere the only
cohomology appearing is the constants Kerdc Q‘,’,. Under this hypothesis standard
elliptic theory gives us a Hodge decomposition:

(2.12) Q, =d(Q}) ®Kerd*
where QY represents the functions of integral zero. There is an inverse
(2.13) 0:Qy—>Kerd*cQ) with d*Q(w)=w.

All of this is compatible with the usual Sobolev norms, so Q is a bounded operator
L;_—L} and S=d o Q: Q;—Qy is bounded on Lf_,. In fact, § is a singular integral
operator (essentially the signature operator) of order zero, of the kind considered in the
Calderon-Zygmund theory [24]. The identity (2.9) shows that S gives an isometry on L2-
spaces. It then follows from an interpolation argument (see [1], pp. 113-115 or {24] p.
22) that we have:

(2.14) IS@)l , <Cllefl , with C,—1as p—2.
Now let 4 be a bounded conformal structure as above with
¢ = |lull = sup lu| < 1.
For p in (0, ) we can consider d; as a bounded operator on the Sobolev spaces:
(2.15) dy =d"+ud : L{(Q)) — LA(Q}).

LEMMA 2.16. There is an n>0 (depending only on c) such that for |p—2|<n there is
a bounded inverse:

Q#:L"(Q;)—J,f(Q;) for d;,

mapping to Kerd*cQ},.

Proof. Consider:

(1+uoS) = (d* +ud ) o 0: QF —>Q;.
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This is bounded on L” and the L”-operator norm of uo S is at most ¢-C,. Since C,—1 as
p—2 and c<1 we can chose 7 such that for p in the given range |luo S||<1. Then 1+uS§
is invertible with inverse

A+uS) "1 = 1-puS+us) —...

Now put
Q.= Qo(1+uS)™".

The stated properties of Q, follow from those of Q. (Notice that the L”— L operator
norm of Q, is bounded on any closed subinterval in (2—7, 2+7) and the bound depends
only on c.)

We have then a version of the usual elliptic theory for d; in the given range of
function spaces. Notice that the operator d* we have used to define our inverse Q, is
essentially an auxiliary tool—we do nof use a metric in the given bounded conformal
class to define it. While we have carried out this argument on a compact manifold ¥ our
main application will be in local setting, for a d; operator over a bounded domain
DcR*. We take Y=5*=R*U{} and transfer our forms to S* using a cut off function ,
supported in D and equal to 1 on some subdomain D'ccD. We then extend u to S*and
deduce from the above result:

COROLLARY 2.17. There are constants n(c,D,D’), A(c,D,D') such that if u is a
bounded conformal structure over D with |ju||<c then for |p—2|<n:
(i) For any form w € LP(Q},) there is an a = Q,(w) in LY(Q}) with

d;a =w onD'.

ol p=Allel5

(ii) For any a in L’l’(Qb) there is a u in L’Z’(Q(L),) such that

lla—dull,, ,<A(lld;all, , Il

8.0 1°.D L",D) :

(Notice that in (ii) we can also choose u to have control of {{u]| ,.)

(iii) Quasi-conformal maps

In the introduction we gave the most geometric definition

H (<K
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of the K-quasiconformality of a homeomorphism ¢:D—R*. There are many other
difinitions which turn out to be equivalent, see [32]. Let us note first that a point x
where g is differentiable Htp(x)2 is the ratio of the maximum and minimum eigenvalues
of the matrix (V@)¥(Vg),. In the notation above: H, q,(x)2=exp(d(<p;‘(g0), gy) where @¥(g,)
is the pull back of the Euclidean metric g,. Now quasiconformal maps are certainly not
everywhere differentiable but they have the following main regularity properties:

Prorosition 2.18 ([32]. If ¢:D—R’ is a quasiconformal map then:
(i) @ is differentiable almost everywhere;
(ii) @ preserves Lebesgue null sets:

uA)=0 = @(u(A)=0.

(ili) The derivative Vo is locally in L*.
(iv) Vo is a weak derivative:

for smooth compactly supported test functions f on D.

We could take these properties (i)—(iv) as the defining properties for quasi confor-
mality together with the key condition that

d(lgol, [p* (g0 < e~

Properties (ii) and (iii) are related. The Radon-Nikodym theorem, together with (i)
and (ii), implies that the usual integration-by-substitution formula is valid:

(2.19) f g(y)du, = f gleU)*|(J ), | du,
@(D) D

where J,= det (Vg), defined almost everywhere). The meaning here is that if g is in
L'(¢(D)) then (go@)Jy, is in L'(D) and the two integrals agree. In particular if we
restrict the domain so that @(D) has finite measure and take g=1 we have:

f Vol du, = u@(D)) < .
D

Now if 13=Aj=13=A] are the eigenvalues of (Vg)i(Vg), at a point of differenti-
ability x:
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|J¢| =1 '12}*3/14
while |Vg>= L A}. If 1,/A4 <K we have
|V¢|2 < 4K3/2|J¢'1/2

SO
J IVel* du, < 16K °u(@(D)) < .
D

As we shall see in §2(v) below, the derivative Vg is in fact locally in L**" for some
7>0. In the proof we give we will make use of a rather obvious variant of the argument
above. Let o be any postive function on the cone of positive matrices which is
homogenous of degree d. Then there is a constant Cx_, such that for any K quasiconfor-
mal map ¢:

Vel < Ck, . 0((Ve)* (V).

This follows from the fact that the ¢*-ball about g, in the space of conformal structures
is compact.

(iv) Differential forms

For n=1,2,3,4, the L*" norm on n-forms on R* is conformally invariant. Let g:D—R*
be a K quasiconformal map and write L“/”(Q;(D)) for the Banach space on n-forms on
@(D) with L¥" coefficients. We define the integral

j:Ll(QZ(D))_’R
in the obvius way and also the pull back forms
p*(w)

on D using the usual formula and the (almost everywhere defined) derivative of ¢. We
assume that D is connected. Then we can define the orientation g,=x1 of ¢ by, say,
the action on cohomology with compact support. This agrees with sign J,; at points of
differentiability. The verification of the following is straightforward.

ProrosiTioN 2.20. (i) For w in L‘”"(Q;(D)), ¢*(w) lies in LM"(Q;,) and @* gives a
bounded map between these Banach spaces.
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(ii) The wedge product

Lﬂn(Q;(D)) ®L4/n'(Q;’(D)) __)L4/n+n’(9(r;;}0n)’)

is defined and *(arf)=@*(a) A@*(f).

. 1
(iii) For w in L (Q‘;(D))
jq)*(w)=o¢j .
p o(D)

We now define an exterior derivative d. If w € L*"(Q") and 6 € L"*(Q}") (n>0)
we say do=40 if

(2.2 JGAa=(—1)"+1fwAda
D D

for all smooth compactly supported test forms . Another definition is to say dw=40 if
there are smooth «; converging to w in L*" with dw, converging to 6 in L**"—the
equivalence of the two approaches follows from a regularisation ([18] Theorem 7.4).
Similarly when n=0 we define a derivative d on the functions on D and if D has, say, a
smooth boundary the Sobolev embedding theorems imply that a function f with df in L*
lies in LM(Q)) for any N>0 ({18], Chapter 7).

LEMMA 2.22. If ¢:D—@(D)<R* is a quasi conformal homeomorphism, n=1 and
w € LY(Q}) with dw=0 then

d(g*(w)) = ¢*(6).
Similarly when n=0, if df€L* then d( fo )=@*(df) is also in L°.

Proof. Consider first the case n=0; then the assertion is just the chain rule for
distributional derivatives:
ofog) 5 (Of 9\
ox, 5 \0%g/ o) \ 9%,
4

To establish this we use the properties that ¢ is both in Lj . and continuous. We
suppose first that f:@(D)—R is smooth and with compact support and choose an
approximating sequence ¢’ —¢ in L} . _nC° Then

1,loc

of\ 0 (ar\ (2%
axﬂ ¢ (x) axu axﬂ ¢(x) 8xa
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in L*, and fog”—fog in C° so d(fo@)=¢*(df) by our second definition. To extend
to general f we note that the equation d(fo@)=¢*(df) is local and we can approximate
a function in the neighbourhood of a point in @(D) by smooth functions of compact
support.

For larger values of n the naturality of d, when ¢ is smooth, expresses the
symmetry of partial derivatives:

S, Fp,

dxy0x,, axyéxﬂ'

For our situation we formulate a weak version of this:
] 2
(2.23) f (@.&-ﬂ&) du=0,
b Gxﬂ ax,/ axy axﬂ

for smooth test functions ¢ over D. This holds for our ¢ by the definition of the weak
derivative. In turn it holds for any o in L}": the closure of CZ(D) in the L}* norm.

For simplicity of notation we treat the case n=1. To begin with suppose w=p(y)dy;
with p smooth. Then

9
6=do 2%@,, dy,.
u

Let 7 be a test form on D of the shape:
7= t(x)dx, dx,.

We have:

dp (9%u 9Y: _ 9%,
* = A 3x. ’
Lt/\tp (dw) Lt(x)<8yﬂ ( Oxy dx, Ox, Ox;

Now apply our chain rule to pog@=p to write this as:

f 1) (@%_@%)
D

dx; 8x, Ox, Ox,

Now put o(x)=t(x) p(x) so o is in L} ;= L}, and by the Leibnitz rule for weak derivatives

this integral is:
80 991 30 3%\ _| ﬁa%_ga%>
,\8x; Ox, 9x, Ox, b \0x; 3x, Ox, 8x; )
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The first integral vanishes by (2.23) and the second term yields
f dtA@p*(w)
D

as required. Now the formula extends to any 7 by linearity and finally to any @ by an
approximation argument.
The distribution definition (2.23) gives immediately that d°=0 so if we put:

(2.24) B)=

loc? loc s
4 —
Ll,loc , n=0

{{weggmev’" do €LY >

we have a quasiconformally invariant chain complex:
d d
2.25) B 5B 5B 5B B!

One verifies readily enough that if a € B}, € B} for n, m=1 then aAf € B}, and
(2.26) dlanf) =danf+(—1)"andp.

However it is not true that multiplication takes B)x B} to By This is one of the
difficulties associated with the failure of the Sobolev embedding theorem at the critical,
conformally invariant, exponent:

L?, loc g CO
For example the function

f(x)=log|log |||

is in L}, but is not bounded around x=0. We could get around this by replacing

B?, by BOD n cg but that would do damage to the following Poincaré lemma:

LEMMA 2.27. Suppose n<2 and € B};'" with df=0. Then each point in D has a
neighbourhood D on which we can find a € B} such that da=p.

Proof. We transfer the problem to the compact manifold §*, as in Corollary 2.17,
using cut-offs. Then choose the Hodge solution to da=g with d*a=0. Elliptic theory
gives, for 4/n+1>1:

”a”l_?/m-l S ”ﬂ”LMnH
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and

llall o= ||a||L?m+1

by the Sobolev embedding theorem. (Here, and throughout the paper, we use the
notation < to denote ‘‘bounded by a constant multiple of”” when the dependence on
parameters is clear.)

The Poincaré lemma for the B-forms fails in the top dimension. There are forms a
in L, (Q* which are not d of an L} 3-form. This can easily be deduced, using the open
mapping theorem, from the failure of the Sobolev embedding theorem mentioned
above. This breakdown in the conformally invariant theory, which becomes more acute
when one goes to the non-linear problems involved in gauge theory, motivates the

search for alternative quasiconformally invariant spaces of forms.

(v) Gehring’s theorem

Let g:d—@(D)<R* be a K quasiconformal map between bounded domains D, ¢(D). We
know already that Ve is in L},. Gehring showed that one could do a little more.

THEOREM 2.28 [16]. There is a 6=0(K)>0 such that if xq is a point in D there is a
neighbourhood D' = D of x, with

f [Vop|**° dpu<o0.
.

(Note. Gehring’s theorem is valid in any dimension n—a quasiconformal map has

derivatives in L1t°,
We can deduce this result from our fundamental Corollary 2.17. Let a be a 1-form on

R* with d*a=0 but da=w nowhere zero—for example:
azyldyz‘_)’zdyl-)’3dY4+)’4d}’3-

Pull back the standard flat conformal structure on @(D) by ¢ to obtain a bounded
structure representing by 4 on D, with [u|<c<1. Then

a’ =g*a)
satisfies
dfa'=0
on D.
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So on an interior domain D'c<=D we have by Corollary 2.17 (ii) that there exists U with

la’~dull,, , < Alla'[] , <

12,0’

for p<2+#, some >0. So da’=d(a’—du) is in L**" on D’ and we have:
f [p* (@)t < oo,
Iy

We now apply the observation in (iii) above. At each point x the function
(Ve)—|p*(w),| is homogenous of degree 2, so for K quasiconformal maps:

Vol” <Ck lo*(@)P.

Hence
f Vol < % f |p* (@) < oo
D’ D’

as required.

Going in the opposite direction to the proof above we can now deduce that

quasiconformal maps act on spaces of forms a little beyond the conformally invariant
exponents.

LEmMA 2.29. Let g:D—@(D)cR* be a quasiconformal map between bounded
domains with [|Vg|**o<e. If a€L¥*(Q ) (n=1,2,3,4) then @*(a) € L (Q)
where

¢ = o€
440
n

+e&

and ||<p*(a)||L(4,,,)+E,<C¢||a||L(4/,,W. The constant C, can be taken independent of ¢ in a
range €€[0, E].

Proof. Our hypotheses are:

I= f Vg|** < o
D

J= j Vo ol < o
D
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and we wish to bound:
f @[ < f Vo[t ol
D D

Let f(x)=|Vg|,, g(x)=|w]|,,; then Holder’s inequality gives:

1/p /g
ff4+ns'g4/n+e’ < (ffap) <f(fbg4/n+e’)q>

with a+b=4+ne’ and 1/p+1/g=1.
We want to choose indices so that:
ap=4+§
bg=4

(i-i—s’) q= —4—+€,
n n

then the expression on the right is /"7 J"9<o. The five linear equations in p~
b, &' have a unique solution, and the required &’ is

¢

446,
n

1 -1
»q 4,

We can now define quasiconformally invariant spaces of forms:

(2.30) By "= {w€Qp| w €L, dw€ L3 "** for some &> 0}.

loc loc

The definition of the exterior derivative goes over to this setting to yield a graded
differential algebra (B*'*,d). B*'® consists of continuous functions so we avoid the
difficulties associated to the failure of the Sobolev embedding at the critical exponent
(for example a full Poincaré lemma is valid). However these B* forms are not very

convenient for analysis since U L? is not a Banach space. So in the next section we

p>4/n
mtroduce new function spaces lying between the B" and the B*" and which enjoy the

good properties of both,

§3. Modified Banach spaces
(i) General definitions

Let (S, 1) be a measure space with u(S)<®: then we can regard the function spaces
LP(S) (1=zp=w) as being ordered by inclusion:
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L(S)<LUS) if p=q.

Fix an exponent p and additional real parameters ¢, o with 0<¢, p<1. Eventually we
shall require p<e. Define a space of functions L?(S) (depending on ¢, o) as follows. A
function £ is in I? if it can be written as an LP-convergent sum:

G.1) f=>f with f€L”*" and Eg-fnf,.||im,.<oo.
1 1

We define a norm on L” by:
© ) 172
(3.2) ”f”[p:inf (2 Q—l”fi”i,mi)
1

where the infimum is taken over all possible such decompositions f=X f..

PROPOSITION 3.3, I? is a reflexive Banach under || \| - Both L? and its dual space
are separable. There are bounded inclusions L'<L?cL? if r>p.

Proof. Consider the space
Z=P®L*)

consisting of infinite sequences (f;) with the weighted norm

ICAIZ=D, 0 HUAIP

e’

It is a standard fact that Z is a Banach space. If (f;))€EZ
) 172 ) 12
PR TA RSN T (2 ||f,~||;,ﬂ.o~') (29’) :

Now (L o')<x so

DAL= N,

and there is a bounded sum map:
0:Z—17,

o(f)= D £

13-898286 Acta Mathematica 163. Imprimé le 20 decembre 1989
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L? is, by definition, the image of o and the norm is the usual quotient norm on Z/Kero.
Thus I” is a Banach space.
The dual space Z* is well known to be:

) q; 2
{(ai)~aieL ,E”ai“Lqu soo}

where q; is defined by:

LU Y

q; p+é

Moreover, Z is reflexive. By the Hahn-Banach theorem I* is also reflexive and
(I?)*<=Z* is the space of functions a such that a € LY for all g<p and T ||a||iqigi< o, It
follows that the bounded functions, and a fortiori LP*!, are dense in I” and the
separability of I” follows from that of L”*'. Similarly for (£*)*.

We will use a simple lemma many times in our argument below. Let ¢>0 and define a
space L”° to consist of functions f which can be written f=X f; with

DA, o' <o

Let || ||, . be the obvious norm on this space.
LemMA 3.4. LP°<[? and the two norms || |, and || ||, are equivalent.

Proof. Suppose ¢>1. Then LP**“cL”*" and we obviously have NN <IN, -
Conversely, choose k such that ec<1. Then if f=2f, f,€ L*** put:

o [fe iZk+1
f‘_{o, i<k

So f=% f and f,€ L?**. Also

SIAR,.07'= <2 uﬁn;ﬂ.--ke-") =oAL, 0

and the two norms are equivalent. The proof when ¢<1 is exactly parallel.

LemMA 3.5. If Up+1/g=1/r, fEL? and g€ LI then fg€EL".

r+9;

Proof. If f=Xf, f,€LP* then fg=1Lfig and fig€L ™"
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1Figl oo <ULl
where
L1
r+6, p+é q
That is:
2. } 2
6:—————‘1;6 >ce where ¢c=—39 >
(g+p+€)(g+p) (g+p+1)

Now apply Lemma 3.4. Similarly we have a multiplication theorem for the dual spaces.
Recall that the dual (LP)* is:

n 14 2 i
(3.6) {alaEL for all n<—p_1 and 2 llal o, 0 <co},
where
LR S
g9 pte

LeEMMA 3.7. Let 1/g+1/s=1/r and 1/g+1/p=1. Then if fE€L")*,g€L’ we have
fg€L'.

Proof. Let fE([P)*, so T ||f||i,,igi< w (1/g;= 1/(p+¢£’)). For any ¢>0 we can, by
Lemma 3.4 write g€L* as ¥ g; with

2l o7 <.

Then if fg,=h;
Il o, < AN o 17 Loved
where
1 1 ce' &
=—- — + -,
r+0, r s(s+ce) p(p+e)

We can choose c¢ large enough so that 6,>0. Then fg=2XA; whith

Dl = A
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< 2l .1

(Zuguw“ ) (E ufingq,.g-")

Now suppose that u is Lebesgue measure on a convex bounded domain DcR*. We
extend the L”-function spaces to differential forms in the obvious way.
Let x; be a point in D.

by Cauchy-Schwarz.

LemMa 3.8 (Sobolev embedding theorem). Suppose p<e**, then there is a con-
stant A=A(D,x,) such that

| flxp) < Alldf]]
for all smooth compactly supported functions f on D.

Proof. We can take x,=0 and work in ‘‘polar’’ co-ordinates r,8 with 8 €S>. Then:

£(0)= f S g

J-j af drd@
Vol(S’)

-1 ff L1 parae
VO1(53) or 7

jj afl
Vol(S’) #

1 1
df]— du.
Vol(s3)JD’ ﬂﬁ #

So

|f(0)| =

Now suppose df = La; with

2Nl o7 =C <.

Then

Jlal—dﬂ<||1f'3llqllall . Where g,= dte
2+
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But, since D is bounded,
346

1 Vg; i\ arg
”1/',3”‘].5 (f r3(1-—q,-)dr) - (3"'.8 )4+ '
i 0 81

-3/4
lfO1< lla,,..e

So

3/4

and if g<&™™ this sum is bounded by a multiple of C.

In fact the same integral formula used in Lemma 3.8 here shows that ([18] Lemma
7.16):

(3.9) |f0)—f)|<C-g(x—y) where C=|ldf]|,, and g(S)= Y, 5o "

g is a monotone function and g(S)—0 as $-0. So we have by the Ascoli-Arzela
theorem:

CoRroLLARY 3.10. The space of functions f in Cg (D) with |idf}| ,,<C is precompact
in C(D).

We can now define the analogous of the usual Sobolev spaces
L} . = closure of C; in norm ||df]|,

4
Ll, loc

= functions f on D with df locally in L*.

Both of these consist of continuous functions and Corollary 3.10 gives that there is a
compact embedding.

G.11) L} —~CYD)

Moreover we have a composition rule:

PropOSITION 3.12. If F:R—R is a smooth function then for all f in L} . the

4

composite Fo f also lies in LT |,

n

The proof is straightforward. We define B B to be those forms w € L} with
dw in L™ (n=1) and to be L} ;. when n=0. Then:

(3.13) B B SB S8 L
. D, loc D,Ioc_) D.loc>Pp 1oc ™ Lp 1oc

is a graded differential algebra.
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LeEmMa 3.14. Let <’p:D—>(p(D)cR4 be a quasiconformal map between bounded
domains as in Lemma 2.29. If @ EIA.“/"(Q;',(D)) then @*(w) € LY"(Q}) and

llg*(@)l| pan < C¢||w||u,n for some constant C,,.

Proof. Let w=1X. w; where wiEL‘“"”i, then ¢*(w)=L¢*(w;) and by Lemma 2.29 we
can suppose:

lp* @] e < Cll ]

L4In+zl

where

o€

440
— &

=

So ¢;<c¢' for some ¢ and
2 ; 2 -
z ||(p*(w‘) ||L4m+ceiQ' S 2 ”wiHLMn—LiQ .

Now the result follows from (3.4).

To sum up we have for any ¢, ¢ with 0<¢, 0<1, g<e
differential graded algebra (B, d).

Let D'ccD be a bounded domain in R* and u represent a bounded conformal
structure on D, as in Corollary 2.17. We consider:

3 a quasi-conformally invariant

(3.15) d}:By—L(Qp).
ProrosiTioN 3.16. (i) There is a bounded map
0, LX(Q})—B)
with
d; Qw=w onD.
(i) For any a in B}, we can find u in BY, . such that

la—dull4,, < Alld; all 2, + ]

BYD" LDy

Proof. (i) Let w=% w,€ LXQ;})) with '€ L***. By Corollary 2.17
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wi = d:Qy(wl)
on D', where:

10,@)l <l

So by the Sobolev embedding theorem, ||Q,(w) HL';S llwfﬂL
i.e. r=4Q24+&)(2—€)>4+4¢. So

. where 1-4/(2+¢)=—4/r,

2+

Q. ()] = Nl 2

as required. Part (ii) is similar.
Now suppose 7 is in E},. Wedge product followed by projection to Q; gives a map

M, LAQp—LQ}).

Lemma 3.17. For u, Q, as above the maps
() M,0Q,: LXQ})—LHQ})
(i) 0,0 M,: LYQ})—-LA(Q)

are compact.

Proof. (i) Let y; be bounded with y,—y in L*. Then M,0Q,—M, o, in operator
norm, so it suffices to consider the case when y is bounded. If ¢ is a sequence
bounded in £XQ}), 0,(9Y) is bounded in L] so taking a subsequence we can suppose
Q@) is convergent in L7 for any g<4. In particular 0,(¢'”) converges in £ and so
also does M, 0, (¢'").

(ii) is similar.

So our elliptic theory for the a’; operators behaves very well on the B spaces. In the
same way we have a full Poincaré lemma.

Lemma 3.18. Suppose p<e. b’ﬁEﬁftoD and dB=0 then each point in D has a
neighbourhood D on which we can find a € B, ,, such that da=p.

Proof. Once again we use cut-offs to transfer to a compact manifold and apply the
usual elliptic estimates and Sobolev embedding theorem. The interesting case is when
n=3. The operator norm of the map

§: QY= 1P(Q)

solving dSp3=p, d*55=0, blows up as p—1. In fact by ([24] p. 22)
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A
(B, <(25 18l

as p—1. So if =5 §; with 8,€ L'**

S(B)€ L:+e_)L4<1+z")/(3~e")
and
l’s(ﬂf)llL‘(|+5[y(1_£i) sAE—'”ﬂf”

i
+.
pi+e

It follows that S is a bounded map L'(Q*)—L*}(Q) if p<e.

§ 4 Global theory

(i) Quasiconformal manifolds and conformal structures

Definition 4.1. (i) A quasiconformal 4-manifold X is a topological 4-manifold equipped
with a maximal atlas of charts

Yao: Ua—X

such that the overlap maps ;' ¥, are quasiconformal mappings on their domains of
definition in R*.

(i) The quasiconformal 4-manifolds (X, {y,.}),(X’,{yi}) are quasiconformally
equivalent if there is a homeomorphism f: X—X’ such that the (y;)~* fy, are quasicon-
formal maps on their domains of definition.

Thus a smooth manifold, for example, has a quasiconformal structure. We will
assume our manifolds are oriented, Hausdorff and paracompact—most often we will be
concerned with compact manifolds. Using the results in §§2, 3 we can now develop
some global analysis on quasiconformal 4-manifolds quite parallel to the standard
theory in the smooth case.

First, the quasiconformal invariance of differential forms allows us to define the
following spaces of n-forms on a quasiconformal manifold X:

L4/ n

loc

4/ 4/
(), Lioc (3, Lo ()
n n, + s1d
Bloe,X’ loc. X loc. X
The definitions are local so we have the obvious associated sheaves. If X is compact we
write:
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L4/n (Q - L4/n(g:)

loc

B{'oc x=B} etc.

and the LY"(Q%), LY"(Q"), BY,, BY, are Banach spaces. The norms can be defined using a
ﬁOX partition of unity and are unique up to equivalence. For n=0 the space ﬁ} of
functions with derivatives in L* consists of continuous functions, and the inclusion
BYoC(X) is compact

The B..", By, spaces yield chain complexes with the differential d and the Poincaré
lemmas of §3 combined with the usual sheaf theory argument give:

ProrosiTION 4.2. The de Rham cohomology groups of (l?i'(‘,c,d),(Bl:'c*,d) are
naturally isomorphic to the singular coholomogy groups of X.

Moreover if X is compact the fundamental class in H, is represented by the
integration of forms over X.

Definition 4.3. A bounded conformal structure on a quasiconformal 4-manifold X is
given by bounded structures [g,] (or u,) on each chart U,cR* (in the sense of §2(1))
compatible under the (a.e. defined) derivatives of v 1/)/3

Just as in §2(i) we have a distance function d([g], [g,]) € L, x defined for every
pair of such conformal structures. If X is compact we put a metric on the set of
structures:

ess sup d([g,], [22])-
ProrosiTION 4.4. If X is a compact quasiconformal 4-manifold there exist bound-

ed conformal structures on X and any two can be joined by a continuous path (in the
above sup norm topology).

Proof. For any two Euclidean metrics g;, g, on R*:

d((g1+g)), [giD) =dlg.], [g1]).

So if y, is a partition of unity subordinate to a locally finite cover of X by coordinate
charts y,, and we let [g,] on U, be:

[ga] = I:z (yﬁ OIPa) W’E' wa)* (go)]
B



208 S. K. DONALDSON AND D. P. SULLIVAN

(where g is the standard Euclidean metric) the (g,] are bounded and compatible under
the overlap maps. Similarly if (g.], [g,] represent bounded structures in a system of
charts, and we normalise so that det g,=det g, then [tg,+(1—1) g.] gives a path between
the two structures.

Now if (X, {g]) is a quasiconformal 4-manifold with bounded conformal structure
we have a % operator on

LY(QY),

and so self-dual and anti-self-dual forms. As usual the L*-metric is
llell - = ifaAa

for a €Qy. Similarly we have £3(Q}), L¥(Q}) etc., and an operator:
d*:BY\—LXQ}) (or from B! to L**(Q}).
Locally, in coordinate charts these are of course represented by
d" +u.d”

where we identify g,-self-dual forms with the Euclidean ones by the graph construction
of §2(i).

(i) Bundles and connections

Here the usual definitions in the smooth category go over wholesale in both the B and
B* frameworks on a quasiconformal 4-manifold. Abstractly, if € is a subsheaf of the
sheaf of continuous functions over a topological manifold X, closed under the usual
algebraic operations (including inversion of non-vanishing functions); we can define a
category of € vector bundles. If E is a € vector bundle its local sections form a sheaf of
%-modules. Suppose (€*,d) is a graded differential algebra with €°=%; we then form

CE)=6"®(E)
(“°E valued forms’’). A € connection on E can then be defined to be a linear map
da: €%E)—€\(E)

such that d(fs)=fd,s+dfs. In the familiar way we have a curvature F, in €(EndE)
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such that di=F,. The gauge transformations or bundle automorphisms (modelled on
%°) act on the affine space < of connections.

In our case we take the sheaves B, B® with the corresponding complexes of forms,
to get two classes of bundles, connections, curvatures and gauge transformations over
our quasiconformal 4-manifold X. For brevity we will stick to the B set-up.

We can work with bundles having different structure groups G and the Chern-Weil
theory applies so that for an appropriate constant c(G):

4.5) c(G) f Tr(F, A F,)€EZ

represents a topological characteristic number. (To see this one can either develop B
classifying maps X—BG or reduce to the case where E is trivial on X\\point cf. §5.)

The space & of B connections is an affine space modelled on the Banach space
é'(gE). (Here gecEndE represents the Lie algebra of G.) If G is the B® gauge group
acting on & we have:

PROPOSITION 4.6. 9 is a Banach Lie group modelled on B%qg) and the action
4x A— oA is a smooth.

This is a simple consequence of the composition property in Proposition 3.12
applied to the exponential map—the proof is exactly as in [13] Appendix A.
Finally, suppose X has a bounded conformal structure [g] and define

di: B (gp)—LAQ*(gp)

by pointwise projection to the self dual forms. Similarly for d, We decompose the
curvature into

F,=F{+F,, F;€LYQ%gp)
and
Fi.,=Fi+d;a+{ana}".

ProposITION 4.7. The map sending A to F, is a smooth §invariant map from A to
LAQ(gp) with derivative d.

Proof (see [13] Appendix A). A—F, is smooth from & to B? and the projection
B —T*(Q%) is bounded linear.



210 S. K. DONALDSON AND D. P. SULLIVAN

(iii) Linear analysis; the parametrix

Let A be a B connection on a bundle E over a compact quasiconformal 4-manifold X
with a conformal structure [g]. From now on we shall suppose that the structure group
G is compact and E has an A-invariant metric.

Define HicB*(g))nL¥Q*(gy) to be the space of coupled self-dual harmonic
forms; self-dual 2-forms w with d4 w=0. In this subsection we abbreviate H2 to H. Let
H*<L¥Q%(g,)) be the annihilator of H under the standard L? inner product

(a,ﬁ)=—fTr(a/\ﬁ)

on Q*(gg) (using the metric on E).

THEOREM 4.8. (i) H is finite dimensional, so L{Q*(ge))=H®H".
(ii) The image of d: B'(ap)—L*(Q*(gp)) is H*.
(i) There is a bounded right inverse

Q,: H*—B'(gp)
with
dy Q= 1.
Proof. We begin by constructing a right parametrix
P:LA(Q*(gp)—B'(gp)

for d; by the familiar patching procedure. Choose a finite set of co-ordinate charts
Yot Us—X such that y,(Uy) cover X for U,ccU,.

Fix trivialisations of y#(E) over the U,, then the d operator is represented in the
U, by:

d;+A+ =d"+ud +A*

where u=u,, A*€L*and d; is as in § 2(ii). Let Q, be the inversion operator for d, given
by Corollary 2.17:

d* Q8 =6 on U,

Choose a B° partition of unity {y,} subordinate to the cover and set
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P(@) =D 7,0,(®|y).
(Here we have made an obvious simplification in notation.) Then:
d; P@) = D v,d; 0®|,)
+ 0 (V7,) O, (@ly)

= 2 )’a ®|U;+z Ka((b)
=0+ K (D)

where K(®)=(y.A"+Vy,) Q(®],).

The coefficient y,A*+Vy, is in L* so, by Lemma 3.17, each K, is compact and
diP=1+K
with K compact. Thus
Imd; > Im(1+K)

is of finite codimension (hence closed) and we have proved part (i).

To prove (ii) begin by observing that Im d}=Ann(H') where H'c(LXQ"(gp)* is
the set of functionals vanishing on Imd}. Now, proceeding from the local situation of
§3, we can identify this dual space with self-dual 2-forms having (£?)* coefficients in
coordinate charts. We claim that if such a form o annihilates Im d; then w in fact lies in
H (hence in L2=(»*). This is a mild version of elliptic regularity. The condition that w
vanishes on Im d; is equivalent locally in a U, to

d,w=(d+A)w=0

in the distributional sense. But A€L* so our multiplication property (3.7) gives
dw € L**. Then by a Sobolev version of the Hodge theory, as in § 2(ii) we can find y in
Q! such that over U,ccU,:

w+dy €LY’
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But now d, x € L? (since w is self dual) and by Corollary 2.17 we can suppose dy, and
hence w is in L>. Now repeat the argument using Lemma 3.5:

wEILLAEL* = Aw€L?

to deduce that w € L. Then since d,w=0 it follows that dw € L*” and w € B*n LA(Q*). So
H'=H and Imd;=H", as asserted.

For (iii) we consider the operator rodfoP: H*—H* where n is projection to H*.
This differs from the identity by a compact operator so its kernel and cokernel have the
same dimension d.

Let wy,...,w4 d}al, . d;ad be a basis for the kernel and cokernel and set
T=(Ild, P)+X(w,, )(d}a). Then T: H*—H*" is an isomorphism, and

Q.= (P|H¢+z(‘“i’ )ai) T

gives a map from H* to B'(ggp) with d} Q,=1.

(iv) Index theory

Let A be a B connection on a bundle over a quasiconformal 4-manifold X with bounded
conformal structure. In the smooth situation one introduces an elliptic operator:

4.9 di+di QUE)—>QUE)DQ(E).

This is defined for any smooth connection; if A is anti-self-dual the index of this
operator is minus the Euler characteristic of the elliptic complex:

d, d;
4.10) QUE)->QUE)—-QH(E).
We will now develop a different approach for the quasiconformal situation—avoiding

the d* operator.
Extending the operator Q4 of Theorem 4.8 to LAQ*(E)) by projection we have:

dy 4y,
4.1 BYE)— B(E)—> LXQ*(E))
\_Q/

with d; Q, the projection to H*. Let:
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@.12) d,=d,—Q,F}: BAE)—B'(E),

so d; 8,=0. Then we have a complex:
o Oa i
(4.13) BYE)>BYE)->LHQYE)).

(This depends of course on the choice of Q4.) Let H'/'LQ be the cohomology groups of
this complex.

PRrOPOSITION 4.11. The image of 04 is closed in BY(E) and the cohomology groups
H',',,Q are finite dimensional.

Proof. First notice that we have proved H=H,=H,, , is finite dimensional in
Theorem 4.8. To see that H 9,_ o=Ker 0, has finite dimension, consider a sequence u; in
Hg)Q with |lu]| ,=1. Then:

dyu,= Q, Fi(u)

is bounded in £* and, by the compact embedding L*—C?, we can suppose 4; convergent
in C° to0 u... Then dyu;—Q, F} u, in L* and it follows that u.. lies in B’ and Ker ¢,,.
Moreover u; converges to 4. in B, Thus HS, , is finite dimensional.

Next, choose a closed complementary subspace T in B° to Kerdy, so

0l T>B(E)

is an injection. We claim that |04 ¢||=c]|¢|| for some ¢>0 and all ¢ in T. For, if not, there
would be a sequence t; in T with (|0, ]|, —0, ||#]|,=1 and, arguing just as above, we
would find a non-zero limit ¢, in 7 with d,¢,=0 giving a contradiction. Thus
0,T=Imd, is complete and so also closed in B

Finally, we prove that H,',,) o is finite dimensional. Suppose g; is a sequence in
Kerd; cB'(E) and llgidl 5 =1. Choose a cover of X by coordinate patches (U, ¥.) and
functions 3, supported in y, U, with £83=1. Then if ¢, , =B, y; we have, in local
coordinates

;@ .= (—B,AT+VB) o
According to Proposition 3.16 we can find u; , such that if ¢ ,=¢; ,+du; ,

”(Pi,a”gl = “d; (pi,a“[:Z
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and by our compactness results (3.17) we can suppose the ¢; , converge in [*. Similarly
we way suppose that the u; , converge in C°.
Now put

¢l’= (pi+5A (2 ﬂa ui,a) *

Then
(p;: (pi+z Iga dui,a+2 ﬂaAa ui,a+2 (Vﬂa) ui,a+QA F; (Z ﬂa ui.a)
and the last three terms converge in L*. But

du, = ¢!, ~B. 9 and D Bi=1,

SO
(p;—z 1841 w:’,a
a

converges in L*, hence also the ¢!. Finally d} ¢/=d} ¢=0 so, locally, d;@¢;=—A"p;
converges in L? and @] converge in B'. This proves that H), , is finite dimensional.
Let us now consider an abstract set up—a family of chain complexes:

Dl DI
@.12) Vo=V, =V,

parametrised by a connected space T, with the following properties:

(i) D}=0 for all t in T.

(i) D{V,) is closed in V, and the cohomology groups H' are finite dimensional.

(iii) The D, vary continuously (in the operator norm topology) with ¢.

(iv) For each ¢ there is a bounded right inverse Q,: D,V,—V,.

In this context we can define an index of the family of complexes in KO(T)—for-
mally equal to the ‘‘Euler characteristic”’

H'-H)+H.

(This is a special instance of a theory developed by Segal [20].) This index can be
defined as follows: for any compact subset T'cT we ‘‘stabilise’’ the complex by

choosing:
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and

in such a way that the D, complex has no cohomology in dimension 1 or 2, for ¢ in T".
Then Ker D,cV, yield a vector bundle over T’ and the index is defined to be: .

ind(D,) = {Ker D} —R™+R".

This is independent (as an element of KO(T")) of the choices made in the stabilisation.
Simple linear algebra gives:

dim H?—dim H}+dim H? = dim(ind D )

so in particular this Euler characteristic is independent of the point ¢ in T.
In our application we define the integer:

(4.13) i(E) =dim H} ,—dim H} ,—dimH} ,.

This depends, a priori, on the conformal structure of X, the connection A and E and the
choice of right inverse Q4; but we can prove that it is in fact independent of these
choices by appealing to the theory above. First, if Q, and O, are two choices for the
inverse the linear family

Q, =501 +(1-5)0¢, sE€I0,1]

interpolates between them and the family d,—Q, F} is continuous in operator norms.
To handle variations in A we introduce a stabilisation in the manner above. If Ay, A, are
two connections, joined by a path A; we choose

Vs RESLHQY(E))
such that
di @y, B'OR*>I?
is surjective for every s. We can then find a continuous family of right inverses Q, with:
(dy®y)oQ, =1

14—898286 Acta Mathematica 163. Imprimé le 20 decembre 1989
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So the Euler characteristics of the complexes d A,_Q'; F},d} ®y,are constant in s. On
the other hand when s=0,1 one easily sees that these agree with the definitions of
—i(E) made using Ao, A; respectively. Similarly, to see that i(E) is independent of the
bounded conformal structure [g] on X we first observe that the d; operators vary
continuously in operator norm with [g] (identifying the LXQ7*) spaces in the familiar
way). Then, after stabilisation, we can find a continuous family of inverses Q and fit
into the framework above.

(v} Moduli spaces

Let o be the space of B connections on a bundle E—X and ¥=AutE the B gauge
group, as above. We let B=9/9 be the quotient space, with the quotient topology.

LemMma 4.13. B is a Hausdorff space.

Proof. The topology on 3 is induced from a %-invariant metric on & so it suffices
to show that the ¥ orbits are closed. If g{A)~»B in & then d, g; is a bounded sequence
in * and we can suppose the g; converge in C° to a limit g... Then

d,g—Ag.—Bg.

s0 d4 g» exists (distributionally), lies in L* and g.(4)=B.

We can describe the local structure of @, using the implicit function theorem in
Banach spaces, beginning with the linear theory of §4(iii), (iv). For this we should
replace the bundle E by the bundle of Lie algebras g associated to the structure group.
First, just as in the smooth situation, the stabiliser subgroups I'y= % of connections A in
o are compact Lie groups. The Lie algebra of T4 is Ker d,<=B%(gr) and the argument of
Proposition 4.11 shows that this is finite dimensional. Likewise Im d,=B'(gp) is closed.
Now in the smooth action

GXA—>A
the derivatives at a point (14, A) is given by
(a,u)—a~dsu

for u € B°(gp)—the Lie algebra of the gauge group (cf. Proposition 4.6). It follows then,
given only the abstract Banach manifold set-up, that the orbit of A is a submanifold of
o with tangent space Imd, at A.
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LemMmA 4.14. For each connection A in A there exists a subspace TACTﬂAEEI(gE)
transverse to Imd, (that is with T#=T,®Imd, as topological vector spaces).

Proof. Let Q4 be a right inverse to d, as in §4 (iii). Then
Im Q4 = Ker(p—>¢—Q4d; ®)

is closed in E‘(gE). We claim that the intersection of the closed subspaces Imd,, ImQ,
is finite dimensional. For

o;=dyu;=Q,y,€Imd,nImQ,

with [ja]| =1, the compact embedding B’ allows us to suppose that the u; converge
in C°. Then d, a=[F*,u]=y;is L? convergent, so a;=Q4(y,) is B convergent. Similar-
ly, if

p: B\(gp)—B'(gp)/Im Q4

is the projection map
pAm(dy+Q4 F1)) = Im(p(ds+Qa F*)
has finite codimensions by Proposition 4.11. But QF* is a compact operator so

p(Imd,)

is also of finite codimension. Hence Im d,+1Im Q4 has finite codimension in B'(ag) and
we can modify Im Q4 by finite rank changes to achieve the desired transversal.

Given these transversals it is straightforward Banach space differential topology to
construct local models for %, just as in the smooth situation (when we can take the
standard transversal T,=Kerd3}). We call a connection A irreducible if T4 is equal to
the centre of G; then we have:

ProrosITION 4.15. If A is an irreducible connection the restriction of the projec-
tion map:

A+TA——)-%

gives a homeomorphism from a neighbourhood of the origin in T, to a neighbourhood
of [Alin B, and these give charts making the space B* of irreducible connections into a
Banach manifold.
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At reducible connections we have to modify the description to take account of the
I'4 action. We choose a I, invariant transversal T4; then a neighbourhood of [A] is
modelled on 7,/T,.

Finally, to complete the abstract Banach manifold picture, we consider the moduli
space Mc . By definition this is the set of equivalence classes of anti-self-dual
connections.

PROPOSITION 4.16. If A is an anti-self-dual connection a neighbourhood of [A] in
Mc®B is represented in the local model by w 0)T, where vy is a smooth, Ts-
equivariant, Fredholm map from a neighbourhood of 0 in T, to I:Z(Q+(gE)). The
Fredholm index of y is i(gg)—dim Kerd,.

Proof. By definition M is given locally by the solutions of
F'(A+a)=d}a+(ana)* =0, fora in T,.
This expression represents a smooth map (cf. Proposition 4.7) and the index is
ind(d|;) = i(gp)—dimKerd,.

To sum up we have duplicated the essential parts of the usual description of the
moduli space in the quasiconformal situation. For example we know that the ¥-
equivalence classes of irreducible anti-self-dual connections A with H i=0 are parame-
trised by a smooth manifold of dimension i(gg). More abstractly we can set up the anti-
self-dual equations F;=0 as the zeros of a Fredholm section (with index i(gg)) of a
Banach space bundle over %*; with the usual extension to reducible connections.

§5. Index calculation

(i) Index formula

In § 4 (iv) we have defined for every B vector bundle E—X over a compact quasiconfor-
mal 4-manifold X an integer i(E). In this section we want to prove that

(5.1 i(E) = —(2p,(E)+rank(E) (1-b(X)+b; (X)).

Here p,(E)€ H*(X;Z)=Z is the Pontryagin class, b;(X) is the first Betti number and
b5 (X) is the rank of a maximal positive subspace for the cup product form on HYX). In
the smooth situation this formula follows from the Atiyah-Singer index theorem ([2]),
and in the Lipschitz case could be deduced from the work of Teleman [29]. We need to
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show that the same formula is valid in the quasiconformal setting. The general scheme
of our proof—an excision argument to reduce to easily calculable cases—is a very
familiar one, so we will pass quickly over some details.

(ii) Hodge theory

The discussion of § 4 applies, a fortiori, in the case when A is the product connection on
E=XXxR. Just as in the smooth case we have, for a in B';

(5.2 j)d*alz—{d_a{zdy=jda/\da=0.
X

X

So Kerd*/Imd=Ker d/Imd=H'(X;R) by the de Rham theorem 4.2, also we clearly
have (Ker d=B%)=H"X;R). To verify formula (5.1) in this case (p,(E)=0, rank(E)=1) it
suffices to show that the dimension of the second cohomology group of the complex

Ao_ié] LI:Z(Q«F)

is b} (X).

LeMMa 5.3. There is a natural inclusion H'cH*X;R) of H'=Cokerd*‘=
KerdnLAQ") as a maximal positive subspace for the cup product form.

Proof. We know that forms in H* are closed so there is a natural map
i: H* - H*X;R). i is injective since, by (5.2),

wEH ', w=da = da=0 = d'a=0 = w=0.

fwAw=j|w|2du
X X

so H™ is a positive subspace. Symmetrically we have a negative subspace H ™.
It remains to prove that H*(X;R)=H*@H " i.e. that for any closed form  in B* we
can find a in B' such that

Furthermore for @ in H*

w+da=w,+o_

with w. in H*. But we know that LX(Q*)=(Imd ")®H *, so we can find a such that
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w,+d*a=w
with @, in H*. Then
w+da—w,

is closed and anti-self-dual as required.

(iii) Connected sums

Suppose E;—X,, E,—X, are bundle of the same rank over quasiconformal 4-manifolds.
Then there is an obvious notion of a ‘‘connected sum’’ bundle E over the manifold
X=X#X,. In this subsection we shall establish the following formula (which serves as
our version of the Atiyah-Singer ‘‘excision axiom'’ [3]).

ProrosITION 5.4, i(E) = i(E))+i(E,;)+rank(E).

The remainder of this section consists of a proof of this formula. We begin by
introducing some notation.

We can suppose that the 4-manifolds X;,X, have flat conformal structures in
neighbourhoods of points x,,x;; and we use Euclidean co-ordinates &,,&; in these
neighbourhoods. We write B{o) for the p-ball in X; about x; defined via these co-
ordinates. Suppose, for simplicity, that the bundles E,, E; have anti-self-dual connec-
tions A,, A, (this will be the case in our application of Proposition 5.4 below). The idea
of the proof if to ‘‘cut and paste’’ bundles and connections using cut-off functions.
These cut-off functions depend on three real parameters r, A, K; where r and 4 will be
small and K large. These parameters are introduced now.

The parameter r. For each (small) r we fix a connection A; on E; which agrees with
A; outside B{2r) but is flat in B(r). For example we can take

Ai = XrAi

where y(z)=yx(|z|/r) is a cut-off and the right hand side refers to the connection matrix
of A; in a local trivialisation of E;. For a suitable choice of this trivialisation we get:

(5.5) IF;

2 and [[A;—A],. are o(r) as r—0.

The parameter A. This parameter defines the connected sum X=X,#X, as a
quasiconformal 4-manifold with a conformal structure. Choose an orientation reversing



QUASICONFORMAL 4-MANIFOLDS 221

isometry £—& of R* and let f; be the map from a punctured neighbourhood of x; in X, to
the corresponding punctured neighbourhood of x,, defined in coordinates by:

A

5.6) -
Y

&

The connected sum X is defined by removing small balls, B{A) say, from X; and
identifying the remaining manifolds U;=X;\ B{A) by f;. We regard U; as common open
subsets of X; and X and will make a number of obvious abuses of notation: for example
we regard a compactly supported function on U; as being simultaneously a function on
X and X,. Similarly we extend a function on U; which is constant outside a compact set
to X and X; and we will not distinguish between these functions.

Let X/=X,\B,4"%, so X=X,UX; and X;nX, is an annulus. To define the I”
spaces on X we can introduce a metric on the “‘neck’’ region in the connected sum. We
will not need detailed formulas: the important point is that there is a constant ¢
(independent of 1) and a choice of L*"-norm on B’ with the two properties: for a form
supported on X

5.72) ¢ lall pang, <l ony, < cllal

LA/H(XI) I:M"(X) I:A/n(X‘);

for any form a supported on the common open set U; we have

(5.7b) ||a“1j4/"()(,.)s C“a“[‘“"(x)'

This just reflects the fact that f; increases distances in the set [§|<A"? but distorts
distances by only a bounded factor on the annulus 1-1'*<|§ [<24"”.

The parameter K. For K>1 let % be the annulus

e = {zERY K '<|z|<K]}.

The fundamental fact we will exploit is the existence on g of functions yx with:
(i) xx(z)=0 when || =K'
(ii) xx(z) =1 when [z] =K
(iii) ”VXK”LF'"’O as K—o.

For example we can take:

2D = log|z +logK'
K 2log K
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(This leads to the notion of the conformal ‘‘modulus’’ of an annulus [32], and is bound
up with the failure of the Sobolev embedding L —(? at the critical exponent p=4.)

Now for given K, with
5.8) K’A”zs—i—r

we let 6, be the function.
5.9) 0,() = x,((i),
Kle/Z

extended by constants outside the domain of definition. Thus 6, is a function on X, (or
X) which is equal to 1 outside the ball B,(K>A"?) and to zero on B,(KA'"?). The derivative
of 6, is supported in an annulus conformal to Uk, and, by conformal invariance:

(5.10 ld6,l|,.—0 as K—oo.

Stmilarly define a cut-off 6, on X; and X.
We will now introduce some more cut-off functions depending on the parameters
above. First, regarding 6, as a function on X, put

(5.11) @ =1-8; X>R.

By our conventions ¢, is simultaneously a function on X and X, with compact support
in U,. Like 0, ¢, is a cut-off function equal to 1 on ““most’” of X, but the support of @,
is larger, in particular:

(5.12) @,=1 on X,\B,G@").

Similarly we define ¢,.

Next, let ¥, be a cut-off function on X, equal to 1 on X,\B,(24/r) and to 0 on
X, \\B;(A/r). Thus the support of dy, is contained in a very small annulus in X, which is
mapped by f; to the anpulus:

L<lg|=<r

2

in X,. This means that the L* norm of dy, is estimated by the L* norm measured in X,
(by (5.7b)) so we can suppose, regarding y, as a function on X, that:

(5.13) ldy\ll ;+x, is independent of K, 1.
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1 RN S gmmem =
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Diagram 5.14

Define y, similarly. Finally, let 8: X—R be a function equal to 0 outside X5 and to 1
outside X{, and let y=1—(6,+8,). The various cut-off functions we have defined are
summarised in Diagram 5.14.

We will now explain the significance of the term ‘‘rank E’’ in the formula of
Proposition 5.4. For any identification between the fibres (E,.)x‘_ of the two bundles we
can form a connection A on a bundle E over X by gluing the flattened connections A;
over the neck. For symmetry, we will regard this identification as an identification of
each fibre (E),, with a fixed space V. So sections of E over the neck region can be
viewed as V-valued functions. We define a map:

(5.15) Jj:V—Kerd}

by letting j(v)=d4(Bv) on the neck region and extending by zero over the rest of X. For
any right inverse Q we get a corresponding cohomology class

[j(v)] €EKer d,/Im(d,—QF7),

and this cohomology class is independent of the particular choice of cut-off function 3.
So we have a canonical map:

(5.16) i:V—H, ,

with i(v) =[j(v)]. Proposition 5.4 asserts, roughly speaking, that the cohomology of A is
made up of the sum of cohomologies of A, A, and the image of i. The precise statement
is simplest in the case when the A; are acyclic.

ProrositiON 5.17. Suppose Hfh and Hﬁz are zero for p=0, 1, 2. Then for a suitable
choice of parameters r, A, K we have:

(i) d} is surjective i.e. H;=0.

(ii) There is a right inverse Q for d such that Hg.on and i: V—>H:LQ
is an isomorphism.
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This immediately implies Proposition 5.4, in the acyclic case. To give the corre-
sponding statement in the general case we proceed as follows. For any harmonic form
o with:

w€LAQHE)), dw=0

we multiply by the cut-off function 8, to get a form 6,0 which we can regard as an
element of I:Z(Q}(E )); similarly for the A, harmonic forms. This gives us a map:

(5.18) k:H, @ H, —LY(Q3(E)).

Similarly, pick open sets G;=X; in the region where the metrics are smooth but not
meeting the neck region in the connected sum (for small enough r). Then we can define

(5.19) p:BYE)—>H, O H, .

by L? projection over the G;, i.e.

(5.20) (p(S),u>=<J (s,u)du,f (s,u)d/t>-
G G,

Now for any right inverse Q for d; we have a diagram

1

0 0
t o

H, ®H} LAQ)Imk
1 7

(5.21) B2 3'4 £HQ*)

b 1

Kerp H, ®H}
T 1
0 0

Here the columns are exact and the diagonal maps yield another Fredholm complex. It
is then easy to prove abstractly that the Euler characteristic of the diagonal complex

Ker p—B'—>LX(Q*)/Imk

is
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—i(E) ~dim (K} ® H ) ~dim (H; ®H,,).

So Proposition 5.4 is a consequence of the following generalisation of Proposition 5.17:

PRrOPOSITION 5.22. For a suitable choice of r, A, K there is a right inverse Q for d;

such that the cohomology of the diagonal complex Kerp—B'—-L Q)/Imk is zero in

dimensions 0, 2 and in dimension 1 is isomorphic to HL[ @H:HGB V.

For simplicity we will prove Proposition 5.17; the proof of Proposition 5.22 is the
same in all essentials. Note however that there is one case where we can see explicitly
how the cohomology groups behave and verify Proposition 5.22: when A, are the flat
connections on the trivial bundles over copies S}, S3 of S*. This observation will be
important in our proof of Proposition 5.17.

Proof of Proposition 5.17.

Step 1. Construction of Q. Let Q,, O, be right inverses for d+], d:z respectively.
Given a form fin Q}(E) we write f=f, +f, where f; is the restriction of fto X, \B,(1"%.
Then define:

P:LAQUE) —BYE)
by

P(f)=@,0:i(f) +@, QA f2).
Then

d} P(f)= D, ¢.f;+1dg, + (A= A)IQLS).
Now guf; +¢afs =f so:

4 2CH A1l = 2, ldg, +(A, =l 12, ()]

S(Z “d(P,‘“Lfa"‘”Ai‘Ai”ﬁ) If i
Here we have used (5.7) to compare the norms on X and X;. Now by making » (and so
(A;—A)) small, cf. (5.5)), and K large (hence ||d¢iHL4 small, cf. (5.10)) we can arrange
that d{P—1 is a contraction on L2. (This will require that 4 be made small, to maintain
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(5.8)). Then dj is surjective, as asserted in (5.7a), and we define the right inverse Q to
be:

Q=Pd:P)".

Notice that we get uniform bounds on the (L2, L*) operator norm of Q.
Step 2. i is injective. The hypothesis that Hﬁi =0 and the L? Sobolev embedding
give, for sections ¢; of E; over X|cX;:

(5.23) 1l copry < Nt
with boﬁnds independent of r and A (cf. [6] p. 314). Suppose i(v)=0 for some v in V, so
) =d—QF;(t)
for some section ¢ to E. Let ¢; be the restriction of 7 to X;. So that, on Xj,
d((1-B+1) = Q(FZ(I))IX{,
and on X3,
d(pv+n)= Q(Fj;(z))lxz,.
Then, by (5.23),
ll(l_ﬂ)v+t|l|co(xl,5 Exl Ht”cﬂ(x)
and
1B+ 21l copy, = 1F AN 2 141l oy
Now choose r and hence ||F|| 2 50 small, using (5.5), that these inequalities give:
Ja=pr-+o | <5l
| Bo+tyll <l
say. Over the annulus X,NX, in X we get:

ol = [|Bu+(1 =Byl < i
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so, substituting back,

3
Il <

and, since ¢, is the restriction of # to X;\B;(V/ 1) and these are two sets cover X, we
must have t=v=0.

Step 3. Hy ,=0.

The proof follows that of Step 2 above exactly.

Step 4. i is surjective. We will define a map T from Ker d;cB}((E) to itself such
that (| T(a)[[ ;. <fllall; and T(@) is equivalent to a modulo Im(d, —QF})+1mj. So if
a”=T"a, o™ tends to zero in L* as n tends to infinity, but for all n, o™ defines the
same class in H, ,/Imi. Since Im(d, —QF})+Imj is closed in L* we deduce that i is
surjective, as required.

Suppose d;a=0; we define T(a) by splitting « into three pieces:

a=0,a+6a+ya

supported on X, X, and the neck region respectively.
Consider first #,a. We have

d; (6,0) = (d)a+(A,~A))(6,a),

so by making r small and K large, as in Step 1, we can make ||dj:l(01a)|| less than an

LX)
arbitrarily small multiple of ||a||

. 1 _ LI
s Now since H A]—O we can write:

0,a=d,u, +Q{d; (6))},
and we can suppose, by the above, that for r<r,, K<K|:
”dul Il[:‘*(X]) + ”ulnco(X]) = Clla\l£4(x)

for a constant C depending only on A;. Now let v,=u,(x,) in V: by the equicontinuity of
L* functions (2.39) we have

Iul(y) —U; I = 8(/1) ”aHfj(x)

for y in the small ball B,(24/r) containing the support of dy,, where £(1)—0 with 4.
Now consider 8;a—j(v). We have, on X,
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0,0—jv=d, u, ~d; (1=B)v) +0,{d} (6,0) }
=dg [ —(1-B)v] +R,
where
1Rl 0 = -1l

say, for small r and large K. Put

iy = y\(U, -(1-Bv)

SO
d ity =y,d; [u, —(1=B)v)] +(dy)) (u, ~(1-B)v).
Now, and this is the key point,
luy —(1-B)v, | < &) ||al];

on the support of dy,, and ||dy,|| ;+ is independent of 4 ((5.13)). So by making A small,
for any fixed r and K, we can make

ety @ =1=B)0) [y <7l
hence
16100, =ity sy <l -
Similarly,
I QF G| oy = I1F 2 142]] s
so by making r small we can get
13l 1100 <75l 1
whence

. 3
[16,1a—jv, —(d, _QFZ)“HU SI—OHGHU-
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We treat 6,a in just the same way, (using (1—2) in place of §) to get v,, i1, with
. _ 3
\|6,0—jv, —(d, — OF ) i, || s'ﬁlla”y-

It remains to deal with the term ywa supported on the neck. To do this we compare with
the model connected sum $*=S1#S; and the trivial bundles. Clearly the neck regions in
S‘}#S‘z‘ and X #X, with the same parameters r, A, K, can be identified. For a form f
supported on the neck region in X,;#X, we write f* for the corresponding form on
Si#S3, and similarly we have operators QF etc.

Now we know that the index formula is correct on S}#S5; by elementary de Rham
theory (using the fact that in the flat case d*a=0 implies da=0). So we have a
decomposition:

(pa)* = dw*+Q*(d" (ya)*)

where ||Q*(d* (pa)*|| 1+ 1s bounded by a multiple of ||(dy)al|;., hence by a small multiple
of ||all;., for large K. Consider the subset S! \BXK>A'"?) in S? where (ya)* is zero,
using an obvious extension of (5.23) to the case when there are constant sections we get
a bound on the variation of w* over this region. Let w}, wf be the average values of w
on these two regions. Changing w by an overall constant we can suppose wf+wi=0.
On the other hand using j* (the analogue of j for S}#S2) we can write

(5.24) (Ya)* = dw*+j*(v*) 0*(d* (ya)*)

where the average values are: wf=wf{+lv*, w§f=w?—Lv*. So we can suppose in (5.24)
that w=w¥=0. Then we have:

Hw*”d’(s;‘\B;‘(K%l”z))g C(r,K) “a”iu
where C(r, K) can be made arbitrarily small by making K large and r small. Now let
W=y 0%

which we regard once again as being defined over X (supported in the neck region). We
can estimate the norm of d,w+j(w*)—(ya), just as before, to show that for r<r;, K<K|
and A<A,(r) we have:

. 3
l|d sw+i(w*) _(wa)”y $1—0||a||i4

(note that QF; (w) =0). Finally, then, put
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Ta = a—j(v,+v,+v*) —(d,~ QF ) (i, + i1, +w)
so that our three previous estimates give

9
HT(a)“f_aSW”a”i}'

This completes our proof of Proposition 5.17 and as we stated above the exten-
sions to cover the cohomology of the A;, giving Proposition 5.22, are routine. The ideas
involved are exactly parallel to those in [6], [26] where the moduli spaces of anti-self-
dual connections are given similar local models. The problem here is essentially a
linearisation of those moduli problems (in the case when E is a Lie algebra bundle g;)
and the analytical argument above is a modification of that in [6]. It is worth pointing
out that one can also carry through the moduli description in the quasiconformal
case—combining the proof here with that of [6]. In particular if a quasiconformal 4-
manifold X has a conformal structure which is smooth in some region Q<X then the
‘‘concentrated connections’’ over X with curvature concentrated in Q can be described
just as in [6] Theorem 5.5. However this description breaks down over the points where
the conformal structure is not smooth.

(iv) Proof of (5.1)
We clearly have
(E®F)=i(E)+i(F)
so the index i gives a linear map
i: KOX)—Z.
Now by straightforward algebraic topology

KOX)®Q = 0®Q

with generators detected by the rank and first Pontryagin class. By the Hodge theory of
(i), (5.1) holds for the trivial bundle so to prove the formula in general it suffices to
check it for any bundle E with p;(E)#0. Let E, be a non-trivial bundle over S* (which
we can suppose carries an anti-self-dual connection cf. [2}) and E, a trivial bundle over
X of the same rank. Then consider X=5%#X and the connected sum bundle E=E #E,.
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We know by the smooth theory, that (5.1) holds for E; and then Proposition 5.4 shows
that the formula for i(E) is correct.

§ 6. Regularity
(i) Coulomb gauges

The local regularity theory for anti-seif-dual solutions is based on the fundamental
theorem of Uhlenbeck on the existence of local ‘“‘Coulomb gauges’’. Let D be the unit
ball in R, equipped with the standard Euclidean metric.

ProrosiTioN 6.1 (Uhlenbeck [30]). There are constants K, ¢,>0 such that if A is
an L} connection matrix over D (p>2) with ||F,|| .<K then there is an L gauge
transformation g such that A=g(A) satisfies:

(i) d*A=0,

(i) [|A[ly <C, IF4ll 0o 2<q<p.

The same statement holds true if A is only an L} connection, but one must take
care that the gauge transformation g need not then be continuous. Uhlenbeck deduces
this limiting case by an approximation argument ([30]). We want a version of this
theorem which applies to B connections. These are not covered by the statement in
Uhlenbeck’s paper but exactly the same argument applies. If A is a B connection over
D with ||F,||,, <K we can approximate A in B' norm by smooth connections A,, e—0,
and ||F a || ;2 <K for small &. The gauge transforms A, given by Proposition 6.1 have:

d*A,=0
dA,+A A, =F €L’

For simplicity consider an interior domain D’'=cD. Let 8 be a cut-off function equal to
1 on D’, then by our I” elliptic theory, as in § 3,

<NVB Az +IF 2 +[1BAAA

tl

<A A+ IBAN;EN ;2

Now combining the Sobolev embedding L2 L* with Proposition 6.1(ii) we see that, if K
and hence ||A,||;, is sufficiently small, the above inequality yields a uniform bound:

15—-898286 Acta Mathematica 163. Imprimé le 20 decembre 1989
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||13A~5”1“4 = ”FEHLZ

Substituting back gives a bound on [|d(BA,)|| .. So the BA, are bounded in B' and we can
find a weakly convergent subsequence:

BA,—A inB'.

It then follows easily that A represents a B' connection matrix over D', B’-gauge
equivalent to A, and with:

d*A=0

41l 1y < CIIF 4l

Bi(D") Dy’

To sum up, we have:

ProPosITION 6.2 (Uhlenbeck). There are k, C>0 such that if A is a B' connection
matrix over D with ||F,|| <K then there is a B* equivalent A over D' with:

(i) d*A=0.

(i) ||

G|l

< C||F,|
<C[F,l

BY(D") L¥Dy

LAY Loy

Remark 6.3. A consequence of this is that a Frobenius theorem holds for B'
connections—a connection with curvature zero is locally trivial. In the usual way the
flat B' connections, in general, can be identified with representations of the fundamen-
tal group. |

(ii) Regularity and compactness

Let u represent a bounded conformal structure on D, with ju|<c and A be a u-anti-self-
dual connection matrix over D with d*A=0. We emphasise that the d* operator here is
that defined by the Euclidean metric, not of a metric compatible with u.

LeEmMMA 6.4. If AELYD), dAELXD) and if ||A||L,. is sufficiently small then A is in

LD’ for some p>2, and “A“L‘l’(D)SHFA“Lz(D)'

Proof (Compare [13], and Proposition 8.3). Take a cut-off 8 as above then the anti-
self-dual equation gives:

(@D d}) (BA) = {VB, A} +{pA. A)
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Now consider the linear operator:
T: LAQY) - LAQT) B LA(QY)
T)=(d*®d}) (y) +{y,A)}.

The operator norm of the algebraic term is O(||A]|,.). We transform to a compact
manifold as in § 2—then the leading term d*® d; is invertible for p close to 2 and this
gives that, if [|A|| , is small,

pA=T"'({VB,A})

lies in LY for some p>2.

One consequence of Lemma 6.4 is that our B anti-self-dual solutions in Coulomb
gauge are in L{*%, for some £>0. So the moduli spaces of B* and B solutions are
identical.

The estimates above depend on the conformal structure only through the uniform
bound c¢. Using the Coulomb gauges of Proposition 6.2 and the uniform bound of

Lemma 6.4 we have:

COROLLARY 6.5. Let u, be a sequence of conformal structures on D with |uj<c<1
and D'ccD. There are constants k=k(c), p=p{c) >2, such that if A, is a sequence of B

uranti-self-dual connections over D with ||F,|| , <k then there is a subsequence

N LYD) i
{i"}, LY connection matrices A, over D' gauge equivalent to A,, such that the A, are
weakly convergent in L7. If the u; converge in L” to u the /ii, can be supposed to be

strongly L5 convergent to a u-anti-self-dual connection matrix over D'.

The argument for extending this convergence over balls to a general manifold goes
through just as in the smooth situation ([5], [13], [21]), using the fact that for an anti-
self-dual connection:

(6.6) j Faff = “f Tr(F,)’
X X

is a topological invariant. We have:

ProPoOSITION 6.7. Let X be a compact quasiconformal 4-manifold and [gi] a
uniformly bounded sequence of conformal structures on X. If A, are [g)-anti-self-dual
connections on a bundle E—X we can find a gauge equivalent subsequence converging

weakly in BI’O*; on the complement of a finite set of points {x,,...,x;} in X. If the [g]
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1+
loc

converge in L™ to a limit [8.] the convergence is strong in By and the limiting

connection A, is [g,]-anti-self-dual on X{xy, ..., x;}. Moreover:

f IFa, $f |Fa .
XN{xp )} X

(iii) Removability of singularities

The remaining task, completing our quasiconformal version of the local analytical
theory of anti-self-dual connections, is to establish Uhlenbeck’s removability of point
singularities in finite energy anti-self-dual connections.

PROPOSITION 6.8. Let u be a bounded conformal structure on the ball DR* and A
a u-anti-self-dual connection over D\ {0} with

f |F y*du<oo.
D\{0}

Then there is a B'* connection matrix A over D, gauge equivalent to A over D\ {0}.

The original proof of this in the smooth situation [30] does not adapt very easily to
the quasiconformal case. We will give a different proof, extending the ideas of [5]
Appendix, [13], which reduces the analysis to the results obtained in (ii), (iii) above.
We begin by considering connections over the annulus:

A = {xERY|I< x| <1}
and fix a slightly smaller annulus
A ==,

LEMMA 6.9. There are constants k, C such that if A is a u-anti-self-dual connection
matrix over % with |u| < c and [4|F,[* du<k then A is gauge equivalent over ¥’ to an A
with

1Al o0, < ClIF 4l

B L20°

Proof. Write U as the union of two balls D,, D,, whose intersection is homotopy
equivalent to 5. When JolF 4" is small we can apply Proposition 6.2 to each ball to get
connection matrices A,, A, over D,, D, respectively, with [|A [l op <fulF . The A, are

related by a transition function g on D,ND,, with du = gA,—A,g so dg is small in L*,
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and since D, N D, is connected g is approximately constant. By modifying one of the A,

by a constant guage transformation we can suppose that g is close to the identity,
and using the composition property in Proposition 3.12, that g=exp(h) where
(1]l 50 < folF4/*. Now modify A, on D,nD, to exp(xh)A, where x is a cut-off function
equal to 0 on a neighbourhood of D,N¥’, and to 1 on a neighbourhood of D, nN’. After
this modification, we can glue the two connection matrices together to get the desired
small representative A over 9.
Now to prove Proposition 6.8 consider the family of annuli
U, = {x|27" V< |x|< 27"}
with % cc?¥, and the dilation map ¢,: A—A,. Then {w,}, u,= @n(uly ), is a bounded

sequence of structures. Now if
In = I%anAlz dlu = IQ(IFq)*(A) |2 dﬂ

we have I,—0, since X,I,<%. So by Lemma 6.9 there is, for n large, a gauge
A, for ¢%(A) such that:

fM,,I“ dusI?.

Fix a cut-off function y, equal to 1 on the outer edge of and to 0 on the inner edge,
and let A} be the connection matrix

Then
”F:nuiz(gy) = ||')/FA"+d'J/A”+()/2—‘y)Ai”iz
sLHA R <1,

Now let A} be the connection formed by gluing

AI(XI K>27")

to the product connection 0 on {x||x] <2™**"} using (¢,')*A*. A} is a B connection

and:
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-+
||FA;]|L2< I,—0

as n —>. Also we can suppose that ||F, .||, is less than the constants & of Proposition
6.2 (shrinking the disc D). So let A, be the connection matrix, gauge equivalent to A,

in Coulomb gauge, given by Proposition 6.2. Then
d*A, =0
A +{A,A)—>0 inL?

and |4, ll, : is bounded on an interior domain. So there is a weak L} convergent
subsequence A,—A, and F; =0. By Lemma 6.4 A_ lies in B' and we conclude read-
ily enough that it is gauge equnvalent to A on D\ {0}.

Of course it follows from this removal of singularities property that the

3

weak
limit”” connections of Proposition 6.6—initially defined on the punctured manifold—
extend to B connections over all of X.

§ 7. Applications
(i) Transversality

We have now set up the foundations of the theory of the first order Yang-Mills
equations on quasi-conformal manifolds. One could hope to go on to transfer all the
differential topological results proved for smooth manifolds by means of Yang-Mills
fields, to the quasi-conformal category. We shall do rather less than this and shall be
content to give proofs of Theorems 1 and 2. The main ingredient which we are lacking
is a firm grip on the transversality of the anti-self-dual equations. We would like to put
ourselves in a position where the cohomology groups Hf, vanish for all (irreducible)

anti-self-dual connections A. In that case, the moduli spaces of irreducible solutions are
smooth manifolds of the ‘‘correct’” dimension given by Proposition 5.4 and we can
proceed to make various topological arguments using them.

In the smooth theory, there are a number of possible approaches to this transversa-
lity. One is to appeal to the result of Freed and Uhlenbeck [13] which gives the desired
property for generic smooth Riemannian metrics (conformal structures) and non-trivial
SOQ3) or SU(2) bundles. Unfortunately, the proof of this does not seem to transfer to
the quasiconformal case. Another approach is to use more abstract perturbations of the
eqﬁations of various kinds, [5], [7], [9], [15]. In the latter case, one can distinguish two
goals: the first is to find a small perturbation:
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(7.1) Fi+e(A)=0

of the equations, on a given space B=9B,, having transverse zeros. The second is to

make a family of such perturbations for different bundles E which are compatible under
the ‘weak convergence’ of connections discussed in §6. This second goal is consider-
ably harder to achieve and we will not attempt to achieve it in the quasiconformal case
(although we have no reason for doubting that this can be done). This gap in our theory
prevents us from obtaining the most general results.

The simpler kind of perturbation £(A) on a single space B, can be constructed, in our
set up, by abstract arguments. It is a general fact [20] that a reflexive Banach space V
with V, V* both separable admits a C' function ¢:V—R supported in the unit ball. This
gives the existence of locally finite C! partitions of unity on paracompact Banach
manifolds modelled on such spaces [11]. Now our function spaces have this abstract
property so we construct in a standard way many C' perturbations of the anti-self-dual
equations. (Sections of appropriate Banach bundles.) These yield C! perturbed moduli
spaces:

(7.2) M5 = (A|F*(A)+&(A) = 0}/

which suffice for the differential topological arguments. Moreover, it is easy to arrange
that if M is compact, say, then M5 is also.

(i) Proof of Theorem 1: topological 4-manifolds without quasi-conformal structure

We use the argument of Fintushel and Stern [12]. Suppose X is a compact simply
connected topological 4-manifold with a negative definite, even intersection form which
represents —2 (for example —E,), such manifolds exist by the work of Freedman. We
show that X does not admit a quasi-conformal structure. Assume, on the contrary, that
X is quasi-conformal and, with Fintushel and Stern, consider an SO(3) bundle E—X
with

(7.3) E=R®L

where ¢ (L)*=-2. It follows from (6.6), Proposition 6.7 and the fact that
—p(E)=2<4 that M is compact. Making a generic perturbation if necessary we
achieve a perturbed moduli space M5 which is a compact 1-manifold with a single end
point associated to the reduction (7.3) of E. This space My then gives the desired

contradiction.
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More generally we can prove that no simply connected compact 4-manifold with a
non-standard definite intersection form admits a quasi-conformal structure. To do this
we use the argument of [6], modifying the original proof of [5]. We sketch the
argument. To begin we fix a conformal structure on such a manifold X which is smooth
on an open set Q, the complement of a ball in X. This is possible since, for any compact
4-manifold X, X\ point, can be smoothed [20]. We take an SU(2) bundle E—X with
c,(E)=1 and consider a suitable perturbation M, of the moduli space. Now any
homology classes a,, a, in H,(X) can be represented by smooth surfaces X, Z, in
X\ Q and, appealing to the smooth theory, we can ‘“‘cut down’’ M. by codimension 2

submanifolds Vy , V; , so that
MgnVs nVy

is a l-manifold with a number of boundary points associated to classes e in
H'(X) with ¢’ = —1. Now M, is not compact and in the smooth case one shows that its
end is a collar on X (the ‘‘concentrated connections’’). In the quasi-conformal case we
are not able to analyse all of the end of M in this way but we can show that the same
result holds for the connections concentrated over the smooth part Q (see the remarks
at the end of §5). But for elementary reasons the end of M_n Vg NV, consists of
connections concentrated over 2, NX,cQ so we are able to ignore the ‘“‘unknown’’ part
of the end of M. The same holds for the perturbed space M.. In this way we deduce
just as in [6] that

oy 0y, = ——;— 2 (a,-e)a, e)

=—1

and the form is standard.

(iii) Proof of Theorem 2: homeomorphic 4-manifolds with distinct quasi-conformal
structures (zero dimensional moduli spaces)

The simplest proof of Theorem 2 is obtained by adapting a recent result of Kotschick
[19]. In general if X is a smooth simply connected 4-manifold, with b (X) odd and at
least 3 one defines diffeomorphisms invariants which are integral polynomials in the
cohomology of X. If there is an SO(3) bundle E over X such that the virtual dimension
i(E) is zero then the corresponding polynomial has degree 0—i.e. is just an integer.
Kotschick shows how one can define such an invariant, in a special situation, where
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b*(X)=1. He shows that the complex ‘‘Barlow surface’ is not diffeomorphic to
CP*#8CP?, although by Freedman’s classification they are homeomorphic.

We will show that these invariants are quasiconformal invariants of smooth 4-
manifolds. (So we will not go so far as to define invariants for manifolds only known to
have a quasiconformal structure.) In this section we consider a situation like Kot-
schick’s where the invariant is an integer obtained from a bundle E—X with i(E)=0.
Then for generic smooth metrics g on X the moduli space M(g) is a finite set of points
(representing irreducible, transverse connections) and the invariant g=gq, is the total
number of points, counted with suitable signs. (Strictly there is an overall choice of sign
involved, see [7]). Suppose then that (X,, g,, E}), (X,, g,, E;), are two triples of this kind
and

fX\—X,

is a quasiconformal homeomorphism, with f*(E,)=E,. We have to prove that the
integers x> 9x, are equal.

To show this we let (g,] be the pull back of [g,] by f. So we can suppose g, is a
bounded metric on X,. By a familiar regularisation we can find a uniformly bounded

sequence of smooth metrics g on X, such that
~(i} = : 2
gy —g, in LX)

(hence in any L¥(X,)). Now let [g)] = (f~")*[£}]. So the [g}"] are a uniformly bound-
ed family of conformal structures on X,. Arguing as in Lemma 2.29 we see that the [g‘z"
converge to [g,] in any LY (X,)—that is:

f d([g?], [&.)" 0.

X,

If we represent the structures g3 relative to g, by bundle maps y; then

(7.4) luj<e
and
@.5) el 5,0

By our theory the B anti-self-dual moduli spaces for (X;, [g5']). (X, [¢¥]), are matched
up by f*. The heart of the matter then is to prove:
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PROPOSITION 7.6. For large enough i and for each point [A] of M(g,) there is a

small B neighbourhood of [A] in EBZ which contains exactly one point of M [g‘zi)]. These

points are transverse zeros and there are no other points in M[g(zi) .

It will be clear from our proof that the signs with which the points of M(g,), M(g¥)
are counted agree and Proposition 7.6 then gives the equality of qx, and 9x, The point

here is that any of the smooth metrics g‘z” can be used to calculate dx,-

For the proof of Proposition 7.6 we simplify notation and write X, g, E for

X,, g,, E,. If the bundle maps u; (representing g¥) converged to 0 in L™ the result

would follow straightaway from our discussion in §4. The extension to the hypotheses
(7.4), (7.5) is another application of the idea used in our fundamental Lemma 2.16.

We begin by considering the linearised problem. Let A be a g-anti-self-dual
connection over X.

Lemma 7.7. If
d’:(Kerd*cQWa)—Qy(gp)

is an isomorphism then for large i so also is dj+ud;|g.s 4;- Moreover, if Q; is the

inverse map the operator norms of d; Q, on L’ are bounded for i large and p close to 2.
Proof. Consider the Laplacian

A= -;—dAd;‘; D!

on Q,(a,). This preserves T={a|d*a=0} (sinceF;=0) and on T
(Aa,a) = |d;all}..
Now

I alf—|ldzalf = - j TH(anlF, a)
X

SO
ldtalf = ((A+[F_, Da,a).

The algebraic operator [F_, ] does not preserve T so put
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(@)= [F_,a]—d,G,d}[F_,a)

where G, is the Greens operator of d* d, on Q%(g;). This is the L? projection of [F~, a]
to T. Then the quadratic forms

ldzal?,  |ldyalf

on T are represented by A, A+¢ respectively. ¢ is a pseudo-differential operator of
order zero and if 0sk<1

A= A-IK(A+¢)

is a self adjoint, elliptic, second order operator with positive symbol. So A, has a

discrete spectrum, bounded below, and there is an orthogonal decomposition of
Q}((gE) into A, eigenspaces. This induces a decomposition of T and in particular a

splitting:
T=H ®B

into A invariant subspaces, with A,>0 on H, and B finite dimensional. Now fix k>c,

where c is the uniform bound in (7.4). Let H,=d}H, and

C=H;cQy(gp).

Write p, g for the L? projections to H,, C. For ain H;:

Ip(udzo)l* < |lud;all?
<c’||d alf

< (M| |p(d )|

since A;>0 on H,. Then, as in §2, we can invert the operator
p(d; tudy)| g Hy—H,

with inverse P say. With k, ¢ fixed we have a fixed bound on the L? operator norms of
d,P,, d;P,;(and also on the L? operator norms for p close to 2). We claim now that if, in

addition, ||u|., . is sufficiently small (i.e. if i is large) then d}+u.d; is invertible on T.

LX)
This reduces to a finite dimensional problem. Let



242 S. K. DONALDSON AND D. P. SULLIVAN

B' = (d;)‘]CCT,
then for h€EH,, bEB’, g€H,, cEC:
(dy+u;dy) (h+b)=(g+c)

if and only if:

(7.8) h= P(g—p(d;+u;d;) b)
and
(7.9) g(d +u,d7) h= c—q(d} +u,d3) b.

Regard g, ¢ as fixed and & as defined by (7.8). We must show that there is a unique
solution to (7.9) for b in B', when || , is small. Write (7.9) as R(b)=c where R: B—C
is:

R(b) = q(d} +u,d7) (b+P,p(df +u;d;) b)
=dib+q(u;d;(b+P,p(d} +u,d;) b)).

By construction d: B'—C is an ismorphism so it suffices to show the operator norm of
the remainder is small; that is if

B=d;(b+P(p(dy+u;d}) b))

then [lqu(B)||,»<ellb|,., for any ¢>0, when [l]],, is sufficiently small.
We know that

18112 = Il -

The result now follows from the fact that elements of C are smooth. (We deduce this via
elliptic regularity for the overdetermined operator (d)*.) For if  is in C:

(W, 1{B)) 2 < suply| |l 1B -

CoroLLARY 7.10. With A, u; as above, we can find >0 such that for large i there
is a unique solution a in T to
FitudF)=0

with |\a||;<7.
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Proof. The equation to be solved is
(di+u;dy) a+(ana) +ufana)” = —u,Fy.
Now F is smooth so:
e ED N2~ 0
as i—, On the other hand we claim that if i is sufficiently large the equation
(di+u;dy)a+(ana) +ulana) =y

has a unique small L? for y small in L% To see this write a=Q and apply the
contraction mapping principle using the uniform bound on d;Q;, d; Q, and the Sobolev
inequality:

llall,«=<|ldiall,. fora inT.

The corresponding result for a B' (or L?*) neighbourhood follows just as in §2, §6.

To complete the proof of Proposition 7.6 we have to show that there are no
additional points in M (g\) for large i. It suffices to prove that any sequence [A] of
points in M, (g contains a subsequence converging to a point of M.(g,). To see this
we apply the compactness results of §6. Those results give, first, that a subsequent
converges, weakly in B,, on the complement of a finite set ScX. The next lemma shows
that the weak limit is a g,-anti-self-dual connection.

LemMMA 7.11. Suppose u,—0 in L?and F=F'+F; € L? converge weakly to F_ in L*
and satisfy F; +u,F;=0. Then F,=0.

Proof. If F;=0 there is a smooth { with [ {F:+0. But:

’f@ﬂiFi_
J’CF;=limf CF;'=limf oTH

Now, by hypothesis, i(E)=0 so for any bundle F with (—p(F))<(—p,(E)), we have
i(F)<0. Since w,(E)=+0 all the ‘‘lower’’ moduli spaces Mg(g,), where F satisfies

<|IF7 |l ollwdl, - supl] >0 as  i— o,

and
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0<—p,(F)<—p(E) and w,y(F)=w,(E),

are empty for generic smooth metrics g,. (Actually, in Kotschick’s case, the lower
moduli spaces are automatically empty by Proposition 6.7.) It follows that the excep-
tional set S does not occur here and the global strong B, convergence that we need
follows from the following local result.

LemMA 7.12. Suppose A; are connection matrices over D which satisfy:
(i) d*A;=0.

(ii) F +u{(F,)=0 where u<c and u—0 in L.

(iii) A;—>A. weakly in B,.

(iv) The A, are bounded in Lf*" for some 6>0.

(v) Then for D’=cD there is a subsequence of the A; converging strongly in B, to
A over D',

Proof. Using (iv) we can suppose that A; converge weakly in L**¢ for some £¢>0.
Then substituting into the equation:

d*A+uldA)

is strongly convergent in L***?, while d*A;, d”A, are bounded in L****(D’) by our L’
theory of §2. But 4,—0 in L for all N so, taking

1 1 1

N  2+eld 2+4¢€2

we get (u,d"A)—0 in L2**; so finally d* A, is L**** convergent and the result follows.

(iv) General polynomial invariants

We get many more examples, as explained in [9], of manifolds with distinct quasicon-
formal structures by extending the general polynomial invariants of [9] to the quasicon-
formal setting. We will sketch how this can be done.

In the smooth theory the polynomial invariants are defined by intersecting a 2d
dimensional moduli space My with d codimension 2 submanifolds V;. The V; are:
associated to surfaces X;,=X. They are the zeros of sections of line bundles

(%)
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pulled back under the restriction maps:
Fs: By, g—> Bs .

(There is some complication here to do with reducible connections: we shall ignore this
point and refer to [6], [9] for more details.) Then one obtains compactness of the

d
M0 ( V:.)
i=1

under some mild restrictions on E. The important ingredients are that triple intersec-

intersection

tions X;NZ;nZ, (i, j, k district) are empty and that one can find many smooth sections of
the line bundles &; over the Banach manifolds %3 . This latter yields the generic
transversality used in proving compactness (see [6], Lemma 3.16).

We encounter two difficulties in proving the invariance of the intersection num-
bers, defined in this way, under quasi-conformal maps f: X;— X, between a pair of such
manifolds. First, f does not preserve the class of smoothly embedded surfaces Z.
Second, it is hard to make sense of the restriction maps rs for B connections. To get

round these difficulties we work with domains in the 4-manifolds in place of surfaces.

0
Joc

gauge transformations, endowed with the quotient topology. We also have a continued
restriction map %Xz_) %Qz' The problem is that it is not easy to put a manifold structure

For any domain Q,cX, there is a topological space B, of B! . connections modulo B

on ?/392. So we reduce to the case of compact manifolds by a ‘‘doubling’’ argument.

First consider a B! . connection A over the half-space (x,>0) in R*. Let 6>0 and

loc
fi(=w,®)—[d, ©)
be a smooth function with

o if r<di2

f(t)z{t if >20°

Let p:R*—{x,28} be the map p(x,, x,, x;, x)=(x,, X, X;,f(x,)), and A=p*(A). Then if
x: R*>R* is the reflection map:

X(xpxz’ X3y x4) = (x]a X5 X3, “X4)

we have a natural isomorphism between A and y*(A) over the strip (—1/2<x,<0/2] and
we can define a corresponding B}, connection A over R*.
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More generally, if Q,cX, has a smooth boundary we can use this construction to
make:

(1) a closed manifold Y, diffeomorphism to the double of 2, and with a common
subdomain Q3cQ,, QicY,.

(2) a continuous map

Jy: Bo,— By, with jz(A)|Qg=A|Qg.

Now choose Q, to be a tubular neighbourhood of a smooth surface X,cY,. The
homology class of T, in Y, gives us a corresponding class

u(Z,) € HA(B:2)

(see [6]) which we can represent by a line bundle ,<£z—>93§,. Pull this line bundle back to
the moduli space Mg by the composite map:

* "
M;— 9392—> %Yz'

We can now carry out the same transversality arguments as in [6], [9] (using C'
sections) taking the ambient smooth manifold %, in place of B;. We have the same
compactness properties of the resulting intersections MzNV, provided we take the
tubular neighbourhoods thin enough for their triple intersections in X to be empty.

We can now verify that this modified construction gives invariants preserved by f.
If 2,cQyc X, are as above we can choose a smooth surface:

z, Cf_l(gz) c X,
homologous in f~'(Q,) to f!(=,) and a neighbourhood Q, of X, with
Q, ccf_l(Q?).

Put Q, = Q% and Q,=f"'(Q2%). We have maps:
By

o) y |
R B,

r

and it is clear that

(j] ores)* g] = 32
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over %”‘;2 n{J, ores)'l%"‘;l. So we can construct a homotopy between any sections sy, 5 of
%, & respectively using this isomorphism and the ambient space %yz. Moreover, since
?/3’52 is a manifold we can make this homotopy in general position relative to all of the
moduli spaces. ’

Finally, then, if we start with an intersection

M(g)nVPn ..oV

constructed using X,; we first argue (as in the simple case of (iii)) that for metrics gV
near g, the points of

M@EHnvPn .. nv®

match up with those of the original intersection. We next use f to transfer to the
manifold X, where gi’ correspond to smooth metrics gy. We choose generic
Vi, ..., V{ using the X, smooth structure and thin neighbourhoods as above. The
discussion of the previous paragraph allows us to find a homology between:

M@E)nvPn .. nvyP
and
MEhnvPn...nvY

so the two invariants agree. (Of course the polynomials we have defined also agree with
those in the smooth theory, as one sees by considering the restriction map of smooth
connections to surfaces.)

Appendix 1: Gehring’s theorem in even dimensions

Let (X, g) be an oriented Riemannian manifold of even dimension 2/. The % operator on
Q.ﬁ( depends only on the conformal class of g and satisfies %% =(—1)". If we work with
complexified forms (which we denote henceforth by Q”), we can decompose:

QL =Qr®Q;

where %==x1 or *i on Q%, as [ is even or odd respectively. We then have a *‘half de
Rham complex’’:

+

d d _q1 e
(oY o Tr i e A Y o

16—898286 Acta Mathematica 163. Imprimé le 20 decembre 1989
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in which the metric appears only in the last term d;, the projection of d to Q. In a local
coordinate system we can represent the conformal structure by a bundle map:

w: A" = At
with ||u||<1. Then d; is represented by:
d*+ud”

where d*,d" are constant coefficient operators defined by the Euclidean metric in the
coordinate system. (If one prefers compact manifolds one can work on a domain in S¥
with the round, conformally flat, metric.) All of this is an immediate generalisation of
the four dimensional case considered in § 2. The only point to note is that the map from
conformal structures to bundle homorphisms with operator norm less than 1 is injective
but not surjective when 1>2,

Now as in § 2 we can consider operators d”+ud~ where ||u||<1 but u is otherwise
only assumed to be measurable. For compactly supported /-1 forms a we have:

J'da/\da

f |d*a|*~|d"af* = =0

iJ’da/\da

(as ! is even or odd), so the argument of Lemma 2.7 shows that we have the usual
elliptic estimates for d*+ud”~ on Kerd* for a small range of indices p about p=2.
Similarly a 2/ form which is closed and *‘self-dual’’ relative to the bounded conformal
structure defined by u is locally in L?*¢, for some e>0. We can then easily deduce
Gehring’s theorem in dimension 2l.

ProProsITION (Gehring). If D is a domain in R¥ and ¢: D—RY is a K quasiconfor-

mal map then the partial derivatives of @ are in LE*" for some n(K)>0.

Again the argument is almost identical to that in the four dimensional case of § 3.
We choose a closed, nowhere-vanishing, form w in QF, for example:

dx,...dx~+dx,,,...dx, or dx,..dx~—idx.,...dx,,

then consider w=g@*(w), which is self dual relative to the bounded structure obtained
by pull-back under ¢. On a suitable interior domain D we have:
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J' la-)|2+e< -

D

J’ IV¢|21+slSj |w|2+‘<°0.
D’ D'

When [=1 this proof is just a restatement of that given by Boyarskii. The operator d” is
in this case the Cauchy-Riemann 3 operator and (d*+ud™)f=g is the usual Beltrami
equation. Of course Gehring’s proof applies equally well to even and odd dimensions.
It would be interesting to look for an odd-dimensional counterpart to the argument,
depending on the Calderon-Zygmund theory, given here.

and so:

Appendix 2: Index theory on quasiconformal manifolds
The approach to the index theory we have adopted in Section 4 extends to general,
even dimensional quasiconformal manifolds and gives, in particular, an alternative
route to the main results obtained by Teleman for Lipschitz manifolds. First, by
standard Hodge theory, we have integral ‘‘homotopy operators’’ for the constant
coefficient half-complex, that is operators:
0, %>, 0:Q- Q!
such that
dap+apd= 1, p<li
dto,=1.
On a compact quasiconformal 2/ manifold X we can introduce spaces of forms, just as
in §3. For example we have a Banach space of ‘‘B-forms” B, with

a eLZI/i do € L21/i+1 .

Let E be a complex vector bundle over X (with a B or BT structure). We wish to
associate an integer ‘‘analytic index’’ invariant i(E) in the same way as in § 5. To do this
we choose a bounded conformal structure on X, defining subspaces Qy, Q},and a (B or
B*) connection A on E. We have then a sequence:

d d;
QUE) - QUE)— ... QL (E) S QIUE).
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This can be modified to yield a complex by the procedure of § 4, extended inductively
over all the last terms. First one sees that Imd;; has a finite dimensional cokernel H'
(and it does not matter whether we use the B or B framework here). We find a right
inverse:

0 (HY — Q¢ (E)
by starting with a parametrix constructed using g in local charts. Then we put
6,_,=d,—Q,F; on Qy%E),

so d*6,_,=0. Suppose inductively that we have defined operators d, for g>p=I[-2,
differing from the d, by compact operators, and such that:

6,6,_,=0.

P p=1

(Then we can show using the arguments of §4 that the J, have closed range and the
cohomology groups HP are finite dimensional.) To construct , we start once again with
a parametrix, an operator

P: QY HE)— QL(E)
such that:
o0 ., P=1+(compact) on Im 6q+l

g+1

We can take:
P@) =, 7,0,:28ly) (cf. (4.8)).

It is then a straightforward exercise, extending the discussion of §4, to find a right
inverse Q_,,, and we can put §,=d,—Q,,, F,. We define i(E) to be the Euler character-
istic of the , complex:

i(E)= Y, (—1)dim H.
q

As we explained above, the theory of Fredholm complexes shows that i(E) is independ-
ent of the conformal structure on X and connection on E. The advantage of this
approach, compared to Teleman’s, is precisely that the underlying Banach spaces are
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independent of these auxiliary structures so the invariance of the index is a compara-
tively routine matter.

When X is a smooth manifold we can choose all our data to be smooth. The
Atiyah-Singer index theory can then be used to calculate i(E). The single operator:

D=6+6%:Q'+Q%... 5 Q+Q* .

has index {(E) and D@D is equivalent (module compact operators and direct sum with
invertibles) to:

D +(-1)D,

where D, is the signature operator and D, the Euler characteristic operator. So we have
the index formula, in the smooth case:

i(E) = %(rank E)x(X)+(—1)! (ch(E) L(X), [X]).
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