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1. Introduction

Harmonic analysis on a free group F has attracted considerable attention in the last ten
years or so. There seem to be two reasons for that: one is the discovery of a deep
analogy of certain aspects of harmonic analysis on a free group and harmonic analysis
on SL(2,R), cf. e.g. fundamental works of P. Cartier [4], A. Figa-Talamanca and M. A.
Picardello [8], the other being the interest in the C*-algebra generated by the regular
representation of F, cf. A. Connes [5], J. Cuntz [6], U. Haagerup [10], M. Pimsner and
D. Voiculescu [14].

In most of this work Hilbert space representations of F play an essential role.
Clearly F has a lot of unitary representations since any collection of unitary operators
corresponding to the free generators of F gives rise to a unitary representation of F. On
the other hand, it is by no means as trivial to construct a representation & of F on a
Hilbert space % such that sup,er|jn(x)||<+% and # cannot be made unitary by
introducing another equivalent inner product in . Various series of such representa-
tions have been already constructed and used in harmonic analysis on F, cf. e.g. [12],
[91.

This paper is devoted to the study of a new series of such bounded Hilbert space
representations of F together with some applications of them.

For every complex number z, |z|<1, we are going to construct a representation 7,
of F on £2(F) in such a way that:

) 1— 21
@ sup ||z, (0))| <2 =L,
x€F 1—|Z|
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(ii) ) = 7).

(iii) If L is the left regular representation of F, then z,(x)—L, is a finite dimension-
al operator for every x in F.

(iv) The map z—u,(x) is holomorphic.

Moreover, my=L and m;=lim,_,, 7,=1@L, where 1 is the trivial representation of
F and L is a representation weakly equivalent to L.

One of the features of these representations is that the properties above do not
depend on the number of the free generators of F and, in fact, x, have even nicer
properties if the number of the free generators is infinite. For instance, for every z+0,
7, leaves no non-trivial closed subspace invariant and for z+z' representations =, and
7, are topologically inequivalent.

The formula #}=x; ! implies that for real z 7, is unitary and so [0,1]3¢t—u, is a
continuous, even analytic, path of unitary representations each of which differs from
the regular representation by operators of finite rank. Construction of such a path is an
essential step in the proof of the theorem that the regular C*-algebra of a free group on
two generators has no non-trivial projections, cf. {5], [6], [14].

Other applications of the representations 7z, we consider are towards the identifi-
cation of the functions on F which are matrix coefficients of bounded Hilbert space
representations. It is easy to check that if |x| is the length of the word x in F, then

(7 (x)0,,8,) = z¥.

This is a generalization of a result of Haagerup [10] stating that x—r*, r€(0,1) is
positive definite.

However, many more functions turn out to be the matrix coefficients of bounded
Hilbert space representations of F, if instead of 7, we look at the representations

7,=@ f 7,|dz],
Y

where y is a closed path in {z:|z|<1}. Cf. chapter 3 for the details.

Finally let us mention that for the free group with infinitely many free generators
the representations defined in Theorem 4 seem to be of special importance at least as
far as the matrix coefficients are concerned.

The authors would like to thank the referee for a simplification of the proof of
Theorem 4 and remarks concerning the presentation.
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2. The analytic family of representations

2.1. Notation. Let F be a free group with fixed set E of generators (not necessarily
finite). Each element x of F may be uniquely expressed as a finite sequence of elements
of EUE™! with no adjacent factors like aa™! or a”'a. It is called a reduced word. The
number of letters in this word is called the length of x and is denoted |x|. Put |¢|]=0 for
the identity element ¢ of F. When x#e, denote by & the word obtained from x by
deleting the last letter.

Define JAF) to be the space of all complex functions on F with finite support. This
space consists of all linear combinations of J, (characteristic function of the one point
set {x}), xEF

Introduce the linear operator P: J(F)— J(F) setting P6,=0, when x+e and P3,=0.

If a€F write L, for the translation operator defined by L, f(x)=f(a"'x) where
x€EF and fis any complex function on F.

When a € F denote by F, the finite set of the elements {a, 4, a, ..., e} (aword x in F
belcngs to F, if and only if [x|=# with n<t|a| and x consists of the first n letters of a). Let
H(F,) be the space of all complex functions on F supported by F,. The space J(F,)
may be identified with the finite dimensional space C'%*! via the natural mapping:

C|a|+l 3 (a()y a]a erey a|a|) - i akPkaa e %(Fa)'
k=0

One may introduce the standard unilateral shift S and its conjugate S* into ¥#(F,) with
respect to above identification. Recall that when the operators § and S$* act on Clal+1
they are given by

S(ag, @y, - alal) =(0, 0y, ay5 ..., a|a|_l)
S*(ag, ay, ---s alal) =(a;,a,,..., Ayps 0).
2.2. A series of representations on P, Start with a lemma.

LEMMA 1. When a€F the space HF,) is invariant under both operators P and
L,PL;'. The restrictions of these operators to H(F,) coincide with S and S* respec-

tively. For any function f€ H(F) which is zero on F, its images Pf and L PL;'fare

equal.

Proof. If x€ F—F, then aa™'x =aa™'x=%. Thus L,PL;'8,=P3,, which proves the
second part of the lemma. Suppose now x € F,. It is obvious that Pd,=S56,.To see that
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L,PL;'5,=8*5, assume that the word a has the reduced form a=a,a,...a,. Then
x=a,a,...a, for some k<n. If k=n then x=a so L,PL;'6,=5*3,=0. If k<n then
L,PL;'3,=0,, ., =S*3,. This concludes the proof.

For any complex number z the operator I—zP. is invertible on ¥(F). For if f€ J(F),
then P"f=0 for n sufficiently large. Thus the series L_,z"P"f has only finitely many
non-zero terms.

For z€ C define the representation 2 of F on the space #(F) by

ada) = (I—zP) 'L, (I-zP), a€F.
It means 7} is the conjugation of the left regular representation by the operator I—zP.

LEMMA 2. Let |z|<1 and 1sp<w. Then n} extends uniquely to a uniformly
bounded representation of F on tP(F) with

1+

n"' <
=Xy, , =l

a€F. M
The family of representations 73 is analytic on {z€ C:|z|<1}. Moreover the operator
na)—L, has finite rank for arbitrary a in F.
Proof. To prove (1) fix a € F and express the operator wy(a) L;‘ in the form
aAa)L;'= I-zP)'L(I-zP)L]"

=I+> *'P"(P-L,PL}").

n=0

By Lemma 1 the operator P—L_ PL;" has finite rank and maps the space J(F) into

JAF,). Pointing out the relation between this operator and S—S* one has

llP-L, PLY fll, <2|Ifl,

for any p=1 and any f€ #(F). Since the function (P—L, PL;‘) flies in H(F,) and the

operator P is a contraction on #(F,) in each P-norm so

2@ L1, <111, +2 D, 2™ |1£1l,-

n=0

If |z|<1 then each n%(a), a EF, extends uniquely to a bounded operator on £7(F) and
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- > [ 1+]z]
@, =@ L, < 142 25 12! = 20

n=0

The last inequality guarantees also that the series

I+, P (P-L,PL"
n=0
is absolutely convergent in the operator norm and so it represents an analytic function.
Finally the operator n(a)—L, maps the entire space €(F) into the finite dimen-
sional space H#(F,) for each p=1.

2.3. The main result. From now on we restrict our attention to the case p=2 only.
We improve the representations 72 to get a new class of representations with better
properties.

Let T denote the orthogonal projection onto the one-dimensional subspace C4, in
£2(F). For |z|<1 let T, stand for the bounded invertible operator on {%(F) defined by

T,=I-T+V1-7’T,

where V' 1-7* denotes the principal branch of the square root.
For a complex number z with |z|<1 let us define the representation 7, by

nfa)=T,'n%a)T, a€EF. 2

THEOREM 1. Let F be a free group on arbitrary many generators. The representa-
tions m,, zED={z€ C:|z|<1}, form an analytic family of uniformly bounded represen-
tations of F on the Hilbert space (*(F). Moreover:

0 @l <2121
1-g]
(i) @) = mfa™.

(iii) 7, (a)—L, is a finite rank operator.

(iv) If the group F has infinitely many generators then any representation m,, 70,
has no nontrivial closed invariant subspace. Any two different n,’s are topologically
inequivalent. '

Proof. The first part of the theorem as well as point (iii) are obvious consequences
of Lemma 2.
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To get (i) and (ii) observe first that each %,=0%(F,), a€F, is a reducing subspace
for each operator T, |z]<1. Also m(a) maps 91-, onto %, and coincides with L, on

Z .. Therefore %, is a reducing subspace for both operators n(a)L;" and L, 7 (a™").

Let us examine these two operators more closely. We need to see only how they act on
the space #, because on the orthogonal complement % of %, they coincide with the

identity operator. »

~ The operator m(a) L' and L, m (a”") are constructed by using operators
P, L,PL\ T ,and L, T,L;" defined earlier. The subspace %, is invariant for all of them
and their restrictions to %, can be expressed in terms of S and S*. Namely

Pl ga = S
L,PL."|s = S*
T,J,a = S$*S+V1-22 (I-5*S)
L, T,L;'|g = SS*+V1-2 (I-55%).

Therefore

1

1-z

m@ L,y = [s*s+ -

(I—S*S)] (I-28)"'U-z8*) [SS*+V1=22(1-55%)].

Using the identities S*SS*=8* and (I—z5*)=(I—2z255*)—z(I—zS) $* we can write

n(@)L]'|s = [V1-2S*S+U-$*)]U-28)" [VI-2 55*+(I-55%)]-28*. ()

Also
L, Jtz(a'i)lgn = [V1-258*+(U-55%] U259 [V1-2 5*S+U-5*$)]-zS. (4)
It is easy to check now that
L,7¥a)lg, = () L '|g)* = L,mfa g,

which proves (ii).
The desired estimates for the norm of z,(a) follows from formula (3). In fact:

@ = llr.(a) L] = max {1, (@) L '|s |1},
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but
n(@)L;'|s =A+B+C

with

A=(1-2) S*SU—-z8)'SS*,

B=VI1-Z(I-5*S)(I-28)"'S8*+ V1= §*S(I~28)"' I—SS*),

C =(I-8*S)(I-z8)"' (I-SS*)—2zS*.

Since $*S and SS* both are orthogonal projections thus

2
i< 1-2la-z9" <=2

Note that for £€ Clal*!

BE=V1-2[(& u)) v,+(§ vy) uy]
and
CE) = 2"(&, v,) v,—25*(®),
where

u1=(0’zla‘_1: ---)Z) 1)’ u2=(1,Z,..., Z|a|—1’0), v1=(0’09"'!0, 1)’ Uz=(l,0,...,0,0).

This yields

1Bl = VT2 el ey < =21

l2*’
IC1I = max {|z]"|lv,l lfv,ll, |21} = 2]

and consequently

i} 1-2 . [[1=7] l1-7}
(@)L, || <A + +lz =<2 .
” z( ) a |§a” 1—|Z| 1_|Z|2 I ' l_Izl

To prove the first part of (iv) we show first that any 7, is a cyclic representation of
F with a cyclic vector 8,. Next, under the assumption that the group F has infinitely
many generators we show that the projection T belongs to the von Neumann algebra
generated by n(F). This will imply that every closed invariant and nonzero subspace
for s, contains J,, so it must be the whole of (2(F).
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Let x€F and x=+e. Then

-1
n(x)4,= zk'6e+§ FVI-2 P, Q)
k=0
and
Ix|=1
zn (%) 6, = 2¥0,+ i #V1-2P%,,
k=1
thus

m(x) 6,—zm (%) 6, = V1-729,.

This implies that J, is a cyclic vector for x,.
Assume now that the set E of free generators of the group F is infinite. Fix a
Sequence Xy, X, ... in E and for a natural number n define the operator S, ,, on £2(F) by

sz,n = i nz(xk)' (6)
n S

Then the sequence S, i, S, ,,... is strongly convergent to z7. Indeed, the sequence
S, » is bounded in the operator norm, thus we have to show only that S, ,d.,—2z0,
and S, ,,,—0 for x#e. We have

S, ,0,=20,+ 112

which tends to z4, when n— + . Now for x=e, according to the case whether the first
letter of x is one of x;!, say X, !, or not, S, , 6, has one of the forms

=L +—1—nz(xk)6x
n k n o

;l

or

n

s 6.=LSs
n

Lh7x Xk-\"
k=1
However in both cases it tends to zero.
Let ¥, be a nonzero closed subspace in ¢2(F), invariant under 7. If f(e)=+0 for a
function f in ¥, then S, . f belongs to ¥, for all n. But S, . f tends to z f(e)d. and so
0. € ¥,. Observe that we can always find a function f€ %, for which f(e)=+0. In fact.
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Take any nonzero function fin % and let a denote a shortest word in the support of f.
Write f in the form f=f(a)d,+g. Then g Ef2(F—-F,) and so

afa ) f=fl@na "6, +L,"g.
In particular
(@) fe)=V1-2fla)*0.

Consider two representations 7z, and 7, with z,z'#0. If a bounded operator A
intertwines them then A™!S, ,A=S,. , for each n, hence also A™'TA=(z'/z) T. But
since both T and A™'TA are projections, z=z'. Thus z, and x, are not similar for
¥z,

This finishes the proof of the theorem.

2.4. Remarks. (1) All the representations are cyclic with a cyclic vector d,.. The
representation i, is just the left regular representation of F. If the group F has only
finitely many generators (say &) then P is a bounded operator on £2(F) and

1Pl =V 2kQk-1)"", n=1,2,....

Thus (I-zP)~! is also bounded for |z]<(2k—1)""2. It means that representations s,
for all such z are similar to the left regular representation.
(2) By (ii) for real ¢ the representations 7, are unitary. Thus the function

F3x— (m,(x)0,,0.) = t* Q)

is positive definite. It gives an alternative proof of a result of Haagerup [10].

In connexion with Remark 1, if the number of generators in F is k then, comparing
formula (7) with [10], Theorem 2.1, no representation 7,, |f|>(2k—1)"? is weakly, and
so strongly, contained in the regular representation.

(3) Observe that it is possible to pass with z to the limit +1 or —1 in formula (3) and
define two unitary representations m; and z_,. It turns out that z;=tr*@®Ay and
a_y=tr"@Ag, where tr* and tr~ are one-dimensional representations F 3 x—s(+1)"
and Ag, Ag two representations acting on £2(F—{e}) by

1

0

+9, forx=a"

for x+a”

ax
1

A5(a) o, = {

when x € F—{e} and a is one of the free generators.

20—868286 Acta Mathematica 157. Imprimé le 12 novembre 1986
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The representation g was considered by Cuntz [6] and earlier in less explicit
form by Pimsner and Voiculescu [14].

A construction of a continuous path of unitary representations connecting the
regular representation to i, such that each representation in the path is congruent to
the regular representation modulo compact operators was an essential step in the proof
of the theorem (cf. [14], [S] and [6]) that the regular C*-algebra of a free group has no
nontrivial projections.

(4) Let us state also that

slélg”nz(x) 8| = 1= (1~ |[)~*" ®

which follows directly from (5). This formula will be used later.

3. Direct integrals of representations and multipliers

3.1. Preliminaries. Starting with the family of representations {z,: |z|<1} by inte-
gration on closed paths we obtain many other uniformly bounded representations. This
yields a wide class of coefficients. Identification of functions which are the coefficients
of hilbertian representations is especially useful when we study multiplier algebras. In
this context, for locally compact groups, mainly three algebras were investigated: the
Fourier-Stieltjes algebra B(G) of all coefficients of unitary representations, the algebra
M(A(G)) of multipliers of the Fourier algebra A(G) and the algebra B,(G) of Herz
multipliers.

A function @ in L*(G) is called a Herz multiplier if for any bounded operator A on
LXG) with kernel A(x,y), x,y €G, the function @(y'x) A(x,y) is again a kernel of a
bounded operator on L*G). The set B»(G) of all Herz multipliers, equipped with the
multiplier norm is a Banach algebra under pointwise addition and multiplication.

ProrositioN 1 (Schur). Let & be a uniformly bounded representation of G on a
Hilbert space #,. Then for any &, n€ ¥, the coefficient

p(x)=(a(x)& n), x€G,

of the representation 7wt belongs to B,(G). Moreover

llplls, =< sup |l2(x) ]| sup |lz* (x) 7.
x€G x€G
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We always have B(G)cB»(G)=M(A(G)) with continuous inclusions. For amenable
groups these algebras coincide. On the other hand both inclusions are proper for free
groups (cf. [10], [11], (1], [7], [13]).

Remark. It has been shown in [2] that for any locally compact group G the algebra
B,(G) coincides with the algebra My(A(G) of all completely bounded multipliers of the
algebra A(G). This algebra was introduced and studied in [3].

Two uniformly bounded representations 7; and 7, of a locally compact group G on
Hilbert spaces ; and ¥, are called similar or topologically equivalent if there exists a
bounded invertible operator A: #,— %, such that Am,(x)=m(x) A for any x €EG. Repre-
sentations sr; and 7, are called weakly similar if they have the same closure in B»(G) of
sets of their coefficients.

Note that for an amenable group G every uniformly bounded representation of G
on a Hilbert space is similar to a unitary representation and if two unitary representa-
tions are weakly similar they are weakly equivalent.

3.2. Integration on paths. Let y be a piecewise smooth curve contained in the unit
disc |z]<1. Consider a representation of F

7,=® f 7 |dz|
4
acting on the Hilbert space 9,=@®[,{2(F)|dz|. Clearly , is a uniformly bounded

representation with

_ 2
sup ||z, (x)]| < 2 max —‘L—i-l-
x€F z€y 1—|ZI

ProroSITION 2. Let f be a holomorphic function in a neigbourhood of y. Then the
complex function @ defined on F by

px) = f f(2) dz
Y

is a coefficient of the representation m, and

2
lpll, < f T pr=atyy)
Y

1—|f*

Proof. Take two functions g and % on y so that |g(z)|=|h(z)| and g(2) h(2) =f(2) x(2),
where x(z) denotes the Radon-Nikodym derivative dz/|dz|. Define two vectors G and H
in 3, by
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G= @f g(2)0o,\dz|, H= @f h(z)9,|dz|. )
7 Y
Then for xEF,

(Jzy(x) G, H)= j (m(x)9,,9,) g(2) h(z) |dz|
Y
= f Py (@) |dz) = f () dz = p(x).
Y 4

By Proposition 1, using the formula (8) and the fact that [y(z)|=1, z€y, we get an
estimate for the norm ||g]|,:

ll¢lls,= sup|lr,(x) G|| sup || (x) H]|
x€F x€F

2 12 _.2 12
< ( f |g(z)|2J‘—1L|dz|> ( f |h(z)|2-|-1—zL|dz|)
Y Y

1-|2? 1-|2f

_2
= f 2=zl gy,
Y

1—|z?

COROLLARY 1. For m=0,1,2,... let x,, denote the characteristic function of the
set {xEF:|x|=m}. Let ay,a;,as, ... be a sequence of complex numbers such that

o

D o=yl (m+2) < + o,

m=0

Then the function

¢= i A X m (10)
m=0

belongs to Bx(F).

Proof. For m=0,1,2, ... define a function ¢,, on F as yo+x2+...+xx if m is even
and y,+x3+...+xm if mis odd.

If y is a circle {z€C: |z|=r}, 0<r<1, then each ¢, is a coefficient of the represen-
tation 7, because

@, (%) = 2]% J; f,(dz, x€EF,

i
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where

1
zm+l(1_z2) )

fD=
By Proposition 2 : »

1 |dz| 1
= = .
Il(pm”32 1T J; |z|m+l(l_lz|2) rm(l_rZ)

Taking r=(m/(m+2))"* we get ||p,|l5 <le(m+2).
Express the function =L _,a,,,, in the form ¢=%"_.(a,,—a,.,,) ¢, Then

o e o
Igla, < 2 lotm =l @nlls, < 5 D, (m+2)laty=0tpel.

m=0 m=0
As a special case of Corollary 1 we get

COROLLARY 2. Let ag, 4, ... be a decreasing sequence of positive numbers. If the
series .. _,a,, is convergent then the function T, _,a, x,. belongs to By(F).

3.3. Remarks. (1) If the group F has infinitely many generators then none of the
functions p=EN_ a, y, belongs to the Fourier-Stieltjes algebra B(F), except p=a09,.
Indeed, if the function ¢ belongs to B(F) then (ple belongs to B(F,) for k=1,2,...,

where F is a subgroup in F generated by k among the free generators. Moreover
llellse = ”(ple”B(Fk) = ”‘ple”A(Fk)'

(The last equality holds since ¢p|Fk has finite support.) On the other hand, it follows by
91, VIII.1.1 that for n=1,2,...,N

|

|l ot
Plelacep = = e alrll = 2kQ2k-1"" .
n

+1 n+1

Comparing these two inequalities and letting k tend to infinity we get a,=0 for
n=1,2,...,N.

Even if the group F has only finite number of generators, the same argument
shows that there exists a function in By(F)—B(F).

(2) If the group F has no more than countably many generators then there exists a
sequence of functions with finite supports on F which is an approximate unit for A(F)
and is uniformly bounded in the B,(F) norm. This is a result of de Canniere and
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Haagerup ([3], 3.9). It can be seen easily, applying Corollary 1, that the approximate
unit in A(F) constructed by Haagerup in the earlier paper [10] has the desired property.

3.4. Some estimates from below. A complex function ¢ on F is called radial if the
value @(x), x € F, depends only on |x|, the length of x. Any radial function has unique
expression of the form (10).

Proposition 2 and the method presented in the proof of Corollary 1 give a tool to
estimate from above the By(F) norm of radial functions. The next theorem gives
estimates from below.

THEOREM 2. Let F be a free group on infinitely many generators. For any radial
function =X7_,a, x,, with only a finite number of a,,’s different from zero we have
2 F 4

= = sup —
”‘P”BZ(F)/”‘P“M(A(H) te(og,) 7 ),

sint

iamsin(m+1)ssinssin(m+1)t ds. (1)
=0

Proof. Fix a sequence xj,x,,... of free generators in F and let F; denote the
subgroup in F generated by x;, x5, ..., x;. Let VN(F}) denote the von Neumann algebra
of operators on f2(F,) generated by the left regular representation. Denote also
VN,.(F;) the subalgebra in VN(F,) of these operators T for which Td, is a radial
function on F,.

For k,n=1,2,... define y,, to be the characteristic function of the set
{x€Fy: |x|=n} and £, , the function on (0, 7) defined as
sin(n+1)s 1 sin(n—l)s)

sin § 2k—1 sin s

/
A0, 1(8) = 2k—1)"? K

)eo,k(s)= 1.

It follows from [15], Theorem 5.1 that the correspondence ¥n, x—%in &
n=0,1,2, ..., may be uniquely extended to an isometric isomorphism of VN/(F}) onto
L*(0, 7). For a function f=5%_¢8, %, » in VN,F), the function f has the form

sin(m+1)s

: , 0<s<m. 12)
sin s

)=, @k=1"B,,~Bpnsd)
m=0
Let p=X"_ @, X, be a radial function on F with only a finite number of a,,’s

different from zero. For any natural number k multiplication by ¢ defines a bounded
operator on VN,(F,) with norm not exceeding ||@||sscacry- Thus
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@ laace = sup {@NH" |2 FE VNFD, |1l <1}

Since by (12) we have
% j f(s)sinssin(m+1)sds = Rk=1Y"*B,~B,.)» m=0,1,2, ...,
0

thus

2 1_,,,/2 2 sin(m+2r+1)s d
B.=( ) f(S)smsg oy s

and so

@O = Y, @By~ yay) Q= 1y L

m=0 sint¢

-2 f(s)smsz [(amsin(m+1)s

=0

S o,—a,, :
+ —m_m¥2 Sin +2r+1 ____sm(m+l)t .
; Qh—ry S )s) sine |

If we put an arbitrary functlon g in L™(0, 7r) with |jg||»-=1 instead of f and pass to
the limit with k tending to infinity we get

su —
H‘PHM(A(P)) p -sint

fg(s)z sm(m+1)ssinssin(m+1)tds’.

This implies (11).
Consider the system U,,,, m=1,2, ... of the second type Tschebyshev polynomials

U, (x)= /% sin((m+1)a)r;cosx)’ X€(-1,1).

This system is an orthonormal basis in L*(~1, 1), ), where du(x)=V 1—x*dx.

CoOROLLARY 3. Let F be a free group on infinitely many generators. For a radial
Sunction =% _,a, %, in B(F) define an operator on LY(—1,1),u) by

1
(T, x)= f K, (x, 9) f) du®),
-1

where
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K0 = 2, a,U,® U,0).
m=0

Then T, is a bounded operator and

”T = “‘P“M(A(F)) “‘P“Bz(m (13)

The correspondence 9p—T,, is an algebra homomorphism.

Proof. Changing variables x=cos s, y=cos ¢t we get that the right hand side of (11) is
equal to

1

sup 1K¢(x, ¥ du®).

x€(-1,1)

It means that T, is a bounded operator on LY((=1,1),u) and (13) holds. To see that
T,,=T,T, observe that T, U,=U,and T, U,=0 for m+n.

COROLLARY 4. Assume that the free group F has infinitely many generators. For a
complex number z,|z|<1, define (pz(anc)=z|"| for x€F. Then
1-7

”‘PZHBZ(F) = l@ ey = “T(pz” = - .

Proof. The estimate ||g,|| Bzms|1—22|/(1—lz|2) follows from (8) and Proposition 1. On

e
IT. H>——I
0

by Theorem 2. But

the other side

ds

2 (m+1)7"sin(m+1)ssins

m=0

2 (m+1)z"sin(m+1)s= zl (ei’ (m+1)z"e™ —e™" 2 (m+1)z'"e‘i’"s)
m=0 1 m=0 foar
-_-l< et __ e” >= (1-2%)sins
2i\(1~z€*Y (1-ze ™}/ (1-ze*(1~ze ™)
Thus

sin’ s
‘(1 -z eiS) (1 -z e—is)lZ

E (m+1)z"sin(m+1)ssins| = |1-2Y|

m=0
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Denote

fLs)= sin 5 1( 1 __1 is>=2z'"sin(m+1)s.

(1—z&*)(1—ze®) 2iz \1—z€* l—ze"

m=0

Then

2 " ——— . m_ |1=22
I7, )1 =212 f 1.5 TV ds =[1-21 3, lef" =

m=0 1—|Z‘2 .
3.5. Remarks. (1) The functions ¢,, |z|<1, play a fundamental part in present
theory. They are analogues of the spherical functions on SL(2,R). The function ¢, is

the unique, up to a constant multiple, radial coefficient of the representation 7, (cf.
Theorem 3). The explicit formula for the kernel K, of the operator Tq,z is

1-22
(1-2zcos(s+)+25)(1-2zcos (s—t)+zz).

K, (coss, cos =
Z

(2) Applying Propoéition 2 and Theorem 2 to the function ¢=y,,, m=1,2,..., we
get the following estimate

8 4
P(m+1) < mllsir s—;:—(mﬂ).

3.6. Characterization of radial coefficients. As we have seen in Proposition 2, if we
take two vectors G, H of the special form (9) in the representation space J, for a path y
then the corresponding coefficient of 7, is a radial function. Conversely, if ¢ is a radial
coefficient of the representation 7, then we can always find two vectors G, H in %, of
the form (9) such that ¢(x)=(x,(x) G, H). We prove it only for circles, aithough the
proof works generally. In this case we obtain especially simple characterization of
radial coefficients.

THEOREM 3. Let C(r) denote the circle {z€ C: |z|=r}, 0<r<]1. Let F be a free group
on infinitely many generators. A radial function ¢ is a coefficient of the representation
Tce if and only if there exists a function f in LYT"), where T' is the unit circle, such
that

¢(x)=r”f(n), x€EF, n=|x|. (14)

Proof. Let G, HE %C(r)’ i.e.

G=@ f Gldd, H=® J H)dd
C(r) C(r}
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where G,, H, €{2(F). Suppose that the function

(p(X) = (ﬂc(,)(X) G! H) = <nz(x) Gz’ Hz) |dZ|
C(r)

is radial. Write =X, _; a,.x,,- Choose a sequence x,, x,, ... of free generators in F and

let S, . be the operator defined in (6). Let T be the orthogonal projection onto the one-
dimensional subspace C6,. Then

a,= (S:,sz’ Hz) |dZ|
()

for any k,n=1,2,.... Since the sequence of operators {S, ,};_, strongly converges on

£2(F) to the operator zT then by the Dominated Convergence Principle we get

a"=f TG, H)|dz, n=1,2,....
C(r)

Define a function fon T! by

f@=rTG,, H,)=r(TG,,, TH,;), |z=1.

[£4d

Then f€ LY(T") with ||f||1<||G||,fC()||H||,(C() and f fulfills (14) for n=1,2,.... To get (14)
also for n=0 take the function f—f(0)+a, instead of f.

The converse implication is actually shown in the proof of Proposition 2.

3.7. Invariant subspaces for nc,. Let ¥ denote the Hilbert space

H=@® f E(F) |dz.
T‘

This space may be realized also as one of the spaces LA(T!xF) or LATH®(F),
where the symbol ® means the completion of LA(T")®¢2(F) in the unique Hilbert
space norm. For any r, 0<r<1, the space ¥, is isometrically isomorphic to , the
isomorphism being 3 f—f,€ #cy, Where fiz,x)=r""’f(r"'z,x), |zj=r, x€F. In
this manner we may treat each 7, acting on . We get the following formula for this
action

(Tery(@) f® ) (2, x) = f(2) (m,(a) g) (x) (15
with fELX(TY), g ECX(F), zET" and a, xEF.
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Let J° be the subspace H*®F2(F)c ¥, where H? is the Hardy space of analytic
functions in L*(T"). Then since {x: |z|<1} is an analytic family of representations, the
space #” is invariant under each representation 7, 0<r<1. Denote the restriction of
T 10 H° by 7y,

LEMMA 3. Let F be a free group on infinitely many generators. Fix a number r,
0<r<1. Then the representation ny,, is indecomposable, weakly similar to 7, and

L®4, is a cyclic vector for my,.

Proof. It is clear by (15) that the multiplication by z commutes with m¢(,). It
follows that each of the spaces z"#°=z"H’®{X(F), m=0,%1,%2,... is invariant
under 7¢(y. The restriction of 7¢,) to any of them is isometrically equivalent to mg,.
To prove that 7, is weakly similar to 7, it suffices to show that any coefficient of
T is a limit in B,(F) of a sequence of coefficients of ng,.

Let f and g be two functions in . There exist two sequences fi, f>,... and g,
g2, ... in # such that f,,, g,,€z7"#°, m=1,2,..., and

lim [|f=f,||= lim |lg—g,|| =0

m—o

It follows that the coefficient

(p(x) = <nC(r)(x)f’ g>’ XEF’V

is a limit in B,(F) of coefficients

(p”'(x) = <nC(r)(x)fm: gm>J x€EF.

But ¢, is a coefficient of the representation 7g,)|,-ng and so of g, too.

To see that 7y, is indecomposable let P be a projection in #° which commutes
with 7Z(,). As we have seen in the proof of Theorem 3 the operator rzI®T is a strong
limit of a sequence @[, S, ,|dz| when k—o. Therefore z/®T belongs to the von
Neumann algebra generated by 7g(, and so it commutes with P. This means that
H?’®C6, is an invariant subspace for P and P(H*®CJ,) reduces the operator
AT |H2§C65. But the multiplication by z is an irreducible operator on H* (cf. [16],

Theorem 5.3), thus the restriction of P to H*®Cd, must be 0 or I. In particular
P(1®4,)=1®4, or P(1®4,)=0. This implies that

Prig (%) (1Q6,) = mge)(x) (1®9,)
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for any xEF or

Prgy(x) (186,) =0

for any x€F. If we prove that 1®4, is a cyclic vector for n¢,) we get then P=0 or
P=].

Let M denote the closed cyclic subspace in #° generated by 1®4,. To prove that
1®4, is cyclic for zg, it suffices to show that f®4d, € M for any f€ H? and any x€F.

Applying the operator zZI®T to 1®J, several times we get 7"®J.€M for
n=0,1,2, ..., and thus also that f®¢, €M for any f€ H>.

Let now x€F. If |x|=1 then for any f€ H?

by (5) and (15). But since

f2) r7f(z)
——=——®49J, and ——=——-0QJ,
V l—pz2 V 1-P7

both are in M, we have f®d, € M. For all other x € F the proof is similar and goes by
induction on the length of x.

Remark. The only non-trivial closed subspaces in %°, invariant under 7g, are
zm—lHZ ® M+ZmH2 ®62(F),

where m=1,2, ... and M is a closed subspace in £2(F) invariant under left translations.
This can be shown in four steps as follows. If for a non-zero function fin #°, %;
denotes the closed subspace in #° generated by 7g((a) f, a€F, then

(i) #:nH*®CS,+{0},

(i) #NH*®CS,=z"H*®CS, for some m, m=1,2, ...,

(i) Z"H*®CAF)c Hycz™  H?®EX(F),

(iv) restrictions of operators #g(y(a) and I®L, a€F, to the space
" UHP®P(F) are equal modulo "H*®CAF), ie. (w&p(a)f—IQL,f)L
Z"H*®E2(F) for any f€z™ ' H?QC2(F).

Point (i) holds because zI®T(wg(,(a) f)F0 for a suitable a €F. Point (ii) because the
only non-trivial closed subspace in H? invariant under multiplication by z are z"H?,
m=1,2,... (cf. [16], Theorem 5.3). Point (iii) because z"®4d, is a cyclic vector for the
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restriction of n%, to z”H*®F2(F) and because H,c(Z®T) ' (z"H*®COI,). Finally
point (iv) follows directly from (5) (use the Taylor expansion of V 1-72).

3.8. An unexpected realization of the representation ¢

THEOREM 4. Let F be a free group on infinitely many generators and let J(F)
denote the set of all complex functions on F with finite supports. Fix a number r,
0<r<1, and for f, g in J(F) define

©

(fg),=2, > foemr™. (16)

k=0 |xi=lyl=k

Then (, ), is a non-degenerate hermitian form on ¥(F).

Let ¥, e the Hilbert space produced from (#(F), {, ),) in the standard way. Then
the left regular representation L of the group F on ¥(F) extends to a uniformly bounded
representation of F on ¥,. This representation is indecomposable, similar to n¢, and
weakly similar to mc,.

Proof. First we show that
(£.),20=-P) |1} 17

for any f€ H(F). This will prove the first part of the theorem.
Put fi=fy for k=0, 1,2, ... (recall that x, denotes the characteristic function of the
set {xEF:|x|=k). Then

1= 3 S fd

We have {fo, fo),=|f(e)* and for k=1,2, ... by an elementary computation we get

k-1
(fo £)= =P D PUPL B+ AP R = (=P |If

n=0

Therefore
(£ ),20=-P DRk =a-A|IfIE
k=0

which shows (17).
Define a linear map T, from H#(F) into #° putting
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1-r
Tr(ax) = —It;};i n'%(r)(x) (1 ® 69)
for xEF. Since 1®4, is a cyclic vector for the representation 7g, (Lemma 3) and
muitiplication by the function (1-r»)"2(1-r%z%)~"2 is an invertible operator on ¥#°

hence T{¥(F)) is dense in #°. Also

e T,=T,L, (18)
for any xEF.
The set E of free generators is infinite by the assumption. Fix a sequence x, xs, ..
of distinct elements in E and put x(j)=x;...x; (j factors). For j=1,2, ... define also a
hermitian form 4; on H{(F) by

kj(f; g)= <”2‘(,)(x(j)) T.f ”%(r)(x(j)) Trg>
= (T,waf, T,L,,g)
Then
(f.8),=limh(f g). (19)
‘I-—)m

Of course it suffices to show (19) only for functions f=4,, g=4J, with arbitrary a and b
in F,
By (5) we have

—1
Tr(éx) = (1_’,2)1/2(1__',212)—1/2’_&[1[,\:[53_*(1__,2)1/2& 'JcZkPkéx

k=0

for any x €F. Write h{0g4, 05)=h}(0a, Op)+h}(Oa, 05) Where

hj(d,.6,) =01 — 1) phal+hbl j

l |1_rzzz|—lz|xa|—|xbl|dz|
T

and

(0, 0,) = (1=r) > PK(P*S,,, P9, )
k=0

with x=x(j) and n=min {|x(j) al, |x(j) b|}—1. Since |x(j) a|=j+|a| and |x(j) b|=j+|b| for
large j, we get lim; . h/(0,, 05)=0. To compute lim;_, . 4j(d,, 6,) first consider the
case |a|*|b|. Then |x(j) a|#|x(j) b| for large j and so (P¥0,(;q» P*0x(j»)=0 for any
k=0,1,2,.... Thus lim; . A4/(8,, 8,)=0 in this case. Now let |af=|b|. Observe that
(P*8¢jyas P0.(jy») takes only value 0 or 1 and it takes the value 1 exactly when
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2k2|(x(j) b)) (x(j) @)|=|b"al. Thus K3, 6,)=r*"4—r¥+%4 and so

lim (3, 8,) = P*" = (8,,9,),.

Jo

Put

1+7
C = sup ||g,,,(®)|| < sup max ||z (x)|| <2——
xGII'?” B ” xeg lz|=r ” ()” 1- r2

and observe that h(f, I<C*(T,f, T.f) and (T.f, T,f)<C?h{(f, f) for any f in H(F)
and any j=1,2,.... Together with (19) it follows that 7, extends to an isomorphism of
. onto °. Formula (18) shows that L extends to a uniformly bounded representation

of F on %,, similar the representation 7g,. The rest of Theorem 4 follows now from
Lemma 3.
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