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Introduction

In this paper we study the basic properties of certain balls and metrics that can be
naturally defined in terms of a given family of vector fields. As an application, we then
use these properties to obtain estimates for the kernels of approximate inverses of some
non-elliptic partial differential operators, such as Hormander’s sum of squares. Some
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of the properties that we establish were announced earlier in [NSW]. In that paper, we
also announced applications of these balls and metrics to problems concerning the
boundary behavior of holomorphic functions in domains of finite type. We shall give

details of these applications in a second paper.
To motivate our discussion, consider the following basic example. Let QcR" be a

connected open set, and let Xy, X;,...,X, be C* real vector fields defined in a
neighborhood of Q. Suppose that there is an integer m so that these vector fields
Xo, Xy, ..., X,, together with their commutators of length at most m span RY at each
point of Q. In this case we say that X, ..., X, are of type m on Q. Let

XV ={x,,...,X,}
X?={[Xp, X ],.... [X,_1,X,]}, etc.

so that the components of X*®’ are the commutators of length k. Let Y7, ..., ¥, be some
enumeration of the components of XV, ..., X, If Y; is an element of X“?, we say Y;
has formal degree d(Y)=j.

Now define a metric ¢ on Q by requiring that g(xo, x;)<d if and only if there is an
absolutely continuous map ¢@:[0,1]-Q with @(0)=x9, ¢(1)=x;, and for almost all
t€fo, 1]

@)= i a(t) Y{@(®)
j=1

540

with |aj(t)|< . There is then a corresponding family of balls on Q given by

B(x,0) = {y €EQJeo(x,y) <d}.

These balls reflect the non-isotropic nature of the vector fields X, ..., X,, and their
commutators. A ball B(x,, d) is essentially of size J in the directions from x, specified
by Xo, ..., X, but only of size 6% in the directions given by commutators of length 2, of
size &° in the directions given by commutators of length 3, etc. Such balls play an
important role in the study of boundary behavior of holomorphic functions (see [St2]),
and, as we shall see, in studying the hypoelliptic operator X,*+X,*+...+X,%.

Our object in this paper is to study the basic properties of these balls. For example
we obtain alternate descriptions of these balls in terms of exponential maps, and
estimates on their volume. We also study the behavior of the balls under suitable
mappings of the underlying space, and this allows us to estimate kernels for parame-
trices for X*+X,%+...+X 7.
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We would like to give some explanation for much of the formalism that follows.
Suppose we have N vector fields, Yi, ..., Yx, on RY such that at every point of R",
Yy,..., Yn formed a basis for the tangent space to R"™. Then it would be natural to
perform calculations near a given point x in terms of canonical coordinates at x. This
means that if y is near x and

y=exp(a Y1+...+an¥n)(x)

we assign to y the coordinates (ay,...,ay). (See the appendix for a more complete
discussion.)

In our situation, we have g vector fields Yi, Y», ..., ¥, where in general g>N and
at each point of R" many different subsets of {Y, ..., ¥,} form a basis for the tangent
space to RY. One of our main difficulties was to find a good choice for a subcollection
Y,.l, I ¢ " of the Y,,..., Y, to choose as a basis for performing calculations. Roughly

H

speaking, for a given x and o(x, y)=0, we choose Yo, ¥, such that

® é

deg Y,-l+...+deg Y,.N
det(;, ..., ¥, ) )

is maximal. The motivation for this choice of Y,.l, oo Y.N arises from the fact that the

H

volume of the image of the ball
degl, .
{allaj<06 " 7% j=1,2,..., N)}

under the exponential map corresponding to Y.V, is given by (i).
One feature of our work is the algebraic nature of our estimates. Suppose we have
an N-tuple I=(i,, ..., i,) and det(Yix, cees Y,.N)=|=0 near x. Then for any j, we may write

(near x)

— 1
Y= E ;Y
1=

—_

We shall let A?=A? ; denote the submodule of C~ functions generated by products

[1 lk
a; ...a;

where k<s and

p<deg Y,1+...+deg Y,k—deg le+...+deg ij

where [, ..., I, are arbitrary and ji, ...,j are in the N-tuple 1. We may obtain estimates
on functions by showing that they belong to appropriate modules A?. This will require
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considerable computation. We will need to show first of all that if I is chosen so that the
quantity (i) is maximal, then

deg Y,.I—deg ij

(i) la; )| < Cé

We shall want (ii) to hold for y’s near x. To do this we shall need to estimate
derivatives of aj’.k at x. Thus we will want to show derivatives of elements of A’ are in

appropn'até modules. It will be particularly important for us to estimate also
det(le, oo YJN) for arbitrary N-tuples (j,,...,j»). Thus we shall also have to see to

which modules these functions and their derivatives belong. It will also be important
for us to estimate from below the set on which various exponential maps are one-to-
one. (This is important, for example, in computing volumes of balls.) It turns out that
this is quite intricate, but that at least we can get information on the set where the
exponential map is locally one-to-one by studying det(Yj], ey YJN)

The study of geometric properties of vector fields and their commutators has a
very long history. Carathéodory [C] was the first to prove that if commutators of
sufficiently high order m of a family of vector fields span at every point, then any two
points can be joined by a piecewise smooth curve whose tangents belong to the family
of vector fields. (See also the paper of W. L. Chow [Ch].) In proving hypoellipticity of
certain operators, Hormander [H] studied differentiability along non-commuting vector
fields, and used the techniques of exponential mappings, and the Campbell-Hausdorff
formula. The case of vector fields of type 2 were studied in [NS], sections 5 and 14.
Balls reflecting commutation properties of vector fields have also been studied by
Folland and Hung [FH], by Fefferman and Phong [FP], and more recently by Sanchez
[Sa], who has independently obtained some of our results.

We would like to thank Joel Robbin for helpful conversations about exponential
maps and the Campbell-Hausdorff formula.

Chapter 1. Definitions and statement of results
§ 1. The basic metric ¢

Throughout this paper, we shall be concerned with the following situation. Let QcRY
be a connected open set, and suppose Yy, ..., ¥, are C” real vector fields defined on a
neighborhood of Q. We suppose that each vector field Y; has associated a formal
degree d;=1, where d; is an integer. We now make the following hypotheses:
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(a) For each j and k& we can write

[Y, Y ]= D cwyY, (1)
di<dy+d,
where ¢}, € C*(Q).

(b) For each xE€Q, the vectors Y;(x), ..., Y (x) span R".

A basic example is the one discussed in the introduction of a collection of vector
fields X, Xy, ..., X,, of finite type m. In that case, property (a) follows from the Jacobi
identity, and property (b) is immediate. This example will be used to study the dif-
ferential operator X,’+X,’+...+X,%, and its variants X,2+X,*+...+X,*+}%; , c;[X;, X,]
considered in [RS].

In order to study the modified operator
X4 X 44X+ X,

we would again let Yy,...,Y, be some enumeration of the components of
X, ...,X. However this time the vectors Xj, ..., X, would have degree 1, while X,
would have degree 2, and higher length commutators would be weighted accordingly.
We shall return to these examples later.

Returning to the general situation of vector fields Y, ..., Y, on Q satisfying (a) and
(b), we can define a metric on Q in the following way:

Definition 1.1. Let C(8) denote the class of absolutely continuous mappings
@:[0, 11>Q which almost everywhere satisfy the differential equation

o'(H= i af(t) Yi(g(®) ()
Jj=1
with
lagn)] < 6% 3)
Then define
o(x, y) = inf {0 > 0| g € C(9) with @(0) =x, (1) =y}. 4)

We then have the following simple

PROPOSITION 1.1. g is a metric on Q. If m=maxd;, and if KccQ is any compact
set, there are constants Cy, C, so that if x,y€EK

Cilx—y|<o(x, y) < Colx—y|"".
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Proof. 1t is clear from the definition that ¢ is a metric. Let Kc=Q be an arcwise
connected compact set. There is a constant C so that if x, y € K, there is an absolutely
continuous function ¢: [0, 1]-Q with ¢(0)=x, ¢(1)=y and |’ (?)|<C|x—y| for all ¢. Since
the vector fields Y7, ..., Y, span at each point, we can write

o= b0 V)
j=1

with [b()<C'|p’ (OISCx—y|=C"(|x—y|"4)". Since d<m it follows that
o(x,y) < Clx—y|'™.

Conversely, if x,y €K and g(x, y)=9, there exists ¢ € C(28) with @(0)=x and ¢(1)=y,
and @' (0=XL,a(0) Y(p(®)) with IaJ(t)IS(Zé)df. Since the components of every Y; are
uniformly bounded on Q, it follows that

lo’(0|<C 5: o) P<cs.

Jj=1

1
f @' (D) dt
0

It follows from the proposition that the metric g: QX Q—[0, ) is continuous. We
can define a family of balls B(x, 4) on Q by

Hence

lx—y|= <C'0. Q.E.D.

B(x,8) = {y €Q| o(x,y) <9}. &)

§ 2. General families of balls

In studying families of balls, we are primarily concerned with those properties that are
essential for the covering lemma used in the proof of the Hardy-Littlewood maximal
theorem (see [St1], Chapter 1). We begin by listing these properties for a family of balls
defined on an open subset QcRY.

For each x€Q and each 6 with 0<d<d, suppose we* are given a set B(x, §)cQ,
called a ball with center x and radius 6. We are then concerned with the following
properties:

(i) B(x, d) is open, and if 0<0<9,, B(x, 6)=U,5B(x, 5).
(i) NgoB(x, s)={x}.
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(iii) For every compact set Kc=Q there is a constant C so that if xy,x, €K, if
01<6,<(1/C) &y, and if
B(x1,01) NB(x,0,) + D
then B(x;, 8)cB(x,, Co,).
(iv) For every compact KccQ there is a constant C so that if x€ K and if 6<14,

IB(x, 26)| < C|B(x, 9)|. .

Here, and in the rest of the paper, |E| denotes the Lebesgue measure of a measurable
set EcRY,

Now to any family of balls satisfying (i), (ii), and (iii), we can associate a quasi-
distance g: QXQ—[0, ] defined by

inf{0>0| yEB(x,0)} if yEB(x,?d,) ¢
Q(x,)’)— +o ify¢B(x,60) ( )

and the family of balls {B(x, d)} can be recovered from this quasi-distance, since
B(x,0) = {y€Q| o(x,y) <} %)

The function g satisfies the following conditions:

(i’) For every x €Q the set {y € Q| o(x, y)<d} is open.
(ii") o(x,y)=0 if and only if x=y.
(iii") For every compact set Kc=Q there is a constant C so that if x,y, zEK,

o(x,y) < Clo(x, 2)+o(y, 2)].

(Note that by choosing z=x, (iii") implies o(x, y)<Co(y, x).)

Conversely, if g: QX Q—{0, =] is a function satisfying (i’), (ii’), and (iii") then the
balls defined by equation (5) satisfy conditions (i), (i), and (iii). In particular this is true
if o is actually a metric.

We next introduce a notion of equivalence of families of balls. We say that two
functions g,, 0,: QX Q—[0, ] are equivalent if for every compact set K= there is a
constant C so that if X;,X,€K

0,(x;, xp) < Co,(x,,x,), and

)]
0,(xy, x) < Cp,(xy, x,).

We say that ¢, and @, are locally equivalent if for each xo€Q there is an open
neighborhood U containing x, so that ¢, and g, are equivalent on U.
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If o; and o, are quasi-distances, and B, B, are the corresponding families of balls,
then equivalence means exactly that for every compact set Kc=Q there is a constant C
so that for x€K

B\(x, 8) = By(x, C6), and
®)
B,(x, 6) = B,(x, C9).

It is clear that if a family of balls satisfies conditions (i), (ii), (iii), and (iv), so will any
equivalent family of balls.

§3. Volumes of balls

The function ¢ defined in § 1 is a metric, and so the corresponding family of balls
{B(x, 0)} satisfies conditions (i), (ii), and (iii) of § 2. One of the main goals of this paper
is to show that the balls defined by the metric ¢ also satisfy condition (iv), the
“‘doubling property” for volume. In fact, we can give very explicit estimates for the
volumes of the balls B(x, 6) in the following way:

For each N-tuple of integers I=(iy, ..., i5) with 1<i;=gq, set

Ax)=det(Y,, ..., ¥,) (). )

(If Y, =L}, a;(x) (8/3x,), then det (Y, ... ¥, ) (x)=det (a(x)). We also set
dh=d +...+d;, (10)
and then we define

AW, 0) =, |A,(x)] 6 (11
I

where the sum is over all N-tuples. With this notation we can now state our main result
on the volumes of the balls B(x, d).

THEOREM 1. For every compact set Kc=Q there are constants Cy and C, so that
Jorall x€K

B(x, 8)
o<C sJ———lS < 400,
™ A, 6) Cy<tee
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Since A is a polynomial in § of fixed degree, it follows immediately from Theorem
1 that there is a constant C so that for x€K

|B(x, 20)| < C|B(x, 9)|

and thus condition (iv) is satisfied.

§4. Equivalent pseudo-distances

It seems difficult to compute or estimate the distance o(x, y) directly from the defini-
tion. Thus a major ingredient in the proof of Theorem 1, and another major object of the
paper, is to understand the relationship between the metric ¢ and various other metrics
or quasi distances which may be easier to estimate.

Our first alternative pseudo-distance is similar to ¢ except that we allow only
constant linear combinations of the vectors Y3, ..., ¥,. Thus for >0 let C(6) denote
the class of smooth curves ¢: [0, 1]—Q such that

Q')= i a; Y(p(1) (12)
i=1

with Iaj|<6d".
Define
02(x,y) = inf {0 > 0| 3@ € C5(9) with ¢(0)=x, (1) =y}. (13)

It is not necessarily true that g,(x,y) is finite for every (x,y) €EQxQ. (For example,
02(x,y) can be infinite if Q is a non-convex subset of R?, and Y,=8/0x,, Y,=38/8x,.)
We shall prove however:

THEOREM 2. g, is locally equivalent to g.

While the curves of class C,(d) are somewhat easier to study in that only constant
linear combinations of Y, ..., ¥, are allowed, there is still the disadvantage that the
number g is in general much larger than the dimension N. We would like to single out N
of the vector fields Y}, ..., ¥, say Y,-l, Y, so that the exponential mapping

N
(5 ..., uy) ERY > exp (2 u; Yij) (xy) (14)

j=1
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is appropriate for performing calculations. (The definition and basic properties of such
exponential mappings are recalled in the appendix, Chapter 4.) Roughly, we would like
the ball B(x, 6) to be essentially the image under the mapping (14) of the set

d,
{(u,, ...,uN)GRN||uj|<6 7.

It turns out that one cannot make a single choice of vector fields which works for all x
and 9, or even for a fixed x and all 6. Rather one must choose the N-tuple depending on
both x and 4.

Thus for each N-tuple I=(i,, ..., ix), let C4(d, I) denote the class of smooth curves
@: 10, 1]—-Q such that

N
¢'()= 2, ,Y,(9®) (15)
j=1

with |aj|<6d(Y"f). Set C3(0)=U,C5(d, ), and define
03(x, y) =inf {0 > 0| 3¢ € C3(9) with ¢(0) =x, p(1)=y}. (16)

In studying g3, we choose an N-tuple I depending on both x and 0. Roughly, the idea is
to choose I so that

0|3,

is as large as possible. Then (14) will be an appropriate exponential mapping. We will
be able to prove

THEOREM 3. g3 is locally equivalent to o and ;.

We will also show that with the appropriate choice of N-tuple, the mapping (14) is
one to one on a sufficiently large set, and this will finally enable us to obtain the volume
estimates of Theorem 1.

In the case that the family of vector fields Y1, ..., Y, is simply an enumeration of
the commutators of Xp,...,X, with the degree of Y; equaling the length of the
commutator, there is another natural metric which we can define.

Thus let Cy(d) denote the class of absolutely continuous mappings ¢: [0, 11—
which almost everywhere satisfy

@' = i a() X(@(®) with |a(n]<é. an
j=1
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Note that curves in the class C4(d) point only in the directions of the original vector
fields Xy, ..., X,,. Define

04(x,¥) = inf {6 > 0] 3¢ € C5(S) with (0) = x, p(1) =y}. (18)

04: QX Q2—[0, ) is again a metric, although it is not clear a priori that p4(x, y) is finite
for every (x,y) EQxQ. The fact that g, is finite follows because the commutators of
the vector fields X, ..., X, span RY at each x€Q. This was first proved by Carathéo-
dory. We shall prove:

THEOREM 4. g4 is equivalent to o.

§ 5. Estimates for certain kernels

The balls and metrics we have defined can be used to estimate the sizes of certain
kernels and their derivatives. These kernels were constructed by Rothschild and Stein
in [RS]. Let us briefly describe the setting. Given vector fields Xy, ..., X, on Q of type
m, then according to [RS] we can add additional variables (¢, ..., t,) ER* and form new
vector fields

X,= X+2 a;(x, t) (19)

These vector fields will again be of type m on an appropriate set in RVXR?, but in
addition, they are ‘‘free up to step m’’; i.e. their commutators of length at most m
satisfy no linear relations except those dictated by antisymmetry and the Jacobi
identity.

The vector fields X, ..., X, give rise to a metric ¢ and a family of balls B((x, 1), 9).
If k(x, t;y, 5) is a kernel in (x, ¢) space, we can form a kernel Rk(x, y) on QX by setting

Rk(x,y) = f k(x, 0;y, s) p(s) ds (20)

where ¢(s) is C*, supported in |s|<1, and identically 1 near the origin. We want to be
able to make estimates on the size of Rk and its derivatives in terms of corresponding
estimates on k. We have, for example

THEOREM 5. Suppose

k(x,t;y, )| < C—= lox. £y, )*
i 57, 9) IBI(x, 8); 0(x, t; y, 5)]|

8858288 Acta Mathematica 155. Imprimé le 28 ao0t 1985
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Then

1 -
ral

dr.

|Rk(x,y)| < C’ f
o(x.y) |B (x, r)|

Moreover, if in addition

- . i
~’X~v' ...X.k <C -@(x»t,y,s)l :
’Xq i i | [Bl(x, t; 6(x, ¢, y, 5)]]|

then

1 'ﬂ"j—l

BGD) dr.

|X,.[...X,.ij|sCJ‘

olx,y)

The above estimates hold uniformly on compact subsets of QX Q. An interesting case
arises when we consider

—Y2 2
A=X+..+X,
or

H=Xp+ X 4. +X,}]

on Q. Let D(x, y) and H(x, y) denote the fundamental solutions of A and # respectively
constructed in [RS]. We then have

COROLLARY. If N=3

2
IDGx, y)| < C_Q(iw_

[B(x, o(x,y)|
If N=2
2
0’ (x,y)
X, ...X,D|<C——=222
K, i | |B(x, o(x, )|
If N=2

2
H(x, <C Q(X,)’) ,
< C g o, )

and if i;*#0, 1<s5<j,

’ o2
X, .. XXHsc—2
A |B(x, o(x, y))|
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The above estimates hold uniformly for x,y in compact subsets of @xQ. The
corollary follows from the estimates of [RS], where the estimates for D and H are
derived in the case of the free vector fields.

Remark. The assumption N=3 in the corollary is necessary as we can see by
considering the ordinary Laplacian in R?.

Chapter II. Structure of the balls
§ 1. Algebraic preliminaries

Our object in this section is to develop some algebraic machinery associated to a family
of vector fields. Thus suppose QcRY is a connected open set, and suppose {Y;} is a
(possibly infinite) collection of real C* vector fields on Q. We suppose that each vector
field Y; in this list has associated a formal degree d;=1, so that d; is an integer. We also
suppose that the number of vector fields with d;<M is finite for every M. Our
fundamental hypothesis is that for all j and £ we can write

Y, Y] = Z ) ¥, ()]
d<di+d,
where the sum, of course, is finite, and cj'.kE C*(Q).
For any s-tuple of positive integers J=(jy, ..., j;) we let
d(J)=djl+...+djs ()]
be the ‘“degree’’ of J. We also let

Y,=Y,

1

Y,...Y, 3)

2

be the corresponding sth-order differential operator, and we let

Y[]]=[le’[Yj2’ [-'-’[Y'j:_l’ Yjs]"-] (4)

be the corresponding commutator of length s. If I=(i,, ..., in) is an N-tuple of positive
integers, we let

Afx)=det(Y,, ..., ¥, ) (x) &)
and
Q,; = {x€Q| 1(x) *0}. ©)
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€, is then a possibly empty open subset of Q, and on €/, the vectors Y;,...,Y; area
basis for the tangent space at every point.

LEMMA 2.1. For every s-tuple J of positive integers, we can write

Y= 2, iy, )

d=d)
where the sum is finite, and c{; € C*(Q).

Proof. This follows from (1) by induction, and the formula
[X), fX5] = (X, /) X +f[ X}, X5),

if X, X, are vector fields, and f€ C*(Q).
Now let I=(i, ..., i) be an N-tuple of positive integers, and suppose Q,+@. Then

since Y, ,..., Y; form a basis, on Q; we can write for any j
N

Y,=>d 7Y, ®

I=1

where aj’.’ 1€C7(Q). Usually the N-tuple I will be understood, and we will write

N
Y= 2 ajl(x) Y,. @8

I=1
More generally, for any s-tuple J={jy, ..., j;) of positive integers, we can write
N N
Yin=2,d Y, =D d®Y, ©)
=1 I=1

where a, € C*(Q)).
The coefficients aj'- can be expressed in terms of the determinants {4,}. In fact, if

we solve equation (8) or (8') for the aJ’. by using Cramer’s rule we obtain
LEMMA 2.2, On the set Q; we have
aj(x) = A, (x)/Ax) (10)

where the N tuple J is obtained from I by replacing Y, by Y,
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We shall have to deal with sums of products of the coefficients {aj'.}, and we
formalize this by introducing certain finitely generated modules of functions. For each
N-tuple I, we can regard C(Q,) as a module over the ring C*(Q2). For every integer p
and every positive integer s, define: A? ,=AFf is the C”(Q) submodule of C*(Q)
generated by all functions of the form

Lol !
at-a* ...-a*

. ag
where k<s, and

P<@, +d, +...+d)~(d, +d;+...+d).

There are clearly only finitely many such functions, so A? is finitely generated. We
also have inclusions

Ao A% ifp,<p, 1
A‘;’lc:A';2 if 5, <5, (12)

d,~d,
Also note that a;€A," ”, and since a;=1, 1€EA].

We will obtain estimates for various quantities by showing that they belong to the
modules A?,. To obtain some idea of this, note that if I is an N-tuple such that

Afxp) 6*P=sup, A (xy) 0%, then from (10) we see that
x| =< P

s+1 °

LEMMA 2.3. IffEA®, then Y,f€ A",

Proof. By Leibnitz’s rule, it suffices to show that

d—d;

Ve €,

From equation (1) we have

(Y. Y]= X @Y,

d=d;td,

N (13)
=S > dw ajl(x)) Y, .
I1=1 \d,

l<d+d,
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On the other hand, we can also write

N
[Y, Y,]= [Y > aix) Y]
I=1

N

= > (¥(a) Y +a0)[Y, YD

1

~
il

N (14)
Y)Y+, a0 > 07,

1 =1 d,<d;+d

I
Mz

-~
I

N N
Y@)Y+> > > dc,mamy,.

1 I=1 d,<d;+d; s=1

i
M=

—
]

Since Y,.l, .., ¥, area basis on Q, we can equate coefficients of Y, in (13) and (14), and

obtain
N

Y{dl) = c®dm-Y, > awc, @) aw. (15)

d<d+d, s=1 dsd+d,

In the sum on the right hand side of (15), we have

d,—d;>d,~d~d,

for the first sum, and
d;+d,—d,—d = d,+d,~d,—d—d,
£ 1 s ! s
= di,_di_dk

for the second sum. Thus the lemma is proved.
We can now use induction to prove:

LEMMA 2.4. If J=(j,,....J) is a k-tuple of positive integers, then if f€A?,
Y, fE AL,

We also can obtain information about the coefficients a of the commutator Yy, of
equation (9).

d, ~d(J)
LEMMA 2.5. d/€A," .
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Proof. According to Lemma 2.1,

Y= 2 @Y,

d=d()

with ¢/, € C*(Q). Hence on Q, we can write

Yy, = 2( > c’,](x)a(x)>

I= d=d()

and so

4= 2, e

d=d0)

and since d,.l—‘djzd,.l—d(.l), the lemma is proved.

We shall also need to estimate derivatives of the determinants {4}, and we begin
with the following general formula. Let Z= ¥ a, (%) (8/8x), j=1,...,N be N c

vector fields, and let T=X , 8(x) (8/3x)) be another.

LEMMA 2.6.

N
T(det(Z,, ..., Zy) = (V- T)det(Z,, ..., Zy)+ D, det(Z,, .., Z;_, [T, Z), Zis1s s Zy)

=1

where V-T=LY  3p/3x,.

Proof.
N N 8
r.z)=> > [ﬂ,<x) ,m—]
=1 k=1 ox,
N, B\ 8 (& 3B\ s
2(2“)T>72 295 ) 5
Hence

3
g,zjﬂ,...,z,\,)
k

S
—-det (Z], ...,Zj_l,z ajkg_;; a;,zﬁ_l, ""ZN

k=1

N
det(Z,,...,Z [T, Z, .],zj,,],...,zN)=det(z,,...,zj_,,ZT(afk)
k=1
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N
3/3:
~det( z,,...,Z, ,,2 2 Z1s o Zy
=1
+k

=A;~B;—C;

Now ZjZIAJ:T (det(Z,, ..., Zy)), according to the standard formula for differentiating a
determinant.
Next, by expanding by minors we see that

B Z( l)j+k Jkﬂjujk

where M, is the (j, k)th minor of the matrix (Z,, ..., Zx). Hence

N N

DEEDELDEEA

Jj=1 k=1
=(V-T)det(Z,, ..., Zy).

Similarly,

c Z( 1)“*% ,,a'gk

I*k

So

M=
K..q

Il
M=
M=

%Be ' (~1y*hay

I j=1

.
[
~
[
-
-
Il
=

-~
-

B
—xkdet(Zl, ""Zk—l’Zl’ Zk+1’ ~--’ZN)

M=
M=

~
[l

-

o<

-
#0
=

=0
since each determinant has a repeated row. This proves the lemma.
Remark. The formula is just the Lie derivative of
det(Zy,...,ZN) = (Z i A...AZn, dx  A...Adxp)

with respect to the vector field T.
We can now use Lemma 2.6 to obtain formulas for derivatives of 4; on the set Q;.
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LEMMA 2.7. For every s-tuple J=(j,,...,j) of positive integers, there exists
fEA;YY 50 that

Y, 2, =f;'A onQ,.

Proof. If s=1, Lemma 2.6 shows
N
Y,h= (V- YDA+ Y, det(Y,, ..., [V, Xy ] -onr V).
k=1
On the other hand, Lemma 2.5 shows that

N
RARPILACEE

with
d,~di~d,

1 i} i
a; l-kGAl

Making the substitution, and noting that a determinant with repeated rows is zero, we
obtain

N
YA, = (v- Y+ aj’.f,.k) A
k=1

on Q;, which proves the lemma in this case since 1 and hence V-¥; is an element of
Al—df. We can now use induction, Leibnitz’s rule, and I.emma 2.3 to complete the proof
in general.

We also need formulas for derivatives of the determinants 1; when J=1.

LEMMA 2.8. For every N tuple J=(ji,...,jn) and every s-tuple K=(ky,...,ks)
there exists fy ;€ AXD 4D~ 5o that

YeAr=fx 11

on the set Q.
Proof. First note that

A=det(¥), ..., ¥,)

N N

—_ 1 N

=det (Iglaj1 Yil;’"" E ajNY,-IN>.
=

Iy=1
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Expanding this determinant, we see that

Ay =f111

with f; € A9P~4")_ We now obtain the lemma by using Leibnitz’s rule, and Lemmas 2.4
and 2.7.

§ 2. Estimates on the balls B,(x, 6)

In §1, we made no hypothesis about the collections of vector fields {Y¥;} which
guarantees that 1,(x)#0 for any x€EQ and any N-tuple I. We now return to the basic
hypotheses of Chapter 1, and assume that the family {Y} is finite, say Y, ..., ¥, and
that for each x€Q Yi(x), ..., Y,(x) span RY. Then of course for each x EQ there is an
N-tuple I=(iy, ..., in) so that A(x)=+0.

Our first object is to obtain estimates on elements of the modules A? at a fixed

point x, € Q. We have

LEMMA 2.9. Let EccQ be a compact subset. Let xo€E and let I be an N tuple
satisfying

|4, (x)| 0P = ¢ sx}p IA,(xp)| 679 (16)

where 0<t<1, 6>0, and the supremum is over all N tuples. Then:
(@) If K and L are s- and r-tuples respectively, then

4 A —dK)—-d(L)
|Yah(x)|<Ct 16"

where C depends on K, L, 1, I, and the compact set E, but not on t or 0.
(b) If K and J are s- and N-tuples respectively, then
|YK}‘J(x0)| < Ct—s—Nad(I)—d(J)-d(K) Ml(xo)l
where C depends on K, J, I and E, but not on t or 0.

Proof. According to Lemma 2.2, aj’(xo) =A/x)/A(x,) where J is obtained from I by
replacing i; by j. But then (16) gives

d,~d;
a6,
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Now Lemma 2.5 shows that

d A,
and hence Lemma 2.4 shows that
Pk AL
It follows that
d; ~d(K)—d(L)

|Yeah(xp|<sCr='o"

where the constant C depends on the supremum over E of a finite number of elements
of C”(Q2). This gives (a).
Similarly, Lemma 2.8 shows that Y, A,(x))=fy ,(xp) A,(x,) where fi ;EAZD;4N~dK),

and in the same way, this yields (b).

Remark. Since there are only finitely many N-tuples, if we fix an integer ny, and
restrict r and s in Lemma 2.9 to be no bigger than n,, we can then choose a constant C
in Lemma 9 which depends only on the compact set E, and is independent of the
particular tuples we choose.

In Lemma 2.9 we obtained estimates for various functions at a fixed point xo. We
now want to obtain similar estimates holding on appropriate ‘‘balls’’. Recall from
Chapter 1 that we defined a pseudo-distance @,, which gives rise to a family of ‘‘balls”’
{By(x, d)}. In terms of exponential mappings, the balls B, are given by

By(x, 6) ={y €Q|y=exp (5: u; Yj> (x)  with Juj< a"f}.

We begin by studying the behaviour of the function A;(x) on the balls By(xq, ) if I
satisfies (16).

LEMMA 2.10. Let EccQ be a compact set and let t=>0. There exists eo()>0 so that
if %0€E and if I is an N-tuple satisfying

[A,0x0)| 6“"“>tsgp |A,(xg)| 6 (16)

then if y € By(xo, £o(2) )

A x— A, < 3 A(xo)-



124 ALEXANDER NAGEL, ELIAS M. STEIN AND STEPHEN WAINGER

In particular 2(y)%0, so Bx(xg, £o(t) 6)=Q;.

Proof. Set F(uy,...,u)=A;(exp(EL,u;Y) (x)). Then F, is C* on the set {u€RY|
|u|<do}, and F, also depends smoothly on x. In particular, given E and an integer n,
there is a constant A, so that for |u|<d,

3

a
F
F -, —alT O | <A an

la|sn 9

Now inf, e ¢ supy|A,(x)|=1>0, where the supremum is over all N-tuples J=(ji, ...,Jn)
with 1s5j,<gq, since the vectors Yy, ..., Y, are assumed to span RY at each point. If we
let n=sup;, x|d(J))—d(K)| where J and K run over all such N-tuples, it follows from (16)
that

rxo)| =7t 6", (18)
If we use this choice of 7 in (17), then if |u]<(ey(?) )%
Al <)l (19)

if £o(#) is small enough, depending only on the compact set E. Thus in order to prove
the lemma, it suffices to show

1 o 9F,
S PTRrY 0 | s3Alxpl. 20)
But (see the appendix, Proposition 4.2)
1 a 9°F, X, _ 1 j s
laf=s ar” W(O) st <j=1 K YJ) e @n

A typical term from the right hand side of (21) is
1
:H ujl e ujs ),j] cor Yjs Avl(xo).

If |u|<(eq(r) ), Lemma 2.9(b) gives the estimate

1 —s-
C— £ O™ M)

Thus we can choose g,(¢) sufficiently small, depending only on the compact set E, so
that (20) is satisfied, and the lemma is proved.
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A similar argument, again using Lemma 2.9 (b), shows that we can obtain esti-
mates for [A/(y)| if y € By(xo, £o(?) 0) if J+1. We do not repeat the proof.

LEMMA 2.11. There is a constant C depending only on the compact set EccQ so
that if €o(t) is sufficiently small, if (16) is satisfied, and if y € By(xy, £o(f) §) then

|4, < CtN 6D~ (x,)|.

If we now use Lemma 2.2, and the estimates of Lemmas 2.10 and 2.11 we see that
if (16) is satisfied, if £o(r) is sufficiently small, and if y € B5(xo, £o(¢) 0) then

d.—d;
ldp)|scr™et
where C depends only on the compact set E. But then we can repeat the proof of

Lemma 2.9 to obtain estimates on B(xg, £(f) 6).

THEOREM 6. Let Ec=Q be a compact set, t>0, and ng a fixed integer. There are
constants C, and £(t) with the following properties: let xo€EE and let I be an N-tuple
satisfying

(x| 0%P = £ max 1A,(xg)| 6. (16)

Then if y € B5(xo, £(t) 0)

(@) If K and L are s- and r-tuples with s and r at most n, then

oy o —dK)—d(L)
|Yeai)|<Crs1o :

(b) If K and J are s- and N-tuples with s<ny then

[ YA, )| < Ct~ V=2 54D~ dD=d® ().

§3. The Main structure theorem

Before proceeding, we introduce a simplification of notation. If x€EE and I=(,, ..., in)
are fixed, we shall relabel the vector fields {Y;} by setting U= Y,.j, 1<j<N, and by

letting V;, 1<jsq—N, be some enumeration of the remaining vector fields. If
u=(Uy, ..., un) ERY and v=(vy, ..., v;—-n) ERT™V, we let

N -N
u-U+v-V=2ujUj+E vV, 22)
= =t
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and we set
D, (1) =expu-U+v-V)(x). (23)
For vERY™V, we let
z=exp(-V)(x)
and we introduce one more family of balls
B/x,2,0) = {yEQ|y = exp (u- U+v- V) (x), with |u) < 6*%}. (24)

Thus B(x,z,0) is exactly the image, under the map @, of the box
{(uE€ RN |u|<6” 7y =009).
We can now state our main result on the structure of the balls {B(x, d)}.

THEOREM 7. Let EccQ be compact. There exist constants 0<1,<n,<1 so that if
x€E and 6>0 there exists an N-tuple I=(i,, ..., in) with the following properties:

(1) |A(x)] 6% = 5, max |A,(x)] 6%.
J

@) If v|<n,6“", 1<j<q—N, @, is one-to-one on the box Q(1;6).
3) If v|<n éd(vf), 1sjsq—N, ®, is nonsingular on the box Q(n,0), and if |[J®,
7 2 v
denotes the Jacobian, then on Q(n,96),

@ <TD,| < 43,x)-
@ If vi<n, 8", 1<j<q—N, and z=exp - V) ()
B(x, 17,8) = Bi(x, z, 11 6)  Bx(x, 6) = B(x, §).
Our first goal is to establish (3). We show that if x€E, and I is an N-tuple with
A, (x)| 090 = max [2,(x)| 670 (16)
then @, is nonsingular, and hence locally one-to-one on the box

{uERY||u) < (e() )"}

provided that |v|<(e(#) )"

depending only on the compact set EccQ and ¢. To do this, we must compute the
Jacobian of ®,.

, 1sj=g—N, and provided that £(?) is sufficiently small,
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More generally, let Wy, ..., W, be any g vector fields on Q, and set

0.(s) =exp (i 5; Wj> ). (25)

J=1

LEMMA 2.12. Let Ec=Q be compact. Then for any integer n there are constants
0o, A2, ..., a,, and C, so that if xo€E

<ClI™ if sl<8,

do, (335) (0,(0(s))—{vvj+§2 afs W, [...[s- W, W]... ]]}
(26)
where the commutators on the left hand side of (26) are of length k. |
Proof. If we could write
exp (s W+tW)) (x) = exp (tZ)oexp(s- W) (x)

the definition of the exponential map would give

d
—|=Z.
dex(as.) ,

J

To compute Z;, we use the Campbell-Hausdorff formula, as in Proposition 4.3 of the
appendix. For any positive integer n, and any x € E we have

lexp (s- W+tW)oexp(—s- W) (x)—exp R, (x)| < C (5" "' t+7)

where R, =tWA+L;_,ou[s-W,[s-W,...[s-W,W]...]]. We now let x=exp(s-W)xo),
and the lemma is proved. ,

Now let W;=U; for i=1,...,N, and W;=V,_y for i=N+1,...,q. We can then
prove !

LEMMA 2.13. Let EccQ be compact, let x>0, and let t>0. There exists (1)>0 so
that if xo€E and if I is an N-tuple satisfying

|2, (x| 04P = tSI;p |4,(xp)| 649 (16)

()

then ifluj|<(£(t) 0)" 7, Isj<N, and |vj|<(£(t) 6)'1(‘,’), 1<sjsq—N, then on B(xp, () 0)

N
o, <i> @,W)-U;= D b, U,
Ou; =1
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d(U)-d(;
where |b;|<x6 =40y,

Proof. According to Lemma 2.12, for any integer n

dd, (Eau_) (<I>U(u))—Uj=2 oafu-Utv-V,..., [u-Utv-V, U] < JHOu|+o)™).
J k=2

Arguing as in Lemma 2.10, we can choose n so large that the term O((|u|+[v])"*?)
has the right form if £(¢) is small enough. On the other hand, we can use Theorem 6 (a)
to estimate each term in the finite sum, and again the sum has the right form if &(?) is
small enough. ,

We can now complete the proof of part (3) of Theorem 7.

LEMMA 2.14. Let EccQ be a compact subset and t>0. There exists £(£)>0 so that
if xo€E, if I is an N-tuple satisfying

(x| 640 = ¢ S‘;P A (xp} 647 (16)

if lu]<(e(®) 6)"?, 1j<N, and |v|<(e(t) 5)*"?, 1<j<q—N, then

A=l D, (u)|<4|A(x))]-

JO, = det (d@,, (i> .., dD, (_a_))
Ju, Ouy

Proof.

However
|det (Uy, ..., UN) (@) = |A(D,(w))|

with 1, (xp)|<|A (@, (1)|<2|A(x)] if £(2) is small by Lemma 2.10. But now Lemma 2.14
follows from Lemma 2.13 if we choose » small enough.

If ]uj|<(s(t) 6)dwf) and if y=®,(u), we have two N-tuples at y: the set (Uy, ..., Un),
and the set d®,3/0u,),...,dP,(8/0uy). If we let Z;=d®,(8/du;), then Lemma 2.13
says

N N
Z=Uq Y, by U=, 0;+b) U, @7
I=1 I=1
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d(U)~d(U;
where |b;|<x W)=d)

be the (j, )th minor of the matrix {;+b;}. If we set

. We can, of course, solve for the U, in terms of the Z;. Let Mj;

det M
=(—1 l+k__¢
=D det (8;+b;)
then
N
U= 2 CuZy (28)
k=1

But it is easy to see that if x is sufficiently small, uniformly in 6, then |det(0,+by)|=4,
while |[det M, |<C 6*Y"~ Y. Thus

|Cul <€ 6™V, @9

We can reinterpret equation (29). Since J®(u)+0, there is an open neighborhood
of y=®(u) on which @, has an inverse map W=(3,, ..., ¥n), so that locally

YADP (1)) = u;.

We can regard v,, ..., ¥n as coordinate functions near y, and relative to these coordi-
nates, the coefficient Cy is just the kth coordinate of Uj; i.e.

Cu= Ufyp). (30)
Thus we have proved

LEMMA 2.15. Let EcQ be compact, and let t=0. There are constants C and £(f) so
that if xo€E, if I is an N-tuple satisfying

[,(xg)| 040 = tm}ax |2,(xp)| 697, (16)

if luj<@e) )", 1j<N, if )< )™, 1<j<q-N, if y=exp(u- U+v- V) (xo), and
if Y=y, ..., ¥n) is locally the inverse map to ®, then

Uyl <C oD,

We now turn to the proof of part (4) of Theorem 7. Let EcQ be compact, let xEE,
let >0, and suppose I is an N-tuple such that

|2,(x)| 6P = ¢ max |A,(x)] 67,
J

9858288 Acta Mathematica .155. Imprimé le 28 aoft 1985
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It is obvious from the definitions that if |vj|<6d(vf) for 1sj<q—N then we have the
inclusions

B((x, z, 0) = By(x, 6) c B(x, 0)

where z=exp (v V) (x). Thus the difficulty in part (4) is proving inclusions of the form
B(x, n,0)cBix, z, 1 9). We begin with the following resuit.

LEMMA 2.16. There exists n>0 so that if xo €E, if I is an N-tuple for which

[Afxp)| 640 = ¢ Sl}P |A(xp)| 6 (16)

if |vj<(e®) é)d(vf), and if z=exp(v-V)(xq) then
B(z, ne(t) 6) < B((xo, z, (1) 9).

Proof. Let y € B(z, ne(t) 6). Then there is an absolutely continuous map ¢: [0, 1] > Q
with @(0)=z, ¢(1)=y and

P 0= 3 b Y (o) 31
j=t

with |b(8)|<(ne(t) 6)df. We can also assume that the map ¢ is one to one.

Let & be the set of numbers s,€[0,1] such that there exists an absolutely
continuous  mapping  6:[0,5)] >R  such that  |B(s)|<( () 8)*®?
o(s)=exp (le’il 04s) Ui+v-V)(xy), 0<s<s,.

Since the mapping

and

(ugy ..., un)—>expu-U+v-V)(xp)

aU)

is locally one to one on {u €ER"| luuj<(e(2) )"’} it follows that the components 6; are

unique. In fact if we had two such 6’s, say 0! and 62, the set where 6'=6 would be
open and closed, and would contain a small neighborhood of the origin. We let

§=sup{so€F}.

We want to show that if # is sufficiently small, §=1, for then

N
y=g(1)=exp (Z 6,1) Uptv- V) (x)

j=1
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with [0(1)|<(e(9) )™ and so y € B/(x, 2, £(1) 9).

The mapping ®,(uy, ..., un)=exp - U+v- V) (xy) is locally one to one, and since
the map ¢ and 6 are one to one on [0, 5], and

@(s) = @,(6(s)

it follows that @, is actually globally one-to-one on some small neighborhood of the
image 6[0, 5]. Thus we can think of the components of the inverse map (¥, ..., ¥n) as
being well defined functions in some neighborhood of 6([0, §]).

If §<1, for some j, we must have wjo(s')=(% () 6)dwj°). On the other hand, for any j,

we have

wjo(j) = 1/),-0(5)—1/),-0(0)
_[a
= fo < wjo(s) ds

= 2 b{s) Y{@(s)) (y;) ds

0 j=1

§ N
= i 2 bj’(s) a}l(¢(s)) UI((p(S)) ('!/)10) ds.

0 j=1 I=1

d(U;)~d(U)

But |Uy,)|<Cé by Lemma 2.15. Thus

AU, )~dU)

[y, < (e 8 Ce 16" C 6
dU,)
< (e o)

if # is small enough. Thus §=1, and the proof is complete.

Note that if we choose v=0, we have shown that
B(xo, ne(t) 8) © By(xo, £() 0). (32)

We can easily take care of the case v+0 if v is sufficiently small. We have, with the
notation of the previous lemma

dv)

LEMMA 2.17. Suppose |v|<(3ne(®)6)" . Then

B <x0, % &(t) a) < B/(x,, 2, £() 9).
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Proof. Let y € B(x,, ine(f) 6). Thus o(x,, y)<ine(®)d. But o(xy, z)<jne(®) by hy-
pothesis, so o(y, 2)<}ne(r) 6. Hence B(xy, {ne(f) 8)<B(z, 3ne(t) 6).
Finally, we turn to the proof of part (2) of Theorem 7. Let EccQ be compact and

let xo€E. Let Iy=Iy(x) be an N-tuple such that d(l,) is minimal among all N-tuples I
with A/(xg)#=0, and such that

Mlo(xo)l = max |4,(x). (33)
diy=dy

Then there exists do depending on xq, such that

Wy Gl 6710 = [A,xp)| 640 (34)

for all §, 0<0=<dy, and all N-tuples I. Also, by choosing a smaller J, if necessary, we
can find an open set W in Q containing x, so that the mapping

Uy, ..., uN) > D (Uy, ..., up)=expu-U+v- V) (x)

is globally one to one on |u|<d, for all x in W, |u|<d,. This is true since the Jacobian of
the exponential map is the identity at the origin. (See the appendix.) We may also
assume

A ()] 850 > §1A,(0)] 65° 35)

for all N-tuples I, and all xE W.
Let K be a compact subset of W containing xo. For x€K, we can choose a
sequence of N-tuples Iy, ...,I,, and real numbers d¢>9,>...>9,>0 so that for

6j+1$6$6j, OSJSn—l

(36)
4,187 > - sup 4,00] 647
7 J

while for

0<d=<d,

37)
A, (x)] 67 a%sup |A,(x)] 6% ¢
" J

We may clearly assume d(I;..1)<d(l)). In particular, no N-tuple occurs twice, and »n is
at most the total number of allowable N-tuples. The choice of the particular N-tuple of
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course may depend on x. According to Lemma 2.17 there is a function &(¢) so that if for
some x € E, 0<d<dy, and N-tuple I, |A/(x)| 0“D=t sup ;14| 6% then if |v 1<(e(® 6)d(v)
B(x, £(t) 6)cB/(x, v, §). We now prove:

LEMMA 2.18. Suppose for some 0
) 6™ = 2 — Sup A,()] 6%
for j=0,1. Put n,=e(}) and n,=e(n\")n, where ny=sup,,|dD)—dJ)|. Then if
o<,
B,l(x, v,n,0)c B,o(x, n,0)c B,l(x, v, o).

Proof. B,l(x, v, 0)>B(x, e(}) 6):B,o(x, £(}) 6) by the theorem, and the definition. On
the other hand

M (x)| (771 (S)d(l(‘) -~ 1 d(Io)_d(-’)Ml(x)‘ ("1 6)11(-’)
=} 1My x)| (o, 6)*”
for any N-tuple J. Hence we can apply Lemma 2.17 again, with t=%n'1'° and 6'=n,0.

We get
B,o(x, n,0) > B(x, s(%n;"’) 7,0)> B,l(x, v, 1,0)

which proves the lemma.
Now we know that the mapping

(uq,...,un)—expu-U+v-V)(x)

is globally one-to-one if x € K, |u|<dy, [v|<do. In particular, it follows that the image of
any simply connected set is simply connected. Let &V be the mapping (23) associated

to the N-tuple 1,. If ®® were not globally one-to-one on |u]<(7,8)*"”, there would be
a line segment L in the box

AU;
{uERM||u) < (7,0)"”)
which ®!” maps to a closed curve in B, (x,z,1,0), where z=exp (- V) (x). However,

this curve can be deformed to a point in B,o(x, 7,0) and hence it can be deformed to a

point in B, (x, z, ), which is impossible. Thus @D is globally one-to-one.
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By repeating this argument n times for successive series of N-tuples I;,, and I,
we prove

LEMMA 2.19. Let Ec=Q be compact. There exist 0<n,<n1<1 so that if x€E and
0<0<d, there exists an N-tuple I so that

(0] 670 = % max J1,(x)] 60
J

and so that if [v|<(n, 8)" ¥ 1ssjsq—N, the mapping
@y, ..., uny)—>expu-U+v-V)(x)
is globally one-to-one for |uj<(n, 6)dwf).
We have now completely proved Theorem 7.

§4. Proofs of Theorems 1, 2, and 3

As immediate corollaries, we can now prove Theorems 1, 2 and 3 of Chapter 1. First,
since Bi(x, z, 7, 0) is the image under the one to one mapping ®, of the box Q(y, J),
and since the Jacobian of this mapping is bounded between two constant multiples of
Afx), it follows that

IB/(x, z, 17, 0)| = |4x)| |Q (271 6)|
=~ |2,(x)| 697,

Moreover, since B(x, 7, 8)c=B/(x, z, n; 6)c=B(x, d) it follows that

B(x, )| = > [4,(x)] 6®

1

which proves Theorem 1.
Theorems 2 and 3 are immediate from part (4) of Theorem 7 since for x €EE and all
small 6 there is an I so that

B(x, 7,0) = Bf(x, 0,7, 6) © By(x, 6) = B(x, §).
§5. Proof of Theorem 5

In this section, we prove that ¢ and g, are locally equivalent. It is clear from the
definitions that p<p,. Thus we must show that for any z in Q there is an open set U
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containing z so that there exists a constant C with

04(x,y) < Co(x, y)

for any x,y in U.
Our proof is a modification of an argument of Hérmander [H]. The main work is to
establish the following result:

LEMMA 2.20. Let wEQ Then w has a neighborhood U so that if x; and x. are in
U with 9(x1, x.)<<g, then the following two conclusions hold:

(@) There exists x, € U with 04(x1,x2)<Ce, and o(x3, x)<Ce' V™,
(b) Given y€EU there is a number n(y)>0 so that if |z—y|<n(y), 04(,2)<
Clz—y|'™.

We first show that Lemma 2.20 implies that ¢ and g4 are locally equivalent. Given
w € Q2 choose U a neighborhood so small that the preceding lemmas apply. Let x=x,,
and y be in U with o(x, y)=46. We apply Lemma 2.20 with x;=x, x.=y and obtain a
point x, with

04(x;,x)<Cé and o(x,,y)<Co'*V/m <46

if Cé”’”<%. We can then apply Lemma 2.20 again with é=1J to obtain x; so that
0(x,, x3)<1C9, o(x;,y)<}d. In general, given x=x,,x,, .oy X; WE Can find x;,, so that
04(x;, x;,))<C(6/2'~") and o(x;,,, y)<6/2’. Moreover g, satisfies the triangle inequality
80 @4(x, x)<C9.

By part (b) of Lemma 2.20 we see that if j is sufficiently large, g4(x;, ¥)<d. Using
the triangle inequality again for g4 completes the proof.

The main step in the proof of Lemma 2.20 is the following generalization of the
Campbell-Hausdorff formula. Let Sy, ...,.S; be [ vector fields. We define

a$
Ca,S)=¢e
aS, aS, —aS, —aS
Cya, S, S)=¢e ‘e e e 7
and in general

Cla, Sy, ... 8)=e"1C_(@a, S,, ..., S,_) e ““(C,_\(a, 8,...S) 7.
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Note that when C, or C;' is written out as a composition of mappings exp+aS; there
are n;=3-2""1-2 such terms. According to the Campbell-Hausdorff theorem, if I=2,

CZ(a) Sl ’ S2) = exp (aZ[SI 3 S2]+R)
R=Y d's,
j=3
where §; is a commutator of length j. The above formula implies that if one replaces R
by R,=Z;< @’S;
ICa(a, S1, 82) x—exp (@’[Sy, S>1+Re) x| < claf**".
(See the appendix.) By induction on [ we obtain:

LEMMA 2.21. C(a, S, 52, ...., S)=exp {a'[S1,[S2,[... S]] ...]+R)

R= E ¢, a*xcommutators of length k.
k>

Here c, are constants independent of a, Sy, ..., S|.

We shall now use Lemma 2.21 to prove the second part of Lemma 2.20. Let
T, ..., Ty be commutators of the Xj, ..., X,, spanning the tangent space of Q at y. Let
di=degT;.

If

1= P P X K ]

set

C)=C (" x0,.... X")y. (38)

Then by Lemma 2.21 and Proposition 1.1 C{#) is a C! map of an interval of ¢’s
containing the origin onto a curve in Q through y, and

dC(p

is T,. 39
dt =0 s % (39

Now define

C(ty, ..., tn)y = Ci(t1) Cao(t2) ... CN(EN) y.
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Then from (39) we see that the Jacobian of C is non-singular at t=0. So C is locally a C!
map from a neighborhood of the origin in R" onto a neighborhood of y in Q. In view of
(38) and the definition of g4, the second part of Lemma 2.20 is proved. To prove the
first part of Lemma 2.20 we need a further lemma. We let 77,=dimension of the space of
Ith order commutators and set

n= 2 nn.
=

(n; recall was the number of terms e in Cfa, Sy, ..., §).)n is some fixed but unimpor-
tant number.

LEMMA 2.22. Suppose a™V,a®,...,a" are given constant vectors with
[a@|<d’, j=1,...,m. Then there exists constants c,, u=1,...,n with lc.<cé, so that

exp (@ - XV +... 44" x) x—lJI exp(c, X\ x| <Co™!,
u=1

Lemma 2.22 is implied by Lemma 2.21 as follows. First we take care of a®-X" by

. Oy oDy Wy .
writing a product of e® “°e“ 1., ¢% "7, That is

). (D a’x, a\Vx aVx
etV AR — Ko 0K, 8K,

where R=1;=, 0(6*)x commutators of length k. Next by using Lemma 2.21 when [=2,
we can match up commutators of second order giving

X,
. x4 ,@. x@ a x, aWx bX bapnyXi
VXD AR _ Ky 4 K "

where R=X,;-; O(6%)x commutators of length k, etc. This proves Lemma 2.22.
We now show that Lemma 2.22 implies the first part of Lemma 2.20: if
0(x1, X)<€, 02(x1, X5)<Ce. Thus there are a?, |a¥|<(Ce)’ such that

Xw = exp (@ - XD+, +a" - X" x,.

By Lemma 2.22 we can find x, so that g4(x1, x2)<Ce and |x;~x«|<ce™*!, so
Q(xz’xw) < C£1+1/m
which concludes the proof of Lemma 2.20 and so of Theorem 4.

10—858288 Acta Mathematica 155. Imprimé le 28 aott 1985
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Chapter 3. The estimation of certain kernels

We begin by studying the behavior of our families of balls under suitable mappings of
the underlying space. The situation we study is motivated by the process of freeing of
vector fields in Rothschild and Stein [RS].

Suppose as before that {Y;}, 1<5j<gq is a family of C* vector fields on a connected
open set QcRY. Assume that the vector field Y; has formal degree d;, that for any j and
k we can write

[Y, Y ]= D @Y, cheC (@ M
d<d;+d,
and that the vector fields span the tangent space at each point of Q.

Suppose in addition there is a connected open set VcRM (with coordinates
81, .., 8p) and C* vector fields ¥, ..., Y'q on QxV with the following properties

(1) For each j, 1sj=gq,
-~ M a
P(x, )= Y0+, ay(x, o
k=1 k

(2) The formal degree of f’, is d; and we can write for any j and k

where &, €C*(QxV).
(3) The vector fields Vi, ..., f’q are linearly independent, and span the tangent
space at each point of QX V.

The vector fields Y, ..., Y, give rise to a metric ¢ and a family of balls {B(x, 6)} on
Q. In the same way, the vector fields ¥, ..., f’q give rise to a metric ¢ and a family of
balls {B((x, 5), )} on QX V. We want to study the relationship between these metrics.
Let & and 71, denote the projections from QX V to Q and V

n(x,s)=x
75(x, §) =s.

If dx is the differential of this mapping, then condition (1) on the vector fields ¥, ..., ¥,
is equivalent to
dn(Y)=Y;, 1<j<gq.
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This implies that if @: [0, 1] >QX V is a curve satisfying
@' = i a(®) Y(¢(0)
Jj=1

and if we let @: [0, 1]>Q be the composite

@) = 7(P(1)

then
)= i a(t) Y@(0).
j=1

This observation leads immediately to the following.

LEMMA 3.1. (a) m: B((x, 5), )—B(x, d) and this mapping is onto.
(b) z(exp(Za; ¥)(x,5) =exp(Ta; ) (x).
©) If x1,€EQ and 51,5, €V then o(x1, x2)<6((xy, 51), (x2, 52)).

Now fix‘<I>€C(°,°(V). As in Rothschild-Stein [RS], we can define a restriction

mapping from functions on QxV to functions on Q by the formula

RF(y) = f F(y, s)®(s)ds
v

fory€Q, F(y, s) a function on QX V. In order to estimate these restrictions for suitable
F we need

LEMMA 3.2. Let EccQ be a compact set. There is a constant C so that if x€E and
if yEB(x, 0) then

B((x, 0), 6
Lxﬁ((x,m,o)(y,s)‘b(s)ds =C ;(1(;;,6, 3§)|) .

Proof. By Theorem 7, we can choose an N-tuple of vector fields Y,.l, veey Y,.N with
the following properties: Let U= Y,.j for IsjsNandlet V,,...,V__y denote the remain-

ing vector fields. For u€RY, vERT N, define

D (1) =expu-U+v-V)(x).
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dv)

Then if jv|<n, 6™/, 1sj<q—N the mapping

ur—> @ (1)

&Up

is globally one to one for |uj<n, 67, and the image of this map contains the ball

B(x’ 7]2 6) .
We also consider the map &: R%—R¥ given by

®(u, v) = exp (u- U+v- V) ((x, 0)).
Note that
7o ®(u, v) = @, (u).
Let y € B(x, 0) and let
2, = {(, v) €RY|u| <, 6“7, |v] <7,6"", and @) =y}.
Since the mapping @, is globally one to one, for each v there is a unique 8(v) ERY so
that
0@),v) =%,

i.e. ©(6(v)=y.
If we differentiate this last equation with respect to v; and use the fact that the
Jacobian of @, is bounded between two positive multiples of 4,(x), it follows that

Vo) < Clio)| .

Next consider the map y: RN >R?™N given by

%) = 7, D), v).

Since @ is a diffeomorphism

x| C'Wol< Claso)| "

Now in the integral

f X B(x,0), ms)()” sy d(s)ds
v
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we are just integrating @ over the image of the map y. The change of variables formula
for multiple integrals now gives

| x

Ld(U)+d(V)
< " 85 < c 2

< cB&.0.0]
|B(x, 8)|

M[(x)l 6Zd(Uj)

We turn now to the proof of Theorem 5.
Choose ¢ so small that Lemma 3.2 holds. We then write

kix,0;y,s) = E k(x,0;y,5)%{x,0;y,5)
J

where

1 ife27s 0(x,0;y,5) < 2e-27

((x,0;y,8)= .
2 053, ) {0 otherwise.

Thus

(2e279)"

k(x, 0,3, 9)| < C Vol B(x, 0;e27)
lk(x, 0;, 5)| z Vol B(x, 0; £27)

27 Zo(x,¥)2e

XE(x, 0, 25-2—1')()" 5)

where x; is the characteristic function of B. Now we apply Lemma 3.2 to obtain

k 0 d. C —"—"———‘_ja

x, U, = E —,

( RS S) Q(S) § r VUl (B(Xf, 2‘1))
27 z0(x, y)2¢

We then obtain the estimate for Rk by comparing the sum to an integral. The estimation
of X; ... X; Rk is similar. (See the discussion of X,.Rk—RX’jk in [RS] p. 302.)

Appendix: Exponential mappings and the Campbell-Hausdorff formula

In this appendix we briefly recall the basic properties of exponential mappings induced
by vector fields. Thus suppose that Q<R” is an open set, and that Y is a C* real
vector field defined on Q. Y then induces a local one parameter group of transforma-
tions on Q as follows: for each x €Q let E(t, x)=E(¢, x) be the unique solution to the
initial value problem

E (1,0 = Y(EQ, ), EO,%)=x @
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This unique solution always exists for |f| sufficiently small. In fact, if KccQ is
compact, there is a number 6;>0 so that E:(—d¢,00)XK— is a C* mapping.
Moreover, if the vector field Y="Y(u,, ..., 4,) depends in a C* manner on a parameter
u=(uy, ..., u,) € UcR? where U is open, then if KccQ and Lo=U are compact, there
is a constant 6,>0 so that the solution

E(uy, ... up, t,x)=E: LX(—0¢,00)XK— Q

is a C* mapping. (A discussion of existence and uniqueness of solutions of (1), and of
smoothness of dependence on parameters can be found in Dieudonné [D], Chapter X.)
The uniqueness of the solution to (1) shows that

E(s,E(t,x)) = E(s+t,x) if x€EK, |s|+|t|<do )

and
Ey(At,x)=E;y(t,x) if x€EK, |At] <Jy. 3)

Equation (2) shows that the mapping
x—=E(t, x)

is a diffeomorphism on compact subsets of Q if ¢ is sufficiently small. Equation (3)
shows that E,(1, x) is well defined on compact subsets for all ¢ sufficiently small. We
define

exp(¥) (x) = E;(1,x)

whenever the right hand side is defined. In particular, exp (¢Y) (x) is always defined for
small |7|.
If fis a C* function defined near a point xy € Q the function

F(2) = f(exp (¢Y) (xo))

is defined and C* near t=0, and the differential equation (1) shows that

F'(1) = (Yf) (exp (1Y) (xo)).

This shows that the Taylor series expansion of F at t=0 is given by

)

FO)~ ) =L (P s = ez, @

n=0

where the last expression is thought of as a formal power series in (¢Y).
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Now suppose that Y,,...,Yr are real C* vector fields on Q. If
u=(uy,...,up) ER®, then LT u,Y;is again a real C” vector field on Q, and we may
consider exp (L7, 4;Y) (x) for x€Q, uERF. It is clear that this is well defined for

P 172
Ju| = (2 |u,-|2)
j=1

sufficiently small. In fact if Kc—Q is compact, there exists >0 so that exp (L ; Y)(x)
exists for x €K and |u|<do. Moreover the mapping

(uyy ..., Up; X)—>€Xp (E u; Yj> (x)

is infinitely differentiable. For x € Q, we may define
exp, (uy, ..., Up) = €Xp (E u; Y,) (x).

Then exp, is a C” mapping of a neighborhood of 0 in R? to Q with exp, (0)=x. This
induces the differential mapping d(exp,): ToRF—T,Q between tangent spaces. It
follows easily from the differential equation (1) that

d(exp,) (i> =YW, j=1,..,P.
Ou;
In particular, if P=N and Y, ..., Yy is a basis for the tangent space T, Q, this shows
that d(exp,) is a bijection. The inverse function theorem, together with the smoothness
of the mapping (u, ..., un; x)—exp (L ; ;) (x), proves:

PROPOSITION 4.1. Let Yy, ..., Yx be C” real vector fields on an open set QcR™.
Suppose Yy,..., Yy are linearly independent at each point of Q. let Kc=Q be com-
pact. Then there are finite positive constants 64,0,, and C so that:

(a) For x€EK, exp, is a diffeomorphism of {uGRfV ||u|<d:} onto a neighborhood
Veof xin Q.

(b) For x€K, {y ER"||x—y|<dy} V..

() For x€K, if i;ERY with |u|<d, for j=1,2,

|expx (ul)_expx (u2)| = C'ul - u2| .

COROLLARY 4.1. Let xo€Q. Then there is an open neighborhood U of xo and
constants 6¢>0, C<» so that
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(@ If x€U, exp; is a diffeomorphism of {u€RY||u|<do} onto an open set in Q
containing U.

(b) If x,y €U and y=exp.(u) with |u|<d, then exp,(tu) €Q for 0<t<l.

(©) If x€U, u;ERY with |u|<dy for j=1,2 then

|€XPy U1 —€XPy o] < clur—uy).
We shall need a generalization of (a) which is proved in the same way:

COROLLARY 4.2. Suppose V,,...,V, are some additional vector fields. Then if
v=(vy, ..., U,) with |v]<dy

exp, (g V1+...+uy ¥Yn+u, Vi+... 40, V)
is a diffeomorphism of [u|<d, onto an open subset of a neighborhood of
exp, (v, Vi+...+0, V).

We shall call U a normal neighborhood of x,. If U is a normal neighborhood of x,
then for each xE€U we can introduce coordinates in U via the mapping (exp.) "
U—R". We call these the canonical coordinates at x, relative to the linearly indepen-
dent vector fields Y, ..., ¥Yn.

Next, we return to the more general situation of P (not necessarily linearly
independent) vector fields Yy, ..., Yp on Q. If xo €Q and fis a C” function defined near
xo the function

F(u,,...,up) =f<exp (2 u; YJ> (xo))

is defined and C™ near 0 ER”. As a generalization of equation (4) we have

PROPOSITION 4.2. The formal Taylor series of F at 0ER? is given by

S "  tuy,
Flts s tp) = 2, 7(2 z Yf) fle =™ xy).
n=0 : .
Proof. Define
G(t, uy,...,up)=F(Qtuy, ..., tup).

Then G(t, uy, ..., up)=f(exp t(X u; Y;) (x0)), and from equation (4) we have

G 0,y ..., up) = (Z u, Y,) £xy).

or"
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On the other hand

"G n'
0,u,,
YLl |a|2—n oy )
SO
u®* 89°F _ 1 n
la|=n a! ou? (0) - _n—l (2 uf YJ) f(xO)' QED

We have seen that if KccQ is compact, there exists do>0 so that the mapping
K—Q given by

X+ eXp (2 u; Yj> (x)

is a diffeomorphism if |u|<de. We shall often have need to compose two such diffeo-
morphisms. Let xo€Q and let f be a C* function defined near xo. Then the function

F(sy, ..., Spytys.eestp) =f<exp (2 8; Yj> oexp (z L YJ) (x0)>

is defined and C™ near 0 ER?**. According to Proposition 2, for [f| sufficiently small

3 £ 5202200 ()}

Applying the proposition again we have

598 Ql+BlE 1 1 m .
2 alf! 3s®arb (0,0)=W—n—'(2tle) <2SJYJ) f(xo)_

laj=n

Bl=m

Thus the formal power series of F at (0, 0) is given by

F(si,....8p 15 .0es tp) ~ Z ml <ZtJ.YJ.)m<2sij)nf(xo).

tn!
m, n=0 ni

But the right hand side, viewed as a formal series in ¢ and s is exactly PR Yf'f(xo).

According to the Campbell-Hausdorff formula, the formal series e" N e™ Y can be

written as ¢ where
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c ay ﬂ]
Z= (1" Y (a!ﬂ!(a+/3))_l<ad<2thj>> (ad(EsjY]))
n=1

a;+8+0

X... (ad (Z s; Yj)ﬂn_1 s) Y

(see Hérmander [H], p. 160, or Hochschild [Ho], Chapter X). If M is a positive integer,
let Zy, be the finite partial sum of the formal series for Z so that Z—Z=O(|s|™+|f|™).
We now have

f(exp (2 5; Yj) oexp (2 t Yj> (x0)> —f(exp (Z,) (xp)) = O(|sM+|e*).

Since fis arbitary, we also have:

PROPOSITION 4.3. Let Ke=Q be compact, and let M be a positive integer. There
exists a constant C so that for x€K

exp <Z 8 Yj> oexp (2 L Y,) (x)—exp Z,(x)

< C(Js|M+|e[™).
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