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Introduction

The theory of pseudodifferential boundary problems has been developed to provide a
larger framework for the study of differential boundary value problems, allowing algebraic
manipulations with the operators (reflected in a symbolic calculus) and allowing the
inclusion of non-local terms. The elliptic calculus has its origin in works of Vishik, Eskin
and Boutet de Monvel (cf. [V-E], [E], [BM1] and in particular the Acta article [BM2])
and was further developed e.g. in Rempel and Schulze [R-S1] and Grubb [G1]. The scope
of the theory was enlarged by the consideration of systems depending on a parameter
(running in a noncompact set), which can be for example a spectral parameter A€ C
(allowing functional calculus), a time dependence (for parabolic problems) or a small
parameter >0 (entering in singular perturbation problems). For operators in L2 spaces,
such a theory was worked out in the book [G2], and further developed for parabolic
problems by Grubb and Solonnikov [G-S1], who applied it to give new results on fully
nonhomogeneous Navier—Stokes problems (cf. [G-S2] and its references). Let us also
mention the treatment in [R-S2] of resolvent estimates and complex powers for systems
without the so-called transmission property.

The purpose of the present work is to extend the parameter-dependent calculus
to the L, setting, 1<p<oo, and to a suitable class of unbounded manifolds, including
exterior domains (complements of smooth compact sets) in R” and R”?.

A fundamental difficulty in the study of parameter-dependent elliptic pseudodiffe-
rential problems, depending e.g. on a spectral parameter ) on a ray in C, is the following:
Without the parameter, the singularity of the homogeneous symbols at £=0 is harmless
(since it is felt in a compact set only), but when X is adjoined, the singularity has an
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important influence as |A| —oo. This is reflected in a complicated structure of the symbol
classes, noticeable already for the pseudodifferential operators P in the theory, but even
more so for the boundary terms (the trace operators T, Poisson operators K, singular
Green operators G).

The book [G2] handles this problem by introducing a version of the Boutet de Monvel
calculus with symbols depending on a parameter u (a suitable power of A), where p has
much the same role as the cotangent variables in the ps.d.o. calculus, but enters with less
regular estimates. The symbol seminorms for operators on R} are formulated by use of
Ly(R4) estimates, where z,, €R is the variable normal to the boundary (here one finds
that e.g. systems of supremum norms, that are equivalent with the present choice in the
non-parametrized case, are far from equally efficient when the parameter is included);
and the full calculus is established in this framework. L, Sobolev space estimates of the
operators are obtained by use of convenient properties of the Fourier transform.

For L, results one might expect that it would be necessary to work the symbolic
calculus over again with L,(R ) estimates, but we found that this is neither necessary nor
very useful. In fact, the results can very well be obtained on the basis of the development
in [G2]. Mapping properties in L,(R") Sobolev spaces are obtained by use of multiplier
theorems of Mihlin and Lizorkin with respect to the tangential variable z’, valued in
Hilbert spaces of functions of z,,. (The theorems do not hold generally in Banach spaces,
which is why L,(R.) symbol estimates are not used.) Our point here is that we can
get the desired L,(R") estimates on the basis of certain weighted Ly(Ry) and H3(R.)
estimates derived from the calculus of [G2], by use of an interpolation result from Gilbert
[Gi] together with other results on Bessel-potential and Besov spaces (cf. [T1]).

In the process, we have revised the results of [G2] and worked out some precisions
of that calculus; notably, a certain “loss of regularity” occurring there has been almost
eliminated. We have also found a simplification in the use of “order-reducing operators”,
namely that the simple version ({(D’)+iD,)! composes in a very good way with the
boundary operator types K, T and G, and hence can be used in many places where one
would think it necessary to use the more refined version of [BM2]. Moreover, we extend
the calculus to unbounded manifolds with finitely many conical ends, by working with a
special type of symbols that are uniformly estimated in z (as in Hormander [H3, 18.1] for
ps.d.o.s without p-dependence); and systems of negative class are included (generalizing
[G3]). — Some of our results were announced in [G-K].

Contents. Section 1 introduces the appropriate Bessel-potential spaces H;’“((_Z) and
Besov spaces B;’“(ﬁ) depending on a parameter €R,; and the expected properties
(interpolation, duality, imbedding and trace theorems) are established, uniformly in the
parameter. The admissible unbounded manifolds are defined. The needed variable-
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coeflicient version of Mihlin’s and Lizorkin’s theorems is presented, and we show some
particular interpolation results to be used later.

In Section 2, we introduce a stricter, globally estimated version of the symbol classes
in {G2], based on [H3, 18.1] (results for symbol classes with local estimates can be re-
covered from this). An advantage of the global calculus (besides allowing unbounded
manifolds) is that it gives more precise results: the so-called negligible operators are
included in the operator spaces instead of forming residual classes, and the compositions
and inverses on R (when they exist) are defined by precise symbols in the calculus.

In Section 3, we show how a certain projection estimate from [G2] can be sharpened,
allowing any € >0 instead of 5=% for (0.2) below. We introduce negative classes and study
the composition of boundary operators with operators ({D’)+iD,)!, and we prove some
delicate estimates of the boundary symbol operators in weighted L, spaces, crucial for
the later L, estimates.

In Section 4, we prove the main theorem on continuity in Hy* and Bp** spaces. It
is found, roughly speaking, that for boundary operators of regularity v, the continuity
holds with an O({u)~**1/2-1/PI 1) estimate of the operator norm, and for ps.d.o.s it
holds with an O({x)~¥+1) estimate (see the precise statements in Theorem 4.1 below;
for the necessity, see Remark 4.2). In particular, if v > %, the estimates are uniform in u
for each pe |1, 00].

Finally, Section 5 gives the full proof of composition rules for the present operator
classes, showing that when A, and A, are Green operators of order d resp. d', class r
resp. v’ and regularity v resp. v/,

P +Gu K P, .+G, K|
A:( e S“), A;F( S S;*); (0.1)
© I © @

then (when the matrix dimensions match) A4, is again a Green operator:

(0.2)

Al = Ay A, = (P;i',+‘L(PmPL)+GZ' Kﬁ) ,

1 i
Tu S 7

of order d"=d+d and class r"=max{r',r+d'}, with all terms of regularity "=
min(v,v',v+v') except L(P,, P,), that is of regularity v —¢, any €>0.

Applications. The above gives the fundamental steps necessary for establishing the
calculus in the desired generality. In sequels [G5] to this paper, polyhomogeneous
parameter-elliptic Green operators A, are considered; it is shown that parameter-elliptic
operators are invertible (within the calculus) for sufficiently large y, and that an inverse,
when it exists, belongs to the calculus; and the consequences for parabolic pseudodifferen-
tial boundary problems (in anisotropic Bessel-potential and Besov spaces) are developed.



168 G. GRUBB AND N. J. KOKHOLM

Moreover, a concrete application of the anisotropic L, Sobolev space results to the time-
dependent nonhomogeneous Navier-Stokes problem along the lines of [G-S2] is worked
out. Further consequences for Navier-Stokes problems with initial data of low regularity
have been derived in [G6].

1. Spaces and manifolds
1.1. Bessel-potential and Besov spaces with a parameter

There are many good explanations of the various generalizations of Sobolev spaces in
the L, situation, cf. e.g. Stein [St], Nikolskil [Ni], Bergh-Lofstrém [B-L], Triebel [T1, 2].
In the present paper we shall use the terminology summed up in [G3] (based to a large
extent on [T1]), without repeating the full details here, where we shall focus on the
information on parameter-dependent spaces necessary for our presentation.

Let 1<p<oo. We recall that a constant-coefficient pseudodifferential operator Q
with symbol ¢(£),

Qu=O0P(q(§))u=q(D)u=F " (qFu)

(where F is the Fourier transform), is continuous in L,, if one of the following criteria
(derived from the Marcinkiewics multiplier theorem) holds:

Clg)= sup |¢/1!|Dgg(€)| < oo (Mihlin [M)),
|ﬂ|<[n/2]+1v EGR" (1.1)
C'(q9)= sup  [£%Dgq(é)| <oo (Lizorkin [L});
a;=0,1,£eR"

and the norm is <CpC(q) resp. CpC’(q), where Cp is independent of g. Lizorkin’s
criterion covers a different type of symbols than Mihlin’s, since “mixed” expressions
D¢, q with i#j do not enter. (The total order is higher there, when n>>3, but in many
situations that is no problem.)

In order to state estimates of parameter-dependent Green operators in Bessel-
potential (H,) and Besov (B;) spaces, we introduce for each of these spaces a family
of equivalent norms depending on a parameter ux. The parametrized norms are intro-
duced first for spaces over R™, then for spaces over R? ={z€R"| z,, >0}, and finally for
spaces over suitable manifolds with boundary.

Consider first the spaces over R". Let (£)=(14|£]?)!/2, and denote OP((£)*)=(D)*.
Recall that the Bessel-potential space H3(R™) is defined as the space of f€S'(R™) for
which (D)®feL,(R"™), with norm

Il az ey = I{D)* fll 2, 87y (1.2)
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For seN, Hj(R") equals the Sobolev space W3(R") that consists of the functions f
with D*f e L,(R™) for |a]<s. For se R;\N, another definition is used for the Sobolev-
Slobodetskil space W, (R"); it is taken equal to the Besov space B5(R"). Here Bj(R")
can be described either in terms of an integral formula:

for s€l0,1, feBy(R") <= “f“L,,'*‘/R% %%Zﬁdzdy<m, (1.3)

for s,t€R, feBsH(R™) <= (D)'f e ByR™);

or in terms of a norm defined by a partition of unity as follows (cf. e.g. {B-L, Lemma
6.1.7]): Let p€C§°(R™) have the properties

supp ={&[27' < [¢] <2},
©(¢€)>0 when 271 < |¢] <2,

oo

D e(@7")=1 when |¢|#0,

k=—oc
and define poeC§°(R™) by
eo(§)=1- Y p(27%¢).

1€k<oo

Then By(R")=B; ,(R"), where, for any s€R and 0<g<oo, the space B; ,(R") is de-
fined as the space of tempered distributions f with finite norm

1/q
1115000 = (oD o+ 3 Mo D), ue?)

1<k<oo (1'4)

Il Bs@m) =1 fllBs ,mr)-

Parameter-dependent versions are now defined as follows: Let ucR, (we could
equally well let p€R). For the Bessel-potential spaces, we simply take the norms

[ Fll g gy = (D, 18)° fll L, (mn), Where
(D, p)* =OP((§, u)*) =E5, (6 1) = (L4 +p7)'/2.
Also (2.2) or (2.3) can be used.) For each fixed y, this is equivalent to || f|| z7s(r~), by Mih-
2(R™)

lin’s criterion (the functions (£)(£, u)~! and (£, u)(€)~! satisfy (1.1)), but with estimates
depending on p. For s20, the functions (£, )*/((€)°+({u)*) and ({£)*+({m)*)/ (£, m)°

satisfy Mihlin’s criterion with constants independent of u, so
Nf ez mey = I(D5 1)° Fll 2y ey = | OP((€, 1)° /((€)° +(1)*)) OP({€)" +{1)*) f | L, m»)
S C1(IKDY fllz,my+ ) Nl 2, mm))s

(1.5)
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and similarly |[(D)*f||z, <Coll(D, u)*fllz, and [[(4)*fllL, <Cs|(D,p)*fl|z,; altogether
one has a simple comparison

CH fllagmmny < I FllHg@my + () N fllz, ) SCllflage@ny, fors>0,  (1.6)

with a constant C independent of i (and depending on s). Observe that with the choice
of norm (1.5),

(D, )t = :L: Hy*(R™) -t H;~"M(R") isometrically, (1.7)

for all s,t€R, since ELEL' :Efj‘t' in general.
To motivate the definition of y-dependent Besov norms, let us rewrite (1.5) a little.
Let M, be the homeomorphism of §'(R"™) (and H;(R™) and B,;(R") etc.) given on
S(R™) by
(M,0)(2) = v((4) 2). (18)

Then DM, '=M_*(u)D, and hence

(D, ) =M ({p) D, )* My = ()" M (D)* M,

from which follows a simple, precise formula:

£l rgoe ey = () /P 1Mo f 113 ) - (1.9)

This allows us to make a very convenient choice of the parameter-dependent Besov norms,
namely, by analogy:

1715y gy = () /P4 | ML fll By ) - (1.10)

We conclude from the standard imbedding results that for s€R, £>0,

B;»#(Rn) C H;y”’(Rn) C B;—E,[L(Rn) for p< 2,

(1.11)
Hy*(R™)C By#*(R")C Hy “*(R™) forp>2,

uniformly in g, with Hp#(R")=Bp#(R") if and only if p=2. Moreover (cf. e.g. [T1,
2.8.1]), one has for s and s;€R, p and p1€]1,00[, mEN,
H2#*(R")+By*(R") C HyP*(R")NB#(R™), when s—2 > 81— 5%, p1 > p;

1.12
H3*(R™)+BS*(R™) CC™R™), when s> n4m, ( )

uniformly in y; here C™(R™) is the space of m times continuously differentiable functions
u with D®u(z)—0 for |z|— o0, [a]<m. (S(R™) is dense in all these spaces.)



A GLOBAL CALCULUS 171

Observe also the following difference: For s=0,

I-Ngowgny =1z, n) forall pe Ry,

whereas ||-|| BY*(rn) depends in an essential way on y when p#2. In fact, we have for all
feS(R™) in view of (1.4) and (1.10),

”f”Bg’“(Rn) = fll,m~) asp— o0, (1.13)

where L,(R™)=HJ(R")# BJ(R") when p#2.

We need to know that the interpolation, duality and trace theorems valid for the
usual Bessel-potential and Besov spaces have counterparts for these parameter-dependent
spaces, with estimates uniform in u. The statements and proofs will be straightforward
when we use (1.9) and (1.10). To give an example, recall that real interpolation (-, )¢
(cf. [B-L, Theorem 6.2.4]) of the Bessel-potential spaces Hj°(R") and Hj'(R") with
0<6<1 and sp#s,, gives the Besov space Bj(R"), where s=(1—0)so+8s;. In particular,
for some constant C' >0 independent of f we have when f& B;(R"):

CHFllBsmmy < NFllarzo oy, 122 R7yo e < CllF B R (1.14)

(The precise value of the interpolation norm depends on the method; here we refer to
the K-method, to fix the ideas.) Since M, is a homeomorphism in all these spaces,
and the exponent —2+s in (1.9) and (1.10) is an affine function of s, we get with the
same C:

CU fllBgr @y <N llazo ey, 32 7)o pxe < CIF B RA)- (1.15)

We formulate this result as follows:

(HoH(R™), HyV*(R™))o,p~ By*(R"), uniformly in p, with s=(1-6)so+0s1.

(1.16)
Recall that for f in the smallest of the spaces,
17l g mny < Cllfll}lgg,u(an)Hfll?,;w(m)- (1.17)
As an application, we see that for each ¢,s€R,
(D, p)* =EL: By*(R™) 5 B %#(R"), uniformly in p (1.18)

(in the sense that the operators (D, u)* and (D, p)~* between these spaces have bounds
independent of ). Because —7+s is affine in % too, all the other interpolation and
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imbedding results of [B-L, 6.2 and 6.4] generalize immediately to p-uniform results for
the parameter-dependent spaces. The same is true for the duality results, since (1.10)
means that (p)~"/P**M, is an isometry of B3*(R") onto B5(R"), and thus

()P MY ) = ()™ P (M, = (P 0 M,
is an isometry of Bp*(R™)" onto B,(R")"=B,°(R"), where

+i=1 (1.19)

"3 =

(The notation (1.19) will be used throughout.) Thus for all s€R,
BOH(R")* ~ B;s"” (BR™), umiformly in p. (1.20)

Finally, we have for the restriction operator ¥: u(z)—u(z’,0) (from R™ to R*1),
since —249=—22L+(5— 1} and Fo(M,u)=M,Fou, that the usual trace theorem (cf.
e.g. [B-L, Theorem 6.6.1]) implies:

Jo: Hy*(R™) — B~ /P#(R""')  and

| (1.21)
777@::35’"‘{(37‘)&—»B’;‘l/”"‘“(’R"_I)‘ wniformly in p for s> 1,

and s cannot be taken <2 (cf. e.g. [G3, Lemma 2.2]).
Concerning spaces defined relative to f_{ﬁ, one has the usual two variants. On one
hand there are the closed subspaces of distributions supperted in R?,

H32(RY) = {ue HY*(R™) | suppu C RYJ;

i (EPTE Sy fili Yy, | ] (1“22)
B (R} )={ue By*(R"}|suppu CR}};

that inherit the norm from the full spaces; and on the other hand, there are the distri-
bution spaces over R’} obtained by restriction:

H;“{ﬁﬁ) = r*H;"‘ (R™), Bpy* (R%)= r*B;’“ {(R"); {1.23)
they are provided with the infimum norms
I ags ny =inf{ lghuge mny g€ HPH(R™), rPg=f}, etc. (1.24)

Here r* denotes restriction to R} (and we later also use e*, extending functions on R%
by zero on R*\R% ). The spaces

So(R})={ucS(R")|suppuCR:} resp. S(R:)=r*S(R") (1.25)
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are dense in H§(R%) and B, (R%) resp. H:#(R%) and B3*(R7); and the norms in
the latter equal the quotient norms when we identify

Hy*(RY )~ Hy*(R™)/H B (RT), et (1.26)

(There is a detailed analysis e.g. in Triebel [Tl 2.8, 2.9] of the spaces in the u-independent
case; Hy 0(R ) and B? O(R } are called H S(R]) resp. B s p(Ro) there.) Now the crucial
observatxon is, that since the dilation z+ (u)z preserves R", we can conclude that the

norms are related to the y-independent norms in the same way as for the spaces over
R™
1 llxem = () "/P**|| M, flix: for s €R, with

X= Hp(R Hpyy (Ri)’ p(ﬁi) or Bpio(ﬁ’i)'

Uniform interpolation, imbedding, duality, trace and extension theorems then follow

(1.27)

from the case without a parameter just as above. (For an overview of relevant non-
parametrized statements, see [G3].) Let us collect some of the resulting statements in a
theorem.

THEOREM 1.1. The following identifications hold, uniformly in u:
HyMRY) = "’"(ﬁi) and B“”“(ﬁ‘ ~B""‘(R ), when %&1<s<%;
Hy*(RY V~H G #(R7) and B‘f“(R") ~B“"’"(R ), foralls€R;
(Hp*(RY), Hp* (R ))o,p = (Hp#(RY), Bp* (R} ))o
= (By*(R}), By*(R}))ep = By #(RY),
(Hy (R, Hy™(R))o p, = H (D),
(By* (R, Bp#(RY))e = By #(RY),
[H”"‘(R ),H""(R e ~H’1*“(R Y;  where
s,tE€R, s#t, pg€ll, oo, 0€]0,1[, 51 = (1-0)s+0t, L =150+,

(1.28)

Here the dual spaces are defined with respect to an extension of the sesquilinear duality

(u,v)ry = fﬁﬁ w(z)i(x) dx; and the interpolations that are used are real interpolation

(-5 )op resp. comple.z: interpolation [-,-]e. The interpolation statements hold also with

H, and B, replaced by Hyo and By, and the norms satisfy generalizations of (1.17}.
The trace operator v;: u(z)— DL _u(z’',0) is continuous for 8> j +%,

vyt Hy# (R )+ By (R ) — By~ Ve (R™1Y),  uniformly in p. (1.29)
Note also that in view of (1.6),

c-! W lageeny S UMasny+ 0 DL, myy € CNflugmryy, for each 50, (1.30)
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with C independent of .
For the spaces over ﬁi, the following operators are more convenient than the =
Denoting (&1, ..., &n—1)=¢', we let

Xa (&, m)=((¢, m)xik,), teR,
X% (€', 1, D) = OP, (x5 (&, 1) = ({€', w) £iDy )", (1.31)
g% . =OP(xXL(& 1) =({D', w)£iDn)"
then one has for all ¢, seR:
BL,EL =84 (BL)=E%,. (1.32)

Moreover, the funtions (£, u)~*({¢', u) £i€,)! satisfy Lizorkin’s criterion (1.1) uniformly
in p for each t€R, and hence the operators

EpTIEL LB, = OP((&, 1) TH (€, ) £ikn)")
are bounded in L,(R™), uniformly in g, for any s and ¢, which implies
EY , HY*(R™) S HS™“#(R™), uniformly in y, (1.33)
with similar statements for B;* spaces. We define as usual
Pry =rTPet, also written for short as P,.

By the Paley-Wiener theorem, the operators =, , map So(R7}) onto itself, and =¥, “_f,_, u

t+t

equals Z17° there, so by extension by continuity and by duality one gets the homeomor-

phism propertles.

THEOREM 1.2. For all s,teR one has, uniformly in u,

8,# n ,Il ; =t =t — —=t+s .
_l+ e H (R ) —) (R ) wzth H+,”’R¢ =4.uR? — H+’M’R$’ (1 34)
=t s, (PN s—t,1L . =t =8 _=t+s '
— R"’ H (R+) — H (R ) 'Uﬂth H—’”"Ri t_‘__,”’R$ = H_vﬂyR" .
(On distribution spaces where et is not defined, = CuRT 8 taken as the continuous

eztension from S(R™).) The analogous statements hold wzth H, replaced by B,,.

Here the results in Besov spaces follow from the results in Bessel-potential spaces
by interpolation, using (1.28). We note furthermore that the mapping (u)= _1“ R? is
bounded in H2*(R%) and in B2#(R7 ), uniformly in p, so that for each s€R,

||f”H;‘1"‘(ﬁ1)<Cs< DN lllf“H“‘(R Y ”f“B;‘ln“(ﬁ:)ng(ﬂ)_lllf"B;"‘(ﬁ;‘_)' (1.35)

We observe the following simple property of the spaces:
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LEMMA 1.3. Let m be an integer >0. For each 8=(Bp, 51, ..-,0n) with length Bo+
Bi+...4+8n=m there is a linear operator Ag,, that is continuous, uniformly in p, from
HZH(RY) to H;*m"‘(fi’_;) and fmT By#(R7T) to Bit™#(R%), for all s€R, 1<p<oo,
such that any u€ Hp*(R%} )+ By* (R’ ) can be represented as the sum over 3

u= > (u)PDP .. DB A ,u. (1.36)
Bo+Bit...+Brn=m

Proof. Let m=1. Then we can write u:El_‘“‘RiE:Ylu,Riu=(D',,u)v—f-iDnv, with

p=2"1

iy #’Riu' Here we note that

(D', wyv=(()*+ D} +...4+ D% _)(D', o)~ v = (u)vo+Dyv1+...4+ Dp_10n1,

where vo=(u)(D', p) " v, v;=D;(D’,p)"1v for 1<j<n—1. Using Lizorkin’s criterion
(1.1), it is seen that the operators (u)(D’, u)~! and D;(D’, u)~?, j<n—1, are uniformly
bounded in H3#(R") for all s and p, and they act similarly on H3*(R7) since they
preserve the property of being supported in l:_{'i. Then in view of (1.34), we have the
desired decomposition for m=1:

n
u= (u)A0u+Z D;Aju,
Jj=1
with Ag={(u)(D', u)—laj}mi, Aj=D;(D', u —15:}“,R$ for 1<j<n—~1, AnziE:}mR:.
The general result follows by iteration and interpolation. a
In one dimension, we often replace p by s=(1+|¢'|2+u2)!/? containing the (n—1)-
dimensional parameter £'; in particular we consider

Hy*(Ry) = (%~iDy, )5’ La(R+). (1.37)

Remark 1.4. The operators Z% , are used e.g. in Eskin [E], Rempel-Schulze [R-S2],
and other works on ps.d.o.s of a general kind. An inconvenience of the functions x% in
connection with the Boutet de Monvel calculus is that they are not pseudodifferential
symbols belonging to the S; g symbol spaces over R™, because the higher ¢’-derivatives do
not behave well enough (do not fall off for |£| — o0 in the way required for such symbols).
This difficulty has been overcome by the introduction of operators A% , defined from
more refined symbols A (¢, p) for t€Z, cf. [BM2], [R-S1], (G2, 3,4], [F2], such as

A5 (& w) =o€, m)¥(Enlao(I(€ m))) il
where 9(t) € S(R) with ¥(0)=1, suppF ¢ CRu4, (1.38)
o€ C®(R;R,), o(r)=|r| for |r| 21, o(r)=1 for |r| < &;
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and a>0 is taken so large that o1/(£,/ac)£i€,#0 for all values of o and &, (e.g. a2
2sup, |¢/(t)]). These symbols are truly pseudodifferential, elliptic, of regularity +oo in
the terminology of [G2], and have the transmission property. Moreover, they have the
same mapping properties as the Zf , listed in (1.34) (t€2), shown in a similar way, see
also [G3, Theorem 5.1]. (The hypothesis supp F "¢y CR, was not always included, it
assures the extension of the mapping properties as in (1.34) to negative s, cf. [F2], [G3].)

But in fact we shall show below in Section 2 that the operators in (1.34) are, after
all, useful in the S; o pseudodifferential boundary operator caleulus, as long as they are
only composed with the “singular” operators, i.e. with Poisson, trace and singular Green
operators, where they do preserve the operator classes. This observation will allow us to
make some calculations in a simpler way than if the A}, were to be used. We shall even
discuss some estimates where noninteger powers ¢ are involved. (When t¢Z, neither the
A% nor the x% have the two-sided transmission property that plays an essential role in
the Boutet de Monvel calculus, so they are rarely considered then.)

1.2. Admissible manifolds

Now let us say a few words about corresponding spaces defined over more general subsets
of R" and manifolds. Here we shall use the following two fundamental observations:
(i) When 9 C>°(R™) is bounded and all its derivatives are bounded, the mapping fr9 f
is continuous from Hp*(R") resp. By#(R") to itself, uniformly in u for any s€R,
1<p<oo. (ii) A diffeomorphism s from R"™ to R", for which all derivatives of » and
3! are bounded (we call this a bounded diffeomorphism), induces a mapping f+ fox
that sends Hj#(R") resp. B;*(R") homeomorphically onto itself, uniformly in 4, for
any s€R, 1<p<oo. These mapping properties are easily shown for H;*“(R”) when
s€2N, where (1.5) gives an elementary definition of the spaces; and they follow for the
other spaces by interpolation and duality. In a similar way one gets (i) and (ii) for the
spaces defined relative to ﬁi (here s is a bounded diffeomorphism from ﬁf,‘, to ﬁ'j,,
and it extends to a bounded diffeomorphism from R™ to R™). Note that a bounded
diffeomorphism s: R —R" has the property

Cilz—y| < se(z) - (y)| < Colz—y, (1.39)

with positive constants C; and C, (for C; take e.g. sup |s'(z)| and for C;' take e.g.
sup |(3~ 1Y (x)]). In the following, {1, ...,m} x A denotes a disjoint union of m copies of A,
for an integer m >0. When 3¢ goes from U to V, relatively open subsets of {1, ...,m} x ﬁ’_;,
we say that » is an admissible diffeomorphism if it is a bounded diffeomorphism and (1.39)
holds when z and y lie in the same copy of R7}.
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These observations allow us to define H;*#* and Bp* spaces over C*° manifolds Q
(with interior € and boundary I'=0) that are formed of a compact piece and finitely
many conical pieces. More precisely, we assume that €, in addition to being an n-
dimensional C* manifold with boundary, is the union ﬁcho,l UQbq of a conical piece
Qo1 and a bounded piece Qg with Qpg compact; here, with B"={zeR"||z|<1},
S 1=B",

Qeor ={z =tz |t>T, T0 €M C{L,...,m}xS""'}, forr>0, (1.40)

where M denotes a closed smooth (n~1)-dimensional submanifold of {1,...,m}x $""*
with interior M° and boundary dM; and we assume that Q¢,1MNbe equals Qco,l\ﬁco’z
(i.e. the set where 1<t<2). Using local coordinates for Qyq and for M in a standard
way, we can describe the structure of ) as follows: There is a finite cover of 2 by open
sets ;CQ (i=1, ...,ip) with associated C™ bijections »;: Q; —>Z; (coordinate mappings),
where the ©; and Z; are finite unions of (relatively) open subsets U of 2, resp. relatively
open subsets V of {1,...,m}xR", of the following types:

Uy COhanQ, Vi C{l,..,m}xR%}, UsCQa, VaC{l,..m}xRE,
Us={z=txg|t>r, 290 Ew open C M°},

Va={z=txo|t>r, 20 €w rel. open C{1,...,m}x(S" 'NRY)}, (1.41)
Us={z=tzo|t>r, 2o €w rel. open C M},

Va={r=tzo|t>r, zo €w' rel. open C{1, ...,m}x(Sn_lﬂﬁi)};

such that U;NAQ and UsNON are mapped into {1,...,m}xR""!; and the mappings
zioxj"l are admissible diffeomorphisms from 3;(2:;NQ;) to 5(Q:N€Y;) for all z,5. The
mappings from sets of the types Us, Uy to V3,Vy can be taken of the form s:izo—
a(zo)tA(zo), where « is a positive scalar C*> function and X is a C* bijection from w
to w’. We can obtain (by use of linear transformations in R”) that the E; are mutu-
ally disjoint. (Q can also be described by other finite systems 3;: ﬁj:éj, 7=1,..., jo,
with these properties, and we say that two systems are equivalent when the J{io;tj_l are
admissible diffeomorphisms from 3, (1) to 35(;NKQ;) for all 4, 5.)

For short, we call such Q admissible manifolds, and we call the finite systems of local
coordinates describing them as above admissible. By restriction to I' they give admissible
systems of local coordinates for I'.

We can assume that each Q; has an open subset (2} such that »;(Q))=E; with

1
dist(Z%,02;)>0 and {56;: ¥, —Z,}2, is already an admissible system of coordinates.

Following [G2, Appendix A.5] (to which we refer for more details), we assume more-

over that {1 is a closed smooth subset of a neighboring open n-dimensional admissible
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C™ manifold ¥, and that a normal coordinate x,, has been chosen on a neighborhood
% of I'in ¥ (and fits together with an admissible system of local coordinates), such that
Y}, is identified with I'x [-2, 2], with points (2, z,), '€T, z,€[-2,2]. (One can obtain
by a suitable choice that z,, is a multiple of the usual x,-coordinate in the patches of the
type V2 and V4.) Then the trace operators v;: u—DJ_u(z',0) (j€N) are well-defined.

We furthermore consider C* vector bundles E over Q, described by finite systems
of local trivializations, where the part of the coordinates concerning the manifold form
an admissible system. Similar requirements are made for vector bundles F' over I'. We
assume that E is the restriction to { of a bundle E given on £, and that E"|>3/2 is the
lifting of E|r to I'x[—2,2]. For short, we shall call such bundles E and F (and the
mentioned local trivializations) admissible.

Now the spaces H;’“(S_]) and, more generally, the spaces of sections of F, called
H;’“(Q,E) or just Hy*(E), are defined by use of a partition of unity as described in
[G2, A.5] (with the obvious modifications), and so are the Bj* spaces. The various
uniform mapping properties shown above for spaces over R"™ and I_{i ((1.6), (1.16),
(1.20), (1.21), (1.28-30)) carry over to this situation. Also (1.33) and (1.34) can be
generalized, cf. {G2, 3, 5] and [R-S2]; and (1.35) extends.

A C* function on Q or I" will be called an admissible C* function when it is
bounded with bounded derivatives (when considered in admissible local coordinates);
the multiplication by such a function is continuous in the spaces we are considering.

The admissible manifolds include compact manifolds and “exterior domains” and
“exterior halfspaces” (complements in R™ or ﬁi of smooth compact subsets), as well as
more complicated manifolds.

In Schrohe [Sc1,2] there is introduced a concept of unbounded manifold called
SG-compatible manifolds, that contains the present type. We observe however that our
definitions of function spaces (and later symbols) are very different from those in [Scl, 2],
since ours do not involve a weight function for |z|—oo as in [Scl,2]. Furthermore, we
shall not play on compactness or Fredholm properties in the study of elliptic problems
[G5]; instead invertibility is obtained for sufficiently large values of the parameter p.

When {;: QiiEi}f"zl is an admissible system of local coordinates, there exists an
associated partition of unity {¢; ::":1, where the ¢; are admissible C*° functions with
supp p; C§); and 220:1 ;=1 on Q. It will be convenient to have a more refined partition
of unity (that is just sub-ordinate to the cover Q;), as used in Seeley [Se3].

LEMMA 1.5. When Q is an admissible manifold, there exists an admissible system
of local coordinates {st;: Q,-—:Ei}f‘j__l for which there is a subordinate partition of unity

{gj}j:‘):l consisting of admissible C*° functions p; with ) 0j=1, such that for any

j<do
four integers ji, j2,33,Ja<jo there is an i<ip (a function i=i(j1, j2,J3,7a) of the four
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variables) satisfying supp g;, U supp g, U supp gj, U supp g;, C;.

For given admissible vector bundles E and E' over Q, F and F' over ', one
can likewise choose a system of local coordinates {xi:QilEi}i‘;l and trivializations
¥;: E|lq,—ZixCN, etc., such that there is a subordinate partition of unity {Qj};:?_.l with
the above property.

Proof. Consider first the case where  is a compact manifold; we can assume that
it is provided with a Riemannian metric. Consider an admissible system of coordinates
{52 -151-}::":1; we assume that the patches Z; are disjoint, and note that they need not
be connected sets. By the compactness of €, there is a number §>0 such that any subset
of @ with geodesic diameter <§ is contained in one of the sets §2;. Now cover Q by a
finite system of open balls B;, j=1, ..., jo, of radius <6/8. This system has the following
4-cluster property: Any four sets B;,, Bj,, Bj,, Bj, can be grouped in clusters that are
mutually disjoint and where each cluster lies in one of the sets ;.

The 4-cluster property is seen as follows: Let j1, jo, 73,74 <jo be given. First adjoin
to Bj, those of the B;,, k=2, 3,4, that it intersects with; next adjoin to this union those
of the remaining sets that it intersects with, and finally do it once more; this gives the
first cluster. If any sets are left, repeat the procedure with these (at most three). Now
the procedure is repeated with the remaining sets, and so on; this ends after at most four
steps. The clusters are clearly mutually disjoint, and by construction, each cluster has
diameter <6, hence lies in a set €2;. (One could similarly obtain covers with an N-cluster
property, taking balls of radius <§/2N.)

To the original coordinate mappings we now adjoin the following new ones: As-
sume that B;,, Bj,, Bj,, Bj, gave rise to the disjoint clusters U’,U", ..., where U’'C
Qir, U'CQyn,.... Then use »; on U’ s on U”,... (if necessary followed by linear
tranformations ®”, ... to separate the images) to define the mapping s:U'UU"U ... >
3y (U )U®" 3, (U")U ... This gives a new (admissible) coordinate mapping, for which
B;,UB;,UB;,UB;, equals the initial set U'UU"U .... In this way, finitely many new
coordinate mappings, say {;: QiQEi}ﬁ;io 41, are adjoined to the original ones, and we
have established a mapping (1, j2, j3, ja)+>i=4(J1, j2, j3, J4) for which

le UB;,UB;, UBJ'4 C Qi(jhjz,js,jas)'

Let {o; ;":1 be a partition of unity associated with the cover {B; };":1, then it has the
desired property with respect to the system {s;: Q; >Z;}i,.

Now consider a general manifold Q. Here we can assume that the system of co-
ordinates {s;:Q;5E;}% is such that the ; for i=1,...,4), say, lie in Q¢ and form
a cover of ﬁco,5/47 and the Q; for i=ig+1, ..., lie in Qyq\Qo,7/4 and form a cover of
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Dba\Deo g2 Let 0=0;NMg for i=1,...,i5. Now since {_Qg}zilu{ﬂi}i‘_’:%ﬂ is a re"lar
tively open cover of the compact set 4, We can choose a cover with small balls { B; fle
exactly as above, having the 4-cluster property. Here § can be taken so small that
Qco,2N8ba i8 covered by those B; that lie in ., 7 /4; let us rearrange so that they have
the indices j=1,..., 5. For j<jj we define B;={tzo|t2to, tozo € By}, cf. (1.40). Now
{Bj};ﬂ;lu{Bj}il jo+1 18 a cover of {} with the 4-cluster property relative to {€}12,,, so
when we adjoin more coordinate mappings as above, a partition of unity associated with
{B;} . U{B; YL jo+1 Will be subordinate to {9}, in the desired way. O

1.3. L, mapping properties of ps.d.o.s

A basic tool in the theory is the generalization of the theorems on L, continuity (1.1)
to variable-coefficient pseudodifferential operators. Recall the general formula for the
definition of a ps.d.o, with C* symbol ¢(z, ¢):

(Qu)(z) = (2m)™" / e'"tq(x, £)a(€) d€ = OP(q(z,§))u(z) =q(z, D)u(z),  (1.42)

(defined at least for u€ F~*Cg°). Under suitable hypotheses on the symbol, one can
define ps.d.o.s with a symbol depending on (y,£) instead (briefly called ps.d.o.s “in y-
form”), as

OP(¢(y, €))u(z) = (2m)~" / e 1) Eq(y, )u(y) dy dé = OP(q(z,€))"u(z).  (1.43)

The relevant operator classes are defined in detail in Section 2 below.

THEOREM 1.6, There exist finite index sets J and J' CIN?" such that the following
holds:

Let Hy and Hy be Hilbert spaces, and let q(z,€) be an operator valued symbol in
C*(R"xR"; L(Hyp, H1)) satisfying

Clg=  sup 1(€)!1* Dg D2 q(=, )\l £ (210, 111) < 00- (1.44)
{e.8}€J,2,€R"
For each p€]l,00] there is a constant C, (independent of q) such that g(z,D)=
OP(¢(z,§)) is continuous from L,(R"; Ho) to L,(R"™; Hy) with norm <CpC(q).
A similar result is valid with C(q)<oo replaced by

Clo= s 1{€2)% Dg} ... (€a) " Dgr DZq(, O)llcisto, ) <00 (1.45)
@, s &, "
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The results hold also for operators given in y-form OP(q(y,€)), when q(y,€) satisfies
(1.44) resp. (1.45) with = replaced by y.

Indications of proof. (1.44) and (1.45) are generalizations of, respectively, Mihlin’s
and Lizorkin’s criteria (1.1). For (1.44), the proof of Hormander [H1, Theorem 3.5},
although formulated for the Ly case, applies to the abovementioned L, case by use of
Mihlin’s theorem in a Hilbert space valued variant (cf. [B-L, Theorem 6.1.6}, [T1, 2.2.4]);
this shows that one can take J={{a,3}eN?"||a|,|8|<n+1}. Statements requiring
fewer values of 3 (and of o, when p22) can be found e.g. in Nagase [Na], With J replaced
by N?", the L,, continuity of polyhomogeneous ps.d.o.s is shown in Seeley [Se2], and Beals
[B] includes the 89, case. — For (1.45), let us first observe that Lizorkin’s constant
coeflicient result generalizes to Hilbert space valued operators e.g. by the argument given
in Shamir [Sh] for reducing Lizorkin’s result to a version of Mihlin’s result, The present
authors have worked out a generalization of the proof of [H1, Theorem 3.5], that shows
that one can take J'={{a, }€N?"|q; €2 for j=1,...,n, |8|<n+2} in (1.45) (for lack
of space, we shall not include the details here). Yamazaki [Y] shows that one can take
J'={{a, B}eN*"|a={b;ja;}i=1,,n with a;<n+1, for j=1,..,n,|8|<1}.

Finally, when an operator is given in y-form OP(q(y,£€)), we simply use that its
adjoint satisfies OP(¢(y,£))* =OP(q(z,€)) (cf. (1.43)), where §(z,£) has the required
estimates (1.44) resp. (1.45) as an operator from H; to Hp for each (z,€). Then, by
the preceding results, OP(g(z, £)) is continuous from L,(R™; Hy) to L,(R"; Hy) for all
p€]l, o0 with a bound CpC(q) resp. CxC’(q), so it follows by duality that OP(q(y,§))
has the asserted continuity properties. O

Remark 1.7. The theorem does not extend to the general case where Hy and Hy are
replaced by Banach spaces. As a simple illustration, we mention the fact that the Poisson
operator K with symbol (¢/)1/P((¢')+i€,)~" (and symbol-kernel (¢/)!/PH(z,)e (¢ )%n,
H(zn)=1{e,>0}) is not continuous from L,(R"1) to L,(R") when p<2 and n>1, just
continuous from the strict subspace Bp(R"™') to L,(R7?), cf. [G3, Remark 3.3]. For
n=1, K is continuous from C to L,(R ), and if Theorem 1.6 (in dimension n—1) could
be used for the mapping g(z',£'): v+ (§)1/Pe~ €2y, with Ho=C, Hy=L,(Ry), the
Lp-continuity of K for n>1 would follow.

In our approach to L, estimates for the boundary operators in the parameter-
dependent calculus, we apply the above theorem to symbols depending on the tangential
variables, valued in spaces of functions (or distributions) in the normal variable. A fun-
damental idea is to choose these spaces, that must be Hilbert spaces, in such a way that
they give spaces contained in L, by interpolation. Here we use the L, Sobolev spaces
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over R, and the weighted L, spaces:
Ly(Ry,z8)={veD'(Ry)|28v(z,) € Lo(R4)}, 6€R. (1.46)

Note that the dual space of La(Ry,z’) (in relation to the sesquilinear duality
Jr, w(zn)0(zn) dzs) is
Ly(Ry,z8)* = Ly(R4, 2, %). (1.47)

More precisely, we shall use:

THEOREM 1.8. (1) If 1<p<2 and §' <L —1<6, then with 6=(3—3-6")/(6-¢'),

(L3(Ry, 28 ), La(Re, 28))op C Lp(Roy),

(H2;0 (R+), Hz;o (R+))0,p » LP(R+)'
(2) If 2<p<oo and &<} —1<8, then with §=(5—%—8")/(6—-0"),
HI (R,), HR cL,(R,),
( 2 ( +) 2( +))0,p p( +) (1_49)

(LR, 27%), La(Ry,27°))0,p O Lp(R+).
(The inclusions are identities when p=2.)

Proof. The identities are classical for p=2; it is the case p#2 that demands a special

argumentation.
The first line in (1) follows for general §’ from Gilbert [Gi]. By Hoélder’s inequality,
P — —pb'y,.6 Pg
”f”Lp(R+) ;%;/Zk‘lng./_sgzk .7 | f(z0)IF dza

, (2-p)/2 s ) p/2
<Y / 2,29/ dg,, / a2 f(20)” dzn
kez /2R <al Togar 2k-1gal o2k

1/2q9p
—k@ 5 )
< ‘ Z [2 (/‘)k_lgzﬁ/—‘sgzk |.’l?n f(xn)| d.’l,'n) ] .

kez

The last expression gives by [Gi, Theorem (3.7)(i)] 2 norm on the interpolation space on
the left hand side of the first line in (1.48), and hence this inclusion follows. (We observe
that in the result of Gilbert, 2*~! <w(z)<2* should have been written 2¥~! <w(z)~1<2%,
cf. [Gi, Theorem (3.3)].) The second line in (1.49) follows by duality. When §'=0,
a simpler argument suffices, where R is just divided into ]0,a[ and [a,o0[, Holder’s
inequality is applied, and a is chosen so that the two terms balance.

To show the first line in (1.49), we use that

(HY (Ry), H(R))op = By2 VP(Ry) C HO(R4) = Ly(R4),
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where the first identity is accounted for in {T1, 2.10.1}, and the inclusion (which is an
identity for p=2) follows for p>2 from [T1, 2.8.1 (18)], cf. also [T1, 4.6.1]. The second
line in (1.48) follows by duality. a
As an immediate consequence we get (using e.g. [B-L, 5.8.6]):
COROLLARY 1.9. (1) If 1<p<2 and §'<1—1<§, then with =(3—3-8")/(6-8'),

P 2

(Lp(Rn—l; L2(R+’ .’L‘f;)), LP(Rn_l; LZ(R+’ -’Uf;)))o,p - LP(Ri)v

;o _ (1.50)
(Lp(R™; Hyg (R4)), Lp(R Hyf (R4 ))op O Lp(RY).
(2) If 2<p<oo and &< — 3 <86, then with =(3—1—6')/(6-08"),
(Lo(R™ 5 HY (Ra), Ly(R™ 5 HE (R )))ap C Lp(RY), (151

(Lp(R™ 5 La(Ry, 2,7 ), Lp(R™™Y La(Roy, 27%)))op O Lp(RY).

(The inclusions are identities when p=2.)

2. Uniformly estimated symbols
2.1. Symbol spaces

We shall now supplement the symbol spaces introduced in [G2] with spaces of symbols
satisfying estimates that are uniform in z resp. z’, following the pattern set up for ps.d.o.s
in Hérmander [H3, Chapter 18]. Besides that this leads to operators with convenient
continuity properties in global Sobolev spaces relative to R}, this has the advantage that
the rules of calculus can be stated in a more exact form than for the symbols satisfying
local estimates: To take an adjoint or to compose two operators leads to an operator with
a precisely defined symbol in the appropriate space, not just defined modulo so-called
negligible operators. {Recall from [G2] that there are many different kinds of negligible
operators involved in the local parameter-dependent calculus: one for each regularity
number and for each operator type, and some additional ones.)

The symbols will depend on a space variable generally called X €R™ and later
specialized to be z€R™, 2’ € R" ™}, (z,y)€R?" or (z',y')€R?>" 2, etc.

To avoid lengthy repetitions, we simply use the notation from [G2] and refer the
reader to the details there, recalling only a few conventions, such as

D,, =—id,

3 D:rj = +'Lam_,7
FREO=F©) = / e f(x)de; (FF)E) = / e+54 £(z) da;
ax =max{+a,0}; (£ p)=(|¢P+p2+1)1/2,

o, )= (&) /&), o€, )= ()€ 1), (&, )=, n).

(2.1)
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Occasionally, it can be useful to redefine (£, 1) as
(€ ) = (1€ + 2+ 1)1/2 (2.2)

or
(€, uy = (JEPP4+p2) 2 for |(&, p)| > 1 (2.3)

{extended to be smooth positive), where d is a fixed positive integer; these are useful for
holomorphic extensions in i and homogeneous symbols, e.g. in connection with resolvent
studies ([G2,5]). Observe also:

f e\ d—v d__ \v s d . (ér”)d when V207
(€076, %+ (€, 1) = (o€, W) + )6, ) u{ e mi g OV

We shall use the conventions: < (resp. >) means “< (resp. ) a constant (indepen-
dent of the space variable) times”. Moreover, = means that both < and > hold. The
constants vary from case to case.

Recall (e.g. from [G2, 2.2]) that for r€Z, H,., is the space of functions f({,)€
C>™(R) that have an asymptotic expansion 3 __ <jgr—1 5;€1 for [€,]|—00; and M=
Urez Hr—1. Moreover, H* is the subspace of H_; consisting of functions extending
holomorphically into C_={¢, eC|Im ¢, <0} with the same asymptotics there, and H™~
is the direct sum of the space of complex conjugates of H* and the space C[¢,,] of polyno-
mials. For a simple formulation of symbols of negative class it is convenient to introduce
the notation

Ho_ =H M1, H_=H'NH,_,, forrel. (2.5)

We recall that H=H_1+C[¢,], H=H*+H~ (direct sums) and H_;=H*SH_, (ortho-
gonal direct sum in Ly(R)); the projections onto H_1, H*, H~ and H_, being denoted
h_1, h*, h~ resp. h”;.

We denote by S¢,(R"x R™) the space called §¢ or S4(R"xR™} in [H3, Chapter 18],
consisting of symbols p(z, )€ C®(R"x R™) satisfying the estimates (on R"xR"):

D2 Dgp(x,6)| € ()1 for all o, fE N (2.6)

The subspace of polyhomogeneous symbols (called S3, (R"xR™) in [H3, Chapter 18])
will here be denoted S*(R"xR"}. The definitions generalize immediately to the case
where z€R™ is replaced by by X ¢ R™. Now let us define parameter-dependent symbols:

DEFINITION 2.1. Let d and veR.
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(1) The space sf;g (R™xRYHY) of X -uniformly estimated (or just: uniformly esti-
mated) pseudodifferential symbols of order d and regularity v consists of the C* functions
P(X, &, p) on RTT™ satisfying the estimates

|5 DEDLP(X, &, )| < (€)1l e, =T 4 (g, pyt ol
=(o(&, p)* 1@ + 1) (g, pyt-1el=7 |

for all indices aeN", SeN™ | jeN.

(2) The space S**(R™xR1') of uniformly estimated polyhomogeneous ps.d.o.
symbols of order d and regularity v consists of the symbols pGSf:g R™xR2Y that
moreover have asymptotic expansions p~Y . Pa—i, in the sense that p—),  pa—1 be-
longs to Sf’BN"’_N(R"‘XﬁT'l) foral NeN, and pg_i(X, &, p) is homogeneous of degree
d—1in (& p) for [€[>1.

(3) A symbol p(z, y,E,u)GSfjg (R¥7"xR%*1) is said to satisfy the uniform two-sided
transmission condition at z,=y,=0, when p and its derivatives at ,=y,=0 are in
H as functions of &,, in such a way that the estimates required in connection with the
asymptotic expansions in &, (cf. [G2, Definition 2.2.7]) hold with constants independent
of {(=',y"). This can also be expressed os the property that for all indices j, N, N'eN and
o, 3, yEN"™, the restrictions to z,€Ry of the inverse Fourier transforms,

(2.7)

rizNDN FL,, DEDIDEDIp(a',0,y',0,8 &n, 1), (2.8)

are bounded functions of (z',y,z.)ER" IxR" xRy (hence extend to C™ functions
of (2,4, 2 )ERI ). The space of such symbols is denoted Sf:('{, atee(RE7X I_{T"l_), and
the subspace of symbols that moreover are polyhomogeneous is denoted S&¥ (R?"x R
Similar definitions are made when p is independent of y or z (then R?™ is replaced by
R").

The definitions (1) and (2) are straightforward generalizations of the definitions in
[G2, Sections 2.1 and 2.2]. As for the transmission condition, a further analysis is given
in Grubb and Hormander [G-H] and [G4, 1.3]. In order for a ps.d.o. P=OP(p(z,£))
to have what was originally called the transmission property (on R%}), namely that
PR$ preserves the property of being C°° on ﬁ:, it is necessary and sufficient that
r;z,‘}rfg‘LZMDQD?p(x',O, €) is C* for (2, 2,)€eR" xR, for all indices (no require-
ment is needed for z,<0}. However, the full pseudodifferential boundary operator cal-
culus needs the preservation of C*° property for both P and its adjoint, or equivalently,
the preservation of C™ property for P on both R} and R”. But here, when d is integer
and P is polyhomogeneous (the case mainly considered in [G2}), one can show that the
two-sided preservation of C property (on R7} and R") is equivalent with the one-sided
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preservation of C* property (on R%). The transmission condition used in [G2] was
indicated there by a subscript ‘tr’. In [G-H], spaces of symbols with the one-sided (resp.
one-sided uniform) transmission property were indicated by a subscript ‘tr’ (resp. ‘utr’).
In the present work, we allow noninteger d in the study of mapping properties, and we
indicate the spaces of symbols satisfying the uniform two-sided transmission condition by
the subscript ‘uttr’, to avoid conflict with earlier conventions. Since this is the condition
used from now on, we often just say that such symbols satisfy “the uniform transmission
condition”.

For fixed u, Definition 2.1(3) gives the space Si{o,uttr(Rznx R™) of parameter-inde-
pendent ps.d.o. symbols of order d satisfying the uniform two-sided transmission condi-
tion.

Now let us define the uniform versions of the boundary operator symbol spaces.

DerINITION 2.2. Let d,veR and r€Z. The spaces Sf;g(R”lxﬁi,K) (K=HT,
H;_, resp. HT®H,_,) of X-uniformly estimated Poisson, trace resp. singular Green
symbols of degree d, class r and regularity v consist of the symbols in Sf:(',’ (R™,R7%,K)
(cf. [G2, Section 2.3]) satisfying the estimates listed there with constants independent of
XeRm™,

Ezxpressed in detail, with o=9(¢', 1), »=(€', ) (cf. (2.1)):

(1) The space S‘li:(')’ R™ xR, H') of uniformly estimated Poisson symbols of order
d+1 (degree d) and regularity v consists of the functions k(X,&, u) lying in HT with
respect to &, and satisfying estimates

|+ D Dg D € Dik(X, &, )1, ,, & (77117 IM=m 14 41)508H1/2-lel=mim=5 (9 9)

for all indices.
(2) The space Sf,’g (R™xR%,H;_,) of uniformly estimated trace symbols of order
and degree d, regularity v and class v consists of the functions t(X, &, u) of the form

HXEw)= D 8(X,&,WE+t (X, & p), (2.10)

0j<ry

where s;(X, g',u)eSf’Bi»v(Rnlxﬁi) and t'(X, €, p) is in ’H;lin{_l r—1} 05 G function of
&, with estimates

1= D% D D7 DAt (X, &, 1)1 g, £ (7117l 1)t/ 20l mmt =S,
(2.11)
Jor all indices. (The space Sf:g (R™xR?, H}_,) is defined similarly.)
(3) The space S'li:(')’ R"lxﬁi,H"'@H:_l) of uniformly estimated singular Green
symbols of order d+1 (degree d), regularity v and class v consists of the functions
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Q(X,ﬁﬂlm ﬂ') Of the form

9(X, &)= D ki(X, & w)mh+9 (X, €, 1), (2.12)
0<j<’l"+
where k;(X,¢€, u)eSd R xR, HY) and ¢'(X, €00, 1) s in H+®H;ﬁn{—l,r—1} as a

function of (€n,nn), with estimates

\h Ay, D%Dg Dt €D q™ Dig (X, &1, i) Lse., . (R2)

2.13
<(Qu—|a|—[k—k']+—[m—m']++1)%d+1/2-—|a|—k+k'—m+m'—]’ ( )

for all indices.

(4) The spaces S (R™xR",K) of uniformly estimated polyhomogeneous ps.d.o.
symbols of degree d and regularity v consist of the symbols f ESf”g (R xR7,K) that
moreover have asymptotic expansions f~3 . fa—i, in the sense that f—3, n fa—1€
Sd Ny N(R’“xﬁ’}_,ﬁ) for all NeN, and fa—i(X,&, n) resp. fa_i(X,€,Mn, u) is homo-
geneous of degree d—1 in (€, u) resp. (€, M, ) for |€'|21.

(6) There is a similar convention for the associated spaces of symbol-kernels k=
fgl_wnk t= .7-_'{1__,2 t and g= fgl_,wnf,;_,yﬂg (cf. (2.1)) when r<0; here K=H*, H_,
resp. H*@HZ, is replaced by S(R.), S(R4) resp. S(R2,) (with R2  =R,xRy), and
the estimates are replaced by the following, where f kort,

| D™ D™ Dg DY, f(x mn,g' W Lae, (ry) € (@Il g ) 5d48/2mmam —lal=g,

|D% % DY,y Dy Dg DLF (X, %, Yns €y W)L, o (B2, (2.14)
<(Qu—k k]t —[m-—m']4— [a[+1)xd+1——k+k'—m+m'-|al—j~

The parameter-independent boundary symbol spaces (generalizing [BM2]) have a
simpler definition, without the powers of ¢ and without reference to a v. To save space
we just write:

DEFINITION 2.3. The spaces of uniformly X -estimated boundary symbols of degree
d and class r are defined as in Definition 2.2, considered for a fixed .

For the uniformly estimated symbols there are the same inclusions of the parameter-
independent spaces in the parameter-dependent spaces as described in [G2, Proposition
2.3.14]. The definition of symbols of negative class is consistent with that of [G3,4].

We now have to show that the calculus for operators defined from these symbols
works in a precise way, as indicated in the introduction. In principle, this requires going
through the whole development of [G2, Chapter 2] for the new symbol classes; however,
much of what has to be done is so close to the development there that it suffices to give
some indications, drawing also on the presentation in [H3].

13—-935204 Acta Mathematica 171. Imprimé le 2 février 1994
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2.2. Composition rules for ps.d.o.s

Let p(z,¢, u)ESf”(',’ (R"xR7*!). For each ueR, it follows from [H3, 18.1] that P,=
OP(p(z,¢&, u))=p(x, D, ), defined by

Puu(z) = OP(p(z, &, w))u(z) = (2m) ™™ / e tp(a, €, p)a(€) dé, (2.15)

maps S(R™) into itself, extending to a continuous mapping of S'(R™) into itself, with
Schwartz kernel Kp(z,y, 1) related to p(z,&, u) by

Ke(o,y )= (2n)™ [ p(o,6, ) de
(identifiable with fg__l)zp(w, & W)le=a—y);

p(z,§ 1) =FoueKp(z,2—2, 1) <=/€‘i"§’CP(w,w—z,u) dz>- (2.17)

(2.16)

The ihtegral in (2.16) is an oscillatory integral, cf. [H3, 7.8], it is the limit for e —0 of the
expressions obtained by multiplying the integrand by a function x(e¢), x € C§°(R") with
Xx=1 on a neighborhood of 0 (cf. also (2.22) below). Operators and symbols of order —oco
will be called negligible.

Recall from [G2] the simple inequalities:

’

(€, m™ L@ W (€ (W) KT IE s (2.18)

showing how a decrease for |u|—co carries over to a decrease for |(£, 1) — o0 and vice
versa (with a certain loss of precision in the ¢-variable). They can be used, together with
elementary properties of the Fourier transform, to show the following characterization of
the present negligible symbols of regularity ¢’ in terms of kernel properties:

LEMMA 2.4. If p(z,€, u) €S~ ~= (R x R =y S "V (Rx R, de.,
| DS Dg Dip(w, &, )| (€)M ()™ for alla, BEN", j,N€N, (2.19)

then
|DDIDiKp(z,z—2,1)| < ()™ ()™~ for ally,BEN", j,N'e€N.  (2.20)

Conversely, if Kp(x,y,u) is a function satisfying (2.20), then the function p derived
from it by (2.17) satisfies (2.19), hence is a symbol in S~ ~°(R*xR7T*) defining
the operator with kernel Kp. (For fized p, this characterizes the negligible ps.d.o.s in the
standard uniform calculus.)

The proof is straightforward and consists of showing that each estimate in (2.20)
follows from a certain finite set of estimates (2.19) and vice versa, where the number of
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estimates grows with the size of the indices. Note the advantage of the present calculus:
The operators with C* kernels (satisfying suitable estimates in z,y and p) belong to
the caleulus, and do not have to be treated as residual classes as in [G2].

Proposition 18.1.3 in [H3| extends readily to the parameter-dependent situation,
showing that for any sequence of symbols pg_; eS‘li,_O""—'l (RMxRT) (1€N) there exists
a symbol pe S75 (R™x R7H) such that p— 37,y pa—1€ S0~ M(R™x RY?) for any
MeN. We then say that p~)_, . Pa—i:

Now it is also of interest to consider ps.d.o.s represented by formulas (as in [H2])

Puu(z) = (@m)™ f/ SV Ep(, g, €, wuly) dy d = OP(p(z, 3, €, p)ule),  (2.21)

u€S(R™), where p(z,y,&, p)€SH (R?"x R7*!). When p is not integrable in ¢, this is
interpreted, via oscillatory integrals (cf. [H3, 7.8]), by a weak definition as follows: For
u, vES(R") we set
(P, = )™ [[[ &9 5pa,4,6 wutv)o(o)x(ee) dody dg
= ;%(Pu,suy v)y  Pue=0P(p(z,y,& u)x(ek));

(2.22)

this defines P, as an operator from S(R") to S’(R"™). The formulas imply

P, =0P(qe(2,é, 1)), where gc(a,& p)= etDvDe (2, 4, & 1)x(&€))ly=o>

as defined in [H3] before Theorem 18.1.7; and the results on convergence of symbols
there ([H3, Theorem 18.1.7 and Remark]) show that ¢.(z,&, ) converges weakly in
5§ o(R"xR"™) for each p to

‘I(fl%f»ﬂ-)‘-’“‘-eioy'Dgp(fz:yafaP)‘yzx"“ Z EIFB:D?p(x,y,f,p)iysx, 7 )
acN®» (2.23)

With‘ OP(p(x, ¥¢, y)):OP(q(:}:,{, ﬂ'))

That g.(x,£)—0 weakly in S§ o(R"x R™) for ¢—0, £€]0, 1], means that the set {g. }c¢0,1]
is bounded in S§ ((R"xR") and ¢.—0 in D’'(R?"); the latter convergence can be sharp-
ened to uniform convergence of Dsz}qs (z, &) for all &, B N"™ on the compact subsets of
R2",

To avoid repetitions, we have a g in the notation here, but up until Theorem 2.7, it
should be considered as a fixed number.

For the special case of (2.21) where p is independent of z, (2.23) implies

OP(p(y, &, 1)) = OP(q1(z, &, ), with

q1(z, 1) =€ PvPep(y, &, p)ly=a ~ Y 2O5DEP(Y, & 1)ly=2- (2:24)
aEN®
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We observe furthermore that, by (2.22), the adjoint of P,=OP(p(z,{,u)) is P;=
OP(5(y, &, 1)), which may be reduced by (2.24), so that we get:

OP(p(z, &, 1))* = OP(B(y, &, n)) = OP(q(x, &, p)), with
g(z, &) =P Dep(z, &, u)~ Y 2o DEp(x, €, p); (2:25)
oa€EN®

cf. also [H3, (18.1.9)]. Note that then P,=OP(q(z,&, u))*=0P(q(y,&, 1)), so that we
also find (by conjugation of the formula for g, cf. (2.1) for Dy):

OP(p(z,¢, 1)) =OP(g2(y,€, 1)), with

q2(ya€)/~‘)=e—iDz‘D€p(x’ 6’ #)lz:y ~ Z ﬁagﬁgp(l'af»#)lw=y- (226)
acN™

This prepares for the formula for the composition of two operators, cf. [H3, Theorem
18.1.8]:
OP(py(z,&, 1)) OP(p2(x, &, u)) = OP(q(z,&, 1)), with
a(z, & 1) = PP (pa(e, n, )p2(y, € 1)ly=am=¢
~ Y w05 Da(pr(,n, wp2(y, € p)ly=sm=¢
aEN~»
denoted q(x, &, u) =p1(z, &, u)op2(2, €, 1)
The formula can (as in [H2] and [G2]) be derived from the preceding rules, by first using
(2.26) to construct ga2(y, &, 1) such that OP(pa(z, &, 1))=OP(g2(y, &, 1)), next observing
that one has the simple product formula

(2.27)

OP(p1(z, &, 1)) OP(g2(y, &, 1)) = OP(p1(z, &, 1)g2 (¥, €, 1)),

and finally reducing p;(, &, 1)g2(y, &, p) to g(z, &, ) by use of (2.23) and a certain formula
for simplification of binomial expressions.

Finally, we have to discuss coordinate changes. Here [H3, Theorem 18.1.17] is only
formulated for symbols with compactly supported kernels, but the hypothesis of com-
pactness can be removed when admissible diffeomorphisms are considered, cf. Section
1.2, as follows: Let U and U,, be open sets in R™, and let 3:U—U,, be an admissible
diffeomorphism. Let P,=0P(p(z, £, 1)) be a ps.d.o. with distribution kernel supported
in a subset of U x U with positive distance from @(U xU). Then it induces a ps.d.o. on
U, by

(Py,xu)ose=Py(ucsx) for ue C5°(U,), with
p,,(%(x), UNDES e-ix(z)-npﬂ(eix(z)-n)

~ Y ADgp(z, ' (2)n, w)By etV
aEN™

(2.28)
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where g, (y)=(y)— »(z)—s'(z)(y—=z). This is seen by a generalization of the proof of
[H3, Theorem 18.1.17): Let x(z)€C§°(R"™) with x=1 near 0, and write the distribution
kernel Kp(z,y, ) of P, as a sum of two terms K!=(1—x(z~y))Kp and K2=x(z—y)Kp.
Here K! is the kernel of an operator of order —oo, and the estimates assuring this ((2.20)
with fixed u) carry over to the corresponding kernel K, in view of (1.39). Concerning
K%, we note that the estimates in [H3, Theorem 18.1.17] are valid, uniformly in a€R",
when K? is replaced by ¢(z+a)¥(y+a)K? with ¢ and € C§°. Taking ¢ and ¢ equal to 1
on a sufficiently large neighborhood of 0, we can obtain that for any (z,y)€supp x{z—y)
there is an a so that p(z+a)y(y+a)=1 there, so the desired estimates hold for KZ.
(These arguments were kindly supplied by L. Hérmander in a personal communication.)

We say as in [G2], with a somewhat loose terminology, that P, is in z-form, (z,y)-
form, resp. y-form, when it is defined as in (2.15), (2.21), resp. (2.21) with p(z,y,§, 1)
replaced by p(y, &, ). We shall also sometimes need a mixture of these concepts; e.g.
an operator defined by (2.21) with p(z,y, €, u) replaced by p(z’, yn, &, 1) is said to be in
(2',yn)-form. One changes an z-form to an (z',y,)-form by a variant of (2.26), namely

OP(p(z,¢, 1)) = OP(g(z', yn, &, 1)), Wwith

Q(w’a Ynr & 1) = e~iD?“DE"p(xa & n)~ Z jl!ainﬁjnp(% 3 N)lmn=yn : (2.29)

JEN
The above considerations describe the basic rules of calculus for ps.d.o.s when p is
fixed. For the parameter-dependent calculus, we moreover have to justify the asymptotic
expansions (2.23) etc. with respect to the symbol spaces Si’g (R"xR7*!). This will

be based on the following general rule inferred from [H3, Theorem 18.1.7 ff., Theorem
18.4.11):

LEMMA 2.5. Let B be a Banach space, and let S{o(R"xR™)®B be the space of
C* functions a(z,£) from R"xR™ to B satisfying ||Dng‘a(a:,§)HB<(§)‘1“|"‘|, for all
a,BeN". Then a(r,&)—el=Peq(x,£) ertends from a mapping in S(R"xR™)®B to
a weakly continuous mapping from Sf,O(R"x R™)®B to Sfio(R"x R"™)®B; and for each
k€N, the mapping Ry defined by

Ri:a(z,£)—e'P>Pea(z,£)— Y L03Dga(x,£)
la|<k
is weakly continuous from S§,(R"XR")®B to Sﬁgk(R"x R™")®B.

Remark 2.6. For AcS(R™"xR"™)® B, the Fourier transform A=-7:(m,g)_»(:z,£)A is de-
fined by the usual formula and A€S(R"xR™)®B by the standard proof. This allows
us to define e*P= D¢ A(z, £) e S(R"xR™)® B in the usual way, cf. [H3, Volume I, p. 207].
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— As in [H3, Definition 18.4.9], we say that a mapping from Sf}0®B to S;’%@B is
weakly continuous when it is continuous in the ordinary sense (with respect to the Fréchet
topologies) and, in addition, the restriction to a bounded subset is continuous in the C'™
topology.

Proof of Lemma 2.5. For AcS(R"xR")® B, b*€ B*, one has that (b*, A)€S and
(b*,etP=De Az, £)) = e'P=Pe (b* | A(x, €)). (2.30)

Define the seminorms on S¢,®B, |Alk,B=5UD|4+5/<k SUP ¢ (€)1 "¢ DE D A(z, £)|| 5.
(This can also be reformulated in the notation of [H3, 18.4].) The proof of [H3, (18.4.17)]
gives for a€ Sf’o (with the special partition of unity ¢, € C§° used there): For any N there
is an M and a C (depending only on the dimension and the choice of metric and partition
of unity) such that

7= P4 (pua)(2, €)| < C(1+du(2,£)) () laln,c-
From this we get by use of (2.30) for A€ S{,®B, with the same constants:
lle*?=P¢ (0, A) (2, €)| B < C(1+du(z, €))7V ()| Alm,5-

Hence we have for A€ $¢,®B:
> 1eP=Pe(p, A)(@, &)l < C'()* Al 5.

We can therefore define (e!0=" D¢ A)(z,£)=Y" eP="Pe(p, A)(z, &) as a weakly continuous
mapping from 5¢,®B to B (cf. [H3, Theorem 18.4.10}). Estimates of derivatives and
remainders follow easily, and give [H3, Theorem 18.4.11] for $¢,®B. O

The lemma will be used with B=L(H;, H) for Hilbert spaces H; and Hj in the
study of ps.d. boundary operators. For the ps.d.o.s we use it with B=C to obtain:

THEOREM 2.7. For p(z,y,¢, /.L)GSf‘,’(')’ R2"xR7+1), the asymptotic expansion (2.23)
holds in S‘li:g (R"xR}™). Moreover, when p(x,{,u)ESi’g R"xR}TY), the asymptotic
expansions (2.24), (2.25) and (2.26) hold in S35 (R*xR:T?).

When pdw,{,u)éS{{‘d"‘ (R*xR) for i:l, 2, the asymptotic ezpansion (2.27)
holds in Sf’ Lz m{vive) (g R%TY), where

m(v1, vo) = min{wy, v3, V1 +13}. (2:31)

Hence when P; ,, (i=1,2) are parameter-dependent ps.d.o.s of order d; and regularity
v;, with unifermly estimated symbols, then the adjoint Pf, and the composition Q=
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Py, P>, are parameter-dependent ps.d.o.s with uniformly estimated symbols, of order d;
resp. d1+dy and regularity vy resp. m(vy,v3). Here Q,, satisfies the uniform transmission
condition when Py, and Py, do so.

The operator classes are invariant under admissible coordinate changes, satisfying
rules as in (2.28).

Proof. We first treat (2.23), from which the statements on (2.24), (2.25) and (2.26)
follow. Let ¢'(z,y,§, u)=ePv' Pep(x,y, €, 1), then q(z, €, u)=¢'(z,z,&, ). Since (z, p)—
p(z,-,-,p) is C™ with values in Sf’O(R"'x R™), the same is true for (z,p)—¢'(z,-, -, p).
In particular, ¢’ and g are C*.

Now we shall show that ¢ satisfies the first seminorm estimate for the space
ST R RTH):

la(z, & 1)) < (€ 1)+ (& 1) (6)". (2.32)

Note that for large v (]y|>v) and general «, 3 one has that

‘DgD?-HP(JS,y,{,y,){ g (g,u)d‘laf'"l"rl+<£’ﬂ)d—u(§>u—|a|;h|
< (v gy Hld—vi=lal-ll;

cf. (2.18). It follows that (y,&)— D{p(z,y,, 1) belongs to Sf:g‘d_yl_lyl(R"xR") with
seminorms that are O({u)¢") uniformly in z. According to Lemma 2.5, we have for
keN if [y|>v,

DY (4@~ 3 HOSDER@ .6 )| U B 2

|| <k

but also for general 3 if k>d,

’D? (q’(m,%ﬁyﬂ)— %a;D?p(x,y’g,u)) ’ < C(u)({)d—k—lﬂ[

(2.34)

la|<k
—0 asléf—o0.

Choosing k>2|d|+2|v|+1, we get by || integrations of the radial derivatives of ¢’ along
rays from oo, using (2.33) and (2.34), that

\q'(x,y,ﬁ,u)— > ﬁanggp(z,y,g,“)} & ()t v () Hla-vi-k
la|<k

UM (g HTIR L (e (0,

which implies (2.32).
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Since Dy ¢, commutes with e'Pv'D¢ and 87D, all other estimates of ¢ in
Sf”g (R"x R} follow immediately, and the expansion in the full asymptotic series (2.23)
follows by taking k even larger in (2.33). This implies the first part of the theorem.

For the second part we proceed as indicated after (2.27) above. The rule for (2.26)
proved above implies that the expansion of ga(y, &, ) holds in S"lz’"2 (R"xR7™). Now
[G2, Proposition 2.1.5] shows that p;(z, £, 1)g2(y, €, u)ESffOMz’m("""z)(Rz"x R%™) with
m(v1,v;) defined by (2.31). Then by the rule for (2.23), the expansion of g(z, ¢, p) holds in
Sy (R R,

The third statement is an immediate consequence, and the rules for coordinate
changes follow by an extension of the proof described after (2.28) including the pu-
dependence. O

2.3. Boundary operators

Recall from [G2] the defining formulas for a Poisson operator K, a trace operator T},
of class 0 and a singular Green operator G/, of class 0, in terms of symbol-kernels (cf.
Definition 2.2 (5)):

K,v(z) = OPK (k(<',€, u))v(z) = OPK (k(z, &', u))v()
= (2”)1-n / ei:"-g’ ’;(x,v-z'mgl,/‘) 17(6,) dgl’
Rnr-1
T,u(z') = OPT (#'(«', €, u))u(z’) = OPT (¥'(z, ¢, u))u(z")
e [ e | ! Ty s 1) UE ) dn dE,
Gu(z) = OPG(g' (2", &, 1, 1) )u(z) = OPG(F' (2, yn, €, 1) u(x)
=(2m)'~" /R"_1 ei””,'s'/o §(&', T, Yns &, 1) W', yn) dyn dE';

here 4(¢)=Fr—eu(z), 0()=Fpopv(z'), and d(f,z,)=Fooeu(x',z,). (See eg.
[G2, 2.4] for the definitions in terms of symbols.) When the class r is >0, the trace
and singular Green symbols are of the form

Ha' &p)= Y (2, ¢, wE+ (6 p)

0gjgr—1

9@ &)= D k(@ &)+ (6,00, 1),

0gigr—1

(2.35)

(2.36)

cf. (2.10), (2.12). Then we define 7,=OPT(t(z',&, 1)) resp. G,=0PG(g(z',&, M, 1)),
by
Z S;iuvi+ resp. G, = Z K;ui+G,, (2.37)

ogjgr—-1 oigr—1
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where S, ;=OP'(s;(z’,¢', 1)) and K;,=0PK(k;(z',&, ).

When the operator definitions are applied with respect to the x,-variable only, the
operators are denoted OPK,, etc. and called called boundary symbol operators (one can
also use a notation where £, or (£,,7,) is replaced by the indication D,). We use OP’
to denote application of the pseudo-differential definition w.r.t. the z’-variable. OP may
be written OP, when we want to underline that it is applied w.r.t. the z-variable.

The main object now is to show continuity properties and composition rules for all
the operator types, but before we go on to that, we insert a section with some technical
improvements of results in [G2].

3. Refinement of L, symbol estimates
3.1. An improved estimate for ps.d.o.s

In [G2], there were shown a number of estimates in Ly Sobolev spaces for pseudodiffer-
ential boundary operators depending on a parameter u, where the behavior with respect
to p is expressed in terms of the so-called regularity number v. In some cases, the regu-
larity was lowered in the passage from an operator to a derived operator. We show in the
following how this loss of regularity can be avoided in most cases {or even improved), by
more delicate applications of estimates from [G2]. Next, we study the compositions with
the simple order-reducing operators ((D’, u)+iD; )ﬁi, t€Z, and include operators of
negative class in the calculus. Finally, we analyze the effect of applying ((¢’, u) —iDz,, )%
and z{ to a symbol-kernel, for t and §€)0,1[, in preparation for the L, estimates in
Section 4. From here on, we write Prr and Pr, as P (eg. Eti%Ri =EY% 1)

By a refinement of the proof of [G2, Theorem 2.2.8] we shall show an improvement
of the regularity by essentially %, in the application of the projection h_;.

PROPOSITION 3.1. Let d and veR, and let p(z’,&, p) be an x,-independent pseu-
dodifferential symbol belonging to the space Sf”(',” ater (RX I_{iﬂ). Then h_1p satisfies

' {(""+1/2+1)x"’+1/2 if v#E—3 (3.1)

lh-1pllL, e, <

” 2,6n X (Ilog g|1/2+1)}fd+1/2 Zf V_____%.
Similarly, the Laguerre series estimates in (G2, Theorem 2.2.8] can be improved by a
replacement of ¢” by ¢"+'/? if v#£—3, and by |log of'/? if v=—3.

Proof. The proof of [G2, Theorem 2.2.5] shows that

(€ m)teal ! when |€,| > (€', u);

> (3.9)
(€€, m* "+ ) when [€.]< () '

|h_1p(.’l}', 6» N)I < {
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Thus if u#—%, we get

Whrpllzn . & { /
[€al<(

AR

1/2
+/ (|£nl2”(€’,u)2d‘2"+<€’,u)”)d£n+] (€, w222 dén}
€N<eal<E ) (€<l

< <€I)I/+1/2<£I’#)d—v+(€l’H)LH—I/Z - (Qu+1/2+1)%d+1/2,

o (€ €T+ )Y den

which is (3.1) in this case. The case v=—1 follows easily from this computation too. O

With analogous considerations for the derivatives of p, one finds the following im-
proved version of [G2, Corollary 2.3.5):

THEOREM 3.2. Let p(z’,§,p) be as in Proposition 3.1. If v¢—~3+N, then h'p
satisfies, for all  and BEN™"}, m,m’ and jEN,

Hh-i-Dg,D?,Dg E?'Dih.g.p(w/, 61”)”[12,5“ < (Qv+l/2—la}—m+m’ +1)Kd+1/2—\a|—m+m;_j;

(3.3)

in particular, h+p€Sf,’g+1/z(R"‘1x R?, H*). If ve~1+N, the estimates (3.3) hold
when m<m' or |a|+m~—m'#v+1, and in the remaining cases one has:

1h* DL Dg D & DiRF p(a', &, w1, ¢, < ([log of'/2+1) s /27 llmmam'=d (3 4)

so htpe S\1:5+1/2—E(R"_1x R%, H*) for any £>0. Similar statements hold for h”;p.

In applications of the theory, the ps.d.o.s where v is integer are of primary interest,
so we shall not analyze the ps.d.o.s with half-integer v any further.

In the above results, and also in the results below concerning the (z,, £, )-behavior,
the parameter 2" can of course be replaced by a more general parameter X running in a
space R™ (in particular by ¢/ e R™1).

3.2. Composition of boundary operators with simple order-reducing opera-
tors; negative class

We shall now show how the order-reducing operators defined in (1.31) can be used in
compositions with boundary operators. This will first be formulated in terms of the
one-dimensional variant (%+iD;, Y'=x% (¢, 1, Dy, ), cf. also (1.37).

Let t€Z. It is easily verified that x4 € S5 (R"~x R?, H{); note also that for t<0,
x4 €SP (R Ix R, HY ) SH° (R Ix R, H*). The x% do not lie in our pseudo-
differential symbol spaces S} ; over R", since (¢', ) does not lie there (does not fall off
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in the &,-direction when derived w.r.t. £’); so a composition of our ps.d.o.s with OP(x%.)
will generally lead outside of our ps.d.o. classes. However, the crucial observation we
shall make now is that the x%. do satisfy, not only the L, estimates for boundary symbol
classes derived in [G2, Lemma 2.3.9], but also the sup norm estimates that were shown
to be valid for decompositions of pseudodifferential S} ¢ symbols with the transmission
property in [G2, Theorem 2.2.5]:

LEMMA 3.3. Let teZ. For any a€N", k and jeN,
EDEDIXG = D ik (s w1 (ERDEDIXL);
oIt k—|al—j
where |sika,i| < (€', 1)
|h—1(EEDEDIXE ) L (€, )t Emled=age, py =t

ttrk—|a|—j (3.5)

Proof. For >0, there is no h_; part, and the estimates of the coefficients s; x,q,;
are straightforward to see. When ¢<0, we write the functions £5Dg D7 ((¢/, ) £i€n)" as
sums of terms of the form

CEPIE L or T WY wy2iga)t
where . L
7,020, |\B|+i+t'+l=t+k~|a|—j, resp.
j"?O, t”l<0, l7ll+]ll+tll+t”l=t+k_lal_J;

these terms obviously satisfy the desired estimates. It is used here that terms containing
Em((€', pyEi&n)® with m>0>s can be reduced away by insertion of formulas

€ = (£0)™ (€, 1) £i€n— (€, )™ =Y s (', ) i)™ (€, )™

(The estimates of the 8, o, ; follow also from [G2, Lemma 2.3.9].) O
This leads to the following results on products:

LEMMA 3.4. Lett and t'€Z, and let r€N.
(1) When k(z', ¢, u)eSi_Ol’"(R"‘lxﬁi,H“‘), then

R (i k(@ €, 1)) € STE M (R IxRY, HF). (3.6)
(2) When t(z', &, p)€Spy (R xR, H,_,), then

B (a6, ) X) € SR (R TIX R, H Lo, y)- (3.7)
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(3) When g(x’,E,nn,u)eSf,El’”(R"‘lx R, HT®H;_,), then (with all combinations
of choices of + and — for %)

R by, (X (6 1) 9(2 €,y 1) XEL(E 1y 1) € ST TV (RPTIXRE, HY @M Ly, _1)-
(3.8)
The projections h* and h~ can be omitted when x, is taken as x* with t<0 and
xi is taken as xt_'; then moreover, the indication H* resp. ’H[; ), -1 con be replaced by
H resp. My

Proof. This is seen by carrying out the proof of [G2, Lemmas 2.6.2 and 2.6.3] with
X% (&, p) playing the role of p there, using the estimates from Lemma 3.3 above, followed
by an application of [G2, Lemmas 2.3.9 and 2.3.10]. O

The lemma implies that the full operators K,=0PK(k), T,=OPT(t) and G,=
OPG(g), by composition with operators Zf , , to the left and right in a similar way,
give Poisson, trace resp. singular Green operators belonging to our calculus and having
the same regularity. This is seen first for the cases where K|, is given in y'-form, T}, is
given in z’-form, and G,, is given in y'-form resp. z’-form for compositions with =% , ,
to the left resp. to the right of G, only. In each of these cases it follows from the operator
definition that the full symbol of the resulting operator equals the projected product in
formulas (3.6)~(3.8), without further terms. For more general symbols, we get the result
by changing from z’-form to y’-form or vice versa (cf. (2.26) and {G2, Theorem 2.4.6]);
in the treatment of G, one composes first on one side and afterwards on the other side
using these techniques.

Let us also observe that for t€R, the operators OP((¢, u)t)=(D’, u)?, although
they are not ps.d.o.s with symbol in S} o(R"x RT’I), compose very well with Poisson
operators, trace operators and s.g.0.s. More precisely, the restrictions OP((¢', pu}*)+=
(D', p) =r* (D', p)te™ are well-defined on S(R7 ) since the (D', u)t preserve the property
of being supported in R} (but their mapping properties in H3#(R’}) spaces are not
convenient for ¢<0). Now, when T,=OPT(¢(z’,¢, 1)) and G,=OPG(g(z’, £, 7, 1)) are
of order d, class r and regularity v, then a direct calculation shows that

Tu(D', ) = OPT(#(z', & p) (€', "),
Gu(D', w)', = OPG(g(z', &, 1, ) (€', 1)°);

these are operators belonging to the calculus, of order d+t, class r and regularity v.

(3.9)

(D', )4, G, and (D', )%, K,, are likewise of order d+¢ and regularity v when G, and K,

are given of order d and regularity v, with slightly more complicated symbol formulas.
Before collecting all this in a theorem, let us extend the results to operators of

negative class (cf. Definition 2.2 (2)—(3) and (2.36)). Note that one has for any reZ,
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that T,=OPT(t(z', &, u)) is of class r precisely when its symbol t(z', £, u) is O({&x)"71)
for each (2/,€’, ), and G, =0PG(g(a’,€, 9, 1)) is of class r precisely when its symbol
9(z', €, 1, 1) is O({n,)"" 1) for each (z’,&, u). Since for meN,
OPT(t(z',¢, ) D7, = OPT(t(z’, €, u)ér'),
OPG(g(z",&, 1, u)) Dy, = OPG(g(z’, &, 1, u)1r )
we find in particular that

T, is of class —m <= T, D7’ is of class 0,

| . (3.10)
Gy is of class ~m < G,D7’ is of class 0.

For fixed p we get the corresponding observations for parameter-independent operators.
The class concept is important for the mapping properties the operators on Sobolev
spaces: T, resp. G, is well-defined on Hj(R7) (for each fixed p) if and only if it is of
class <r. This was shown for 7 >0 in [BM2], [G2], and the negative classes were included
in [F1,2], [G3,4). {G3,4] moreover introduced the class concept for operators P, +G,
leading to very complete results on the mapping properties of elliptic systems. Since Py
is well-defined on Lo(R7 ), it is generally assigned the class 0; and when G is of class
r20, Py +(G is said to be of class r. The same holds for parameter-dependent operators.
We define negative class as in (3.10) and show below that it is consistent with [G3,4]:

DEFINITION 3.5. Let meN. Then P, ++G, is said to be of class —~m, when
(Pu,++Gu)D7 is of class 0.

For fixed g, this defines the concept for parameter-independent operators. The
definition applies in particular to G, or P, . alone. Operators that are of class —m for
all meN are said to be of class —o0.

Let us see how the class of P, { +G,, is reflected in the symbols of P, and G,. Since
there are generally two different types of symbols involved, it cannot be quite as simple
as the condition O({£,)"~!) mentioned above. In the sequel we drop the explicit mention
of p-dependence. Recall from [G4, 2.4] and [G3] the formulas valid for general T, P
and G:

j~1
TDI =3 8%y 1 +TV;
k=0

. (3.11)
j—1

(Pr+G)DL =3 (KD +KP)y;-1-5+ PP +GY);
k=0

where

TW = OPT(hZ, [ght(2',£)]), S¥) =OP' (i lim JDEFe L, ta,6),
zn__) n n

PY =OP(gp(x,8)), Kp'v(a')=ir* PDE (v(a')@6(zn)),
G(j)=OPG(h:Lnn[77?;9(37/,5,%)]), K(Gk)=OPK(i lin};-ol—)k Fo yng(x’,E,nn)),
yn—§

Yn" Nn—
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cf. (2.1). We see from the first line in (3.11) that TDJ* =OPT(t)Dy: is of class 0 if and
only if Sg’) =...=S¥"’—1) =0; and that when this holds, TD;H is of class 0 for j=0,...,m~2
also (the latter properties need not be mentioned explicitly in the condition for 7" being
of class —m, as in [G3,4]). It then follows also that TDZ=TDgr D2 is of class 0 for
la|<m, since Dg,’ does not interfere with the class. The analogous considerations apply
to Py +G. Then we find altogether, for meN,

Tis of class —m <= SO =.. =8 =g
<= TDZ is of class 0 for all |a| <m;
Pi+Gisof class —m < KO +KY = =Kk Y =0

< (P++G)D is of class 0 for all |a] < m.

(3.12)

Let us moreover note that in view of (3.10) and (3.12) one has for any r€Z, that T,
is of class r <= T,EZ7, | is of class 0; and G, is of class 7 <= G,E_", | is of class 0.
For P,, . +G, one can show that it is of class r if and only if its composition with AZ7, |
(cf. Remark 1.4) is of class 0.

We recall from [G3, Theorem 3.10] that when an operator is of class r for some r€Z,
then it is defined on H3(R%) and BS(R%) for s>r+1-1, but it cannot be well-defined
on Hi(R%) or B(R%) for an s<r+35—1 unless it is actually of class r—1.

Now we can sum up the results on compositions with =% , . and (D', u)*:

THEOREM 3.6. Let K, T, and G, be Poisson, trace and singular Green operators
of order d€R,, regularity vER and class r€Z (for T, and G,), and let t and t' €Z.

When r=0, then Eti% +K, is a Poisson operator of order d+t and regularity v,
T, Ei% 4 18 a trace operator of order d+t', regularity v and class [t'+1].—1, and
Eﬁt,”, +Gy Eti’,m 1 15 a singular Green operator of order d+t+t', regularity v and class
[t'+1]+—1 (with all combinations of choices of + or — for ).

WhenreZ, T, Et_', wt dEL Gy Et_’, u,+ Or€ trace resp. singular Green operators
of order d+t' resp. d+t+t', regularity v and class r+t'.

For any s€R, T, (D', 1), (D', )5 K,, (D', )% Gy and G,.(D', p)?. are trace, Pois-
son resp. singular Green operators of order d+s, regularity v and class r.

The symbols are determined by the usual formulas for composition of the operators
with ps.d.o.s.

3.3. Symbol-kernel estimates in Hy>(R,) and Ly(R., z?) spaces

When ¢ is not integer, the symbols x* are not in M (although they do have the property of
extending holomorpically for Im &,, <0 resp. Im &, >0). Nevertheless, we can obtain some
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special results concerning application of (»—iD;, )% to the symbol-kernels (recall Defini-
tion 2.2(5)), that show how some compositions with =% , . have good propErties. This
implies estimates of the corresponding boundary symbol operators in Hi>(R.;) spaces,
which will be useful in the study of L, estimates later. The estimates are convenient
since there is no loss of regularity when one applies D,_.

THEOREM 3.7. Let d and vER, let t,t' and t"€R.,, and let € N"~1. When
k(@',€,m) € ST (R IxRY, HY) and g(a',€mm, 1) € 515" (R !X RY, HIBHT,),
then the associated symbol-kernels and boundary symbol operators satisfy:

|(3¢—iDx, ) (€)Y D@ (5~ iDg, L k(x', Ty €, Wl Ly, (B
= OPKn((E')‘“'D?f(%—iDz..)ik)llac,H;v"(m)) (3.13)
< (gu+1)%d+t+t'__1/2;
[(5—iDs, )t (36=iDy, ) (€)1 Dg (3—iDa, Vs 5, yn €, W, ..,y R2,)
< (8 +1) sttt +t7-1/2, (3.14)
“ OPGR((€I>IQ'Dg’(%_iDmn)ig)Ilc((Hzé"v”(ﬁ+),H;a“(§+})
< (gu+1)%d+t+t’+t”—l/2. (3.15)

3.14) and (3.15) hold also with (3x—iD,_ ). replaced by (%x—iD,, )4 .
nl+ +

Proof. Consider (3.13) in the case a=0. The operator OPK,(k): C—S(R) acts
simply as multiplication of v€C by the symbol-kernel l::(:c’ ,Zn, &, p); it is also called
OPK,(k), and the application of (5—iD,,)} to k corresponds to composition of
(3—iDy, )4 with OPK,(k). (We recall that l~c=.7-"£—n1_,1nk is in e*S(R,) as a function
of z,, usually identified with its restriction to {z,>0}.) Hence, in view of (1.34) and
(1.37),

”(%_'LD:BH )i OPKn(k)UIIH;’”(§+) = ”(J{'—ZD:E“ )fﬁ‘t k”Lz(R-{»)Evl — IIZ:}IH;+"’”(R+)IUI!
and we may assume that t'=0. The symbol estimates for k show that for all meN,
Vel sgeon gy = 6D, ) RlL oy & (&7 + 1) 12,

Applying this with some m >t and with m replaced by 0, we find by a simple interpolation,
taking 1—0=t/m (cf. (1.17)):

. o .
1l gz ey < Welmom ., RN o,
S (@7 +1)se T YIM (g8 4 1)5eTHAYTH L (g 1) R,
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showing (3.13) in this case. For |a|=1, say a=(1,0,...,0), we note that

(') De, [r+ (3e—iDy, )" ¥ k(a', 20, €', )]
= (&)1 OPp (¢! (30— i€s)! ' Dg, 3¢)e T k+(€')(3—iDy, )4 De, k
= (€"Y¢' (D, %) (3¢—iDy, )t (3—iDz, )7 k+ (€'Y (5—~iDs, )Y Dy, K,

cf. (1.34). The latter two expressions are similar to those we have already treated, for
(z—tin)Ill:: is a Poisson symbol-kernel of order d—1 and regularity »:

Fonotnt T (6~iDy, ) etk =ht[(3—i&,) " Tk(2', &, 1)) € S~ 2 (R™ xR, HT)

by Lemma 3.4, and ng;: is a Poisson symbol-kernel of order d—1 and regularity v—1;
moreover, the factor (¢')Dg, s is <(¢). Since one has in general (cf. (2.1))

(€)1l + 1)1 < (0 +1) 2, (3.16)

we conclude that (3.13) holds for a=(1,0, ...,0). The general estimate (3.13) follows by
iteration of this argument.

The proof of (3.14) is very similar. Again we begin with the case a=0, and use
that (s—iDy,, )% (%—iD,, )% equals (x—lin)f;HI
the symbol rules, we only have to account for the cases where ¢t and t”€[0,1]. Here we
depart from the inequalities, valid by the definition of §4~1,

, S0 we may assume t'=0. In view of

”.é(xly Zn, y’n;§,7 #)”Lg’mﬂ’yn (Ri+) s (Qu_*—l)xd)
I(¢=iDz, )l L,z , ) + (3 =iDy, )il L, (r2 ) < (0¥ +1)s%, (3.17)
I(3¢=iDs, )(5¢=iDy, )3l Lymz ) < (& +1)2"*2,

which show (3.14) for ¢t and t” equal to 0 or 1 (and t'=0, a=0). Since one has for
functions f: R, — X when X is a Hilbert space,

(> =Dz, )5 f(@n)ll Lo x) = 1 (@n )l mrg (R4

we can read the statements in (3.17) as Sobolev space estimates of vector valued functions.
Then we obtain (3.14) (with ¢’=0, a=0) by application of interpolation, first between
the spaces Ly, (R4;Y) and Hy*(R4;Y), with Y equal to La,, (Ry) or Hy*(R4),
and thereafter between the spaces Ly 4, (Ry; X) and Hy*(Ry; X) with X=H*(R.).
The factors (£') '“'D?, are included in a similar way as for &, by use of the Leibniz formula
and Lemma 3.4.

For the explanation of (3.15), we let a=0; the general case can afterwards be included
by a calculation using the Leibniz formula. Then we can also assume that ¢'=0. The
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estimates (3.14) can be read as Hilbert-Schmidt norm estimates of the family of operators
OPG,(g’) from La(Ry) to La(R) (parametrized by (2, ¢', u)) with the integral operator
kernels

gl(xl’ Ty Yn, §I7 ﬂ') = (x—iDm,. )f'_(}{-—iDyn )i’g(z,; Zn, Yn, g/, ,u)'

One has a fortiori that the operator norms of OPG,(¢') in £(L2(R4), L2(Ry)) are
bounded with the same bound as in (3.14). This carries over to Sobolev space estimates
of OPG,(g) itself, as follows: Let uEHZ;é””‘ (R.) and set v=(3+4iD,,_ )" @. In view of
(1.34), v identifies with a function in Ly(R.;), and moreover, by duality,

(x_iDa:n )i. OPGn(g)U = (x—iDa:")i A g(z"a TnyYn, f" ﬂ)(”'*'iDyn )t"v(yn) dyn
o0
= / (%~1D5, )4 (36=iDy, )5 §(=', T, Yn, €, 1)}5(Yn) dyn
0
=0PG,(g")7.
Then the L, operator norm estimates of OPG,(g') imply
o _ (A d+t+t'’ .
” OPG"(Q)"L;(H;(? (Ry),Hy*(R4)) < (9 +1)% . (3 18)

For the last assertion, one uses that the adjoint OPG,(§(z’, Zn,yn, &, 1))* equals
OPG.(§(2', yn, Tn, &, 1)), which is of the same kind as above. 0

‘We shall also need to analyze the effect of multiplication of the symbol-kernels by a
fractional power of x,,, or rather, the study of the norms of boundary symbol operators
in Lz(R4,x%) spaces, cf. (1.46). This is more delicate than the preceding study, since
the multiplication by z, lowers the regularity by 1, and the regularity concept does not
always interpolate well.

Let k(z',€, )€ 891 (R Ix R?, H+); then k(z,£’, p) satisfies, by definition,

1Bl a0 () S (@412, znkllL,,, @y < (@7 +1)5%/2, (3.19)
Let 0<6<1, and recall the interpolation inequality
el F (@)l zary) < N @) Er, o f (@n) I3 scry; (3.20)
it gives for k:

93 Fllza.0, L IRIES lonkll,., & (e +1)170(e  41)P51/28
, " (3.21)
<€

(1+gu(1—6)+g(u—1)6+gv—6)%d—1/2—6.

14935204 Acta Mathematica 17)1. Imprimé le 2 février 1994
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Here min{v(1-6),(v—1)6,v—6}=v—46 if v<0 and is >0 if v>1, so that (3.21) implies
(recall that g% +1=1 when 020, cf. (2.1))

z5kll,... < (e"~°+1)%%" Y27 when v€R\]0,1[; (3.22)

which is as good as one could hope for; note that ¥ and v—§ have the same sign. But
when v€]0, 1], we only get

Hedkll,. L P+1)»*127% yelo, 1, (3.23)

where §v—6=v—-6—{1—6)r is <0 and <v—§. Note however that (3.21) is fine in the
region |£'|>{(u), for here (£}~ (€', u), so (3.21) is equivalent with

120k, ., <4272, when |£'] > (). (3.24)

When n>1 (the case of principal interest for applications), we can use (3.24) together
with a consideration of derivatives to extend (3.22) to all v#6, with just a logarithmic
loss when v=6. The proof is given in the following theorem, where we also collect facts
shown above.

THEOREM 3.8. Let d and veR, 6€]0,1[, aeN""1, and assume that n>1 if vE
10,1]. Let k(z',£, 1) be a Poisson symbol in S~ *(R"xR?,H). Then

(e 0 +1)sd-1/2-8 when v # 6,

3.25
(|log o|/2+1)54"1/2~%  when v =4. (3.25)

256" Dgk(a', 2, €', )llLs .., (m4) € {

Proof. Consider first the case =0. The result is proved above when v€R\ [0, 1[,
so we let v€]0,1{. For |¢'|>{u) we have (3.24) which shows the desired estimate in that
region; it remains to consider {£']|<{u). Let £&'7£0, then the basic trick is to integrate the
following inequalities along the ray in &’-space from &’ to ({u)/|¢'|)¢’, using (3.24) at one
endpoint. For 1<j<n—1 we have (with norms in Ly ; (Ry)}):

| D, 125 RlI?| < 2 / 2(k(z, €', ) De, k(. &', )| den
(1]

< 2|l K| I]xff’lDEjfcll for 6> 1,

(3.26)

| De; llenkl*| < 20|27 k|| | De, k- for 6> 0. (3.27)

First we treat the values v,8 with §>v. Here we prove by induction on [ that for
[=0,1,...,1y, where 2~ 1gyp,

Nzsk) < (0% +1)2% Y278 when 6>vand 2771 <6<27h. (3.28)
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The induction start is based on (3.26). When 3<6<1, then 0<26—1<1 and we can
apply (3.22) (with v and § replaced by ¥v—1 and 26—1) to the second factor in (3.26),
which gives

| De, I8 F)12] < (07 +1) 58 3/2(g" =2 1) 8~ 3/2-(26-D)
& 21,2422,

in the last inequality we used that 6 >v. It follows that

{w)
6142 & ,2d—1-26 w-26-1/,\2d—2v—1
o k|- <o + / t dt
llzn &l e (t) (w) (3.29)

< (€/>2u-—26<u>2d—1——2u+(N)Zd—l—% < (gu—éxd—1/2—6)2
which proves (3.28) for I=0. Since k is smooth and the estimate is uniform in (£, u) for
£'+£0, it extends to all (¢, u)€R?. Now we have when §>v and 2~ W1 5= W+1)
that 26>v and 2~ +1)<26<27. So if (3.28) is proved for [=l, (3.29) gives

|D5j ”.’L’f,jCIPI < QV—ZJZd—1/2—269u—1%d—3/2 g 921/—26—1%241—-2—26’ (330)

and then (3.28) follows for [=I'+1 by integration. By induction (up to I=lp), (3.25)
is obtained for any §>v. An inspection of the proof shows that the case §=v can be
included, giving (3.25), when the estimate of the integral in (3.29) is replaced by a
logarithmic estimate.

Finally, the values §<v are treated as follows: If 0<r/2<é<v/, then 26>v and
2v—26—1>-1, hence (3.30) holds and gives (3.25) by integration. The remaining 5¢€
10, v/2] can be included by interpolation of the estimates for =0 and §=3v/4, much as
in (3.20) ff.

When a#0, (¢ )“"'D‘g,fc is of order d and regularity min{v,}a|} (cf. [G2, Lemma
2.1.6)), so the preceding result applied to (¢')!%Dg k implies (3.25). 0O

Note that the trick in Theorem 3.8 also improves [G2, (2.2.90)] when n>1.

We shall now consider singular Green symbols. Here one can study the effect of mul-
tiplication of the symbol-kernel with z¢ as well as y8, corresponding to letting OPG,(g)
end in or start in a weighted L space over R,. What we shall need later is a mixture
of this with the applications of (%D, )% and (¢’ )""'Dg, studied in Theorem 3.7, and
we go directly to the needed result. Recall the notation (1.46).

THEOREM 3.9. Letd and veR, 6€[0,1], t and ' €R,, a€N""1, and assume that
n>1 ifvel0,1]. Let g(z',& nn, p) €842 (R* xR, H*®HZ,). Then the associated
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symbol-kernel §(z', Zn, yn, &', ) satisfies:

ll25.(5¢—~4Dy, )% (€)1 D (—iDy, ) GlL..., ,.r2,) and

g5 (3¢—iDs, ) (€)*' D (3¢ =iDs, )4 b, .., . (m2,) a7E

: (00 41)sd— 044t when v#6, or 6=0 or 1;
T (Jlog /2 +1) 346+t when v=6€]0,1[.

(3.31)

The operator OPG,(g') with symbol-kernel §'=(¢’ )"’ng,(x—iDmn )ig satisfies:

IOPGa(9M 2yt (R ) La(ry 2y 979 | OPCRl9 M cry(my 2m®), b= (s )y 07
: (070 41)s2—0+¢ when v#6, or §=0 or 1; (3.32)
1 (llog o] Y/2+1)3¢4-5+t  when v=6€]0,1].

Proof. Consider the estimate of the first norm in (3.31). Since z,§ is of order d—1
and regularity v—1, it follows from Theorem 3.7 and considerations like (3.11) that the
estimate is valid when § is 0 or 1. Then we apply a version of the preceding considerations
on k (the interpolation in (3.20) and the lifting from lower regularities in the proof of
Theorem 3.8), now for vector valued functions. This gives the estimate of the first norm
in (3.31), and the estimate of the first norm in (3.32) follows from this as in the passage
from (3.14) to (3.15) in Theorem 3.7.

For the estimate of the second norm in (3.31), we just have to interchange the roles
of z,, and y,, then the estimate of the second norm in (3.32) follows by variant of the
explanation in Theorem 3.7, where we use the duality (1.47). O

Remark 3.10. We shall not burden the exposition with more detailed conclusions
based on (3.23) for »€]0,1[ and n=1, that can be worked out when needed. Instead, let
us mention another technique giving adequate resolvent estimates:

In the resolvent construction for normal elliptic boundary problems, the symbols of
the boundary operators are of integer or half-integer regularity (cf. [G2, 3.3]), so it is
only symbols of regularity % that are not covered by (3.22). But here one has additior al
information, namely e.g. that the Poisson symbol-kernels of regularity % and order d
satisfy estimates

(Lot ) (2, 20, € )2 (my) S 472, for 6€[0,3], (3.33)

where L, 4 is the Laguerre operator on R, L, =—3x"18, 2,0;, +#z,+1. We recall
from [G2, (2.2.15)] that ||Lft’ +I::|| L2(R,) IS equivalent to the £ norm of the Laguerre
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expansion of k. Estimates like (3.33) hold both for the terms in the direct operator A, g
and its inverse B, ; see [G2, Remark 2.6.16, Theorems 3.2.3 3° and 3.3.1]. Now

(Loert W) pa(R s ) = 5 (@B, Do )+ 6(@t, ) + ],
for ue S(R.+), since Yo(2n8;,u)=0. The terms are >0, so one gets the operator inequality
L+ > »zy+1, in the sense that (L, ;)™ ! < (sezn+1)"1.

By an operator-theoretic monotonicity theorem (cf. e.g. Donoghue [D]), this implies
(Lye,+)”*<(5¢zn+1)~* for a€]0,1[, and hence, by (3.33),

| (3e2n +1)°k|| L2 (r, ) = (e +1)*k, &)1/

- - (3.34)
S (Lo, )20k, k)2 = || L8, (K| < 54712, forbe(0,3].

Thus (3.25) holds for 6€[0, %[ and n=1 also, in this case. Similar estimates hold for
the trace symbol-kernels of class 0 entering in the resolvent construction. The arguments
likewise apply to the singular Green symbol-kernels § entering into the resolvent con-
struction, of class 0, regularity % and order d, say. Here one finds by application of the
above method for the z,-variable and straightforward Sobolev space interpolation for
the y,-variable:

IGezn+1)° (5~iDy, )4 Gl 15,0, 0 (R2,) SN (L) (%= iDy, )4 Gl a2,

<
<H¥tt forée [0 1 [ t>0 (3.35)
~ b 2 bl - .

Such estimates hold also with z,, and y,, interchanged, so (3.31)~(3.32) holds for 6€ [0, 1|
and n=1 in this case.

The methods also allow an improvement of (G2, Theorem 2.6.6], concerning the sym-
bol g7 (p) of the special s.g.0. G*(P,)=ryP,e~J (recall that J: u(z’, z,)—u(z’, —zn)).

THEOREM 3.11. Let p be as in Proposition 3.1, with V¢—-%+N, and let n>1 if
v>—1. Ifv¢N, then §G*(p) satisfies for all indices a, FEN™"1, k, k', m,m’, jEN:

| DZ, Dgak D v Dy DLg* (0)(', % Yns &' ) Lo s, o (RE)

< (gu—‘a‘—k+k'_m+m’ +1))¢d—|a|"k+kl—m+m'—j; (3.36)

in particular, g™ (p) belongs to S4~1(R" xR, HT®H,).
If veN, (3.36) holds for all indices except those satisfying

k2K, m>2m/, |oj+k—k'+m-m'=y, (3.37)
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for which one has

”Dg/D?/foD:nyngm/Dig'f‘(p)(x’, xn; y’n’ 6’, p’)”Lz,Inmn (Ri+) (3 38)

& (Jlog gf!/2 1) lel=k4# —mim'—s,

s0 gt (p)e SV —E(R™"Ix R, HY®HZ,) for any £>0.
Similar estimates hold for g~ (p).

Proof. Tt is shown in [G2, Theorem 2.6.6] that §+(p)=(]—'€_nlqznh+p)[zn=mn+y" for
Tn,Yn>0. By Theorem 3.2, the regularity of A*p is V—l—%. Then we get by application
of (3.25) with 6=1 to p*=F;'  h*tp:

€n—2zn

1/2
"g+(p)($l,$n,yn,€,,ﬂ)‘|L2(R2+) = <A2 |I3+(w,7$n+ymfl,ll),2d-’ﬂn dy'n)

+
+
1/2
= (2/ znlﬁ+(x’,zn,£’,u)|2dzn)
Ry
("2 121 1)56 = (0¥ +1) 5,

where g” is replaced by |log o|*/? if v=0. In a similar way, we get improvements of the
estimates in [G2, Theorem 2.6.6] of the derived symbols. For example we have, since
D¢, p is of order d—1 and regularity v—1:

1/2
|l$n§+(p)($,,$n,yn,£l,ﬂ)|lL2(Ri+) < (/ ) (xn+yn)2|15+(m',mn+ym§', “)IZ dzn, dyn>
R

T+
1/2
= (2/ zn|.75'§‘1_,z ht(Dg,p)|? dzn)
R+ n n

< (gu-—1+l/2—1/2+1)%d—1 _ (gu—1+1)%d—1’

v—1

with ¢“~1 replaced by |log g|'/? if v=1. — The result for g~ (p) follows since g~ (p)=
gt O

This result permits an improvement of the regularity numbers in the general para-
metrix construction from [G2, 3.2], see [G5].

Remark 3.12. The logarithmic loss in case v€N in Theorem 3.11 can be removed
in some special cases, for example when p is a rational function of £ and u of the form
(f(&', &gz’ &) 1 +u!)~! with f and g polynomial in ¢ of degree k+! resp. k (here k
and [eN, and d=-I). The proof is somewhat long, and will be left out since it is
not necessary for the resolvent estimates taken up [G5], where the loss of regularity is
eliminated by other methods established in [G2].
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Remark 3.13. Let us note that when »=0, and d=0, say, then the Ly(R+) operator
norm of OPG, (g% (p)) is <1 (without a logarithmic loss), simply because the operator
equals r+ OP, (p)e~J, where the Lo(R) operator norm of OP,(p) is <1. One can extend
this to uniform bounds in L(HY*(R,), Hy*(Ry)) and £(L2(Ry,xf), Ly(Ry,28)) by
use of formulas such as (4.25) below and a related version containing the multiplication
by x,. But these estimates are far from the generality covered by Theorem 3.9, and we do
not see how to obtain the estimates in Theorem 3.9 for g*(p) with general independent
values of 6,¢ and ¢’ (or just those values that enter in the proof of Theorem 4.1 below)
without using Hilbert-Schmidt norm estimates, such as the estimates of the symbol-
kernel in Theorem 3.11.

4. L, estimates of parameter-dependent operators
4.1. Estimates on Euclidean space

We shall now extend the L, mapping properties shown in [G2, Section 2.5] to L, spaces,
1<p<co. The basic result is the following theorem on mapping properties for operators
with z-uniformly resp. z’-uniformly estimated symbols (cf. Definition 2.1).

THEOREM 4.1. Let d and vER, let p€]l, 00, and let reZ.
(1) Let p(x,f,u)GSf:g(R"x R™™). Then P,=OP(p(z,&,p)) is continuous for all
seR:
P, HY*(R™)— Hy™*(R") and

4.1
P,:Bp*(R") — B;‘d’“(R"), with norm O({u)~" +1). (1)

(2) Let k‘($',{,u)ESfBl’V(R"—'IXRi,H+), with n>1 if v€]0,1] and p<2. Then
K,,=0PK(k) is continuous for all seR:

K,: Bg7UPH(R™1) — HE4#(R%)NBy4*(RY),

(4.2)
with norm O({p) v +1/P=1/2+ 1 1),

unless 0<v=_1—1 where the norm is O(()¢) for any €>0.
(3) Let t(z",{,u)ESf:g(R"“lxﬁi,H;_l) (of class r), with n>1 if v€)0,1] and
p>2. Then T,=OPT(t) is continuous for all s>r+5—1:

T,: Hy*(R})+By#*(Rh) — By~ /e#(R™ 1),

(4.3)
with norm O((ﬂ)—”+[1/2~1/p]+ +1),

unless 0<v=1—1L, where the norm is O((1)*) for any £>0.
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(4) Let p(:L',§,u)€Sf”(',"uttr(R"xﬁ1+l), with n>1 if ve -3, 1 and p<2. Then
P, =0P(p(z,£, )+ is continuous for all >3 —1:
P, +:HY*(RY)— Hy “*(R%}) and

— _ 4.4
P, +:B3*(R7Y) — By %*(R%), with norm O((u) ™" +1). (4.4)

(5) Let g(a',&,mn, k) €S o (R X R2, H*®H,_;) (of class r), with n>1 if ve
10,1[ and p#2. Then G,=0PG(g) is continuous for all s>r+1—1:

Gy HYH(RY) - HI **(RY) and

R = (4.5)
Gu: By*(RY) — By~ *#(R}), with norm O((u) ™" *W/P=2/211),
unless 0<v=|} — 3|, where the norm is O({u)°) for any £>0. Moreover, if P, is as in

(4) and P, +G, is of class —m for some me€N, then (4.5) holds with G, replaced by
P, ++Gy, for all s>—m+3—1.
(6) Let p(x, &, 1) be as in (4). Then the s.g.0. G+(P,) is continuous for all s> % —1:

Gt (R,): Hy*(R%)— H-**(R%) and

_ _ 4.6
G*(P.): Bo# (R ) — B 4#(R?), with norm O((u)™" +1). (46)

Proof. (1) We shall apply Theorem 1.6. Since symbols p(z, ¢, n)€ Sy (R"x RH)
satisfy (1.44) with C(p)=0({u) =¥ +1) (Ho=H1=C), the first statement in (4.1) follows
immediately for the case d=s=0. When s and d are general, one reduces to this case,
cf. (1.5), by replacing P, by (D, u)*~¢P,(D, u)~*, which is a ps.d.o with symbol in Sf”g,
hence is bounded in L,(R"), uniformly in u. The statement for B,** spaces follows by
interpolation, cf. (1.16). This proves (1).

(2) For the boundary operators, results for fixed p were proved in [G3] and [F1,2];
and we shall to some extent follow {G3] in the argumentation. In view of the for-
mula (2.35), K, can be considered as a vector valued p-dependent ps.d.o. Q(z', D', )
in the z’ variable, such that the symbol takes values in a space of linear mappings
e—k(z' 2, &', p)c from C to a function space over R... Here k', zn, €' 1) is in S(R,)
as a function of x,,, on which many different norms can be used.

For one thing, k satisfies, by hypothesis, the estimates for all & and BeN""! (recall
that se=(¢, u)):

(") Dg DS (E(2', 2, €', 1)~ ) (e, La(my ) € (1) 771,

(4.7)
for z’, &' e R™ L, u>0,
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Then since OP,s(5%~1/2) is an isometry of Hy */**(R"~1) onto L,(R™!) (cf. (1.5)),
we find by application of Theorem 1.6:

K, HEY2RRY) o L(R™Y Ly(Ry)),  with norm O((u) ™ +1). (4.8)
When 2€p< 00, we also use that
(€)' Dg DZ, Do, (k(3', @, €', )36~ picszaman € ()7 41,
which gives, by use of Theorem 1.6 and (4.8),
K,: HEY2R 1Y) - L(R™Y; HY(R4)), with norm O((g) ™" +1).

Using Corollary 1.9(2) we then find by application of real interpolation (-,-)1/2-1/p,p
(cf. (1.16)) the boundedness of:

K,:B& VPR 1) 5 [ (R?), with norm O({(u) " +1).
uPp PR

By composition to the left with operators Et_,“, +» t€Z (cf. (1.31-34)) we get moreover,

since Et_,u, 4+ K, is a Poisson operator of order d+t and regularity v by Theorem 3.6,
K,=8"% B . K, Bir-Ver(R Y o gE4(RY), with norm O((u) ™" +1).

The mapping property is extended to arbitrary t€ R by complex interpolation (cf. (1.28));
and by real interpolation we furthermore get

Ku:BIf;ﬂi—l/zm‘(Rn—l) _,B;,#(ﬁi), with norm O({g) ¥ +1).

This shows (4.2) for p>2.

When 1<p<2, we choose a d€ ]%—%, %[, 6#v, and apply Theorem 1.6 to
k(z', zn, &', ) 2~4~1/2+8 considered as a ps.d.o. symbol in (2, £') for each p with values
in £(C, La(R4,z%)); it acts as in (4.7) with right hand side O({(z)**4+1) by Theorem

3.8. This gives
K,: Hg“/z‘&"‘(Rn"l) - Ly(R" 5 Lo(Ry, 28)),  with norm O((u) ¥ *04+1). (4.9)

Here the interpolation (-, )(1/p—1/2)/5,» applied to (4.8) and (4.9) gives, by use of Corol-
lary 1.9 (1), (1.16) and (1.17):

K,: B&VPH(RY) - L(RY),

4.10)
with norm 0((<#)—u+1)1—(1/p—-1/2)/6(<l‘)-—u+6+1)(1/p—1/2)/6)‘ (
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When v <0, this is estimated by

O((H>lu|(1-—(1/p——1/2)/6)+(|u|+6)(1/P—1/2)/5) = O((u)"’l“/p*l/("), (4.11)

and when v>1~ 1, we can take §<v, getting O(1); this shows the desired result if ¥<0
or 1/>%-%. If uz%—%, we get the estimate O((u)) by taking 6 arbitrarily close to
v. Finally, if v€ ]0,2—1[, we replace the above interpolation argument by one where
we interpolate between two versions of (4.9) with é' resp. §, where v<§'< % - % <$é, and
use (1.50); this gives the desired estimate. L,(R’) is replaced by H}* spaces and By*
spaces in the same way as in the case p>2; and this completes the proof of (2).

(3) If r>0, we are dealing with operators and symbols as in (2.37), (2.36). For the
terms Sj,,7;, the result follows from (1.29) and (1). For the term T}, of class 0, the
result follows, for %—1<3<%, from (2) by duality, using that 7,* is a Poisson operator
of order d+1 and regularity v; here ; — 1 is replaced by 3 -3,
is considered in Ly spaces with -, =1-7. By composition to the right with operators
Et_,u,+ one gets (4.3) for t+%~1<s<t+%, teN, and the exceptional values sE%,+N are

included by complex resp. real interpolation. If r=~m<0 (cf. Section 2.2), we can write

since the Poisson operator

- =m ——m
Tl“‘ - Tuu‘yl‘¢+u—rﬂ)+ d

where T,E™ . is a trace operator of class 0, order d+m and regularity v according
to Theorem 3.6. Then in view of (1.34), the region where (4.3) holds extends down to
s>—m+2—1. This proves (3).

(4) Here we use the scheme of [BM1] in the same way as in [G3, Theorem 3.4], so
the explanation can be brief. In view of the formulas

D, e*u=etD, uFi(vou)(z)®(z,),

4.12
ijeiu=eiDzju, for j <mn; ( )
one has, setting K, v=r*P,(v(z')®6(zn));
D nP ’+’U,=P ’+D nu+[D n,P]+u—iK YoU,
o i e g (4.13)

Dy, P, yu=P, Dy ,u+(Dg;, Pyliu, for j<n.

K, is a Poisson operator of order d+1, and its regularity is 1/-+—% except when ve— % +N;,
where the regularity of K, is v+ % —&, any £>>0; these assertions follow from Theorem 3.2,
when we use that P, can be written on (', y,)-form (cf. (2.29)): P,=0P(g(z’,yn,§, 1)),
and then the symbol of K, equals htg(z’,0,¢&, p).

When £ -1<s<1, (4.4) follows directly from (1) in view of (1.28), first line. Next,
it is proved for t+%—1< s<t+% by induction in €N using (4.13). Here we apply (2)
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to K,,, noting that the norm in the various spaces will be O({u)~*~1/2+e+[1/p=1/2)+ 4 1),
which is O({x) ™ +1) for small ¢. The full range of s, and the generalization to Besov
spaces, is obtained by interpolation as in [G3, Theorem 3.4]. This shows (4).

(5) If >0, we are considering operators and symbols as in (2.37), (2.36), with G|, of
class 0. The terms Kj ,v; are handled by (1.29) and (2). The result for a case r=~m<0
is derived from the case r=0 by writing G, =G,E™ , \E”" _, similarly to the treatment
of T, in the proof of (3); here G,E™ , . is of class 0. Thus we may assume that the class
T is zero.

In view of (2.35), G, can be considered as a vector valued p-dependent ps.d.o.
Q(z', D', p) in the x’ variable, with the symbol valued in a space of linear mappings from
a function space over R, to another, v(z,)—(g(z’, &, u, Dy )v)(x,). Here g(a’, €', 11, Dy)
is an integral operator with kernel §(z', Zn,yn, €', 1) lying in S(RZ ) as a function of
Zn, Yn, 80 many different norms can be used.

Let p>2. Consider first the case d=0. Here we have by Theorem 3.9 with ¢=4,
t'=0, that for any 6€[0, 1] such that §#v if v€)0,1[, and any o, BEN™"1,

”<€:>Ia|D?,Df,g(;c'7 5’,,“: Dn)llp(L2(R+,x;5),H$(ﬁ+))
<IE)Dg DL g(a', €, 1, Do)l o(La(Ry 278,85 (R4)) (4.15)
SUEN/E ) P +1< ()"0 +1,

since ||vi|gsw, )</l HS*(R,)- 1t then follows from Theorem 1.6 that G, is continuous

G LR La(Ry, 77%)) — LR HY (R.)),

4.16
with norm O((u) "4 +1). (4.16)

If p=2, we get the continuity of G,:La(R%})— Ly(R7), with norm O({u)™"+1)
directly from this, taking §=0. Here in fact the estimates (4.15-16) follow directly from
the symbol properties, and one need not appeal to Theorem 3.9.

Now let p>2. When u#%—%, we use (4.16) with =4, and §=4§; satisfying 01 <
$~1<6;<} and v¢[6), 62); then we get by interpolation using Corollary 1.9 that

Gu: Ly(R?) — Ly(R"), with norm O({u) " +/2-1/P +1). (4.17)

When v=1—1, we get the estimates with a loss of >0 as in (2).
If d is integer #0, we apply the same treatment to E::iu‘ +Gy, which is a s.g.o. of
order and class 0, and regularity v, by Theorem 3.6. Then we get in view of (1.34),

Gu: Ly(R}) — H;4#(R7), with norm (4.18)
O({py ™12 Ur 1y for v# -1, O((p)*) for v=1-1>0. (4.19)

po
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When d is noninteger, Z~¢ “u,+Gu is not a standard s.g.o., but some formulas can be
used anyway. Assuming as we may that G, is given in y'-form, G,=0PG(g(y', {, M, 1)),
we can write

=-d
G+ Gu=8 B LGu=Bl  .G,=G), (4.20)

where t'>0, k€Z, G|, is the s.g.o. E’i,#&G,‘ of order d+k, class 0 and regularity v by
Theorem 3.6, and G, is the generalized s.g.o.

G” =O0PG(g9")=O0P. (9" (y', ¢, 11, Dn)), where

G TnyYn, &, 1) = (56=iDn)a, §'(Y', Try Y, €5 1)

G TnsYns €', 1) = (0 —iDn)f, (s Tns Yns €, 1)

~I

Theorem 3.9 applied to ¢’ shows that ¢”(y/,¢’, u, D,,) satisfies

“<€I>IQ‘D?’D5'g”(y’a £I7 H,y Dn)||L(L2(R+,z;a),Hg(ﬁ,+))

Nlea|l o B 1t gt : ~v4é (4'21)
S”(f) D{'Dz’g (y )5 ,uaDn)”‘{;(L2(R_+’m;5)ygg»"(§+))S(ﬂ) +1)

for all 6€[0,1] with §#v if v€]0,1[, all @ and B€N™"1, and hence it follows as in the
first part of the proof that

G,: Ly(RY}) — Lp(RY), with norm (4.19).

Then by (4.20), we get (4.18) using (1.34).

We have hereby obtained (4.18)—(4.19) for all deR, when p>2.

In order to generalize this easily to more general H:;" spaces and to p<2, we shall
prove an auxiliary result that may be of some independent interest. The result is that
the restriction of G, to r*So(R7) (cf. (1.25)) has a continuous extension

@u:Ht R2 )— Hy~ “4(R2), for allteR, 1<p<oo, with norm

O((u) v +1/2-1/pl 1) for v# |- O((u)*) for v=[1— 1| >0. (4.22)

1
ph

We have up to now shown (4.22) for ¢=0and p>2. When me€Z, G,E7, | can be written

in a unique way as
[-m]4—1

Gu:lﬁ += G:f*’ Z (TZ)'YJ
with G}, s.g.0. of class 0 and suitable Poisson operators K. J(:Z), and then (cf. (1.25))

GuELT +lrrso@n) = Gulr+so(mr)-
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Now ET , . maps r+So(R%) homeomorphically onto r*So(R7) (see the statements be-
fore Theorem 1.2), so when p>2, an application of (4.18) to G), shows in view of (1.34)
that for fertS(R2),

=|G.ET

1GCuf - gig) = IGLEF s Fllprm-an s

”G’ ”[.(L,,(R 2)HY d“(R,"))” +u,+f”Lp(R+)

= ”GI “C(Lp(R LS : 4#(Rn ))”f”H )-

Thus G, on rtS(R7?) has a continuous extension G, satisfying (4.22) when t€Z and
2<p< 0. The validity for general t€R. follows by complex interpolation. The remaining
values of p are included by duality, when we use (1.28), second line, and the fact that
the adjoint of G, is another s.g.0. of order d, class 0 and regularity v.

The estimate (4.22) implies in view of (1.28), first line, that when %—1<t<%,

Gu: Hy*(R%}) — HL*#(R7Y), with norm as in (4.22), (4.23)
for any p. Writing G, as

G,=G,E* B*F ., keN, (4.24)
where G,‘E:ﬁ‘, 4 is a s.g.0. of order d—k, class 0 and regularity v according to Theorem
3.6, we extend the validity of (4.23) to all t>1—1 with t—1¢N, by use of (1.34). The
exceptional values of t)% are included by complex interpolation, cf. (1.28). Finally, a
version of (4.23) with H,, replaced by B, follows by real interpolation, cf. (1.28).

For the statement with P,  +G,, of class —m <0 we observe that in view of Lemma
1.3, we just have to prove that (P,,,.F+G#)(u)ﬂ°D‘g1 . DB~ is continuous from H3#(R%)
to H~4~™~(R7) for s>3—1, with norm as asserted, for all o+ +...+8,=m. But
here

(Pu++Gu)DFt ... Dén = (P, D ... DBn), 4 GPrrPr)

with GEP 1989 of order d+pB1+...+ By, class 0 and regularity v (since the other terms are
s0), and multiplication by (u)® is uniformly bounded from H:#(R?%) to H: Pe-#(RY)
for any ¢ (cf. (1.35)), so the result follows from the case already treated and (4).

This completes the proof of (5).

(6) These estimates are generally better in their dependence on y than what (5)
would give, and can be obtained by treating G*(P,) analogously to P, ; in (4). In fact,

since
Gt (P)u=r"P,e” Ju,
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one has by (4.12),
DGt (P )u=r"D,P,e” Ju

(4.25)
= ~G*(Py)Dnu+G*([Dy, Pu})u+iKuvou,
with the same Poisson operator K, as in (4); and one also has
D.;G*(Py)u=~G*(P,)De,u+G*([Dg,, Pu])u, for j<n. (4.26)

Then G*(P,) has the desired continuity property for %— 1<s<% in view of (1), and this
is lifted to all s>%—1 by induction (using (4.25-26)) and interpolation as in (4). O

Remark 4.2. The augmentation of —v in (4.2) for p<2 and in (4.3) for p>2, hence
in (4.5) for p#2, cannot be avoided in general. For example, let p<2 and aé%, and
consider the Poisson operator K with symbol k=(¢')7({¢')+i€,)"!; as a p-dependent
symbol it belongs to S7~1o~V/2(R"IxR?, H) (see [G2, (2.3.51)] or make a simple
direct calculation). Since —o+3+1—1=—0+1>0, (u) otV/P+1~p o+ P for pu>1.
Here we have for ve S(R" 1)\ {0}:

”K“L(B;_l/""‘(R"—1),LP(R1)) ”K<D,, N)l/p—avllLP(R1)
p—o+1/p Z5 pt/r—o ||UHBg~“(Rn—1)

KD ) /)7l ey

||U”Bg'“(nn—1)
Kv n
HCLM >0 for u— o0,
vliz,Rn-1)

cf. (1.13), so the exponent on (u) in (4.2) cannot be lowered in this case.
For arbitrary p, the exponent on {u:) cannot in general be less than —v. As a simple

example for Poisson operators one can take K, with symbol

k(@' &)= (&) (€, p) +i€x) 7" € 8"7H (R IXRY, HY);
the symbol-kernel is k=(¢')*e=(&"#)=», Here we have for ve S(R™1)\ {0}, when p— oo:

”Kl‘ S (f , f(é'l)uem"{'_xz"%l/p_y’(:'(fl) d{llp d.’L‘)l/p
2c

(O u'“IIvHBgvu(Rn-l)

(J 1 J(g) €= ¢ —=nlb(oe/ ) /P=vi(&") dg' P dz)/”
”v”Bg"‘(R"'l)
(1€ e € ~mi(e’) de'|P da)' '
ol -1y

_/ KDY vl L, rn-1)
llvllz, ®mn-1)

”£<B;“‘“’"‘(R~-1),L,(Rz))

=c

—C

>0.
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For trace operators, the related example T,=(D')*(D’, p)t~1/P~¥4y with symbol
(', €, u):(g’)”(ﬁ’,p)l*l/"—" of order 1-—%, class 1 and regularity v, is seen in a similar
way to have the property

WTull e iy, B rn-1y) Z e for p21,
with ¢>0.

The analysis in [G3] of the parameter-independent case implies that the estimates
(4.3) and (4.5) cannot be extended to lower values of s unless T}, resp. G, is of a lower
class than r. Therefore the information on the extension G, in (4.22) is of interest; and
we can add that (4.22) is valid also for operators of class >0, since terms of the form
K ,.v; vanish on r*So(R"). There is a similar result for trace operators, derived by
duality from (4.2), applied to the adjoint of the part of T}, of class 0. Altogether, we have

COROLLARY 4.3. Let T, and G, be as in Theorem 4.1. Their restrictions to

r+80(ﬁ1) have continuous extensions T,L and 5,‘ with the continuity properties, for
all teR:

T, Hif(RY) - By 4-1/re(RA1), (4.27)
with norm O({u) ~+1/2-1/Ple 1-1) for v£1 -1 or v<0; O((p)¢) for v=5—-1>0;
G HE(RD) — Hi (R, (428)

with norm O({p) ~"+11/2=1/7111) for v# |2 — 1|, O({u)®) for v=|1—1|>0. (Here H, can
be replaced by B,.)

Remark 4.4. In some cases in (2)—(6) we had to assume n>1 when v€ 10, 1[ in order
to apply Theorems 3.8 and 3.9 in the proofs. Note however that for n=1, the estimates
needed in the proofs for K, T,, and G, are furnished by Remark 3.10 in the cases with
regularity % and certain Laguerre estimates described there. Thus Theorem 4.1 extends
to n=1 in these cases. This suffices to get uniform mapping properties for all n>1 for
the operators entering in the resolvent construction (cf. [G5]), where the ps.d.o. part
has regularity >1 and the other operators have regularity 2% and satisfy the needed
Laguerre estimates. (For the remaining cases we note that regularity in ]0, 1{ implies of
course regularity 0; the results may be improved slightly by a discussion departing from
(3.23).)

4.2, Estimates of operators on manifolds

Let us first make some observations on negligible operators. By (2.18) with £ replaced by
&' (cf. also [G2, Lemma 2.4.3]), a singular Green symbol-kernel §(z', Zn, ¥n, &', ) belongs
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to

Siem TR (R IXRY, S(RE,)) = () SigH MR RE, S(RY)
deZ

if and only if

|D < Dy D Dg DLg(a’, Ty, s W), . (B2,
L) ) e ) (429
for all indices a, BEN"", kK ,m,m’,j, NEN;

with constants depending on the indices and on §. These symbol-kernels (and corre-
sponding operators and symbols) will be said to be negligible of regularity v'+1 (within
the uniform symbol spaces); they are of degree —N, order 1— N and regularity v'+1-N
for any N. The operator kernels corresponding to these symbol-kernels,

’CG(x, Y, /"‘) = fg—'iz'g(xlv Ty Yn, {Ia ﬂ)lz’:z’—y’; (430)
are characterized by the conditions:

|\ D2 D, zk DE y,TD;':’D{;ICG(.z", T &' =2 Yns WL,y 0 (R2,)
< (zr)—N' <p>-u'+[k-k'l_+["n-m'l—‘.‘i (4.31)
for all indices v, 3€ N*~1, k,k',m,m’,j, N'eN.

The passage between the set of estimates (4.29) and the set of estimates (4.31) is worked
out in a similar way as in the study of ps.d.o.s in Lemmma 2.4. As usual, symbol sequences
can be assigned symbols in the appropriate asymptotic sense.

For the y-independent case, a similar (simpler) characterization holds with p omitted
from the formulas (see (4.34i) below).

When P, is a negligible ps.d.o. of regularity v/, the kernel Kp (z,y,u) of P,
satisfies, cf. (2.20),

{z—y)N DEDIDIKp (2, 1) < ()™~

_ (4.32)
for all 7,3€ N™, N',j €N, when z,y€R}.

Conversely, let K(z,y, 1) be a function in C*(R? xR? xR ) satisfying (4.32). Then
we observe that in the region {z,y€R"|z,<1 or y, <1}, (4.32) implies in fact

lenym (@' —y)V DEDYDIK (2, y, w)] < (u) ™~

(4.33)
for all v,€N™, N, k,m,j€N.
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Hence, by the extension procedure described by Seeley in [Sel], used first from z,€R
to £, €R and next from y, R, to y,€R, we can find a C* function Xi(z,y,u) on
R"xR"xR; such that (4.32) holds in the whole space. Then by Lemma 2.4, K; is
the kernel of a ps.d.o. P, that is negligible of regularity +/, and K(z,y, u)=Kp+ (2,9, 1)-
Thus (4.32) characterizes the kernels of negligible operators P,  of regularity »'.

Similar considerations hold for p-independent symbols, where we drop all reference
to u and to regularities.

Note in particular that for p-independent operators, the negligible singular Green
operators G resp. negligible pseudo-differential operators P, in the uniform calculus are
those with kernel K resp. Kp . satisfying, on R? xﬁi,

sup }|(x'—y')N'xﬁy;"D;"yICc,v(x,y)“Lz‘zn_v" (R <1 for all indices, (4.34i)

)
Z' ,yl eR‘n-—l ++

resp. sup |(z—y)V D Kp+(z,y)| <1 for all indices.  (4.34ii)
z,yeR?
Here the set of estimates (4.341) implies the set of estimates (4.34ii), since
sup |f(@n, yu)I* <N F 1D, £ | Dy £11 | D, Dy, 1

for feS(R2. ), with norms in Lz(R2% ). (One cannot conclude the other way.)

Remark 4.5. In the local parameter-independent calculus (of (BM2}), there is no
distinction between the two types of integral operators K¢ and Kp . In the local u-
dependent calculus of [G2], the negligible ps.d.o.s of regularity ¢’ are a subset of the
negligible s.g.o0.s of regularity '+ 1, since sup-norm estimates over bounded sets imply L,
estimates; whereas the above shows that a converse inclusion holds in the p-independent
uniformly estimated case. In the cases with both u-dependence and uniform estimates,
the two types of integral operators differ in a complicated way, so one should avoid using
them at the same time.

Negligible trace and Poisson operators are characterized in similar ways. For exam-
ple, in the p-independent uniform calculus, the negligible trace operators of class >0
are of the form T=20<j<r S;v;+T', where the S; are negligible ps.d.o.s on R*~! and
T" has a kernel Kr/ (z', y) satisfying

sup ||(:L"—y')N'y,TDf, yl(,'qu(ac’,y)HL2 o (R <1 for all indices; (4.35)
z',y’€R"-1 ’ o
and the negligible Poisson operators have similar kernels, only with y, replaced by z.
In the p-dependent calculus, (4.35) is replaced by
sup [[(&' =)V DL .y DR DIk (2 y, W)L, (R
@'y’ €R"1 (4.36)
< (p) ™Y Hm=ml—3 for all indices.

15-935204 Acta Mathematica 171. Imprimé le 2 février 1994
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We find as in [G2]:

THEOREM 4.6. The spaces of parameter-dependent uniformly estimated Poisson,
trace and singular Green operators of a given order, class and regularity, are invariant
under admissible coordinate changes that preserve the set {z,=0}.

Proof. One goes through the proof of [G2, Theorem 2.4.11], now with global es-
timates, using the arguments given around (2.28) for the coordinate changes in 2’,y’-
variables, and using the above characterizations of negligible operators. For the z,, yn-
variables, one passes via symbols of the form in [G2, Remark 2.4.9]. O

Also the uniform transmission condition for ps.d.o.s is preserved under admissible
coordinate changes.

For an admissible manifold  (cf. Section 1.2), the various types of operators are
now generalized to mappings between sections of vector bundles over  and T in the
way explained sketchily in [G2, end of Section 2.4]. For precision, we assume that a
system of local trivializations has been chosen with the properties listed in Lemma 1.5,
for given admissible vector bundles E and F; over Q, F and F; over I'. Then, for exam-
ple, G C("g)(ﬁ, E)—(C>(Q, E) is a uniformly estimated, parameter-dependent singular
Green operator, when each term in the decomposition G, =3, . < 05, Guoj, gives such
an operator in the local coordinates, i.e., when (cf. also [G2, A.5])

(05, Gl )xi = 01,:°(05, Guj,)o0; | (4.37)

is an Ny x N-matrix formed s.g.o. on {1,..,m}xR?, where ¢;: E|g, »Z;xC¥ and
gol,i:E1|Qi—>E,-><CN1 are the local trivializations associated with a coordinate set €;
containing supp g;, Usupp g;,. The other types of operators are similarly described.

Then the continuity properties for scalar operators on ﬁi imply the continuity
properties for general operators:

COROLLARY 4.7. Let Q be an admissible (cf. Section 1.2) manifold of dimension
n>1 with boundary T, and let E and E1, F and F; be admissible vector bundles over
Q resp. I'. Let B, be a ps.d.o. going from a bundle E to another El, where E and E,
extend E resp. E1 to a an admissible neighboring boundaryless manifold ¥, P, having
the transmission property at T'; and let K, be a Poisson operator going from F to Ej,
T, a trace operator going from E to Fi, G, a singular Green operator going from E to
Ey, and S, a ps.d.o. going from F to Fi, all operators being parameter-dependent with
uniformly z-estimated symbols when considered in the local coordinates, of order deR,
class r€Z and regularity vER. Then the mapping properties in Theorem 4.1 hold with
the Hy* and By spaces over I—{i and R™~! replaced by Hp# and By* spaces of sections
of the bundles over Q resp. .
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For n=1, the result also holds when the symbols in local coordinates have the
properties described in Remark 4.4.

5. Composition of Green operators

For the operators other than the ps.d.o.s, the establishing of rules of calculus for the
uniformly estimated symbol classes is new even in the parameter-independent case. (In
the studies of L, mapping properties in [G3] and [F2], symbol classes with uniform
estimates were considered, but the general composition rules were only used for operators
on compact manifolds, where the rules from [BM2], [G2}, [R-S1] suffice.) So here we must
include full explanations of the parameter-independent case. Sometimes this will be in
the form of a specialization of the (usually more complicated) parameter-dependent case,
to save space.
Theorem 4.1 shows the continuity of systems A, (also called Green operators):

Pus+Gu Ky\ - Hpt(RYY Hy~be (R)™
’AI" = : X — X ,
T, S, B;—l/PaM(Rn—l)M B;—d—l/P,H(Rn——l)Ml (5.1)

with norm O({u)~V1/P=1/21y 41, for s>r+ -1,
when P,, G,, K,, T, and S,, are, respectively, a ps.d.o. in R™ satisfying the uni-
form transmission condition, a singular Green operator on R}, a Poisson operator from
R"! to RY, a trace operator from R to R, and a ps.d.o. in R""!, all parameter-
dependent with uniformly z-estimated symbols, of order d€R, class r€Z and regularity
v€R. Here A, can be composed with another Green operator A}, to the right, when the
dimensions N and M fit with the range dimensions for A;,. (No precautions concerning
compact support are needed, as in the local calculus.)
The composition rules we shall show, are summed up in the following theorem:

THEOREM 5.1. Let A, and Aj, be Green operators as in (5.1), of order d resp. d/,
class r resp. v’ and regularity v resp. v/,
P,.+G, K P, . +G, K|
A,,=< Myt [ u), .A'#=( u,+',+' u :L) (5'2)
T, S, TS
Then (when the matriz dimensions match) A, A, is again o Green operator:

P 4G K

A=A AL = ( ) , where P =P,P,,

TII SII
® b
G, =—L(Py, P,)+Pu G, +G,P, . +G,G,+K,T,, (5:3)

K,=P,+K,+G,K,+K,S,,
T, =TuP, ,+T,G,+8,T,, S,=T.,K,+5.5,,
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of order d"=d+d’ and class r""=max{r',r+d'}, with L(P,, P,) of regularity m(v,v")—¢
(any €>0) and all the other terms of regularity m(v,v') (c¢f. (2.31)). The same asymptotic

symbol formulas as in (G2, 2.7] are valid.

The proof is continued through the major part of this section.

For the composed terms without P, or P,, the proof is a straightforward generaliza-
tion of that in [G2, 2.6-2.7], where the rules for the boundary symbol operators shown
in [G2, 2.6] are combined with the pseudodifferential arguments established in Theorem
2.7 above, applied (in suitable vector valued form) with respect to the z’ variable.

For the operator (PuP;Iz)+’ the result follows directly from Theorem 2.7.

It remains to treat L(P,, P,)=(P,P,)4—P, +F, , and the compositions

PGl GuP.., Pu+K., T.P,,. (5.4)
For L(P,, P,) we recall the formula, shown in [G2, (2.6.23)],

L(Py,P)= Y Kmnumm+GH(P)G(P,), with

o<m<d’
G*(B,)=r*PeJ, G (P)=Jr P =[G" (P, (5.5)
dl
Ko pv=—i Z rtB,S; D™ (') ®8(wn));
l=m+1

where Ju(z', z,)=u(z’, -z ), and the S} , are tangential differential operators such that
the symbol of P;Q“E;io Si ,(z,D')D}, is O({£x)"). For the Poisson operators K,
one gets the desired statement by a straightforward generalization of [G2, Lemma 2.6.4
and Theorem 2.7.5; in the present situation we have the advantage that P,S; , can be
transformed to y-form in an exact way, so that Lemma 2.6.4 applies directly. For the
term with G, we make the following considerations.

When P,=0P(p(z’,&, 1)) is of order d and regularity v, with symbol independent
of z, and satisfying the transmission condition, we have from [G2, Theorem 2.6.6] that
the symbol-kernel of G*(P,) equals

T O 2o, €)= [F L P 6o )]l sty foF Tn9 >0, (56)
and hence (with H(zn)=1¢s,>0})

g+(p)(:v', 6’ 7)m /“) = Fx‘n"’gn?yn""]n H(xn)H(yn)[f&:znp(x,’ 5,1 C'nd ﬂ)]lzn=$n+yn

oo (5.7
= %‘l" e"’wnfn“""yn"ln""‘(zn“‘yn)(nH(wn)H(yn)p(zl’gl’ Cn, /J,) an dﬁn d"7«n,, )
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and we see from Theorem 3.11 above that it belongs to S*1*~¢(R*~ xR, Ht®H_,),
with e=0 in some cases.

Now let p(z,&, 1) be a general element of Sf,’g,uttr(R"x R%*1). It is seen as in (G2,
(2.3.6)] that for ue S(R+),

T OP,(p)e”Ju= / G (0)(@,yn, &, p)u(yn) dyn, where
0
§+(p)(z,yn,§' #)=p~(.'17 zn7£I P‘)'znz:cn*-yn for z,yn, >0; (58)
with §(2, 2n, &', 1) = Fi -, p(2,€, p);

here r*p(z, 2, &', 1) is in S(R.;) as a function of z,, in view of the transmission property.
Then we can show the following precise version of [G2, Theorem 2.7.6}:

THEOREM 5.2. Let p(z,¢, u)eSl o uter(RPXRITY), and let P,=OP(p). Then §*(p)
defined by (5.8) belongs to .S'd i R xR2,S(R4)), with v'=v if d— 1 and v are non-
integer, and with V/=v—¢ (any £>0) in general; and G*(P,)=r"P,e” J is the singular
Green operator with symbol-kernel §*(p). It has the asymptotic expansion:

§+(P)($,ym€',#)"‘ Z JI‘T [ p(x',O, Zn7£/7/‘)]|zn=zn+yn; (59)
jeN

and the associated symbol has the asymptotic expansion

g @) &, mm, )~ Y 1 DL g% (8], p(7,0,¢, 1)), (5.10)

JEN
where (5.7) is applied in each term.

Proof. Cousider a Taylor expansion of p(z, £, ),

p(z,&p) =Y Hahd p(a',0,&p)+an rm(z, €, p), where

j<M

. (5.11)
T‘M(z5§7 /J'):_(M_l_l_)f\/o (1_h)M~18£'{p(.’L'/,hmnv£)y‘) dh

clearly 7as €Sph e (R RTT?). For each of the terms 712404 p(a',0,, u), the proce-
dures of [G2, 2.6], improved as in Theorem 3.11 above, apply directly to show that

G* (2}, OP(8], (p(«',0,¢, 1)) =OPG( D] g% (8 p(=',0,, 1)), (5.12)
with symbol in Sd LY (Rn—1x R?, HT®H,); it corresponds to the symbol-kernel

gd 1_‘7("17 yn;€ )LL)_J|w‘ZLg ( p(x',O,.f,,u)),
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defined as in (5.6).

Now consider the remainder. Here we have as in (5.8) that
oo
rtzM OP, (ra(x, €&, p))e” Ju= / M (2, o+ Yn, &, 1) u(Yn) dyn,
0

for ueS(R,), with rZ‘szr;fgthnrM in S(R4) as a function of z,. Let §a)=
M7y (2, T +Yn, &, 1) for z,, yn >0; then we shall show that it satisfies better estimates,
the larger M is taken. First we note that for z,,y,>0,

19a) (@', Zns Y €, )] = |20 Fer a1 (2,6, W)l 2= |
<|(L+23) " (en +yn)M(1+(-'L'n +yn)2)-7:§n—>zn7'M(-’L', & 1)l zn=2n+yn
=|(1+23)" 1-7'-5,,_.2,, M(1+E§n)7"M(-7f' & ) zn=zntynl-
Since 7z is in Sl rM—DM(l-}—D2 )rum belongs to Sd My=M " and hence

“g(M)(xli Ty Yn, § 3 #)!|L2(32 )

< [[ 1042 F L a6 sz dn

o o]
- / (1+22) % den / FoL, ()P don
0

Tn

& sup /R P, (@ ) don = sup I (2,6 2, .m0
x T

& / (€)M (6, )~ )Rdt, / (€ Ha1=M (=2 e,
R R
<(<€/>V+]d—ul—M+l/2< )d—u)2, when M>I/+|d—l/|+1.

For the derived functions Dﬁ \zk D"c ymDm D¢ Dy d(a), one finds in a similar way (more
details are given in the calculation [G2, (2.7. 28)]) that for large M,

”Dm'kak n Dy Dg' ;J.g(M)“Lz(R (€)M (",
where M’ for each fixed set of indices o, 8,k, k', m,m’, j goes to oo for M — 0.
Now let NeN. For M>N+v+2|ld—v|+1, [|§anll<(€)* N (¢, u)4 Y in view of
(2.18). Then we find, using the information on the symbols in (5.12) for j< M, that

Hg+(p T, Yn, & 1)~ ng 1-5(&yn, &y H (€Y N

La(RZ,)
for any NeN. The derived functlons are 31m11arly estimated, with the correct orders, as-
suring that §¥(p) does indeed belong to Sd L (Rl R%,S(R,)) with asymptotic ex-

pansion (5.9). It follows moreover that OPG(g (p))=OP’ OPG, (g7 (p)) is well-defined,
and equals G*(P,) in view of (5.8). This completes the proof. a

G~(P,) can be treated in a similar way, or one can use the above together with the
following result on adjoints, that is shown as in [G2, Theorem 2.4.6] (now based on the
present Theorem 2.7):
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THEOREM 5.3. One has, with symbol formulas as in [G2, Theorem 2.4.6}:

(1) The adjoint of a uniformly estimated singular Green operator of order d, class
0 and regularity v, is a uniformly estimated singular Green operator of order d, class 0
and regularity v.

(2) The adjoints of uniformly estimated Poisson operators of order d and regular-
iy v are precisely the uniformly estimated trace operators of order d—1, class 0 and
reqularity v.

Using the composition rule for s.g.o.s one then finds the desired statement for
L(Py, P,).
A typical case of the remaning terms to be treated (cf. (5.4)) is the following one.

THEOREM 5.4. Let p and k' be symbols with p(z,£, u)eSf,’(')”uttr(R”x R and
Ky, & p)eSty ™ (RIxRY, H*). Then

OPy(p(z, &, 1))+ OPKn(K'(y', €, 1)) = OPKn (K" (', ¥, & 1)) (5.13)

where k' €555 (R™2xR™, H*), with d'=d+d', v"=m(v,1'); and k" and the as-
sociated symbol-kernel k" have the asymptotic expansions

K'(@,y' & m)~ ) 1DL bt (& p(a', 0,6,k (¥, €, 1)),
jen

'@,y )~ Y Jadrt (8 5(2',0, 20,6, WK (W, 20, € )] 2nms-
JjEN

(5.14)

It follows that K" =OPK(k")=0P(p)+ OPK(k') is a uniformly estimated Poisson oper-
ator of order d' and regularity m(v,v').

Proof. Consider the Taylor expansion (5.11) of p. For the jth term we have, accord-
ing to [G2, Theorem 2.6.1, Lemma 2.4.2],
OPn (%8537‘17(:3,7 Oa 6) l'l'))+ OPKn(k,(y,a 57 [.l,)) = OPKn(kg—l—j (-’B,, y,’ é: N));

iy . (5.15)
where kg_y_;(«',y', €, u) = 3D h{ (82 p(z',0,&, )k (¥, €, 1))

belongs to Siq '~ I (R2™2x R, H).

Now consider the contribution from the remainder 2 r,s. We omit the dependence
on z’ and y’ from the notation. Since a Poisson operator in the z,-variable acts simply
as the multiplication of c€R by the symbol-kernel, we can write (cf. {G2, (2.7.5)]):

OPn(mgI"'M(-'L'naEa ,U;))_q. OPKn(kl(& M))C=$nM7‘M(1‘m§', H, Dn)+(k’($nyél>#)c)
= > (%) OPu(Df raa(n, & W)+ (R (2, €', m)C).

ogI<M
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Assume that M >d, and let N(d,l) be the smallest integer >max{d—!,0}, then M —[>
N(d,1) for all I€[0, M], and hence e+w,1f1"l;:’€H2N(d’l)(R). Since .l_)én T3z is of order d—1
and regularity v—I, it satisfies (cf. (2.1))

D €)™ D (D, rad (@n, &, 1) (En, ) )] < 07141,

for all m,m’eN. Then we have in view of (5.1), that OP"(I_)é"TM) maps Hg‘l”‘(R)
into Ly(R) with norm O(g"~!+1). This gives:

I+ OP (D, rar)(e* e~ F lLacms) < (@~ + D)€ 2R ya-smry

= (0" 1) (Gny 29 NN (G, ) VIO DY (E )| 2w
N(d,l)
G D D L T PR
=0
< (gu—l+1)%d—l Z %—j(gu’—-[M—l—jh.+1)%d’—M+l+j—1/2
3
< (Qu—l+1)(gv'—M+l+1)%d”—M—1/2 < (QUII_M-I-].)J{d”_M_l/z.

Application of Df,yy,ng;':: Dg D, gives expressions that can be treated in the same way,

showing that for M sufficiently large (depending on the indices), one gets the correct
estimate. The proof of (5.14) is completed by taking this together with the information
on the symbols in (5.15). The composition rule for the full operators now follows as in
[G2, Theorem 2.7.9]. O

This proof is a little simpler than those in [G2, Lemmas 2.7.1-2, Theorem 2.7.3],
because we can use the global properties of p. When Theorem 5.4 is used to treat the
term P, K, in Theorem 5.1, one first brings K, on y'-form.

The other compositions in (5.4) are treated in a very similar way, and this ends the
proof of Theorem 5.1.

By restriction to a fixed value of p, we get the corresponding (simpler) rules for
compositions and adjoints of parameter-independent systems:

COROLLARY 5.5. For p-independent systems with z-uniformly estimated symbols,
the statements of Theorems 5.1 and 5.3 are valid when p and the regularity numbers are
disregarded.

The rules are easily carried over to the situation of operators between admissible
vector bundles over manifolds, by use of the coordinate systems and partition of unity
described in Lemma 1.5. In fact, when we write

-4 = s Al s ~ 2 0
'AH'A;LZ Z leAﬂgjzgjsA:AQJ'u where sz( ! QQ>’ nggjln (5'16)

L= 0
J1,32,73,54<%0 J
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the study of each term carries over to a study of compositions of operators on {1, ...,m} x

1-7{1, where Theorem 5.1 can be applied. Likewise, taking adjoints can be localized in

this way. Thus we can conclude:

COROLLARY 5.6. Theorems 5.1 and 5.3 extend to operators on admissible mani-

folds.

The calculus is hereby ready for the consideration of parameter-elliptic Green oper-

ators in global L, spaces, the consequences for parabolic problems, and the applications
to Navier-Stokes problems, established in continuations of this article [G5, 6].
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