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I n t r o d u c t i o n  

1. In  this paper  we shall consider hypergeometrie series of the form 

where 

F (g l  ~2-. ,  0Cn ) ~ (q.1)v (g2) . . . .  (ff, n)~, r 
Z = --i . . . . .  Z , ~'1 7 2 . . -  ; '~-1 ~ o  ~ .  (~'1) . . . .  (~'~-~)~ 

( ~ ) ~ = ~ ( ~ + D . . .  ( : r  (~)o=1. 

(1) 

When the argument  z is omitted, i t  will be assumed tha t  z =  1. I f  n = 2 ,  i t  is usual 

to write 

F (a, b, c; z) = ~. (a)~ (b)~ z~" (2) 
~o v! (c)~ 

This particular hypergeometric function has played an important  role in the develop- 

ment  of analysis due to the classical works of Euler, Gauss, Riemann and Kummer .  

The general case, where n is an arbi t rary  integer > 2 ,  has first been considered by  

Thomae [60], who showed tha t  the series (1) satisfy a linear differential equation of 

the order n, which in the vicinity of z = 0  has a fundamental  system of solutions, 

represented by  hypergeometric series multiplied by  a power of z, provided none of 

the differences between the numbers 0, 71, 72 ... 7n 1 is an integer. Goursat [15] has 

shown how the definition of the hypergeome~rie functions by  means of their analytic 

properties, given by  Riemann in the case n = 2, may  be extended to functions of an 

arbi t rary order. Furthermore Goursat has considered multiple integrals of the order 

n -  1, which represent the hypergeometrie functions of the order n, when the para-  

meters satisfy certain conditions. Similar multiple integrals have been used by Poch- 
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hammer  [54] to represent all solutions y of the hypergeometric differential equation 

of the order n. He shows tha t  these may  be writ ten in the form 

h 

Y= S ( t - z )  ~/(t) dt, (3) 
g 

/(t) being a solution of a hypergeometric differential equation of the order n - 1 .  

Pochhammer ' s  investigations have been extended and simplified by  Winkler [63]. 

An integral representation of quite another character has been given by Pin- 

cherle [48, 50], who has shown, among other things, tha t  the integral 

g + t  oo 

1 f F(x+al)  P ( x + ~ ) " ' P ( x + ~ ) F ( - X ) d x  O > z >  -~ l t (~ )  
2 ~ i  ( - z ) ~  P(x  + yl) P ( x +  y~) ... F (x+ y~ ~) 

~-~oo s= l, 2, ... ,n 

(4) 

for ]arg ( - z ) ] < ~  apar t  from a constant factor represents the function defined by  (1). 

Fur thermore Mellin in several important  papers [30-37] has considered a similar more 

general class of Laplace integrals extended over a product  of gamma-functions and 

trigonometric functions. E. W. Barnes [3] has used such integral representations in 

the special case n = 2, and he has considered [2] the general confluent hypergeometric 

function, too. Barnes '  papers have contributed much to make these integrals familiar 

in analysis and they are often referred to as integrals of Barnes '  type.  A summary  

of the results on this subject and references to the literature before 1935 have been 

given by  Bailey in Cambridge Tracts No. 32. 

In  recent years Meijer [27-29] has published an extensive investigation of inte- 

grals of the Mellin-Barnes type. 

A very  valuable handbook on the subject is due to Bateman and Erddlyi [11]. 

This work contains a full account of the results hitherto found. 

On the following pages we consider particularly the solutions in the vicinity of 

the singular point z = 1. I f  the differential equation is of the order two, the solutions, 

as shown by  Gauss, may  be represented by  hypergeometric series having 1 - z  as 

argument.  But  if the order of the differential equation is higher than  two this is 

not the case. We first investigate the solution, singular at  z = 1, and in w 2 and w 4 

we give integral representations of it. In  w 1 we consider its expansion in power 

series, multiphed by  a power of 1 -  z, which is of a remarkably  simple form. For 

the solutions regular at  z = 1 the power series, on the other hand, is complicated, but  

in w 5 we show how these solutions can be represented by  series of hypergeometric 

polynomials. In  w 3 we have considered very simple integral representations of the 
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solutions with a logari thmic singulari ty at  the origin and we have given a discussion 

of the exceptional  cases which can occur�9 I n  w 6 we consider the case where there 

is a logari thmic singulari ty at  the point  z =  1 and we give new and convenient  

representat ions of the solutions in this case. 

w l .  S o l u t i o n s  i n  P o w e r - S e r i e s  b y  t h e  M e t h o d  o f  F r o b e n i u s  

2. The hypergeometr ic  differential equat ion of order n 

n - 1  2: v d r y  z'~(1-z) drily+ Z (a~-b~z) = 0  (1�9 
d z ~ ~=0 d z ~ 

has three singularities z = 0 ,  1, and ~ .  All of them are regular singularities�9 I f  we 

use the operator  vqy =z~Yz, it m a y  also be wri t ten in the form 

(v~ - ~1) (0 - 7'2)... (v~ - ~n) y - z (0 + ~1) (v~ + ~ )  . . .  (v~ + ~ )  y = 0 (1.2) 

because we have 
n v �9 ~ a  ~ d y  

( ~ - r ~ ) ( v ~ - r ~ ) . .  (v~-rn)y= 2. ~z ~ .  
v=0 ~ Z  

Put t ing  y=z  x we get  f rom this 

( X - ~ l ) ( X - ~ ) . . .  ( x - ~ = ) =  ~ a~x(x-1) . . .  ( x - v §  1), 
v--0 

which shows t h a t  v!a~ is the difference of order v of the polynomial  on the lef t -hand 

side. I f  we pu t  

Q(x)  = ( x - ~ l )  ( x - ~ , 2 ) . . .  ( x -  ~,~), (1:3) 

R (z) = (x + ~ )  (x + as) ... (x + ~ ) ,  (1.4) 

we m a y  write (1.2) more briefly as 

Q (v ~) y - zR (v ~) y = 0 (1.5) 

and (1.1) m a y  be wri t ten 

z~. d~ y (1.6) [A~Q(O)-zA~R(O)] ~zz~ = 0 .  
v=O 

I f  we subst i tute  zqy for y, where Q is an a rb i t ra ry  constant ,  the differential 

equat ion will get  the  form 

Q(v'~+ ~)y-zR(va + ~)y=O (1.7) 
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or the equivalent  form 
v 

[A'Q (Q)- A'R (e)] d Y-0 (1.s) 

Thus the form of the differential equat ion does no t  change by  this substi tution.  

The differential equat ion (1.2) depends on 2 n  p a r a m e t e r s  ~1, cr . . . . .  ~ and 

~'1, 7~ . . . . .  7~. I t  is symmetr ic  in gl, :r . . . . .  COn and likewise in 71, 72 . . . . .  7n. We are 

able to choose ~ so t h a t  one of the parameters  assumes an a rb i t ra ry  value, for  in- 

stance zero, bu t  doing so we lose the symmet ry .  

I f  we pu t  
1 d y ,  

z = -- ,  v~l y = zl -~z 1 
Z 1 

we have 
(v~ + :r y = - (v~l - a) y. 

I t  follows f rom this t h a t  the differential equat ion (1 .2)does  not  change, if we replace 

z by  1/z  and interchange cr and 7" Thus  f rom any  solution one can derive a new 

solution by  interchanging cr and 7 and replacing z by  1/z. 

3. We shall now use the method  of Frobenius  to  find a solution of the form 

y = ~ g~ (~) z q+'. (1.9) 
v = 0  

I f  we differentiate this series with respect  to  z, we get 

Q(v~)y = ~ Q(Q+~)g,(~)z ~ 

R ( ~ ) y =  ~ R ( ~ + v ) g , ( ~ ) z  ~ 

I f  we subst i tute  these two series in (1.5), we see tha t  (1.9) is a solution of the in- 

homogeneous equat ion 

Q (v~) Y -  z R  (v~) Y=go(e) Q (e) z~ (1.10) 
if g, is determined b y  

Q(e+~,)g,(e)  = R ( e + ~ , -  1) g~_l (~). (1.11) 

F r o m  this follows 
n 

g, (e) = go (e) . (1.12) 

I f  we suppose t h a t  none of the  differences between the  numbers  71, 7~ . . . . .  7~ is zero 

or an integer, we get  by  pu t t ing  Q = 7~ and go = 1 tha t  the hypergeometr ic  series 
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y~ (z) = z ~ F \7~  - 71 + 1 7~ - 73 + 1 7s - 7~  + 1 z s = 1, 2 . . . . .  n (1.13) 

satisfy the differential equat ion (1.2), and as z = 0  is a regular singularity,  the  series 

is convergent  for [z I < 1. Let t ing  s assume the values 1, 2 . . . . .  n, we get n l inearly 

independent  solutions. 

I f  we suppose t h a t  none of the  differences between the  numbers  ~1, ~2 . . . . .  an is 

zero or an  integer, we see in replacing z by  1/z  and interchanging ~ and 7 tha t  the 

differential equat ion (1.2) has n linearly independent  solutions of the form 

~ ~ + 7 ~  ~ + 7 2  ... ~ + T n  ]1)  
~ (z) = z - ~  F \ ~  _ cr + 1 cos - cr 2 + 1 . . .  cr " ~ n  + 1 

and t h a t  these series converge for [z I > 1 .  I f  we pu t  

s = 1, 2 . . . . .  n (1.14) 

fin = n -  1 - ~ (or (1 .15 )  
i=1 

it follows from Weierstrass 's  test  for convergence t h a t  the  series ( 1 . 1 3 ) a n d  (1.14) 

are absolutely convergent  on the  circle ]z[ = 1 if ~ ( f l , )  > 0 ; t hey  converge except a t  

z = 1 if 0 _> ~ (fin) > - 1, and both  series diverge on ] z] = 1 if ~ (fin) -< - 1. The solutions 

(1.13) and (1.14) have first been given by  Thomae  [60] (see also Mellin [36]). 

4. I f  some of the differences 7 s - 7 J  are integers, some of the series (1.13)coin- 

cide or are wi thout  meaning. Therefore, following Frobenius,  we order the  numbers  

7~ in groups so t h a t  each group comprises all 7s the mutua l  differences of which are 

integers. Let  71, 72 . . . . .  7q be such a group and  ~ (71) ->- ~ (73) > " "  > ~ (Tq)" Pu t t ing  

Q =71 in (1.9) again we get  the  solution 

y l ( z ) = z V ,  F (  ~1 +71 0c2~-71 ... gn-~-71 $) ,  
\71 - 72 + 1 71 - 7a + 1 71 - 7n + 1 

(1.16) 

Fur thermore ,  when 1 < s < q ,  differentiating (1.9) with respect to Q and choosing 

g0(Q) conveniently,  as shown by  Frobenius in a more general case, we get  the linearly 

independent  solutions 

,=0 1 g(~-2)(Ts ) log z + . . .  +g~(7~) (log z) s-1 z', (1.17) 

where g0(Ts), gC01)(Ts) . . . . .  (~-1) go (7s) do not  all vanish and the series is convergent  for 

I l<l. 
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I t  m a y  happen  t h a t  the  t e rms  in (1.17) containing logar i thms all vanish.  Fo r  

this it is necessary p r imar i ly  t h a t  all ?~ are different ,  i.e. ~{ (71) > ~ (?2) > "'" > ~(?q) .  

I f  in (1.11) we pu t  ~ = ? q ,  we m a y  choose gr,-rq arbi t rar i ly ,  and  if 

1-[ R(?q+i)~=O, 
i=O 

t hen  g~=0  for ~'<~)l--~2q. Thus  we find again  the  solution (1.16) so t h a t  the  solu- 

t ions belonging to the  exponents  71 and  ?~ are identical.  Bu t  if 

7s_  l -  Y s - 1  

[I R(y~+i) = 0  s = 2 ,  3 . . . . .  q, (1.18) 
i=0 

we m a y  in (1.11), when ~ =?q ,  choose gr,_yq, gr=-~q . . . . .  g~q-l-rq and go a rb i t ra ry .  Then 

we get a solution containing q a r b i t r a r y  constants ,  and  the  coefficient of each of 

t h e m  is a solution. This means  t h a t  besides (1.16) the  following by  z vs mult ipl ied 

hypergeomet r ic  polynomials  

7 s - l - ~ ' s  - 1  n 

ys(z)=z :~s ~ z~=1 (~+7~)~ s = 2 ,  3, , q (1.19) 
�9 =o (7~ - 7~  + 1)~ "'" 

are solutions of (1.2). These q solutions are l inear ly independent .  

5. The  above-ment ioned  series in powers  of z can be t r ans fo rmed  into series in 

powers  of z/(z-1).  Euler  has  given the  following t r ans fo rma t ion :  

�9 =0 v -F. a'z = ,=o v! a o ~ (1.20) 

I f  we pu t  

(~,)~ (~3) . . . .  (~)~ x,, 
a~ (? -~  (~2)~ [-- (?n- 1), 

we get  for the  difference of order  v the  hypergeomet r ic  po lynomia l  

A, a o = ( _ l ) ~ F (  - v  cr r162 x t .  
71 7 2 - . .  ?n-1 / 

Euler ' s  t r ans fo rma t ion  then  gives the  following re la t ion 

~,~ ~,~...~,~_1 =) ,§ ~,~ ~,, ... ~,n_~ ~ , 
(1.21) 

or, if we replace z b y  z/(z-1),  
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\ 7 1  Y 2 " ' ' 7  n 1 ~ ==0 'P[ \ 7 1  72 " ' ' 7  n -1  ] 
(1.22) 

This m a y  be p roved  in the  following way:  F r o m  Weiers t rass ' s  double series t heo rem 

it  follows t h a t  (1.22) is t rue  if I z l < l / ( l + I x D .  The funct ion on the  left  has  the  

singularities z = l  and  z = l / ( 1 - x ) .  The power-series on the  r igh t -hand  side is there-  

fore convergent  if I ~ l < l  and I ~ ( 1 - x ) 1 < 1 .  I f  we suppose t h a t  1 ~ - 1 1 < 1 ,  it  follows 

t h a t  the  series on the  r ight  of (1.21) is convergent  in the  half-plane ~ ( z ) < � 8 9  Pu t t ing  

x = 1 we see t h a t  any  hypcrgeomet r ic  series in powers  of z can be t r ans fo rmed  into 

a series in powers  of z / ( z - 1 )  which is convergent  for  9 t (z )< �89  and  this in n dif- 

ferent  ways  if the  order  of the  series is n. I f  n = 2 ,  the  re la t ion (1.21) reduces to 

Eulcr ' s  fo rmula  

(1.22) has been given b y  Chaundy  [6] and  b y  Meijcr [29] (cf. also [43] and  [43 a]). 

6. We shall now consider the  s ingular i ty  a t  z = 1. 

mus t  sa t is fy  the  differential  equa t ion  

[A -'Q(71 +1) A R_(71)] 
+:, [- - ( i ~  ! - z  v! J dz" 

I f  we pu t  y = z ~' t), t hen  t) 

- - -  R (71) t) = 0 ,  (1.23) 

where R (x) = (x 4- :r (x + g2) ... (x + ~n) and  Q (x) = (x - 72) (x - Ya) - "  (x - 7n)- 

I f  we subs t i tu te  the  series 

= ~= g,  (e)  (1 - ~)~+~ 
v~O 

( 1 . 2 4 )  

in (1.23), we see t h a t  i t  is a solution of the  inhomogeneous  differential  equat ion  

[A" ~Q(71 + 1) A~R (71!] z~_l dV~ ) R (71) t ) 
~=~ L ~---1-)! z ~,! j dz  ~ (1.25) 

= g 0  e (e - 1 ) . . .  (e - n + 2) (e - r (1 - z) ~-"§ 

provided t h a t  g~ is de te rmined  b y  

n -1  ( A ~ - I Q ( e + T L + v +  1) (iZ- 1) T A ' R  (0 +71 + v ) ]  i t  5 ( -  1)n-~ ( e + v +  1)~ \ - g~+~ (e) + (1.26) 

+ ( - 1 )  n 1 R ( @ § 2 4 7  

for v = 0 ,  1, 2 . . . .  and  b y  the  n - 2  equat ions,  which we get  if in ( 1 . 2 6 ) w e  p u t  

v =  - 1 ,  - 2 , . . - ,  - n + 2  and g - l = g - 2  . . . . .  g-(n-2)=O. 
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The coefficient of g~+n-~ in (1.26) m a y  be reduced as 

A ~ - ~ R ( ~ + ~  + r )  A ' ~ - a Q ( ~ + r ~ + ~ , + l ) = ~ + r + n _ l _ f l n ,  
(n -- 1) ! ( n  - -  2 )  ! 

If  we pu t  Q=fln, the  r ight-hand side of (1.25) van- where Bin is defined by  (1.15). 

ishes, and if we assume tha t  Bin is not  a negat ive integer,  we m a y  pu t  

c, 

g" (fin + 1)~ 

in (1.26). Then  we get for the de terminat ion  of the numbers  c, the  following equa- 

tions, which we first write for  the case n = 3 for the sake of lucidi ty  

Cl + [Q (fla + ~1)  - A R (fla + ~1 - 1) ]  c o = 0 

2 c a + [Q (fla + ~ + 1) - A R (fla + ~1)] c~ + R (fla + ~ )  Co = 0 (1.27) 
�9 ~ . o . . . . .  ~ ~ . �9 ~ . . . . . . . . . . . . . . . . . . .  

( r + 2 )  c~+a+ [Q (/~a + 71 + v +  1 ) -  A R (/~a + ~1 -t- Y)] C~+I ~- U (fla + y 1 -I-r) C~=0, 

and for all values of n we get  

c1+ [An- s Q (fln + i y l -n  + 3) ! A~-a R (fln + ~ l - n  + 2) ! 

2 c a +  [ A~-aQ[fl=+~l-n+4)(n-3)! 

c o = 0 

An-2R (fl~ + ~21 -- n -~" 3)] 
C 1 ] ( n -  2) ! 

[A n - t Q ( f l n + ~ l - n + 4  ) A n - 3 R ( f l n + ~ l - n + 3 ) ]  
- ( n  - 4 )  ! ( n  - 3 )  ! c o = 0 ( 1 . 2 8 )  

. . . .  . o . ~  . . . . . .  �9 . . . . . . . .  �9 . . . . . . . . . . . . . .  , o 

n-a  [A, -1  Q (~n + ~,1 _~ y _~ l)  A, R (/~n ~_ ~,1 ~_ r)]  
( r + n - 1 ) c ~ §  Z ( - I F "  ~i c,§ 

~1 L ( i -  1)! 

+ (-1)~-~ R(fln + ~,~ +r)c~=O. 

We choose co= 1. These equat ions then  determine c 1, c a, c a ... for  all values of the 

parameters .  I t  follows t ha t  the  series 

zV'(1 - z )  ~n ~ - -  c'---5~ (1 - z)" (1.29) 
~=o (fin + 1)~ 

formally satisfies the differential equat ion (1.2) if fin is not  a negat ive integer,  and 

as z= 1 is a regular  singularity,  (1.29) is convergent  in the circle I z - l  I<  1. I f  we 

divide (1.29) by  F ( f l n +  1), we get 
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zr ' ~ c~ 1) (1 - z) #n+~. (1.30) 

Thus this series represents a solution for all fin which are not  negat ive integers. I f  

fin converges towards  a negative integer, say fin = - / 9 ,  it converges to  

oo c~+v il  - z) ~, (1.31) 

and it m a y  be presumed t h a t  (1.31) represents a solution of (1.2). This can be 

verified in the following way. I f  we pu t  ~ = 0, the r ight -hand side of (1.25) vanishes, 

and therefore (1.2) has a solution of the form 

y = z ~' ~ g~ (1 - z) ~. (1.32) 
v=0 

I f  fin is not  a positive integer, then go, gl, g2 . . . . .  g~-2 are arbi t rary,  whereas g~ for 

v > n - 1  is determined by  (1.26), where ~ = 0 .  Supposing tha t  fl~ is a negative in- 

teger, f i n = - p ,  and pu t t ing  g~=b~+~,/v!, we get f rom (1.26) a sys tem of equat ions 

for the  determinat ion of the coefficients b~, and  if we replace v by  v -  p, these equa- 

t ions become identical with (1.28). The coefficients b~ are determined uniquely  when 

bp, bv+l . . . . .  bp+~-2 are fixed. Now we choose these so tha t  

b~,=%, bp+l=Cp+l, . . . ,  bp+n-2~Cv+n-2. 

We then  have b~+v=c,+~ for v > 0  and (1.32) reduces to  (1.31), which consequent ly  

is a solution of (1.2) regular in the circle ] z - l  I<  1. We shall denote  the  solutions 

defined by  the series (1.29) and (1.31) with ~n (z) and ~n (z), respectively. F rom (1.28) 

i t  appears tha t  the coefficients c, are integral  ra t ional  functions of the  parameters ,  

symmetr ic  in ~t, ~2 . . . . .  ~n and symmetr ic  in 9,2, 9'3 . . . . .  Fn. I n  wha t  follows, instead of 

c~, we write more elaborately ~,.-(1)~ to indicate t ha t  t hey  belong to  a differential equa- 

t ion of the order n. Le t  .c) denote tha t  function, which is obtained from c (1) when 

9,t and 9,~ are interchanged.  Then we have, when fl~ is not  a negat ive integer, the  

solution 

~n(Z)=Z r ' (1-z )  ~ L ( l - - z )  ~ i = 1 , 2  . . . . .  n, (1.33) 
( ~  + 1)~ v=0 

where c(0~)~ = 1, and when fl~ is equal to the negative integer - p, we have the  solution 

= ~i ~" c(~i)+v . . . .  _ (1.34) 
~n(z) z Z ~ v! (~ z)" i = 1 , 2  . . . . .  n. 

20-  553810. Acta Mathematica. 94. Imprim6 le 16 ddcembre 1955. 
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These series are convergent  in the  circle ] z - 1  I < 1 ,  and  the  n series (1.33) all 

represent  the  same solution. This is evident  when /~n is not  integral ,  because there  

is only one solution with  the  first  coefficient 1 belonging to  the  exponent  fin. T h u s  

we have,  when fin is not  integral ,  

~(~) 1)~ (1 - ~ c(J) 1), (1 ~, n z) ~ = z~j ~i ~ ~, n _ z)~ 
.~0 (/~n + .~0 (/~n + 

= ,=o ~ (~" -Y ' )~ (1 -z ) ' , ~o ' !  ~ ( / ~ 1 ) ,  ( l - z ) "  

y~--O t~s, n , 
= = ( I - z ) ' , = 0  ( ~ - s ) , .  ( t~n+l ) ,  

I t  follows f rom this t h a t  

8, n "  ~ o  ( ~ - s ) !  , , n  s + l ) . _ ~ c  (" (1.35) 

(1.35) is p roved  if fin is no t  an integer,  bu t  as (1.35) is a re la t ion be tween  integral  

ra t ional  funct ions of the  pa r ame te r s  ~ . . . . .  ~ and  7~ . . . . .  7n, i t  mus t  be va l id  for all 

values  of the  pa ramete r s ,  in par t icu lar  also if fin is an integer  or zero. Hence  the  n 

series (1.33) represent  the  same solution ~ (z) also if fl~ is a non-negat ive  integer.  

I f  fin = - P ,  the  first  t e rms  in (1.35) vanish,  when v>p, and  we get  

, , + ~ .  n - -  ( ' y i  - -  " y j ) , , - . ,  C ~j~ 
s ~ O  

Thus  we find t h a t  the  n series (1.34) represent  the  same solution ~n (2). 

7. Le t  c,.~-(~ denote  the  po lynomia l  ob ta ined  f rom c d)~, n when  cr and  ~ are inter-  

changed. I f  in ~ (z) we replace z b y  1/z and in terchange ~ and  7, we get  a solu- 

t ion which we denote  b y  ~n (z). F r o m  (1.33) then  follows 

- -   =1,2 . . . . .  . ,  (1 .371  

and this series is convergent  in the  half-plane ~{ (z)> �89 B u t  ~n (z) can only differ 

f rom Sn (z) by  a cons tant  fac tor  e ~ e n .  So we have  in the  half-plane ~ (z)> �89 

i =  1, 2 , . . . ,  n. (1.38) 
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F rom (1.33) and (1.38) follows 

~,~ z ) ~ = z - ~  ~,~-vj ~ . . . .  i , j = l ,  2 . . . . .  n .  (1.39) 
,=o (ft. + ,=o (fl~ + 1), 

(1.38) m a y  also be derived from (1.33) by  Euler ' s  t r ans format ion :  

,~ (a),v_!_ "" z ~ 2  (a )VA,  a0 1 z a~ (~ - z) ~= - ~ -  �9 (1.40) 

I f  we pu t  c r  it follows from (1.39) t h a t  

~(0 _ ~ c( ,  /a  
( -  1) s 

~ , ~ -  s, n w = + l + s ) ~ _ s ( c q + f l ~ + ~ 9 + s ) ~ _ ,  i, j = 1 , 2  . . . . .  n. (1.41) 
,=0 (v - s) ! 

I f  we interchange a and y, we get  the  inverse relation 

(o = ~ ( -  1) ~ 
c , . "  ,=0~ (v - s) .v 6~ ~'" (fl~ + 1 + s),_, (as + fl~ + y~ + s),_, i, j = 1, 2 . . . . .  n. (1.42) 

I f  f l , = - p ,  (1.41) reduces to 

- "~+v'~ i, j =  1, 2 , .  , n. (1.43) ~+v'~=(  1)v(a~+Yr (a~+yj)~ "" 

I f  we apply  Euler ' s  t ransformat ion  to  (1.34), it follows f rom (1.43) t ha t  ~= (z) also 

m a y  be represented b y  the series 

~ (~) = ( - 1)" ~-~,  ~ e~%.,  i = 1, 2, ~ ,  (1 .44)  
,% v! . . . .  

which are convergent  in the  half-plane ~ (z)> �89 

La te r  we shall see t h a t  ~]~ (z) can be identically zero, bu t  only in a very  special 

case. This can never happen  to  ~ ( z ) ,  because the first coefficient in the series 

(1.33) is 1. 

8. I t  is readily seen how .~./~ behave asymptot ica l ly  for large positive values 

of v. I f  we first suppose tha t  no two of the  y~ differ by  an integer, then ~ (z) and 

~n(z) are linear functions with constant  coefficients of the hypergeometr ic  series 

Yl, Y2 . . . . .  Y~- As z = 0  is the  only  singulari ty s i tuated on the  per iphery  of the  circle 

of convergence for (1.33), it follows 1 t h a t  

C~ ) 
[k~ v v ' -v , - '  + 0 (] v ~'-~--2 [)], (1.45) 

p ( f l ~ + v +  1) ,=, 
s~i 

1 See [39] pp. 21-22 and [47] p. 7. 



300 ~. E. NORLUND 

where the  ks are constants.  F rom (3.44) we see t h a t  

n 

1]' r ( r , - r s )  
ks = ~=~ , (1.46) 

f i  r ( 1 - ~ - y s )  
r = l  

where the dash means t h a t  in the product  r = s  and r = i are to be omit ted.  In ter -  

changing ~ and ~ in (1.45) we get, if none of the differences between the parameters  

~i is an integer, 

~,n ~ [~sV~,-~ ~+O(Iv~,-~s-~l)], (1.47) 

s # i  

where 
n 

~ s  = r = l  ( 1 . 4 8 )  

5 F ( 1 - ~ s - y ~ )  
r = l  

If  any  of the  differences between the parameters  ~'i is an integer or zero, i t  follows 

in the same wa y  from a theorem by  Perron  [46] p. 368 t h a t  for large positive v we 

have 
C0) 
~,n '~ K s  v v~-~'s 1 (log v) rs, (1.49) 

r ( f l . + r +  1) s-1 

where rs are non-negat ive integers and Ks are functions of the parameters  indepen- 

dent  of v. These functions are of a more complicated form than  (1.46). I f  any  of the  

differences between the  ~i is an integer or zero, we have in the same way  

- ( i )  n 
Cv, n 

-Ks v ~ -~s - '  (log v)r~. (1.50) 
r ( ~ n + ~ +  1) s=l 

These asymptot ic  expressions are valid for all fin, also in par t icular  if fin is a nega- 

t ive integer. 

w 2. The Solution ~n (z) 

9. Le t  us consider the  integral  

1 
z 

(I) (z) = S t  ~n-1 ( t - 1 ) - ~ n - r n  ~n_t  (zt)  d t .  
1 

(2.1) 

I f  0 < z < l ,  we suppose tha t  arg t and arg ( t - l )  are zero. For  simplicity we assume 

~ ( : r  and ~ ( f l n _ i ) > n - 1 .  (2.2) 
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Then the integral (2.1) converges absolutely. Differentiating with respect to z, we get 

1 

~ ' ( z )  j ' t ~ , , , ( t _ l )  ~,.-~,n ' t = ~,,_1 ( z ) d r .  
1 

Integration by parts gives 

1 

1 
1 

1 

The first term on the right-hand side vanishes in both limits, and so we have 

1 
2, 

(~ + ~ . )  r (z) = (~ .  + ~..) J" t ~'. (t - 1)-~' .-~' ,~- ~ ~=,,_, (z t) d t 
1 

1 

(t~ -~ 'n)  O (z) = (~.  + 7n) ~ t~"-~ (t - 1) -~=-rn-~ ~._  ~ (zt) d t .  
1 

From this we get by continued differentiation 

(~ - 7 0  ( ~ -  V~) ..- (O - ~,,,) r (z) - z (~  + ~ )  (~  + ~ )  . . .  (~  + ~,,) r (z) 
1 

= (~ ,  + r , )  I t~"~- 1 ( t -  1) -~'--~'--~ [ ( , ~ -  ~,D . . .  ( ~ -  m ,) ~ . - ~  (z t) - 
1 

- z t ( ~ + o h )  ... ( 0 + ~ . - 0  ~._~(zt)]dt .  

If in (1.2) we substitute n - 1  for n, then ~ - 1  (z) satisfies the resulting equation 

and so the squared bracket under the sign of the integration vanishes, dp (z) there- 

fore must be a solution of (1.2). Substituting t / z  for t we get 

We have now 

l 

r (z) = z ~ ~ t~. - '  (t - z) - ~ " - ~  $ . - 1  (t) d t .  (2.3) 
z 

~=0 ifln-12y 1)~ (1 -- t)/~"-l+v (2.4) 

t~,,+~,,_l = ~ (1 - ~ , -  r , ) , ( 1  - t )" .  (2.5)  
v=O 7~! 
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The produc t  of these two series is given by  

Fur the rmore  

Un_lSn_l(t)  = ~ ( 1 _  t)~._l+ , ~ (1-- an -- y,).-~ 
,=o ~=o (v - a) ! 

C(O 
s , n - 1  (2.6) 

(ft,-1 + 1)s 

1 1 

z ~n ~ ( t -  z) - ~ n - ' -  (1 - t) ~n-~+" dt = z rn (1 - z)~n +" I (1 - t) -~n-rn ff ?n-l+" d t 
z 0 

= z ~ n  (1 - z f .  +" p (1 - an -) ' .)  I' ( / h - ~  + v  + 1) 
P ( f l n + v + l )  

We now assume tha t  I z -  I I  < 1, insert (2.6) in (2.3), and integrate  t e rm-by- te rm,  

which is evident ly  justified. Then we get  

8,  n - - 1  �9 o ( O = z , . r ( l _ ~  _m) ~ O_z)~n+.r(/~n-,+v+l) ~ O-~ . - r , ) . - .  c "> 

,=o F(fln + v +  1) ,=o (v--s)  { (fl,_l + 1), 

.(n) = 1, we have F rom this follows �9 ( z ) = A  ~n (z), where A is a constant ,  and as -0, n 

and 

A 
F (1 -- ~ n - - y . )  F(/~n_a + 1) 

F (/~n+ 1) 

~(n) ~ (1 -~r  -- yi)._~ (fin-1 + s +  1)~-, ~(O = Us, n - 1  .... ~=o (v - s) ! 
i = l, 2 . . . . .  n - 1. (2.7) 

Therefore equat ion (2.3) m a y  be wri t ten 

1 

F ( f l n + l ) z  ~ 
| U n  1(t--z) ~n-rn~n x(t)dt. (2.8) 

~n(z)  F ( 1 -  ~n- -~ ,n)  r ( f l n _ ~ +  ] )  
Z 

The last integral  converges if 

(fin) > ~ (fin-a) > - 1. (2.9) 

By  analyt ic  cont inuat ion it is seen tha t  the relat ion (2.8) holds when the  condi- 

t ion (2.9) is satisfied. The recurrence formula  (2.7) is a relation between polynomials,  

and so it is valid for any  values of the  parameters .  I t  is very  convenient  for suc- 

~(~) = 0 when v > 0, and cessive calculation of ~,~(n)n. As ~l(z)=z~"(1-z)-C"-r', we have ~.1 

we get  f rom (2.7) 

C~2) 2 (1 -- ~ Yx)v (1 -- ~2--Yl)v (a) (1- ~1-~@ (1- or 7~), (2.10) 
, = C v ,  2 

v! y!  



HYPERGEOMETRIC FUNCTIONS 303 

= r ~ +  ~)~ r ~ +  ~I~F ~'-~, 1 -~ , - r l  1 - ~ - r ~ ] .  

B y  induct ion it is shown t h a t  for all positive n 

where 

'~ ~ E ~ ~ (fll+l)~,(fl~+8,+l)~,-~,.. .(~n_,+sn-2+l)~,_sn_ H, ~ (2.11) 
C~,,n ~" " '" 

~ n _ 2 = o  ~ =o ~,=o s~  ! ( s  2 - s l )  ! ( s~  - s~)  ! . . .  (v  - s ~ _ ~ )  ! 

H = (1 - ~2 - ~l)~ (1 - ~a - y2)s~-~, (1 - aa - ~a)s,-~, ... (1 - :in -- 7n-1),'-sn_2" 

~0. 

and we get  

c(~) - ~ (v t ( 1 - ~ n - ~ ) ~ _ ~ c  c) v+/), n - -  S+/~, n--1 
~=o \s/ 

I f  n > 2 ,  we have 

t - ~  ~ n -  i (t)  = "~+v,  n-1 

I f  ~ n - 1  is a negat ive integer, say ~ n - ~ = - p ,  the  first terms in (2.7)vanish,  

i = 1, 2 . . . . .  n - 1. (2.12) 

- - ( 1 - t ) L  

Mult iplying th is  series by  (2.5) and using (2.12), we get  

r162 ~(n) 
t an l~]n  l ( t ) =  E ~ ( 1 - t ) L  

v=O ~-  
(2.13) 

We now assume t h a t  91(~r + ~ n ) <  1 and consider the  integral  

1 
S t a n - I  ( t  - -  Z) - a n - y n  ~ n - 1  (t) dt. (2 .14)  
z 

I f  in this we subst i tute  the series (2 .13)and  assume tha t  ] z - 1 [ <  1, we m a y  integrate  

te rm-by- te rm,  and we find tha t  the integral  (2.14) equals 

,,§ (1 --Z)~-an-~""= (fin + lh, ,,§ n Z),~n§ 
, = o  (1 - -  oen - -  y n ) ~  ~ = o ( ~ i ) ~  - 

F r o m  this it follows t h a t  if fin-1 = - p  bu t  fin is not  a negative integer and 

9t (an + yn) < 1, (2.8) mus t  be replaced by  

1 
p-I ,~(n) + 1)zYn f 

~n(z)=z~n(1-z)~n,=o ~ ( f i n+ I ) ,  (1-z)~+/( f ln(1- : r  t~n-l(t-z)-an-~n~n_t(t)dt. (2.15) 
z 
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1 
11. Le t  us now consider the  in tegral  ~ z ~-l~"(z) dz. As ~n (z) is a l inear func- 

o 

t ion of the  solutions Yl, Ye . . . . .  yn considered in w 1, the  in tegral  converges if ~ (fi~) > - 1 

and ~ ( X + y s ) > 0 ,  s =  1, 2 . . . . .  n. I f  n =  1, it reduces to the  Euler ian integral  

1 

f z x+r' l ( 1 - z ) - ~ - V ~ d z  = p ( x + y ~ ) p ( 1 - c ~ l - ~ i )  ~ ( x + 7 1 ) > 0 ,  ~ ( ~ 1 + 7 1 ) < 1 .  (2 .16)  
F ( x - ~ l + l )  

o 

Assuming t h a t  ~ (/3~ 1) > - 1, ~ ( ~  + y~) < 1, and  ~ (x + Vs) > 0, s = 1, 2 . . . . .  n, we get  

f rom (2.8) 

1 1 1 

/ ! F (/3,~ + 1) (z~+r_ 1 U=_l(t_z)_~n_rn~,_l(t)dtdz. z* ~ ~n(z) d z - r  ( / 3 , _ 1 + 1 ) P ( 1 - ~ , - ~ , , ) . !  
0 0 

F r o m  a theorem of W. A. Hurwi tz  I i t  follows t h a t  we m a y  interchange the  order  

of in tegra t ion  on the  r igh t -hand  side. This in tegral  then  equals 

1 t 

F ( f l ~ _ l + l ) F ( 1 - o r  t~- l~- l ( t )  zX+r~ ~(t-z)-~ r~dzdt 
o o 

1 i 

- I ' ( f i ~ _ l + l ) I ' ( 1 - ~ - ~ )  t~ l ~ n - l ( t ) d t  zX+~'n ~ ( i - z ) - ~ - ~ ' n d z "  
0 o 

The last  integral  on the  r igh t -hand  side is an Euler ian integral  and so this equat ion  

reduces  to  
1 1 

f zX_l~(z)dz  P(fi~ + 1 ) P ( x + y ~ )  ~zX_l~ 
F ( f l~_ l+  1) P ( x - ~  + 1) J ~_1(z)dz. (2.17) 

o o 

Assuming t h a t  ~ ( / S s ) > -  1 for s - - 1 ,  2 . . . .  n, we get  f rom (2.17) and (2.16) 

1 

f z. (z) = + 1)s=lI  F ( x _  0~s_[_ 1 ) r (x27~2s ) "  

0 

(2.18) 

As ment ioned  above,  the  integral  on the left  converges if ~(/Sn) > -  1 and  

(x + 7s) > 0, s = 1, 2 . . . . .  n. Analy t ic  cont inuat ion  shows t h a t  this is also the condit ion 

of the  va l id i ty  of (2.18). Hi .  Mellin ([30] p. 147 and [32] pp. 83-85) has  given a 

similar  formula ,  leaving a cons tan t  fac tor  undetermined .  

1 Annals o/Mathematics (2), 9 (1908), 183-192. 
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If  in (2.18) we interchange ~ and ~ and replace z by  1/z and x by  - x ,  we get 

f x - l -  ~I z ~ ( z ) d z = F ( ~  + 1) I ' ( e ~ - x )  

1 
(2.19) 

provided tha t  ~ (fin) > - 1 and ~ (x) < ~ (~),  s = 1, 2 . . . . .  n. Natural ly 

may  also be derived from the equation 
z 

r ( ~  + 1) z~ f 
~ . ( Z ) - F ( l _ ~  _ r . ) F ( f l . _ ~ + l ) t % - ~ ( z - t ) - ~ " - v " ~ . - ~ ( t )  dt 

1 

this relation 

(2.20) 

by  a similar way of reasoning as used above. 

t2 .  I f  the series (1.33) is substi tuted in (2.18) and te rm-by- term integration 

performed, the justification for which is easily seen, i we get 

c(:'. l ~ ( x + ~ , + f l ~ §  1) ~ F ( x + ~ , )  i = 1 , 2 ,  n. (2.21) 
,=o (x+~,,+fl~+ 1)~ F(x+~,,) s=~ F ( x - ~ +  1) .... 

From (1.49) it  is seen tha t  the series on the left-hand side converges absolutely 
(~) when ~ (x + ?s) > 0, s = 1, 2 . . . . .  n. Consequently the polynomials c~, n are the coeffi- 

cients in the factorial series expansion of the fraction on the right-hand side, the 

nominator  and denominator  of which are products of gamma-functions. Interchange 

of ~ and y together with substitution of x by - x  gives 

~ = 0 ( : q + f l ~ + l - x ) ~  F ( c q - x )  s = i P ( 1 - T s - x  ) i = 1 , 2  . . . . .  n, (2.22) 

where using (1.50) we see tha t  the factorial series on the left-hand side converges 

when ~ (:q - x) > 0, s = 1, 2 . . . . .  n. From this the points x = g~ + fin § 1, :q § fin + 2 . . . .  

must  be excluded when they are si tuated in the half-plane of convergence. The same 

remarks apply to (2.21). The relation (2.22) natural ly may  also be derived from (2.19) 

by  substi tut ion of (1.37) for ~ and integration term-by-term.  In  the proof for 

(2.21) and (2.22) we have supposed tha t  ~ ( f l ~ ) > -  1, but  by analytic continuation 

it is seen tha t  the relations are valid for all values of fin. 

Taking (2.21) as a definition of the c(~)n it would also be possible to prove (2.7) 

by  the rule for multiplication of two factorial series, [41] p. 382. This proof is a 

little longer than the proof given above, but  it is valid without any restriction upon 

the parameters.  

i BRo~wIcrr [5], p. 497. 
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I f  none  of t he  differences be tween  the  number s  y; a re  integers ,  i t  follows f rom 

(1.45) t h a t  t he  series on the  l e f t -hand  side of (2.21) converges  p rov ided  ~ ( x + ~ ) > 0 ,  

s = 1, 2 . . . . .  i -  1, i + 1 . . . . .  n. I f  none  of t h e  differences be tween  the  number s  ~ are  

in tegers  we see f rom (1.47) t h a t  t he  series on the  l e f t -hand  side of (2.22) converges  

when ~ ( x - ~ ) < 0 ,  s = 1 , 2  . . . . .  i - 1 ,  i §  . . . . .  n. 

Assuming  t h a t  ~ (Ts - ~ )  > 0, s = 1, 2 . . . . .  i - 1, i + 1 . . . . .  n and  p u t t i n g  x = - 7~ in 

(2.21), we ge t  
n 

H '  r (r~ - ~',) ~.(i) 
~.n r ( f l n +  1)- n ~=1 , (2.23) 

,=o (fin + 1)~ I~ r (1 - oc~ - 7~) 
8 - - 1  

prov ided  t h a t  fin i s  no t  a nega t ive  in teger ,  and ,  if fin = - p ,  

n 

H '  r (ys - 7,) t ,( i  ) 
v,,+p . . . .  = 1 ' t'~ ~'~p"." 

~=o ~! f l  P ( 1 - o c ~ - y i )  
8 = 1  

where  t h e  dash  signifies t h a t  s = i is to  be  o m i t t e d  in  t he  p roduc t .  

I f  n = 2, (2.23) wi th  modi f i ed  n o t a t i o n  reduces  to  Gauss ' s  t heo rem 

F (c) F (c - a - b) 
F ( a ,  b, c;  1 ) - F ( c _ a ) F ( c _ b )  ~ ( c - a - b ) > O .  

Thus  if n = 2, t he  sum of t he  coefficients in t he  expans ion  of t he  hypergeomet r i c  

func t ion  in powers  of z m a y  be expressed  b y  gamma- func t ions ,  in case t he  pa ra -  

me te r s  sa t i s fy  a cer ta in  inequa l i ty ,  which  invo lves  the  convergence  of t h e  series. 

B u t  we m a y  equa l ly  well s ay  t h a t  the  sum of the  coefficients in the  expans ion  of 

th is  func t ion  in powers  of 1 -  z m a y  be expressed  b y  gamma-func t ions ,  because  th i s  

series is a hype rgeome t r i e  one when n = 2 .  So far  (2.23) m a y  be rega rded  as a 

n a t u r a l  ex tens ion  of th i s  i m p o r t a n t  theorem.  

13. I n  (2.18) we have  supposed  t h a t  ~{ (fin)> - 1 .  Bu t  if  we re la te  t h e  above  

in tegra l  wi th  a contour  in tegra l ,  th is  suppos i t ion  will be  unnecessary ,  a n d  we ge t  

(i+) 

1 f - 1 12i F (x + ys) ~ ( x + y s )  > 0  (2.25) 
2 : ~ i  zX- l~ '~(z )  d Z = F ( - f l n )  s=l F ( x - a s + l )  

0 s =  1, 2, . . . ,  n, 

when fin is no t  an  in teger  or zero. I n  t he  same w a y  (2.19) m a y  be w r i t t e n  in t he  

form 
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1 z'v-X~n(z) d z = P ( - f l n ~ )  s=a P ( 1 -  7 , - x )  0 < ~ < 1  (2.26) 2 ~ i  

if ~ ( x ) < ~ ( ~ s ) ,  s =  1, 2 . . . . .  n and  /~ is not  an  in teger  or zero. 

1 
1~. Le t  us now consider the  in tegral  .[ zX-l~]~ ( z )dz .  Inser t ing  the  series (1.34) 

o 

and in tegra t ing  t e rm-by - t e rm ,  which is ev iden t ly  justified, we get  

1 

z ~ - ~ ( z )  d z =  ,,~,~'<~) F ( x + 7 ~ )  = ~ c<~)~ F ( x + T i )  , (2.27) 
,=o F ( x + 7 ~ + ~ + l )  ~=~ P ( x - l - y ~ + ~ - p + l )  

0 

where the  in tegral  

F rom this, pu t t ing  /3~ = - p  in (2.21), we get  

1 

f F(x+7~) zZ- i~n(z )  d z =  s=l ~ F ( x - ~ + l )  q(x) ,  
o 

q(x)  being a po lynomia l  in x of the  degree p - 1  

~-1 F(x+7~ ) ~-1 
= = y .  ~<~) ( x  + 7~ - v)~  q(x)  ~=o~C(~")nF(x+y~+v-P+l)  ~=o '~'-1 . . . .  

as well as the  series converge for  ~ ( x + T s  ) > 0 ,  s = 1 , 2  . . . . .  n. 

(2.28) 

i = 1 , 2  . . . . .  n. (2.29) 

F r o m  (1.44), in tegra t ing  t e r m - b y - t e r m ,  we get  in the  same way 

~zx l~n(Z) d Z (__1)j9 Z -(i) I~(o~i -x)  (2 .30)  
= ~=pc~'~ F ( ~ - x + ~ - p  + 1) 

1 

where bo th  the  integral  and  the  series converge if ~ ( x - ~ s ) < 0 ,  s = l , 2  . . . . .  n. 

Pu t t ing  /3~ = - p  in (2.22) we see t h a t  

oo  

~=~ p ( 1 _ 7  _ x  ) ~(z), (2.31) 
1 

where ~(x) is the  following po lynomia l  in x of the  degree p -  1 

(x) Y -"> C~, 7t 
~=0 F ( ~ - x + ~ - p +  1) 

p-1 
~ - ( i )  c~_1 ~ . n ( ~ - x - ~ ) ~  i = 1 , 2  . . . . .  n. (2.32) 

Le t  us now assume t h a t  ~ (:q + 7j) > O, i, j = 1, 2 . . . . .  n.  The integral  f z x-1 ~l,~ (z) d z  
0 

then  converges in the  s t r ip  

- ~ (TJ) < ~ (x) < ~ (<z~) i, j = 1 ,2  . . . . .  n. (2.33) 
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Adding (2.28) and (2.31) we get 

r  

.=1 I ' ( x - e 8  + 1) 
0 

But this formula may be reduced. 

r(~,-x) ~-(-1)Ps=a ~ F(1-?s--x) q(x)-(-1)Pq(x)" (2.34) 

From (2.21) and (2.22) we get for f t , = - p  

F(x+y~) 
~I r(x-~8+ 1) 

r (~ - x) 
t-(--1)P 8=~1~ l ~ ( l _ ? _ x )  

C (t) ~ + p ,  r/, 

=q(xl+(-1)v~l(x)+ ,=o ~ (x+?~),+~ 

(2.35) 

The left-hand side of (2.35) equals 

g(~) 

where 

F (x + y~) 
F ( x - ~ +  1) 

g(x)=l + ( - 1 )  p ~I sin n ( 7 8 + x ) .  
s=l sin ~ (g8 - x) 

Putt ing x = a + iv  we have 

r~ sin g (x + ?8) 
�9 ~lim 8=itL sin ~ -  ~r 

Consequently 

~gi ~ (Ces+? s) 
e s = l  = ( - -  l)  n-i+p. (2.36) 

lim ff (x) = 0. 
T - - ~ +  oo  

But as g(x) is a rational function of e 2=ix, 

g (x) = 0 (e -2" M). (2.37) 

The left-hand side of (2.35) is a meromorphic function of x, which is regular in the 

strip (2.33). In this strip it tends towards zero when T--> • c~. The two factorial 

series on the right-hand side of (2 .35)both  converge in the strip (2 .33)and they 

tend there uniformly towards zero when T--> • c~. From this it follows that  the 

polynomials q(x) and ~ (x) satisfy the relation 

and so (2.34) reduces to 

f z ~-1 ~. (z) dz 
0 

q(x)+(-1F~(x)=0 

=I~ r(x+78) ~ r(~s-x) 8=, F(x-~8+l) ~( -1F s=l F (1 -ys-x) 

(2.38) 

(2.39) 

From this relation we get, using Mellin's theorem of inversion, 
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g+ioo 

~ n ( z ) = ~  ~ p ( x - ~ +  1) ,=, ~,(l ~ - ~ - x ) j  dx' (2.40) 

where cq, cq . . . . .  ten mus t  be to the  r ight  and  -Y l ,  -?2 ..... - y n  to  the  left of the  

contour  of integrat ion.  Consequently u is s i tuated in the  strip (2.33). F rom (2.37) 

it follows tha t  the  integral  (2.40) converges for 2 x >  arg z > -  2 z .  Pu t t ing  z = 1 in 

(2.40), we get  

~+ioo 

1 f 1 c~')~=2~/ r ( x - a ~ + l )  ~ ( -1 ) "  f i  d x  i = 1 , 2  . . . . .  n. (2.41) 
~=~ ~1 F ( 1 - y ~ - x ) J  

~-ior 

F rom this it is seen tha t  c~)n. is symmetr ic  in ~1, ~2 . . . .  , gn and  Yl, Y2, . . . ,  y~. Multi- 

plying bo th  sides of (2.40) b y  z -v' and  differentiat ing v t imes with respect  to  z and  

then  pu t t ing  z = 1, we get  

~ + ~  
C(1) __ 1 [ _l-~_ (X ? ?_1 ? , )  I~ !X_ "~- 72) . _.._ lm (Cg ~- ?n)  
~+P'n-2:~i f [ P ( x - e ~ + l ) P ( x - e 2 + l ) . . . I ' ( x - e ~ + l )  + 

+ ( - 1 )  ~+" F (~1 -  x) I '  ( ~ -  x) "'" F (en - x) ] dx.  

I f  f i n = - p ,  we thus  get  c(/+)p,n from c~)n when we replace yj by  yj+v. 
I f  we suppose none of the  differences between the  parameters  ys to  be integers 

and I z ] < l ,  then b y  pu t t ing  the  integral  (2.40) equal to  2~ri t imes the  sum of the  

residues of the  in tegrand  at  the  poles x = -  y ~ -  V on the  left of contour,  we get  

n 

~n(z)= ~ = ~ _ _ _ _  zr~F ( ~i+y~ ~ 2 + Y ~  . . .  ~ ( n + y ~  
s=l f i F ( 1 - o e , , - y s )  \ y s - y l + l  y s - y 2 + l  ys -y ,~+l  z , (2.42) 

where ]arg z] < 2 z .  Supposing none of the  differences between the  parameters  :q to  

be integers and  ]z I >  1, then  by  interchanging ~ and y and replacing z by  1/z in 

(2.42), we get  
n 

~n (z) = ( - 1) v ~=' z -as F �9 (2.43) 
,.~ (1 - :r - y~) \cos - cr + 1 ~s - cr + 1 :r - :on + 1 

V=I 

t 5 .  N e x t  we consider the  funct ion ~n(z). We suppose ~ ( f i n ) >  - 1  and 

(x + ys) > 0,  s = 1, 2 . . . . .  n. Then  the integral  on the  lef t -hand side of (2.18) con- 
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verges absolutely and ~ (z) is regular in the  interval  0 < z < 1. We m a y  imagine the  

integrat ion extended from 0 to oo of a funct ion which vanishes for z > 1. The condi- 

t ions for applicat ion of Four ier ' s  integral  formula  are satisfied; hence from (2.18) 

we get 

~(z )=I ' (#~+  1) z- x r(x+),8) dx, O < z < l ,  (2.44) 
2 ~ i  F ( x - ~ 8 + l )  

u - i o t a  

and the  integral  is vanishing for z > l .  Here  ~ ( ~ + ~ 8 )  mus t  be > 0 ,  s = 1 , 2 , 3  . . . . .  n. 

The contour  mus t  be chosen in such a way  t h a t  all the  poles are on the  left. F rom 

the  factorial series (2.21) follows 

F (x + ~8) 1 /~ (x) 

8 = 1  

where [/~ (x)] is bounded  in the  half-plane ~ (x)_> u. The integral  on the r ight -hand 

side of (2.44) therefore converges in the  usual  sense and exists no t  only as Cauchy 's  

principal value as in  the  general Fourier  formula  (see e.g. Doetsch [7] p. 115). 

I f  we assume t h a t  ~ (/~) > - 1 and ~ (x) < 9l (cr s = 1, 2 . . . . .  n, then  the integral  

on the  lef t -hand side of (2.19) converges absolutely  and ~n(z)is  regular for 1 < z <  oo. 

Hence by  Fourier ' s  integral  formula  we get  f rom (2.19) 

g §  

/ - ~ ( z )  F ( # n + l )  z_~8__i~i1 P ( ~ 8 - x )  = 2 ~ i  _ , _  ,.i~Ti-U:-x)dX ~>1,  (2.45) 
~ - i r  

and  the integral  is vanishing if 0 < z <  1. Here  we must  have n <  ~(as) ,  s = 1, 2, ..., n. 

Therefore the  contour  mus t  be chosen so as to  make  all the  poles lie on the  right.  

I f  the  z-plane is cut  f rom 0 to - ~  and from 1 to  + ~  and if a r g z  and 

arg ( l - z )  vanish for 0 < z < l ,  then  ~ ( z )  is uniquely  defined in the cut  plane by the 

series (1.33) and  its a n a l y t i c  cont inuat ion.  

I f  we cut  the  z-plane from 1 th rough  the  origin to  - co and suppose arg z = arg (z - 1) = 0 

for z >  1, then  [~ (z) is defined by  the  series (1.37) and  its analyt ic  continuation.  

We have ~n(Z)=e~=~i~n~n(Z), where the upper  (lower) sign is to be applied if z 

is above (below) the  real axis. 

For  a momen t  we suppose ~ ( r 1 6 2  i , ~ = 1 , 2  . . . . .  n and choose n in such 

a way  t h a t  
- 9l (~j) < ~ < 9 l (~)  i , j = l ,  2 . . . . .  n. 

The integrals (2.44) and (2.45) only converge if z is positive and })l(#n)> - 1 .  By  

addit ion of these two integrals we get  
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g + i  

f ~ x r (~ -~ )  ] ~,~(z) 1 z-Z[I~ F-(x+r*) ke ~:~'~ I] dx, (2.46) 

where for z > l  ~ ( z )  is to be taken on the upper (lower) edge of the cut from 1 

to ~ if we choose the upper  (lower) sign in (2.46). Equally we have the equivalent 

formula 

P(fln+l)-2zci s = l P ( X - ~ . + l )  ~ = ~ P ( 1 - y - x ) j d x '  (2.47) 
g ~o0 

where for 0 < z < l  ~ ( z )  is to be taken on the upper  (lower) edge of the cut line 

from 0 to 1 if the upper (lower) sign in (2.47) is chosen. 

Now we have 

where 

F (x+7~) e~ ~ P ( ~ - x )  F(z+7,) 
~I P ( x - c q + l )  ~ ~'~n r I  r~ - l -~=x)=g(~)  ~ r ( z - ~ + l )  ' s = l  s = l  s = l  

If  we put  x = u + i T ,  then 

g(x)=l §  ~ sin ~ ( x + y ~ ) .  
~=1 sin 7~ (as - x) 

lim ~ sin_~ (x + Ys) 
�9 -~• s=l sin ~ (0r - x )  

a:n~ (n- ~ (%+Vs)) 
s=l e~ni  fln 

Hence 
lim g (x)= 0 if the upper  sign is chosen 
T--> oo 

and 
lim g (x )=  O if the lower sign is chosen. 

(2.4s) 

g(x) is a rational function of e ~ ,  consequently 

g(x)=O(e -2~M) (2.49) 

for large positive (negative) values of ~ if the upper (lower) sign is taken.  

z = r e  ~v we have 

Put t ing 

Then the integral on the right-hand side of (2.46) is convergent in the angle 

0 _ a r g  z < 2 ~  if we choose the upper sign. I f  the lower sign is chosen, then the 

integral converges in the angle 0 >_ arg z > -  27e. Therefore the equations (2.46) and 

(2.47) are valid in these angles, respectively, when the upper or lower sign is chosen. 

From this the point z = 1 must  be excepted if 0 " _ _ ~ ( f l ~ ) > -  1. 
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We have chosen the pa th  of integrat ion in such a way  t h a t  all the poles as + 

are s i tuated on the  r ight  and the poles - y ~ - v  on the  left. This will a lways be 

possible because we have assumed tha t  ~ (~  + Ys) > 0. I f  as and ~j are permi t ted  to  

v a r y  in such a wa y  t h a t  this condition is no t  satisfied, then  (2.46) and (2.40) retain 

their  va l id i ty  if the rectilinear pa th  of integrat ion is deformed so as to  make  the  

poles :r247 lie on the  r ight  and the poles - ~ s - v  on the left. Consequently the  

numbers  ~ § ~j- mus t  not  be negat ive integers or zero. 

I f  z is positive and different f rom 1 the integral  (2 .46) i s  convergent  when 

(fl~) > - 1. Bu t  if we suppose 0 < arg z < 2 z or 0 > arg z > - 2 z ,  respectively,  then  

the  condit ion ~ ( / ~ n ) > - 1  is unnecessary,  because the  funct ion under  the  sign of 

in tegrat ion in this case tends to  zero of an exponential  order in bo th  directions. 

I f  n > 1 and fl~ is an integer or zero, the  two expressions (2.48) are identical 

and (2.49) is valid for bo th  positive and negative values of T. Then the equat ions 

(2.46) and (2.47) are valid in the angle 2 ~ > arg z > - 2 re. I f  /?~ is a negative integer, 

we have proved (2.40), which m a y  be looked upon as a special case of (2.46) and 

which m a y  be derived by  analyt ic  continuation.  

I f  n =  1, (2.44) reduces to  

~ + i  ov 

( 1 - z ) ~  l=F(~)2rei f z-x F(x§ dx ~ > 0 ,  ~ ( : r  (2.50) 

x - i r  

where 0 < z <  1, while this integral vanishes for z > l .  (2.46) then reduces to  Mellin's 

formula  [34] p. 21 

F(~)  1 f z-XF(x)F(~-x)dx 0 < ~ < ~ ( ~ ) ,  (2.51) 
(1 + z) ~ 2 ~ i  

where g > a r g  z > - T e .  I f  z is negative and  different from - 1 ,  (2.51) is valid when 

0 < ~ (~) < 1, (1 § z) -~ having the meaning ment ioned above. 

w 3. Solutions at the Origin and the Point at Infinity 

t 6 .  Again we suppose tha t  none of the differences a t - : c j  and Y~-Ys is an 

integer and tha t  the numbers  ~, §  i = 1, 2 . . . . .  n, are no t  negative integers or zero. 

Fur thermore  we suppose t h a t  ~ ( f l n ) > 0 .  Then it is easy to  establish relations be- 

tween the solutions Ys (z) and ~s(z) defined by  (1.13) and (1.14). These series are 

convergent  on the circle [z I = 1. Consider the funct ion 
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z ~ e - ' ~  P (x + ~,) (3.1) 
q~(x) sin :~ ~ _-- 78 ) ,=,l~I r ( x + l _ r ,  ), 

where z=e  ~v, 2z>_v>_O. 
first order at the points 

7~ + v and 

Now we have 

i~ F ( x + ~ )  1 
, = l F ( x + l - y , )  x ~+~ 

(x) is a meromorphie function of x having poles of the 

- ~ - ~ ,  i = 1 , 2  . . . . .  n, ~=0 ,  1,2 . . . . .  (3.2) 

~ - ~ >  ]arg x[. 

Cutting out the points (3.2) by circles having these poles as centres and very small 

radii, we see without difficulty tha t  x ~  (x) converges uniformly towards zero when 

x-->~ in the cut plane. From this it follows (see LindelSf [22] chap. II) tha t  the 

sum of the residues of ~(x) equals zero. But  the residues give us the series (1.13) 

and (1.14) multiplied by a constant factor. Thus we get 

n 

I~ r ( ~ + ~ )  ~ ~ e~"~J +y~ P (~ ' -  ~1 
,=1F(7 _ ~ +  1)y,(z) = ~]j (z) sin ~ (~j + ~ )  12 I . (3.3) 

j=l F (1 - ocj-- 7,) 

where s - l ,  2 . . . . .  n and 2~_>arg z_>0. If we cut the z-plane along the real axis 

from 0 to ~ ,  this relation is valid in the cut plane. I t  may often be convenient to 

multiply the solutions Y8 (z) and 9~ (z) by  certain constant factors. If we put  

y* (z) ~ y8  (z) Y I  " P (~8 + 7,)  
9*(z)=98(z)~= l~(~s-~,+ 1)' 

we get from (3.3) 
n 

n * ~ ,  e"(~J+rs' ,=YI1 sin ~ (aJ + 7,) 

y~ (z) = j=l ~* (z) sin ~ (~t + 78) 1-i' s in  ~ ( ~  - ~9) 

(3.4) 

(3.5) 

and interchanging cr and 7 we get the inverse relation 

n -* z e~,~8+rp I~ sin ~ ( ~ + T J )  

y8 ( ) = ~=1 y* (z) sin ~ (as + ~'j) /~, sin ~ (7, - 7J) 
(3.6) 

These interrelations have first been given by Thomae [60] 

Winkler [63] and F. C. Smith [57]). 

2 1 -  553810. Acta Mathematica.  94. Impr im6 le 17 d$cembre 1955. 

(see also Mellin [36], 
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I f  ~ +7~ = - P ,  P being a posi t ive integer or zero, the  above  proof  is not  valid, 

because two of the  rows of poles pa r t ly  coincide. (3.3) is wi thout  meaning  because 

bo th  sides of it  contain the  fac tor  F (~r + 7~), which is infinite. Bu t  in this case y~ 

and  ff~ contain only a finite n u m b e r  of terms,  and  except  for a constant  fac tor  they  

are identical,  only wr i t t en  in reversed order.  Consequently we have  

y, (z) = C ~ (z) (3.7) 

B y  identification of the coefficients to the  highest  power of z we find 

o =  ,=1 (rs-y + 1);" 

9.7. We shall now consider the integral  representa t ions  for the  solutions. We p u t  

y (z) = S z~: YJ (x) dx .  (3.8) 
L 

I f  ~ (x) is such t h a t  we m a y  different iate  under  the  sign of integrat ion,  we get  

(v~-y l )  (v~-72) . . .  ( v ~ - y n ) y ( z ) =  ~ z X ( x - y l )  (x--~,2) ... ( x - r n ) y J ( x ) d x  (3.9) 
L 

(v~+~l) (~+o~l) ... (va+~n)y(z) = .[ z~(x+:r (x+0r ... (x+:cn)lp(x)dx.  (3.10) 
L 

We shal l  take  yJ (x) as a solution of the  difference equat ion 

(x + ~1) (x + ~2) -.. (x + ~ )  
~o (x + 1) = (x + 1 - 71) (x + 1 - ~2) .-- (x + 1 - ~ )  ~o (x). (3.11) 

Then  f rom (3.10) we get 

z ( v ~ + c c l ) ( v ~ + ~ l ) . . . ( v ~ + ~ ) y ( z ) =  ] z ~ + l ( x + l - ~ l ) . . . ( x + l - ~ , ) y J ( x + l ) d x .  (3.12) 
L 

I f  (3.9) and (3.12) are inserted in (1.2), i t  is seen t h a t  the  integral  (3.8) is a solution 

of the  differential  equat ion (1.2) if 

S zx ( x -  rl) ( x -  ~,~)... ( x -  ~,~) ~, (x) d x  
L 

= ~ z r + l ( x §  ( x + l - ~ , , ) ~ f ( x + l ) d x .  (3.13) 
L 

This condition m a y  also be wr i t ten  

S zX (x + ~,) (x + ~2)... (x + ~n) ~ (x) d x  
L 

= S Z X - I ( x + ~ . i - - I ) ( x + o ~ 2 - - 1 ) . . .  ( x + ~ n - 1 ) y J ( x - 1 ) d x .  
L 

(3.14) 
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The difference equat ion (3.11) has the solution 

where 

1 ~e"~(:'s -x) 
V(x) 2 g i  sin 7e (7~-x ) / (x ) ,  (3.15) 

r ( x + ~ )  
(3.16) 

Now we assume t h a t  none of the numbers  a~+y~, i = l ,  2 . . . . .  n, is a negative integer 

or zero and none of the differences ? ~ - ~  is an integer. (3 .15)has  po]es at  x = ~ + v ,  

v = 0 ,  1, 2 . . . .  and at the points  - ~ l - ~ ,  i = 1 ,  2 . . . . .  n. We choose a pa th  of integra- 

t ion f rom ~ - i ~  to z + i ~  in such a way  t h a t  all the poles ~,~ + v are on the r ight 

and  all the poles - g ~ - v  on the left. The in tegrand on the lef t -hand side of (3.13) 

has no pole at  ~ and the  condit ion (3 .13) i s  satisfied. Therefore the  differential 

equat ion (1.2) has the  solution 

~+ i  oo 

1 f Zx ~ e  gi(rs-x) 
y*(z) = 2 ~ i  .j sin g ( ~ - x ) / ( x )  dx,  (3.17) 

g-i~ 

this integral  being convergent  for 2 ~ >  arg z > 0. 

I f  ~ + ~ = - p ,  p being a non-negat ive integer, while none of the numbers  

o ~ + ~ ,  i = l ,  2 . . . .  s - l ,  s + l  . . . . .  n is a negative integer or zero, then the above inte- 

gral representat ion cannot  be used, because in this case it is no t  possible to find a 

p a t h  of integrat ion with the  p roper ty  mentioned.  Bu t  denoting by  l a closed contour  

t raversed in the  positive sense, which encloses the poles 7~, 7 s +  1 . . . . .  ~ + p  and no 

other  poles, we get  the  solution 

y* (z) =2--~ f z~ /(x) dx 
l 

=z ,~ ( - iFv~ ,  r ( ~ + r ~ )  F [  ~1+7~ ~ . + r  . . . .  ~n+rs ] ] 
P!  $~1 F ( ~ s - 7 ~ + l )  \ ~ , ~ - ~ 1 + 1  $ ~ - y 2 + 1  ~ , ~ n + l l  ] z ,  

(3.18) 

where the  dash signifies t h a t  ~ =s is to  be omi t ted  in the  product .  

Nex t  we assume tha t  none of the  numbers  ~s + ~ ,  i = l, 2 . . . . .  n, is a negative- 

integer or zero and t h a t  none of the differences between the numbers  ~ is an in- 

teger. Pu t t ing  

F (~,~ - x) (3.19) 
7(x) = ,-1 ~ F (1 - ~ -  x) 
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and choosing a pa th  of integrat ion such t h a t  all the  poles - a s - v  lie on the  left 

and  the  poles y~+v,  i = 1 , 2  . . . . .  n on the right,  we see in the same way  t h a t  (1.2) 

has the  solution 
~+i oo 

-* Z 1 / Zx tr~e -~(x+%) 
y~ ( ) = ) ~  s ~ n ~ ) [ ( x ) d x ,  (3.20) 

~ - i ~  

which converges for 2 ~ > arg z > 0. 

I f  a s + y s = - 1 9  and none of the  numbers  as+Yi,  i = 1 , 2  . . . . .  a - I ,  8 + 1  . . . . .  n is 

a negative integer or zero, this integral  is no t  applicable and mus t  be replaced by  

l 

=z -%(-1FI~ r(~s+7~) 

v4:S 

F( ~s+71 ~.+7~ ... ~s+rn 1) 
\~ts - ~1 + 1 as  - -  a s  + 1 as  - o~  + 1 ' 

(3.21) 

l being a closed contour  t raversed in the .  negative sense and enclosing the  poles 

- cq, - ~ - 1 . . . . .  - ~s - p and no other  poles. 

The integral  representat ions (3.17) and (3.20) are due to Pincherle [50] and 

Mellin [32, 36], who fur thermore  have proved, t h a t  if I zl < 1, then (3.17)equals  minus 

the  sum of the  residues at  the  poles to  the r ight  of the  pa th  of integrat ion and 

when I z l > l ,  (3.20) equals the  sum of the residues at  the  poles to  the left of the 

pa th  of integration.  F r o m  this it follows tha t  y* and  /)* have the  same meaning as 

in (3.4). Pu t t i ng  s equal to  1, 2, ..., n we get two fundamenta l  systems of solutions. 

18. I f  71, 72 . . . . .  Yq form a group, then the  integrals (3.17) corresponding to  

s = l ,  2 . . . . .  q are identical. I n  this case they  must  be chosen differently. Let  us sup- 

pose ~ (71) -> ~ (72) ->"" -> ~ (Yq) and tha t  none of the numbers  at + 7~, i = 1, 2 . . . . .  n, 

is a negative integer or zero, s being one of the numbers  1, 2 . . . . .  q. Let  Lr~ ' ~ de- 

note  a (not necessarily rectilinear) pa th  of integrat ion f rom n -  i oo to n + i ~ chosen 

such t h a t  the poles Ys, y s +  1, y s + 2  . . . .  lie on the  right,  the remaining poles on the 

left. Then we have the following solution of (1.2) 

f s ,rr ~ (Yv -x )  1 zZ * [(x) YI " ' = - = - - - -  dx ,  (3.22) 
ys (s) (2~i)s  ~=1 sin a e ( r , - x  ) 

Lys, oo 

because the condition (3.13) is satisfied. This integral  converges for 2 ~ s > a r g  z > 0 .  

I t  m a y  also be wri t ten in the form 
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or, more explicitly, 

* z ~ z~ l ( x )  d x  
Y~ ( ) = 3 [1 - e2"~(~-r')] ~ 

L~,s, oo 

(3.23) 

n 

* z 1 f z~e 1 ~=1 = dx .  (3.24) 
Y~ ( ) = ( 2 ~ i ) ~  ~ F ( x - 7 ~ §  

v = s + l  

Put t ing  s equal to  1, 2 . . . . .  q, we get  q different solutions. We shall now show t h a t  

these are l inearly independent.  Let  us suppose 

~1 = 73 . . . . .  ~a, = el 7a,+1 = ya,+3 . . . . .  ~a,+a, = ~3 

and generally 

Y)L~+a~+--. +,1r_1+1 = Y~+a~+ . . , , ; t r _ l+2  . . . . .  7~t~+;t_*+.-. + ~  = O r  r = 1, 2, . . . ,/~, 

where 21 + 22 + "'" + 2,  = q. Then we have  ~ (~1) > ~}~ (~2) > ' ' "  ~> ~}~ (~/~)" The solutions 

m a y  then  be arranged in subgroups in such a way  t h a t  we get  the first subgroup 

b y  pu t t ing  s equal to  1, 2 . . . . .  )t 1, the second by  pu t t ing  s equal to  21 + 1, 21 + 2 . . . . .  21 + 23 

etc. The funct ion / ( x )  then has the form 

l ( x )  = 

I]  F(x+~,) 
, ,=1  

YI ( r ( x - q , + l ) )  ~" I~ r ( x : r , + l )  
v = l  ~ , = q + l  

For  the  first subgroup the in tegrand is 

for the  second 

z ~ e "~s(~'-~) (F (q~- x)) s I~ F (x + ~) 

(F(x-~I+I)) ~'-~ I~ F ( x - ~ + l )  
s =  l ,  2 . . . . .  ~ta, 

z x e "~(~'(q'-x)+s(~'-x)) (F (et - x)) ~' (F (q3 - x)F ]] F (x + ~) 
v = l  

(F (x - 0.3 + l ) )  ~'-~ I~ F ( x - 7 ~ + l )  
v =)~1 +.1~+ 1 

where s = l , 2  . . . . .  It3, etc. I f  (3.24) is expanded in powers of z, we get  a series of 

the  form (1.17). I f  only the  first t e rm in this series is calculated, we easily see t h a t  

for the solutions in the  first subgroup is 



318 N.E. NORLU:ND 

% 

l im  ys (z) z-~0 z q' (log z) s-1 A(~a) s = 1, 2 . . . . .  21, 

for  t h e  so lu t ions  in  t h e  second  s u b g r o u p  i s  

$ 

l im  y~,+~ (z) A ~  ) 
~-,0 z e' (log z) ~-1 s = 1, 2 . . . . .  2~ 

a n d  for t h e  so lu t ions  in  r t h  s u b g r o u p  

$ 
Y~,+~,+...+#_l+~(z) s = 1, 2 . . . . .  tr  

l im  z)~_ 1 = A ( [  ) (3.25) 
z-~0 z q~ (log r = 1, 2 . . . . .  ~u, 

t h e  A (~ b e i n g  c o n s t a n t s  d i f fe ren t  f rom zero. F r o m  th is  i t  follows t h a t  y~', y~' . . . .  . y* 

are  l i nea r ly  i n d e p e n d e n t .  

19. I f  ~1, ~ . . . . .  ~ fo rm a group ,  t h e n  t he  so lu t ions  ( 3 . 2 0 ) c o r r e s p o n d i n g  to  

s = 1, 2 . . . .  p are  iden t ica l .  W e  suppose  t h a t  ~ (c%) _> 9] (~2) > -""  -> ~ (r a n d  t h a t  n o n e  

of t h e  n u m b e r s  ~s+7~,  i = l ,  2, . . . , n ,  is a n e g a t i v e  in t ege r  or  zero, s be ing  one  of t h e  

n u m b e r s  1, 2 . . . . .  p. I n  t h e  s a m e  w a y  as i n  a r t .  18 we see t h a t  t he  d i f fe ren t i a l  equa -  

t i o n  (1.2) has  t h e  fo l lowing h n e a r l y  i n d e p e n d e n t  so lu t ions  

~+i r ~+i oo 

y~(  ) =  0 ~ ) . ~  z~ / (x )  = l s i n n - ~ ( x ~ )  d x =  - [l_e2=,(~+=,)] ~, 
g - t ~  g--i00 

(3.26) 

where  s = 1 , 2  . . . . .  p 

poles  - cos, - ~s - 1, 

More exp l i c i t ly  we m a y  wr i t e  

( - l y - 1  ( 
9* (z) ( 2 : r i )  ~ j z ~e 1 ~=1 ~ ~=1 

n - t=  1-[ F ( 1 -  ~ , - x )  
v=s+l 

a n d  t h e  p a t h  of i n t e g r a t i o n  is chosen in  such  a w a y  t h a t  t h e  

- ~ -  2 . . . .  l ie on  t h e  lef t  a n d  t he  r e m a i n i n g  poles  on  t h e  r igh t .  

d x .  (3.27) 

These  i n t eg ra l s  all  converge  for 2 ~ r s > a r g  z > 0 .  F o r m i n g  t h e  d i f ference  y~+l-* -ys,-* 

we ge t  
~ + g  c,o 

-* z -* f zX/(x)e2:~(x+~')dx  ys+l(  ) - y ~  ( z ) =  - [1 __ e2=~(x+~.)]s+l s = 1 , 2  . . . . .  p - 1 .  (3.28) 

Th i s  i n t eg ra l  converges  for 2 x s > arg  z > - 2 ~r. The  p o i n t  z = 1 is t h e n  s i t u a t e d  in  

t h e  in t e r io r  of t h e  reg ion  of conve rgence  a n d  t h e  i n t eg ra l  r ep re sen t s  a f u n c t i o n  r egu la r  
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at  the point  z =  1. Thus  the solutions (3.26) in  our group has the remarkab le  pro- 

per ty  t ha t  the difference between two consecutive solutions is a solut ion regular  a t  

the po in t  z =  1. Likewise we see from (3.23) t ha t  Y:+I ( z ) -  y :  (z) is regular  at  z =  1, and  

is represented by  an  integral  convergent  for 2 z s > arg z > -  2 ~. 

20. Now we consider again the case where Yl Y~. . . . . .  Yq form a group. I n  art.  2 

we have seen t h a t  the form of the differential  equa t ion  does no t  change if we 

mul t ip ly  y by  a power of z. Therefore wi thout  loss of general i ty  we m a y  suppose 

Yl, Y2 . . . . .  yq to be integers.  We use the same no ta t ion  as in  art .  18. Then  ~1 . . . . .  ~, 

are integers  and  ~1 > ~2 > "'" > ~"  Again  we consider the in tegra l  

* ( z ~ l ( x )  d x  
Y~ (~) = j (1 - ~ " ~ "  

L 

(3.29) 

If  L =LQ1 ' oo and  none  of the numbe r s  ~ is an integer  _< - P l ,  it  represents  the solu- 

t ions  in  the first subgroup for 0 < s _< ~1. These solutions belong to the  exponen t  Q1. 

I f  L=LQr, or and  none  of the n u m b e r s  ~ is an  in teger  _<-Qr ,  (3.29) represents  the 
r - 1  

solut ions in  the r th  subgroup for ~ Jl~ < s _< )~. These solutions belong to the ex- 
i=1  1=1 

ponen t  Qr, and  this  is t rue  for r = 1, 2 . . . . .  /~. 

I f  some of the parameters  ~t do no t  sat isfy the condi t ion jus t  ment ioned,  the  

condi t ion  (3.13) is no t  satisfied for some of our integrals.  I n  this  case we mus t  

choose t hem in  a different way and  allow s to take  negat ive  values. 

Let  vr be a posit ive in teger  or zero. Let  us assume t h a t  ~ of the  ~ are in- 

tegers s i tua ted  in  the  in te rva l  - Qr-1 < ~ -< - Q~ and  t h a t  this  is t rue  for r = 1, 2, . . . ,  ~u. 

Here Q0 shall be an  in teger  >Q1, such t h a t  none  of the ~ is an  integer  _<-p0 .  

The func t ion  [ (x) is t hen  regular  and  different from zero a t  the po in t  ~,~. Let  us pu t  

] 

e j=  ~ ( ~ - v ~ )  j > 0  and  e0=0 .  
~=1 

The func t ion  

! (x) 
(x - Q~)~r-~r r = 1, 2 . . . . .  /t 

is regular  and  different  from zero a t  the  po in t  ~ .  Let  LqrQp , where p <  r, denote  a 

closed contour  t raversed  in  the  posit ive sense and  enclosing the poles ~ ,  ~r -]- 1 . . . . .  ~p - 1 

and  no other poles. I f  s~-2~ <s_<sr ,  the  in t eg rand  in  (3.29) has a pole of an  order 

-<2r a t  x=Qr .  I f  s<_sv, x=Qp is a pole of an  order ~2p  or a regular  point .  I t  
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follows tha t  the  condi t ion (3.13) is satisfied for L = L0r 0p, 0___ p < r, and  the  in tegra l  

belongs to the  exponen t  ~r. 

We get the  solutions in  the  r th  subgroup,  when in  ( 3 . 29 ) s  is pu t  equal  to all 

integers  in  the  in te rva l  er - 2~ < s_< er. 

Let  ep be the greates t  of the number s  e0, el . . . . .  er 1- 

I f  ep _> er, we pu t  L = L0r 0p for all solutions in  the  r th  subgroup. 

If  ep < er, we pu t  L = L0r ev for er - ~r < s _< ev 

and  L = L0r ' oo for ev < s _< er. 

As er - 2r = e~-i -- Vr and  as ep >_ er-1, a t  least  vr solutions having  a f ini te  pa th  of 

in tegra t ion  belong to the  r th  subgroup.  The entire group contains  at  least ~ v~ solu- 

t ions  hav ing  a f ini te  pa th  of in tegrat ion.  

Thus  in  all cases we can f ind q l inear ly  i ndependen t  solutions of the form (3.29) 

belonging to the group and  thus  form a f u n d a m e n t a l  sys tem in  the  v ic in i ty  of the  

s ingular  po in t  z = O .  The integral  y : ( z )  is of the form (1.17), which more briefly 

m a y  be wr i t t en  

y* (z) =zV~ (~0 o (z) +~1  (z) log z +  "-- + ~0~-1 (z) (log z ) s - 1 ) .  (3.30) 

I n  the  general  case considered in  art .  18, ~o(z), ~1 (z) . . . . .  ~ - 1  (z) are power series 

convergent  for I zl< 1. Bu t  if any  of the parameters  assume the here-ment ioned 

except ional  values  some of these power series reduce to a f inite n u m b e r  of te rms or 

to zero. Let  us consider some par t icu lar  cases. 

E X A M P L E  1. If  r r=2~,  r = l ,  2 . . . . .  # all solutions are of the form 

1 
zZ l (x) (1 - e2~z)  ~ d x .  (3.31) y~ (z) = 2n---i 

L 

We get the r th  subgroup by  pu t t i ng  8 equal  to 0, 1, 2 . . . . .  2r - 1 and  L = Lo~ 0~-1, r = 1, 2 . . . . .  /~. 

These q solutions are l inear ly  independen t  and  regular  a t  z = 1. Especially,  if 2~ = 1, 

i = 1, 2 . . . . .  /z, the  solutions in  our  group are 

f or_l_1 
. 1 z ~ / ( z )  d z  = ~ A~z~ ' Yr (Z) = 2~Zi 

V=0 r 
L0r 0r 1 

A~ being the residue of /(x) at  the po in t  x = r .  

E X A M P L E  2. :Now we assume t h a t  all the numbe r s  rl ,  r~ . . . . .  r ,  are zero ex- 

cept one, say rr, which is positive. The first r -  1 subgroups are de te rmined  as in  
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the  in i t ia l  p a r t  of th i s  ar t ic le .  The solut ions  in the  r t h  subgroup  are  found  b y  

p u t t i n g  s equal  to  al l  in tegers  in t he  i n t e rva l  

r - 1  r 2 

--Vr+ ~2~<S_<--V~+ ~ ~. 
1 1 

I f  v , . > L ,  we p u t  L=LoTeT_ 1 

L =Ler  er- 1 

and  

for al l  solut ions  in t he  r t h  subgroup.  

for  
r - 1  r - 1  

-~ r+  Y2~<s_< ~2~ 
1 1 

r - 1  
r 2 

L = LeT , r162 for ~. ),~ < s __< -- v~ + ~ i- 
1 1 

I f  v~ < AT, we p u t  

N e x t  we consider  t h e  ruth subgroup ,  where  r <  m_<#. I n  th is  we ge t  al l  solut ions  

b y  p u t t i n g  s equa l  to  al l  in tegers  in t he  i n t e r v a l  

m - 1  m 

-v~+ Y~ 2~<s_< - r r +  ~;t,. 
1 1 

m - 1  

I f  v~ < Y: 2 .  we p u t  L = Loz, 
r 

m 2 
I f  v~_> ~ ~, we p u t  L = L e m  Or-1 

r 

I f  
m - 1  

2~ < Vr < 2~, we p u t  L = Lore eT 1 
r r 

for al l  solut ions.  

for al l  solut ions.  

m - 1  r - 1  

for - V r +  ~ 2 ~ < s - <  ~ 2 ~  
1 1 

r - - 1  m 

and  L = .Lem ' r162 for ~ 2, < s _< - v~ + ~ 2i. 
1 1 

I n  pa r t i cu l a r ,  if r = l  and  v l = q ,  all  so lu t ions  in our  g roup  are  of t he  form (3.31), 

where  s = 0, 1, 2 . . . . .  q - 1 .  The func t ion  / (x )  is r egu la r  a t  x = Q0, and  a t  the  po in t  

~r i t  has  a pole of the  o rder  ~.2~, r = l ,  2 . . . . .  #. 
T 

W e  ge t  t he  f i rs t  subgroup  b y  p u t t i n g  s = q - 1, q -  2, . . . ,  q - 21, and  L = Le, e.; the  

second subgroup  b y  p u t t i n g  s = q - 2 1 - 1 ,  q - 2 1 - 2  . . . . .  q - 2 1 - 2 2  and  L=Lq2q. ,  etc. ,  

t he  # t h  subgroup  b y  p u t t i n g  s = 0 ,  1, 2 . . . . .  2 , - 1  and  L = L e ,  e. 

These solut ions  are  l inea r ly  i n d e p e n d e n t  and  al l  r egu la r  a t  z = 1, which is an  

a p p a r e n t  s ingular i ty .  

E X A M r L ~  3. I f  ~ + ? ~ = 1 ,  i = 1 ,  2 . . . . .  n, t hen  / ( x ) = l  and  the  d i f fe ren t ia l  

equa t ion  (1.2) has  the  following n solut ions  all  l inear ly  i ndependen t  
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zei (log Z) s - 1  8 = 1, 2 . . . . .  2~ 
1 - z  i = 1 , 2  . . . . .  ~.  

This  holds  whe the r  all  y~ belong to  the  same group  or not .  

W h a t  has  been  said  here  concerning the  solut ions  a t  the  origin, is also va l id  

for t he  solu t ions  a t  z =  ~ .  I f  ~1, ~2 . . . . .  ~v form a group,  and  a n y  of t he  pa ra -  

me te r s  y~ do no t  sa t i s fy  t he  condi t ions  in a r t .  19, t hen  the  solu t ions  men t ioned  the re  

reduce  in t he  same w a y  as above.  I t  is only  necessa ry  to  in te rchange  cr and  

t o g e t h e r  wi th  z and  1/z .  

21. The re la t ions  be tween  the  solu t ions  a b o u t  z = 0  and  z =  co can be found  

in the  fol lowing manner .  W e  suppose  f i rs t  t h a t  no two of t he  ~ or  yi are  equal  

or  differ  b y  an  in teger  and  t h a t  ~ + 7 s  is no t  zero or a nega t ive  integer .  Le t  us 

consider  the  decompos i t ion  in to  p a r t i a l  f rac t ions  

1 r~ sin g ( 7 ~ - x ) _  ~ bj 
(3.32) 

sin a (y, - xi  r=lJ'l sin ~ (x + ~ )  j=l/- sin g (x + r 
o 

I f  we m u l t i p l y  bo th  sides b y  sin ~r (x + cq) and  t hen  p u t  x = - c 9, we ge t  the  fol lowing 

express ion  for  t he  cons tan t s  bj 

1 I~ sin ~r (~j + y~) 

bj sin a ( g j +  v~l~ (3.33) Y~) 
1-1' sin a (a. - ~j) 

v=l 

Mul t ip ly ing  bo th  sides of (3.32) b y  a ]  (x) we ge t  

~=1 = ~ b1 v=l 

I~I P (x+ 1-r~) ,=1 I ] r  ( 1 - ~ . - x )  
~=1 v=l 
v#:s ,'4:t 

, (3.34) 

where  s is one of the  numb e r s  1, 2 . . . . .  n. I f  we m u l t i p l y  bo th  sides of th is  re la-  

1 z~:e_,~ x and  i n t eg ra t e  f rom u - i ~  to  ~ + i ~  in such a w a y  t h a t  all poles  t i on  b y  

Y ~ , y v + l , y , + 2  . . . .  lie on the  r igh t  and  the  poles  - ~ , ,  - ~ - 1 ,  - ~ - 2  . . . .  ( v = l ,  

2 . . . . .  n) on the  lef t  of the  p a t h  of in tegra t ion ,  we ge t  (3.5), which m a y  be w r i t t e n  

-~ iy  * e s Ys (z) = ~ bj e~'~J~; (z) s = 1, 2 . . . . .  n, (3.35) 
1=1 

and  this  re la t ion  is va l id  for 2 ~ > arg z > O. 
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22. We now suppose t h a t  ~1, ~2 . . . . .  ~p form a group and t h a t  the same is 

the case for 71, 7~ . . . . .  7q" We assume them to  be ranged in a descending order of 

the  real parts.  Fu r the r  we suppose t h a t  cq + 7~ is not  zero or a negat ive integer. 

By  decomposi t ion into part ia l  fractions Le t  r be one of the numbers  1, 2 . . . . .  q. 

we get 

f i  sin ~ ( 7 , - x )  
e_~rz  v=r+l 

f i s i n  ~ (x + ~ )  

$ 

= ( 2 i y  ~ ~("-') ( e - ~  e 

(p  - s)  i (2 i )  ~ 1-[ s in  ~ (x + ~)  
v = l  

n I~ sin a ( ~ s + 7 . )  e-:~(x+o:~) 
+ ~ "~- -+~ _ _ _ _ _  e ~  

~--A'~+l I-I' sin ~ (oc, - cq) sin ~ (x + o~) 
v = l  

(3.36) 

where ~0 (x) is the rat ional  funct ion 

~ ~] (x - e 2 ~ )  
(x) = ( - 1) "-~ e 1 

I~I (x- e - ~ )  
p + l  

(3.37) 

i(x) , 
Multiplying both  sides of (3.36) by  ( ~  we get  

e_,~r~ P (7~- x)I~I '  (x + ~)  
1 1 

n 

(2~i)~ 1-I P (x+ 1 - 7 , )  
r + l  

8 8 n 

~ (Z ~, s~) YI r (x + ~)  I ] P  ( 7 , -  x) 
qg(p-s )  ( g - 2 x e i ~ )  e 1 1 1 

P 

s ~ l  

§  
(2i) r-1 

s ~ p + l  

§ 
n 

(P -S)  ! (2 ~/)s YI F (1 - ~ , -  x) 
s + l  

sin z (~s +7~) e _ ~ ( x + ~ ) F ( x + ~ s ) I - [ F ( 7 ~ - x )  
v = r + l  ~ n i r  cz s 1 

]-[sin xe (:r ~s) 2 ~ i  F ( 1 - ~ - x )  
1 ~ = i  

v~:s 
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I f  we mult iply  bo th  sides of this equat ion by  z ~ and integrate  f rom ~ - i c ~  to ~ + i ~  

in the  same wa y  as above, we get, using the  nota t ions  in art.  18 and 19, 

- - t  ~ r ,  ~ 1) s-1 (~(~-s, (r ~,) 
* e ys (z) + e 1 y r  ( z ) =  ( -  2~8~,  -* 

~_~ ( p -  s)! (3.38) 
n 

1 n_~ 1-I sin g ( ~  + y,) 

+ ( 2 i ) ~ - 1 ~  ~ ' - i n ~ -  ~~ ~ : ( z ) ,  
V = I  

and this relation is valid for 2 g > arg z > O. 

Especially, if we pu t  r = 1 and  interchange Yl and yj, where j > q, we get  the 

relat ion between yj (z) and y~ (z), y2 (z) . . . . .  ~ (z). I f  the ~ or the  y~ form several 

groups, we m a y  t rea t  each of these groups in the same way. 

To get  the inverse relat ion we only need to  decompose 

r I s i n  ~ (x + ~ )  
e -g i rx r+ l  

n 
KI sin 7~ (7~ - x) 
1 

into part ial  fractions, where r now is one of the  numbers  1, 2 . . . . .  p; let ~1 (x) de- 

note  the  rat ional  funct ion 
n 

~ | ( ~ gu+ ~ yu) r+YI1 (X -- e-2~t ~') 
~1 (x) = ( - 1) 3 e r+l 1 (3.39) 

KI (x  - e 
q+l 

Thus we find 

( -  1y - l e  1 _. 1..s~Vl I )=~2~i$}'~ */ ~-- 

(3.40) n 
n ,  1-I sin ~ ( ~ + Y s )  

1 " ~  ,=~+~ _ _  _~irr s r . . . .  e ~s (z), 
+~2ijr-1; ~ ~ , . 

s=q+l 1-I s m g  (y,--  ys) 
u=l 

where 2 ~ >  arg z > 0 .  

The interrelations of the logari thmic solutions about  the origin and the  point  

at  infinity have been considered by  LindelSf [21] and Mehlenbacher [26] in the  ease 

n = 2; fur ther  by  F. C. Smith [59] in the general case; bu t  the above demonst ra t ion  

is much  simpler. 
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23. 

solutions. 

and  t h a t  :q + 7s 

we get  

where  

Now we shall consider the  re la t ions be tween  ~ (z) and  the  above-ment ioned  

We suppose,  first, t h a t  no two of the  V* are equal  or differ b y  an integer  

is not  zero or an  integer.  B y  decomposi t ion  into par t ia l  f ract ions 

,=1 sin ~ ~ ,  - - - ~  -- - + Bs s, )' (3.41) 

f l s i n  st (a~ + y~) 
B s  = v = l  

n 

YI' sin 7t (y~ - 7~) 
(3.42) 

Mult iplying bo th  sides of (3.41) b y  / (x) ,  we get  

n 

7 ( x ) + e ~ ' ~ l ( x )  = Z Bs e~'("-~) 
~=1 sin ~ (y, - x) / (x). 

I f  we mul t ip ly  b y  Z/2~zi and in tegra te  f rom n - i o ~  to n + i o o ,  we get  b y  (2.46) 

and  (3.17) 

Sn (z) 1 ~ . 
I" (fl~ + 1) g~=~B'  y,  (z) (3.43) 

n 

FI' r (7 , - r , )  
v = l  

~=1 I-I I '  (1 - e , -  y~) 
v = l  

y~ (z). (3.44) 

I f  we suppose t h a t  no two of the  ~, are  equal  or differ b y  an integer,  we m a y  

in terchange r162 and  y and  we get  

(z) 
- ] ~ ~ if: (z) (3.45) r (~. + 1) s t  , = 1  

where 

n 

/ 
f l  F ( 1 - e . - 7 , )  

I • I  sin st (:q + 7~) 
a s  = v = l  

n 

I T  sin st (o:~ - :q) 

ff~ (z), (3.46) 

(3.47) 
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24. Nex t  we suppose t h a t  ~ ,  7~ . . . . .  yq form a group. I f  we pu t  

IJ (x -e  ~ ' )  
q §  

we have by  decomposi t ion into part ial  fract ions 

(3.48) 

~i sin 7~ (x + r162 ~ e~(r~ -~) 
~=1 sin ~ ( 7 ~ - x )  = - e - ~ ' ~  + B~ ~=q+l sin z ( 7 ~ -  x) 

+ 

+ 

q 

(q-  s) ! (2 i) ~ 
s = l  

Multiplying by  /(x),  we get  

e~ i  (?s -  x) 
~(x)+e-~'~/(x)= ~ Bs. /(x)+ 

~ + 1  s m = ( r ~ - x )  

§ 

$ 

~ (Z ~-~x) 
e 1 

I~ sin ~ (7~ - x) 
v = l  

q 

y ( _ l F ~ (  ~ .)(e~.~,,)e_~sr~ ~ ( Z ~ - ~ )  F(~,~-x) l - I F ( x + ~ )  

s = l  (q--8) ! (2 7e i) s i~ F ( x _ 7 , +  1 ) 
$ + 1  

(3.49) 

I f  we mul t ip ly  bo th  sides of this equat ion  b y  z * and integrate  f rom n - i ~  to  n + i c o  

in the same manner  as above, we find 

(z). (3.50) 
F (fin § 1) (q -- s) ' 2 ~ i s = l  �9 :T~ $ = q + l  

I f  we finally suppose t h a t  %, ~2 . . . . .  ~ form a group,  we have in the  same way  

where 

F (fl~ + 1) (p - s)! 2 z i ~ (z) + - / ~  y~ (z), (3.51) 
s = l  ~/: s = p + l  

[I (x -  e ~ )  
~l) 1 (X)  = e. ~ t f l n  1 (3.52) 

I~ (x-  e - 2 ~ )  
p + l  

Thus all these relations between the different solutions follow immedia te ly  from the 

e lementary  formula  for decomposi t ion of a rat ional  funct ion into part ial  fractions.  
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w 4. New Integral Representations of the Solution ~. (z) 

25. Let  us suppose ~ (fiR) > - 1 and choose a number  :r so tha t  ~ (~ + fin + ~ )  > 0 

(s = 1, 2 . . . . .  n). Then the integral 

1 
f t z 1 ( 1  --t)a-x-l~n (t) dt (4 .1 )  

o 

is convergent in the strip 

- ~ (Ts) < ~ (x) < ~ (cr + fiR) s = l, 2 . . . . .  n. (4.2) 

I f  we expand ( l - t )  ~ z-1 by  the binomial theorem, te rm-by- te rm integration is per- 

missible (see Bromwich [5] p. 497), because the integral 

is convergent. Then we have by  (2.18) tha t  the integral (4.1) is equal to 

"'~11 ~ | F ( x + ~ s )  ~ , [ x - ~ + l  x + ~ l  x+~2 ... X+~n ) (4.3) 

and this series converges in the half-plane ~ (x) < ~ (~ + fiR). Put t ing t = z/(1 + z) in 

(4.1), we get 

0 
R 

= F ( f l R + I ) N  F ( x + y ~ )  F ( X - ~ + l  x + y  1 x + y  2 
~ F ( x - ~ + l )  [ x _ ~ l + l  x _ ~ 2 + l  ... 

�9 .- x+Tn~ 
l 6 

X-- tZn -t-1] 

(4.4) 

The right-hand side is regular in the strip (4.2) and the integral on the left-hand 

side is absolutely convergent in this strip. The integrand is regular for all finite 

values of z, different from 0 and - 1 ,  and from (1.33) we know how it behaves in 

the vicinity of the point at  infinity. I t  is easily seen tha t  the integral  on the left 

does not change if we rotate  the pa th  of integration and integrate  from 0 to c~e ia, 

where ~ > z $ > - 7 r .  I t  follows tha t  we can apply ~r inversion theorem (see 

Doetsch [7] p. 115) and we get from (4.4) 

~ (z) = 

~+i~ (4.5) 

2• i  .! \ z /  ''l F ( x - ~ + l )  \ x - ~ l + l  x - ~ 2 + l . . . x - : r  
ioO 
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w h e r e - ~ ( ~ s ) < g < ~ ( ~ + f n ) ,  and this integral is convergent for g >  a r g (  1 -  1 ) > - - ~ ,  

i.e. in the z-plane cut from 1 to +o o  and from 0 to - ~ .  

If  in the integral (4.1) we substitute the series (1.33), term-by-term integration 

is permissible because the integral 

1 

f 19~, n Itx+e,-1 (1 

0 

is convergent, as is easily seen from (1.49). Thus we get 

i~i F ( x + , s ) F ( ; - ~ + I  x+~q x+~,2...x+~,,~ t 
s = l F ( X - ~ + l )  ~1+1 x - ~ 2 + l  ... X-~n+l /  

(4.6) 

P (fn+ 1 ) r  (~+fn  +r~) .-0 ( fn+ 1). (~ + fn + r,). 

The series on the left is convergent in the half-plane ~ (x)< ~ (~ +Bin), and the series 

on the right is convergent in the half-plane ~ (x + y,) > 0 (s = 1, 2 . . . . .  n), thus both 

series are convergent in the strip (4.2). This remarkable transformation formula gives 

the analytic continuation in the entire plane of any hypergeometric series with z = 1, 

and it  shows that  the hypergeometrie series on the left-hand side has poles of the 

first order at the points x=cz+fn, ~ + f n + l ,  ~ + f l n + 2  . . . . .  In the special case 

n = 2 (4.6) reduces to a formula given by Thomae [61] p. 33 and later by Barnes [4]. 

cr is a parameter,  which we have introduced to secure the convergence in all 

eases. The right-hand side of (4.5) only apparently depends on ~. I f  we put  ~ ==,, 

then _~ reduces to a hypergeometrie series of the order n, but  in tha t  case we must 

assume tha t  the parameters satisfy the inequalities ~ (~ + f n + y , ) >  0, s =1,  2 . . . . .  n. 

If  we give i the values 1, 2 . . . . .  n, from (4.5), we get n equivalent integral repre- 

sentations valid under the last-mentioned assumption. 

26. Now we choose a number y so tha t  ~ (~, + f~ + y) > 0 (s = 1, 2 . . . . .  n) and 

assume ~ (Bin) > - 1. The integral 

oo r _ _ ft-~(t-ly~-lr162 
1 1 

is convergent in the strip 

- -  ~ (cr < ~ (x)  < ~ ( f n  + r )  s = 1, 2 . . . . .  n .  ( 4 . 7 )  

Expanding by the binomial theorem and integrating term-by-term we get by  (2.19) 
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t_e(t_l)e_x_l$.( t)dt  = ( x - y + ) .  t_z_ , ~$n(t)dt 
v = 0  '/2' , 

1 1 

~ F ( x + r 1 6 2  x + ~  x + ~ . . . x + g n ~  
=r (fn+~)Cllr ( x - ~  - - y l + l  x - - y l + l  ... X - - y n + l ] '  

(4.8) 

where the series on the right-hand side is convergent in the half-plane ~ (x) < ~ (Bin + Y)" 
Putt ing t = ( l + z ) / z  we get in the strip (4.7) 

o o  

f Z x'-I (1 

0 (4.9) 
n 

= r  (fn + 1 ) ~  r r (x + ~ S ) ( x _  rs + 1) ~'-/x-~x _ y +1 x + ~ l  ~+  ~ ... ~ + ~ .  ] 
71+1 x - y 2 + l  ... x - y n + l ]  

The right-hand side is regular in the strip (4.7) and the integral on the left-hand 

side is absolutely convergent in this strip. The integrand is regular for all finite z 

different from 0 and - 1 ;  from (1.37) we know how it behaves in the vicinity of 

the point at  infinity. The integral on the left-hand side does not change if we rotate  

the path of integration and integrate from the origin to ~ e  i~ where ~>vq > -  u. 

I t  follows that  we can apply Mellin's inversion theorem to (4.9) and we get 

& (z)= 

"+~r n (4.10) 
r(f.+l)~ z~ J( (z_l)~_N_I p(x+~) -/x-7+ll ~ + ~  ~ + ~  "'" x + ~ - ] d x ,  

1 F ( x - y ~ + l ) $ ' \ x - y l §  x - y 2 + l  ... x - y , + l ]  
u - t : ~  

where - ~ (:r < u < ~ (fin + y), and this integral is convergent for ~ > arg (z - 1) > - g. 

If  we cut the z plane from the point 1 through the origin to - ~ ,  then the integral 

(4.10) is convergent in the cut plane. 

I f  we substitute the series (1.37) into (4.8) and integrate term-by-term, we get 

~ = l F ( x - y ~ + l )  \ X - y x + l  x - y 2 + l . . . x - y ~ + l ]  
(4.11) _r(~+~) r ( f .+7-~)  ~ ~.'. (f.+y-~)~ 

where the series on the left is convergent in the half-plane ~ (x)< ~ (fn + y ) a n d  the 

series on the right is convergent in the half-plane ~ ( x + = , ) > 0 ,  (8= 1, 2 . . . . .  n). 

Thus both series are convergent in the strip (4.7) and one of them gives the ana- 

lytic continuation of the other. 

2 2 - 5 5 3 8 1 0 .  Acta Mathematica. 94. I m p r i m 6  lo 19 d 6 c e m b r e  1955. 
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I f  we put  y = y~ in (4.10), then F reduces to a hypergeometric series of the order 

n, but  in tha t  case we must  assume tha t  the parameters  satisfy the inequalities 

( ~ + ~ , §  ( s = l ,  2 . . . . .  n). I f  we give i the values 1 ,2  . . . . .  n, we get n 

equivalent integral representations for ~ (z). 

Natural ly  we m a y  obtain (4.11) from (4.6) by  interchanging the ~ and the y~. 

In  the same way (4.10) may  be obtained from (4.5) by  interchanging Ietters. 

We have supposed ~ ( f t , ) > -  1. By analytic continuation we see tha t  (4.5)and 

(4.6) are valid for all fl~ which are not negative integers. 

27. I f  fl, is a negative integer, say ft, = -  p, we may for the solution ~,  (z) 

regular at  the point z = 1 repeat  the preceding argument.  Then we must  use the 

relations (2.28) and (2.31) instead of (2.18) and (2.19) and take into consideration 

tha t  the series 

(x) .  r 

convergent in the half-plane ~ ( x ) < -  r, where r is a non-negative integer, is identi- 

cally zero for all x in the half-plane of convergence (see [42] p. 105). Then we get 

1 

f t ~-~ ( l - t )  . . . .  ~1~ (t)dt 
0 

=1] V<x+y )  +yl 
s = l F ( x - ~ s + l )  \ X - ~ l + l  x - : r  .., x-~.,~+l] 

(4.12) 

This relation is valid in the strip (4.2). The integral on the left-hand side converges 

in the wider strip - ~ (ys) < ~ (x) < ~ (~), but  the series on the right-hand side is 

only convergent for ~ (x) < ~ (:r - p). Likewise we see tha t  in the strip (4.7) we have 

( - 1 )  v ( , -  1)~  x-1 ~n (t) dt  

1 

= 1:i_ F /x -y+1  x+ l 
~ = l F ( x - y s + l )  \ x - y l + l  x - y 2 + l  ... x - y n + l ] '  

(4.13) 

where the series on the right is convergent in the half-plane ~ ( x ) < ~  ( y - p ) .  I t  

follows tha t  when one omits the factor F (fin + 1), the right-hand side of (4.5) re- 

presents the function ~n (z) and the right-hand side of (4.10) represents the function 

( - 1 )  p ~n (z). The relation (4.6) reduces to 
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r(x-=+l x+r  x+r.] 
~ = ~ F ( x - ~ + l )  \ X - a l + l  x - ~ 2 + l . . . x - : r  

P (x + 7~) P (~ - x) ~ c ~) (~ - x)~ 

P ( ~ + y ~ )  ~=0z" v! ( ~ + y G  

(4.14) 

where  bo th  series converge in t he  s t r ip  (4.2). The series on the  l e f t -hand  side con- 

verges in the  ha l f -p lane  ~ ( x ) <  ~ ( : c - p )  a n d  the  series on the  r i g h t - h a n d  side con- 

verges  in  the  ha l f -p lane  ~ (x + 7~) > 0, s = 1, 2, . . . ,  n. The  func t ion  r ep resen ted  b y  

these  two series has  poles of t he  f i rs t  o rder  in t he  po in t s  x = g ,  ~ + 1 ,  : r  . . . . .  b u t  

i t  is r egu la r  in  t he  po in t s  x = ~ - l ,  ~ - 2  . . . . .  a - p .  Thus  we see t h a t  when fin is 

no t  a nega t ive  in teger ,  the re  is a lways  a s ingu la r i t y  s i t u a t e d  on the  line, which bounds  

the  ha l f -p lane  of convergence for t he  series on the  l e f t -hand  side of (4.6), b u t  when 

fin is a nega t ive  in teger  th is  is no t  t rue .  Then  the re  is a s t r ip  of t he  wid th  p to  

the  r igh t  of t he  ha l f -p lane  of convergence,  in which the  func t ion  in ques t ion is 

regular .  

I f  we suppose  t h a t  none  of the  differences be tween  the  Y~ is zero or  an  in teger ,  

t he  condi t ion  of convergence of t he  series on the  r i gh t -ha nd  side of (4.6) and  (4.14) 

m a y  be given a l i t t le  more  precisely.  F r o m  (1.45) i t  appea r s  t h a t  these  series t hen  

converge if ~ ( X + y s ) > 0 ,  s= l ,  2 . . . . .  i - l ,  i + 1  . . . . .  n. 

w 5. The Solut ions Regular  at z = 1 

28. W e  suppose  now t h a t  none  of t he  differences be tween  the  y~ is zero or  an  

integer .  I f  we form the  difference be tween  two  solut ions  of t he  form (3.17), we ge t  

y~ (z) - y~ (z) 

u + i ~  

sin 7l(y~-y,) f zX [ (x) dx 
2 i sin ~ (Ts - x) sin ~ (Th - x) 

~- lzr  

This i n t eg ra l  is convergent  for 2 ~ > arg z > - 2  z a n d  therefore  represen t s  a solut ion 

r egu la r  a t  z = 1. F o r  the  sake  of b r e v i t y  we p u t  

Then  we have  

y :  (z) - y~ (z) sin ~ (yh - y~) ya,~ (z). (5.1) 

~r162162 

1 f ~2 z x / (x) d x 
yh,~ (z) = 2 ~ i sin ~ (~s - x) sin ~ (~'h - x) 

(5.2) 

and  consequen t ly  yh, s is s y m m e t r i c  in ~ and  ys. Here  we m a y  give h and  s a n y  
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two  d i s t inc t  of t he  va lues  1, 2 . . . . .  n. Al l  these  solut ions  are  no t  l inear ly  independen t .  

I t  is i m m e d i a t e l y  seen t h a t  the re  exis t  be tween  t h e m  re la t ions  of t he  form 

s i n  ~ (yh - 7t) Yn, ~ + s in  z ( ~  - ~j) y~, ~ + s i n  ( ~ j -  7n)  YJ, h = O, (5.3) 

b u t  the  solut ions  yt, j (? = 1, 2 . . . . .  i -  1, i + 1 . . . . .  n) are  l inear ly  i n d e p e n d e n t  and  to-  

ge the r  wi th  }n t h e y  form a f u n d a m e n t a l  sys tem if fin is no t  an  integer .  

I f  no two of t h e  ~ are  equa l  or differ  b y  an  in teger ,  we see in the  same way,  

if we form t h e  difference be tween  two solut ions  of the  form (3.20) and  p u t  

ff~ (z) - f ;  (z) = sin z (~n - ~ )  fn ,  s (z), (5.4) 

t h a t  fn ,  s (z) is r egu la r  a t  z =  1, and  we have  

~ + f o o  

1 f z ~ z x [ (x) d x  
ffh, s (z) = 2 ~ i  sin ~ (x+0q)  sin z~ ( x +  ~h) 

~r162 

(5.5) 

Consequen t ly  ffh,~ is s y m m e t r i c  in ~h and  ~s and  we have  the  re la t ions  

sin z (con - ~i) fih, ~ ~- sin ~ (~, - ~s) ff~, J + sin ~ (ccj - cch) ffj, h = 0. (5.6) 

The solut ions  ff~,j (7" = 1, 2 . . . . .  i - 1, i +  1 . . . . .  n) a re  l inear ly  i ndependen t  a n d  toge the r  

wi th  ~n t h e y  form a f u n d a m e n t a l  sys tem,  if /~n is no t  an  integer .  

I t  is suff icient  to  consider  one of these  solut ions  r egu la r  a t  z =  1, for ins tance  

Yl.2 (z), as t he  o thers  m a y  be  de r ived  f rom this  b y  in te rchang ing  le t ters .  Thus  we 

have  for 2 ~ >  a r g z > - 2  

I 
1 F (~1 -- x) P (7~.- x) I q F  (x + ~ )  

1_ d x ,  (5.7) 
n 

Yl,2 (z) -- 2~zi 1-IF ( x +  1 - ~ , )  

where  t he  contour  is curved  to  s epa ra t e  t he  increas ing and  decreas ing  sequences of 

poles. W e  shal l  g ive  a r ep re sen t a t i on  of these  solu t ions  in series of hype rgeomet r i e  

po lynomia ls .  B y  th i s  we shal l  need  the  fol lowing l emma.  

29. I n  (3.3) we replace  n b y  n + l  and  le t  z - + l  on bo th  edges of t he  cut  f rom 

0 to  ~ .  Then we ge t  two equa t ions  be tween  which we e l imina te  t he  las t  t e r m  on 

the  r i gh t -hand  side. I f  in add i t i on  we replace  ~n+l b y  - x ,  we ge t  the  fol lowing 

re la t ion  
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n 
YI r (g,, + 71) 

n+l 
I-[ P (71 - -7  v§ l) 
v=l 

\7i--73 § 71--Y3 § ... 71--7n§ 

~=1 
I~(X§247 ) r  ( x - 7 1 - / - ] ) F (  (zt§ ~ i§  "'" ~ l§  ) 

\ ~ - ~ + 1  ... ~-~r x § 2 4 7  ' 

(5.8) 

where the As are independent of x and have the following values: 

n 
H' p (~,- ~) 

A~ = F  (m +Yl) ~+i 
I] P (1 - ~-7~) 
V=2 

Here all series are convergent if the real part  of x is greater than the real part  of 
n n+l 

-n + ~ + ~ Yi. The hypergeometric series on the right-hand side are factorial 
1 1 

series in x, which converge uniformly towards 1, when x increases towards infinity 

in the half-plane of convergence. Therefore (5.8) shows immediately how the func- 

tion of x defined by the series on the left-hand side behaves asymptotically in the 

half-plane of convergence. This may be expressed more briefly in the following way. 

For any hypergeometric series with z = 1 we have 

F ~1 (xs "'" (Xn ~ _ _  

\Yl Y2 �9 Y~ i=i x ~ 

where Ci are constants independent of x. This series converges if the real part  of 

x is greater than the real part of i (cci- 7~) and the asymptotic expression is valid 
1 

when x approaches the point at infinity in the half-plane of convergence. By this 

we must suppose that  none of the differences between the at is zero or integers and 

that  the ~ and the Y~ are not zero or negative integers. Moreover, it can easily be 

proved that  for the analytic continuation of the function of x defined by the series 

we have the same asymptotic expression in the angle 7r - s > arg x > - s + e, but  here 

we do not need this extension. 

One may derive a similar and in a certain respect more general theorem from 

the transformation formula (1.22), which can be written 

( l - x )  - 1 F  1 ~ a - . . ~ n  x F ~1 ~ 3 . - .  ~n - z x ~. Z ~v 
Yi Y3 Y. Yi Y3 .-. Y 
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Here  we th ink  of z as a fixed number  which satisfies the inequal i ty  [ z -  1 [ <  1. Then 

the  point  x = 1 is the singulari ty nearest  to  the origin, and the lef t -hand side m a y  

b y  (3.3) be represented as a sum of n §  power series in 1 - x  with the first ex- 

ponents  0, ~ 1 -  1, ~ 2 -  1 . . . . .  ~,~ - 1. F rom a previously proved theorem ([39] pp. 21-22) 

it follows t h a t  for large positive values of ~ we have 

F ( ~ 1 ~ 2 . . . ~  n - v  z ) ny 
\71 72 "" 7 n = '-----1Ci ~' 

~i -~- 0 ([ ~-gi-1])) ,  (5.10) 

where Ct does not  depend on v. This relat ion is valid under  the assumptions men- 

t ioned above for (5.9). Bu t  if any  of the  differences between the  ~ is zero or an 

integer, it is seen in the  same way  by  (3.38), using the  theorem of Perron [46] 

p. 368 al ready ment ioned in art.  8, t h a t  

z ,-~ C~v ei (log ~)q, (5.11) 

w h e r e  r~ are non-negat ive integers and I z - 1 [ < I.  

30 .  We suppose now tha t  no two of the 7~ are equal or differ by  an integer and 

we shall, for n > 2, consider the solution Yl, 2 (z), regular at  z = 1. I f  n = 2 ,  we have 

the well-known relation 

P(~,+72)P(~2+Y2)z,,F(%+7", ~2+72 ) 
P (72 - 71 + 1) 72 - -  71 q- 1 Z -- 

r (~1+ 70  r (:r +71) ( % + 7 ,  ~2+711z ~ (5.12) 
-- F ( 7 1 _ 7 2 + 1  ) zV'F \ 71- -72-} -1  [ ] 

_ s in x e ( 7 1 - 7 2  ) I'~ ((Xl~-yl) ln (0~2~-71)I'~ (~1-}-72)P ((x2-~-72)zT, F (0c1-~71 0~2-~71 1 - z ~  
p (1-  &) \ 1 - &  ] 

given by  Gauss in a non-symmetr ic  form [14] p. 213. 

The relation (2.19) can be wri t ten 

z 

t x - l~n  d t = z X P ( f l n + l )  = p ( z + l _ T s ) ,  (5.13) 
0 

where ~ (fin) > - 1 and ~ (x + cq) > 0, s = 1, 2 . . . . .  n. The funct ion ~, (z) depends on 

the  parameters  % . . . . .  ~r and 71, . - . ,  7~, and we can more elaborately write 

Z " 
71 72 
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If  in (5.13) we replace n by  n - p ,  where p < n ,  we get 

tx l~n-P \7p+I~XP+I *,.''" 7n~n dt=7:xr(8n__S,)l- ~p+l P ( - x ~ i  : ~ s )  ' (5.14) 

o 

where ~ ( S n - S v ) > O  and ~ ( x + ~ ) > O ,  s = p + l ,  p + 2  . . . . .  n. 

We shall now consider the integral 

t r ' - l F  ~I+71 Ot~+71 t ~n ~ dt, 
7 1 - 7 2 + 1  .-- 7 1 - 7 v + 1  ~'v+l ... 7n t /  

0 

where we suppose ]z[ < 1, ~ (sin - 8~) > 0 and ~ (~s + ~1) > 0, 8 = p -~ 1, p ~- 2 . . . . .  ~b. 

Then the integral is convergent. We expand the hypergeometric function under the 

sign of integration in powers of t. This series is uniformly convergent in the interval 

of integration and the integral (5.14) is absolutely convergent for X = T r  Therefore 

we can integrate term-by-term,  and if for the sake of brevi ty  we denote the integral 

(5.15) by  g(z), we have by  (5.14) 

F (8~ - Sv) y~ (z) = r I  F (~  + 71) ~=1 F (71-7~ + l) g (z). (5.16) 

I f  we put  p = 2 ,  interchange 71 and 72 and form the difference between the two 

expressions thus obtained, we have by  (5.12) 

1_82  1 - t  $n-2 - - ,  
7a 7~ t 

0 

where 

F (~, + 71) F (~2 + 71) F (~i + 72) F (~2 + 72). K =  
P (8. -82)r  (1-82) 

We suppose now tha t  

I z - l [ < l ,  ~ ( 8 , - 8 2 ) > 0 ,  ~ ( 7 2 ) > 9 ~ ( 7 , ) >  - ~ ( ~ ) ,  s = l ,  2 . . . . .  n. (5.18) 

We expand the hypergeomefric function under the sign of integration in powers of 

1 -  t. This series is convergent for t = 0  and consequently uniformly convergent in 

the interval of integration and the integral (5.14) is absolutely convergent for x = 71" 

Therefore we can integrate te rm-by- term and we get 

z 

Yl'2Iz)=K~(~1~-'l)V((~2-~'l)vf ~ ' ~ - I ( l r = 0  v!  (1 -- 82)v --t) I,-~n_2\~) 3|[~3"''~n:) dt'~)n (5.19) 

0 
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F r o m  (5.14) follows now 

0 0 

= z y ,  r ( ~ n _ ~ 9 : ) ~  8 C - ' p  ~ 1 ~4 -{- "'" 0On + 71 
F ( y l - y ~ +  ) \ 7 1 - 7 3  Y l - Y ~  1 .. .  7 1 - 7 ~ + 1  z �9 

Subs t i t u t i ng  th is  express ion in (5.19) we ge t  

yl. 9: (z) = Ci z~' Y~ 2(~1-+ 71)~ (~9: + 71)~ F - "  ~3 + Yl ~ + 71 .. .  ~ + Yl z 
�9 ~ o ~ !  ( e l + e g :  + 7 1  +yg:) ,  7 1 - 7 3  + 1  7 1 - - 7 4  + 1  . . .  7 1 - 7 n + 1  ' 

where  

(5.2o) 

F (~1 + 73) F (a, + 79:) s=~[I F ( ~  + 71) 
(5.21) 

CI F (al  +(zg: + 71 + 79: ) YIF ( Y l - Y ,  + 1) 
S=3 

F r o m  (5.11) i t  follows t h a t  the  series on the  r i g h t - h a n d  side of (5 .20) is  convergent  if 

I z - 1 [ < 1 and  ~ (~s + 79:) > 0, s = 3, 4 . . . . .  n. B y  ana ly t i c  con t inua t ion  i t  is seen t h a t  

(5.20) is va l id  if these  condi t ions  are  fulfi l led and  none  of the  number s  ~i + 73, ~3 + 79:, 

r162 s = l ,  2 . . . . .  n is zero or nega t ive  integers .  

P u t t i n g  10=1 in (5.15) we have  in the  same w a y  

yl ,2(z)=K F ' - I F k ~ q + ? I + I  1 ... ocn z~ 
o 

z 

~1 q- 71 + 1 79: Yn 
o 

where  

K =  
I~ (~1 -kY2) F (71 - - 7 2  "q- 1) 

(~1 + 71) r ( ~  - ~1) 

E x p a n d i n g  in powers  of 1 -  t and  i n t eg ra t i ng  t e r m - b y - t e r m  we ge t  in the  same w a y  

as above  the  fol lowing two new expans ions  

(5.22) 
(e1+y2)~§ \ 1 y l - y 3 + l  y l - y 4 + l . . . y l - Y ~ +  1 

--/ '~ ~7, ~' {71 --  72 + l ) ~  ~ [ - ~ cr 2 , 71 0r "~ 71 . . .  ~ ~- 71 2: (5 .23)  
Yl, 2 (z) - -3  ~ z, - - 

, = o V ! ( ~ l + y l + v )  k y l - y 3 + l  y l - Y a + I - - . y l - Y ~ +  1 

where  
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n 

FI P (~s + yx) 
C 2 = F (Y2 - Yl ~- 1) n s = 1 

U P ( n - r ~  + 1) 
S=3 

(5.24) 

P (~ + Y~) 
8=2 

Ca = P  (~1 + y2) 

I-i P (7~- ys + I) 
S=3 

(5.25) 

These series are convergent  and represent Yl, 2 (z) if { z -  1 ] < 1 and ~ (g~ + Y2) > 0 

s = 2, 3 . . . . .  n. Fu r the rmore  we mus t  assume t h a t  none of the numbers  :q + y~, ~s + h ,  

s = l ,  2 . . . . .  n is zero or a negative integer. 

Nex t  we shall consider 

z 

ten-1 ~ 1 - t '  
0 

where I zl < 1, ~ (ft,) > - 1 and ~ (:r + h )  > 0 ,  s = 1, 2 . . . . .  n. Then the integral  is 

convergent  and if we replace ( 1 -  t) -1 by  ~ t ~ t e rm-by- te rm integrat ion is permissible 
0 

for the same reason as above and we get  f rom (5.13) 

z 
. 1 F 1 - 1 -  / z \  d t  

Y l ( Z )  l l  (fin _~ l )  J t r  ~rt ~ t )  1 - -  t " 
0 

F r o m  this follows again 

gl, 2 (z )= sin : ~ ( h - Y 2 )  F ( f l ~ + l )  ~ - ~ ' ~  t - "  
0 

We assume now in (5.27) 

F rom the  binomial theorem we get  

(5.26) 

(5.27) 

s =  1, 2 . . . . .  n. (5.28) 

1 - - ~  = tr'~=o ~ ( v + l )  l - ( I - - t )  ". (5.29) 

The series on the r ight -hand side is uni formly convergent  in the  interval  of integra- 

t ion and the integral (5.13) is absolutely convergent  for x = y  r Inser t ing  the series 

(5.29) in the integral (5.27) we are allowed to integrate  t e rm-by- t e rm and we get  

23- -553810 .  Acta Mathematica. 94. I m p r l m 6  le 19 d6cembre 1955. 
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Yl, 2 (a) = 

z 

0 

F r o m  (5.13) i t  now follows 

z z 

f �9 

t r ' : l ( 1 - t ) ~ =  d r =  ~ , ( - v ) ~  (t~,+8_1~ ~ dt  
~=o s! J 

0 0 

= Z?' r (/~n At- 1)  l ~  17 (~s -4- 71)  .F ~" 
= F ( 7 1 - 7 ~  + 1) 

Inse r t ing  this  express ion in  (5.30) we get  

dt. (5.30) 

71--72+1 71--7a+1 y:--yn+l[ ]z �9 

1 z) ( 31, 
~ o  71 - 72 + 1 71 - ?a + 1 71 - 7 -  -}- 1 ' 

where  

(71 -73 )  f i  F ( ~ s + 7 : )  
C sin z~ ( 7 1 -  72) ~=1 F ( 7 1 -  7s + 1)" 

(5.32) 

Thus  th is  re la t ion  is p roved  when the  condi t ions  (5.28) a re  fulfi l led,  b u t  f rom (5.11) i t  

appears  t h a t  the  las t  series converges  when ] z - 1 1 < 1 and  {R (es + 73) > 0, s = 1, 2 . . . . .  n. 

B y  ana ly t i c  con t inua t ion  we see t h a t  (5.31) is t rue  when the  l a s t -men t ioned  condi-  

t ions are  fulfi l led and  none  of the  numbe r s  ~ + 71, s =  1, 2 . . . . .  n, is zero or  nega t ive  

integers .  

As Y1,2 (z) is s y m m e t r i c  in 71 and  72, we can in te rchange  71 and  72 in  these  

four series of hype rgeomet r i c  po lynomia ls .  W e  then  g e t  new series which r ep resen t  

yl,2 (z). F u r t h e r m o r e  we m a y  p e r m u t e  the  ~ and  st i l l  the  series r epresen t  t he  same 

solution.  

I f  we in te rchange  cr and  Y and  replace  z b y  l / z ,  we ge t  the  series which  re- 

p resen t  the  solut ion y:,2 (z) r egu la r  a t  z = 1. These series a re  convergen t  in the  half-  

p lane  {~ (z) > �89 

I n  th is  connect ion  we shall  in add i t i on  men t ion  a r e m a r k a b l e  expansion.  The  

t r ans fo rma t ion  fo rmula  (1.22) can be wr i t t en  

( l - x )  ~ F  ~ ~1 ~ - . . ~  z ~  
71 7z "-- 7~ ~=o v! 71 73 �9 7~ / 

I f  [ z - 1 ] < l  and  ~ ( ~ ) < ~ ( ~ ) ,  s = l , 2  . . . . .  n, the  series on the  r i gh t -ha nd  side is 

convergent  for x =  1 and  f rom (3.3) i t  follows t h a t  the  l e f t -hand  side converges  to-  

wards  a l imi t  when x - + l .  Then  this  l imi t  is equal  to  the  sum of the  series in v i r t ue  

of Abel ' s  t heo rem on con t inu i ty  of power-ser ies  and  we have  
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~ ( e ) ,  ( - ~  ~ ~ . . .  ~ zl F - - F  

This series can then be evaluated in terms of gamma-functions. 

is a negative integer - p ,  we have the elementary relation 

- ~ ~ "'" z" V [  (~)" ( - 1 ) "  p ~ ~ z 

I t  is easily seen that  all these relations may be obtained by convolution, but  

the above proof is simpler. 

= z -  ~ i~i P (~s - ~ )  r (~ ) .  (5.34) 
,_~ r (),~ - ~) r (~) 

In  particular if 

3 t .  If  in 

we get 

(5.7) we differentiate s times with respect to z and then put  z = l ,  

I 

(__l)s(dS(z-Y'yl. 2(Z)!) 1 f r r (x+ 1 dx~ 
dZ s / z=l  =2~zi I ~ r  (x+ 1 - ~ , )  

x-too 3 

The integral on the right-hand side is equal to the series which is obtained from 

(5.20) by  replacing ~ by ~s + 8 and putting z = 1. From Taylor's formula we then get 

(gl-~]2)s (~2+$~)~ A ~ ( l _ z )  ~, 
Yl, 2 (z) = C 1 z ~ ~ o  s ! (cq + r162 + ~q + ~2)~ 

(5.35) 

where C 1 is the constant (5.21) and 

(~1+r~)~(~2+r1)~ ( - ~  ~3+r~ ~4+~1 ... ~ n + r l  ] .  
A ~ =  ,=o ~ vl. ( : q + c % + ~ l + ~ 2 + s ) ~ F \ ~ l - ~ a + l  7 1 - 7 4 + 1  . . . ~ 1 - y ~ + l ]  

The power series (5.35) is convergent if ] z - 1 [ <  1 and ~ (cos +~2) > 0, 8 =3,  4 . . . . .  n. 

From (5.22) we get in the same way 

1)~ B~ y l . 2 ( z ) = C 2 z ~ ' , ~  (~2-~1-t- ( l - z )  s, (5.36) 
s~0 8! 

where C s is the constant (5.24) and 

~ (0C1 +~l)v F (  1 , ~2 + ~21 ~ 3 + , 1  ... 0~n+' l  ) 

The last series is convergent if ~ (~f + ys) > - 8, i = 2, 3 . . . . .  n. A, and Bs converge 

towards 1 and zero respectively when s-->~. The series (5 .36)is  convergent for 

I z - 1 1 <  1. If  we multiply both sides of (5.7) by z ~' and differentiate with respect 

to l / z ,  we get in the same way from Taylor's formula 
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Yl, 2(Z)=CIZ-Cr 8! (~l-]-ff.2-~21@~2)s s ~ - ]  , 

where C~ is the constant  (5.21) and 

(5.37) 

Es = ~ (q'lJI-~)l~8)v(q'2-}-~?l)" F { - ~  cza-[-yl 0c4J[-~1 ... ~zn-~-~l ) .  

The series (5.37) is convergent  in the hMf-plane ~ (z) > 1, if ~ (~q + yt) > 0, i = 3, 4 . . . . .  n. 

The series (5.35), (5.36) and  (5.37) have the remarkable  p roper ty  tha t  we are able 

to  interchange ?~ and ?~ and permute  all the ~q wi thout  changing the sum of the 

series. I f  n=3, then (5.37) reduces to  

- C  z -a' ~ (gl ~-Yl)S (gl +Yl),F(1-cq-y8 -s 1-~2-y3 1-aa--ya)(z--ly 
Y~'~ (~) - ~ 8% ~ i (~-~ ~)~ y~ - n + l ~ -  n + 1 \ - - ; - /  ' 

and (5.35) reduces to 

Zy, ~ (gl-~-YI )s ( ~  +_Yl)s (ga +Yl)SF (1 -- ~l--Ya 1 -  ~2--Ya 1 -- ~a--Ya~ (1--z)  s , 

3 
1-[ (P ( ~  + yx) P ( ~  + yD) 
v=l 

where Ca = F (1 - fla) P (Yl - Ya + 1) P (y~ - Ya + 1 ) 

Here  we mus t  assume t h a t  ~{ (fla) < 1. 

32. F r o m  (5.26) we get  for all values of z which are not  positive and _> 1 

r162 
* zU~ ( t - rs d t 

Ys (z) = r ( ~  + 1) J ~n (t) t - ~ '  
1 

(5.3s) 

where ~ ( ~ + y , ) > 0 ,  i = 1 , 2  . . . . .  n and 9 ~ ( f l = ) > - l .  We can get  rid of the last 

condition by  relating the  above integral  with a contour  integral. Thus we find, if 

/~, is not  an integer or zero, 
~4 

. ZT'S f Y~(Z)=P(-~n)2~-~i t-rs~n(t) 0 < ~ < 1 ,  (5.39) 

where z lies on the left of the pa th  of integration.  Let t ing  z pass th rough  this 

we get  

y~ (z) = F ( - fl~) ~n (z) + ~ (z), (5.40) 

where ~s (z) is a solution regular in z = 1, which m a y  be represented by  the integral  
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g+fc, o 

zVs f t r . ~ " ( t ) d t  ~. (z )=V ( -  ft.) ~-~= / t - z  
n- too  

O < z < l ,  (5.41) 

where z lies on the  r ight  of the  p a t h  of integrat ion.  

I f  we assume 

of. (z) = z rs ~ b, (z - 1)~, 
Y----O 

(5.42) 

this series is convergent  for ] z - 1 1 <  1, and  for  the  coefficients we have  the  following 

simple expression 
K+ioo 

x - ioo  

Put t ing  the  expressions (3.17) and  (2.46) into (5.40), we get  the  following integral  

representa t ion  of the  solution ~. (z) 

g+too 

% (z) = 2 i sin ~ fl~ [" sin ~ (7, - x) 

which is convergent  for 2 ~ > arg z > - 2  z .  We have  assumed t h a t  the  poles ~ are 

on the  r ight  and  the  poles - ~t on the  left  of the  contour.  The solution % (z) is of 

course a l inear funct ion of ys, a, ys,2 . . . . .  Y,,n. I f  we give y , , .  the  meaning  zero, we 

easily f ind f rom (3.43) and (5.1) 

sin ~ (7~ - 7i) ~I sin ~ ( ~  + 7~) 
C]Ps (Z) = nV=l Ys, ~ (z). (5.45) 

~=1 zt sin 7~ fl~ I-[' sin ze ( ~  -- ~ )  
v = l  

w 6. L o g a r i t h m i c  S ingular i t ies  

33. We shall now consider the case where the  n u m b e r  fl~ defined b y  (1.15) is 

an integer.  For  the  sake of b rev i ty  we omi t  in wha t  follows the  index and wri te  

fl for fin. I f  fl ~> 0, the  integral  (5.38) is applicable,  when ~ (~  + ys) > 0, i = 1, 2 . . . . .  n. 

We have  now 

1 ~ ( z -  1) ~ (z - 1)" 
t - z =  • l) ~+~ ~ ( t -1 )"  (t-z) 

Put t ing  p =  fl, we get  
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oo 

t-~'~ ~.  (t) ~ = 
1 

oo 
fl-1 t-~S~n (t) t_~ " ( .  t - ~ n ( t )  
..~o ( z -1 )  ~' (t_~)~-Tl~+(z-1)~j(t_l),(t_z) 

1 1 

dt. 

From (4.8) we see that  the first term on the right-hand side equals 

B-1 n r (~ +~,~ +v) P (fl+l) ~ (z- ])"~ o 

..=o = F ( ~ - - ? ~ + I + v )  

�9 F [  e ~ + ~ + v  e 2 + ~ s + v  "'" e ~ + ~ " + ~  ~" 
~ - ~ + l + v  ~ - ~ z + l + v . . .  y s - ~ + l + v ]  

If this is substituted in (5.38), we get 

~-1 i~ p (~ ,+7~+v)  ( ~+7~+v .." ~+7~+v ) 
y: (z ) -z , s  y ( z - ] )  ~ p ( r _ r , + l + v ) F  

v=O i=1 ~'s - -  ~'1 q-  1 q- V ~.'s--~'n+l-t-Y 

[" t at 
- -  p ~  .] (t--1)a (t-z) " 

1 

(6.1) 

If we replace the integral on the right-hand side by a contour integral, we get 

_z_Ts(z-1)~ 1 f t rs(l_ty~log(l_t)'tn(t)zdt 
r ( f l + l )  2 ~ i  

0 < ~ < 1 ,  

where z is to the left of the contour. If  we let z cross the contour, we get 

~4-ioo 

( - 1 )  t~ zrs(z-1) ~ 1 f t r s ( 1 - t )  t ~ l o g ( 1 - t ) ~ ( t ) d t ,  
F (fl+ 1) ~ (z) l~ (1 - z )  F (fl+ 1) 2 ~ i  t - z  

where z is on the right of the contour. If  this is substituted in (6.1), we get the 

remarkable equation 

v=O "= F (ys  - -  y i  + 1 y s  - -  Yl  + 1 + V ys - y ~  + 1 + v/ 
( _ 1) a (6.2) 

- - ~  (z) log (1 - z )  +~0~ (z), r (~+ 1) 

Ts (z) being a function regular at z = 1 and having the integral representation 

x + i ~  

%(z) F(fi+l)(-1)~+lzV~(1-z)r 2~i f t-r'(1-t)-Zl~ 0 < ~ < 1 .  (6.3) 
~-ioo 

% (z) 

having the form 

may be expanded in a power series convergent in the circle ] z - 1 1 < 1  and 
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( - 1 )  ~ z r ~ ( l _ z ) ~ b ~ ( l _ z )  ~, 
~,(z) r ( ~ + l )  ~=o 

(6.4) 

where the coefficients b~ have the simple integral representation 

We have supposed 

~+~ 00 

b, = ~ / 1  f ( i ~ t )  f l ~ + l t  -v~  Sn (t) log (1 - t) dt. 
n - io~  

(~, + ~,) > 0 i = 1, 2 . . . . .  n. 

(6.5) 

(6.6) 

But  the integrals (6.3) and (6.5) converge for 

~ ( ~ + f l + ~ )  > 0 i = 1 , 2  . . . . .  n. (6.7) 

By  analytic continuation i t  is seen tha t  (6.6) m a y  be replaced by the less restricting 

condition (6.7) provided none of the numbers aq + ~ is a negative integer or zero. 

34. Now we suppose fl to be a negative integer, say - p .  From (2 .31 )and  

(2.38) we get 

z n 
l ~ ( x + ~ )  p - 1  

( - i ) ' | t x - ~ . { ~ | d t = z ~ r I  p_~ . . . .  (T~-x l ~ ( x - 7 ~ +  1) b(-1)Pzx~=o c(~) -v)~, (6.8) 
d \ ~ /  v - i  
o 

where ~ (x + ~)  > 0, i = 1, 2 . . . .  n. Now we consider the integral 

z 

f tvs-1 ~]n 1 --t  
0 

supposing ~ (:q + y,) > 0, i = 1, 2 . . . . .  n. 

I z] < 1, we get, using (6.8), 

z 

yZ-t = 
0 

But  as 

The integral is convergent and if we suppose 

0 
p - 1  

=(-1) 'Y*(Z)  +z~'~ 2 (-1)~c(/)-l-,.~ ~ ( i + l ) ~ z (  
v=O i=O 

v~ 
( i+  1)~z i _z)~+l'  

~=o (1 

z 

(1-p)(l~'n -z)~ P-{-(-I)P ti's l~n l~-t" 
0 

(6.9) reduces to 
p--1 

y* (z) = P (p) z ~ ~0= 

(6.9) 
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Replac ing  p b y  - f l  we get  

- 8  1 ~(s) 

y*(z)=F(-fl)z~'s(1-z) ~ ~ .... 
~ o  (fl + 1)~ 

oo  

- -  (1 - z ) ~ +  ( - 1)~z~ f t - ~  nnt_z(t) dr. 
1 

(6.1o) 

* Z This expression represents  our  solution Yz ( ) for all values  of z which are not  posi. 

r ive and  _> 1. The  integral  on the  r igh t -hand  side m a y  also be wr i t ten  

(_1)~+~ zr~ f t-~l~ ~(t)dt 2 ~ i  t - z  0 < n < l ,  

where z is on the  left  of the  contour,  or 

( - -  1)~+1 ~]~ (z) log (1 - z )  

x + i ~  

( - 1) ~+~ " w (t) dr, 

where  z is on the  r ight  of it. I f  this is subs t i tu ted  in (6.10), we get  

f l -1  ~(s) 

y*(z)=F (-fl)zrs(1-z) ~ ~ "~'----~-~ (1-z)'+(-1)~+i~]~(z) log (1-z)+~os(z), 
~ o  (~ +1)~ 

(6.11) 

where  ~ (z) is a funct ion regular  a t  z = 1 having  the  integral  representa t ion  

- 2~i log ( l - t )  t - z  0 < n < 1, (6.12) 

z lying on the  r ight  of the  contour.  The funct ion ~, (z) m a y  also be represented  b y  

a power  series convergent  in the  circle ] z - l  I <  1 having  the  form 

~s (z) = ( - 1) 8 z s, ~ b~ (1 - z) ~, (6.13) 

where the  coefficients are given b y  

b~ =2~il f t~__t~rsrl~(t) log (1-t)dt. (6.14) 

If ,  as we suppose,  no two of the  ~,, are equal  or differ b y  an integer,  we can 

give s the  values  l ,  2 . . . . .  n. Then  if fl is an integer,  we get  n l inearly independen t  

solutions hav ing  logar i thmic singu]arities a t  the  poin t  z = 1. These are of the  form 

(6.11), when f l < 0 ,  and  of the  form (6.2) when fl_>0. The difference between two of 

these solutions is regular  a t  the  poin t  z = 1 and  of the  form Y*d (z) considered in w 5. 
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Therefore we m a y  also say t h a t  we have one solution logari thmic at  the  poin t  z = 1 

and  n - 1  solutions y~j(z) regular at  the same point,  which together  form a funda- 

menta l  system. 

I t  m a y  happen t h a t  the logari thmic te rm vanishes in all these solutions. I f  

f l < 0 ,  ~n(z) mus t  be equal to  zero and all solutions have a pole of the  order - / 3  

at  the  point  z = l .  I n  this case the coefficient of ys(z) in (2.42) mus t  be zero for 

s = 1, 2 . . . . .  n, because Yl (z) . . . . .  y ,  (z) are l inearly independent .  I t  follows t h a t  the  

necessary and sufficient condit ion of vanishing of ~/, (z) is 

1-I R ( 7 ~ - i ) = o ,  s = l , 2  . . . . .  n, (6.15) 

R(x) being the polynomial  defined by  (1.4). Thus  (6.11) reduces to  

- 0 - 1  C ( S )  

y*(z)=F(-fl)z~'.*(1-z) ~ ~. ~ ' ~  (1 - z) ~ s = l , 2  . . . . .  n. 
~=o (/3+ 1)~ 

(6.16) 

These n solutions are l inearly independent .  F r o m  (6.15) it follows t h a t  it is possible 

to  number  the  parameters  in such a w a y  t h a t  r 162  for 8 = 1 , 2  . . . . .  n, ps 

being a non-negat ive integer, and we have /3 = -  1 -  : p~. In te rchanging  ~r and  7, 

we see t h a t  (6.16) m a y  also be wri t ten in the  form 

Y " ( ) = F ( - f l ) z - ~ s  ,_ (/3+1),  s = l , 2  . . . . .  n. (6.17) 

I f  we omit  the fac tor  F ( - /3 ) ,  these solutions have the same form as ~, (z) and they  

satisfy the  relations of art.  13. F r o m  (2.7) it follows t h a t  c (s)~,~ = 0 ,  if v>_ - f l -p~ ,  
and thab c (:),, , m a y  be represented by  the  hypergeometr ic  series 

~(~i - ~ + 1 ) ~  
c ( , )_  1)~+~,,+~+: ,=1 (~l+Tx+/3+v o~1+72 ~,+7a ... czl+7n 

/ h ! F ( - / J - p l - ~ ' ) F \  ocl-or ~ 1 - o c 3 + 1  ... ~ 1 - ~ , + 1 ]  

if v < - / 3 - p x .  F rom this we get  c (s).,. by  interchanging ~1 and ~s, 7: and 7~ together  

with Px and ps. 

I f  these expressions are subst i tu ted in (6.16) and (6.17), we get  for the  solutions 

defined by  (1.14) and (1.13) the following expansions 

p ~ - h  - �9 �9 - 5 / ~  n 

Yt (z) = z r' (1 - z) -~ ' - :  
v = 0  

~1 - :r + 1 . . .  ~r - con + 1 ]  (1  - z )  -"  

Z v 

!32+ " " " + P n  

91(z)=z"(z-1)-"-: F 
1"=0 
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These re la t ions  m a y  also be de r ived  b y  the  t r ans fo rma t ion  fo rmula  (1.21). The  

equa t ion  (2.21) reduces  in th is  case to  a special  case of (5.34) and  we have  

A ~ I~ (x - ~i + 1)p~ 
~1 _ ( _ I ) ~ F (  - v  x+71 x+y~.., x+7,~ ) .  

~I x - ~ l +  1 x-r  1 . . .  x - a ~ + l  
(x - ~r + 1)pi 

i=1 

I n  pa r t i cu l a r  for v = ~ p~ we get  
1 

x ~ 1 + 1  x - ~ 2 + l  . . .  x - ~ , +  1 = ( - 1 ) ~ + l P ( - f l )  i=1  - - P ( 3 g - [ - ~ 2 i )  " 

35. F ina l l y  we suppose  t h a t  fl_> 0. Then  we have  (6.2) which in a be t t e r  w a y  

m a y  be wr i t t en  

y~(z)=z~ ~. (z-lYl~I (~+7~)~ ~[ ~+) ' .+~  ... ~ + ~ + ~ '  - -  / r  + 
~=o i = ~ ( y ~ - y t + l ) ~  ~ y s - y l + l + v  y s - y ~ + l + r  

+ ~(z) P ( f l + l / ~ ( z ) l ~  I~ r ( r s - r i + l ) ,  (6.18) 
~=~ F (e~ + y~) 

s = 1, 2 . . . . .  n. These  re la t ions  are  va l id  when the  condi t ion  (6.7) is sat isf ied.  I f  t he  

logar i thmic  t e r m  vanishes,  the  coefficient  of ~,~ (z) m u s t  vanish ,  because  ~e (z) can 

never  be  ident icMly zero. Espec ia l ly ,  i t  m a y  h a p p e n  t h a t  t he  logar i thmic  t e rm  

vanishes  in all  n solut ions.  The  condi t ion  of th is  is 

fl-n+l 
1-I R (ys + i) = 0 s = 1, 2 . . . . .  n. (6.19) 
i-1 

I n  th is  case we m a y  n u m b e r  the  p a r a m e t e r s  ~s in such a w a y  t h a t  g s + 7 ~ = - P ~ ,  

s = 1, 2 . . . . .  n, p~ be ing  a non-nega t ive  in teger ,  and  we have  fl = n - 1 + ~ pi- This  
1 

case on ly  occurs  when f l _ > n - 1 .  Then  the  equa t ion  (6.18) reduces  to  

( ) y ~ ( z ) = z  ~. ~ ( z - 1 ) ~  (~  +7 ' )~  F ~1+7 ,~+v  .. .  ~r + v  (6.20) 
~=0 ~1 (7~--7~+1)~ 7 ~ - 7 1 + 1 + ~  7 s - - y ~ + l + v  ' 

where  s = l ,  2 . . . . .  n. All  solut ions are  then  regu la r  a t  t he  po in t  z = 1, which is an a p p a r e n t  

s ingular i ty .  F r o m  (1.21) i t  is seen t h a t  e.g. Yl (z) m a y  also be r ep resen ted  in the  forms 

yl(Z):Z_O:t~(~I)F( Y--~91 ~2 "~ ~1 0~3 § ~21 ...  ~n-~-~1 ) ( 1  Z) v 
v--O \~]1 - -  7 e  + 1 7 1  - -  7 a  + 1 7 1  - -  7 n  + 1 ~ - -  

t~1 (yl--yl+ 1)., ~=o \ ~ /  a-l-- g2 + 1 ~1--oc3+ 1 r ] 
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