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Summary
Connected sequences of functors whose domain is the category of morphisms of an
arbitrary abelian category 4 and whose range category B is also abelian are compared
with the composition functors of Eckmann and Hilton acting between the same categories
Sequences of functors of both types are obtained from any half-exact functor 4— B if 4

has enough injectives and projectives.

1. Introduction

It was observed by Eckmann and Hilton that the homotopy sequence of a triple
could be generalized to the following situation: let the pair of maps (f, g)

xlyiy (1.1)

be any two composable, base-point preserving maps of topological spaces. There is then a
long exact sequence (l.e.s.) of homotopy groups

oo () = Tl 9F) = n9) P n-a(f) = - (1.2)

w, can be thought of as either a natural transformation between two appropriate functors
which behaves properly under maps of pairs, or as a functor from the category whose
objects are the composable pairs (f, g) to the category of morphisms of abelian groups.
The latter is preferable. In [3] they generalized this notion of functor as follows: let C
be any category, C* the category of morphisms of C, C® the category whose objects are
the composable pairs (f, g) of maps of C, and B an arbitrary abelian category. Let #: C*—> B
be a graded functor, that is, 7 ={n,: C2—> B, n€Z}. Let w: C3— B2 be a graded functor such
that to each (f, g)€ C? there exists a l.e.s. of the form (1.2) in B. The pair (7, w) was called
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a composition functor in [3], but is called an Eckmann-Hilton functor (E-H functor)
from C2 to B here. For any E-H functor (7, ) it can easily be shown that 7,(e) =0 for all
n and every equivalence e of C.

A connected sequence of functors is defined in [2] to be a graded functor o: 4B,
for abelian categories 4 and B, together with a graded natural transformation & with the
following properties: to each short exact sequence (s.e.s.) of A there is the usual l.e.s. of
B, and ¢ behaves properly under maps of s.e.s.’s. The role of & can be best expressed by
defining 9 to be a functor from the category of s.e.s.’s of 4 to B%. Each o, must be a half-
exact functor. Grothendieck [7] gives the name homological functors to connected sequences
of functors,with the conventions used in [2], so the pair (o, o) is called a homological functor
(h-functor) from 4 to B.

These two notions of functor are distinctly different because they require totally
different kinds of objects to manufacture connecting homomorphisms and l.e.s.’s. Even
if (v, ) and (o, 0) are respectively an E-H functor and an h-functor from the abelian
category 42 to B, w acts on pairs (f, g) of 43, while 9 acts on s.e.s.’s of 42.

That is, given - f.9. (f, 9) € A%, then there is a lLe.s.

o= tall) = 7algh) — 1al@) 2D oy (1.3)

Given the s.e.s. 6—~a—>b—->c—~>6 of 42, or

0 . 0
o |o e
0 . . 0
then there is a l.e.s.
On
ceo— (@) = 0, (b) —~ o, (c) > op-1(a) —.... (1.4)

The only general requirement on the domain category.for an E-H functor is that it be
a category of morphisms; the only requirement for an h-functor is that the domain be an
abelian category. One of the interests of this paper is to study how these concepts relate
when the domain is 42. That is, if (7, w): 42— B is an E-H functor, can a &' be defined so
that (7, &) is an h-functor? If there is a 9’ such that (&, &) is an h-functor, then 7z must be
half-exact. Conversely it is proven that if  is half-exact, then a ¢’ can be explicitly given
in terms-of 7z and w such that (7, 2') is an h-functor. Conversely, given an h-functor (o, 8)
from 4% to B, a functor w’: 43— B2 can be explicitly constructed from ¢ and & such that
(6, @) is an E-H functor iff ¢,(1) =0 for every = and every identity map of 4. Moreover,
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0’ (respectively o'} is uniquely determined by the property that @' (respectively &) on the
trivial s.e.s. (2.10) is equal to w(0A4, A0) (respectively w'(04, A0)) for each A. These results
are proven in section 3.

A concept of excision in preadditive categories is introduced in section 2. The special
relationship of this property to E-H functors is explored. Section 4 contains several
examples and counterexamples. In 4.A it is shown how one can totally avoid using the
category of relations in obtaining the ker-coker sequence.

In section 5 the injectives of a category 4% are proven to be precisely the maps iso-

morphic to maps of the type
,00:I@J~1

where I and J are both injectives of 4. 4 has enough injectives iff 42 has enough injectives.

Let go: A~ B be any half-exact functor, and assume that 4 has enough injectives and
projectives. All the satellites S"g, can be found and together they give an h-functor (g, ¢).
Let «: A— A2 be the embedding functor given by a(4) =04, the unique map from 0 to 4.
A half-exact functor o’y: A2~ B is then defined together with a natural epimorphism of
functors p,— 0’y & which extends uniquely to a natural transformation of satellite h-functors

(0, &)= (p', &'a’). It follows directly from the definition that

(a) o'o{p) =0 for every projective p of A2,

(b) @'o(14) =0 for every A of A4,

(c) the induced map p,~>g',« is a natural equivalence for n<0. Furthermore, ¢’y is
the unique half-exact functor satisfying these conditions. Also g’y(i) =0 for each injective
1 of ,4%; there exists an o’ such that (¢, @’) is an E-H functor; and to each f one can produce
a canonical C € 4 such that p’,(f)=0,(C) for n<0.

If in addition go(P) =0 for every projective P of A4, then the map of satellite h-functors
induced by « is a natural equivalence. In this case one can find a canonical D such that
0’ w(f)=20,_1(D) for n>0. This is contained in section 5. A weaker form of this result was
obtained in [10] for the special case where g, was the zero’th projective homotopy group.
The main technical difference is that the emphasis has been shifted from derived functors

to satellite functors.

Some of the results of this paper appeared in the author’s doctoral dissertation [14] at
Cornell University. A portion of this research was partially supported by the National Science
Foundation under grant No. NSF GP 3685.

. The author would like to express his sincere thanks to Prof. P. J. Hilton for many stimu-
lating discussions during the course of the writing of his dissertation. His friendly assistance
and encouragement throughout the writing of this paper were deeply appreciated. In addition
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the author would like to thank Prof. S. MacLane, whose suggestions led to a considerably im-
proved formulation of the theorems, and Prof. S. Eilenberg, whose questions about uniqueness
led to a significant improvement of the final results.

2. Notation and terminology

The terminology used for category theory is that of MacLane [12]. The zero object
of any preadditive category is denoted by 0, and 6:0->0 is the unique map of hom(0, 0).
Unless a functor is specifically said to be contravariant, it will be covariant. 4 and B
will always represent two arbitrary but fixed abelian categories. The zero element of
hom(4, B) is denoted by A0B, and also (ambiguously) as o; 400 and 00B are shortened
to 40 and 0B. The identity map 1,:4—~ A is often written ambiguously as 1. The expres-
sion short (long) exact sequence is abbreviated throughout to s.e.s. (l.e.s.). Denote the s.e.s.

of 4

0—a4-%. B %00 2.1)

by d||e. The category of all s.e.s.’s of 4, Ses(4), is an additive category but not abelian.

The category “2” has two objects, X and Y, and morphisms 1,15, and p: X7,
The category “3” has objects U, V, and W, and morphisms 1;, 1, 1y, r:U~>V, q:V>W,
s=qr:U—-W. If § is a small category, then denote by C° the category whose objects are
all the (covariant) functors §— C, and whose morphisms are the natural transformations
of the functors. It has been proven that if C is abelian, then so is C° ['7 , Prop. 1.6.1].
Notice that 22 =3.

Therefore 42 is an abelian category. Its objects are the morphisms f, g, &, ... of A4,
its morphisms are pairs (;) : a—>b of morphisms such that bf=ga. (sf] ) is a monic (epic)

of 4% iff both f and g are monics (epics) of A. A s.e.s. of A? is always of the form (2.2),
where dlle, d'||e’, db=d'a, and ce=e'b.

a Ib lc (2.2)
d e

0 A’ B C’ 0

(2.2) can also be written as (;ll,) I (:,) or

8—>a—>b—>c—6. (2.3)

An object of C3 consists of a pair of morphisms (f, g) such that gf is defined.
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A graded functor 7: C—D means that there is an ordered set of functors 1,: C—D
for all integers n, — oo <n<<oo. If 7 is a graded functor, then 7(C) =0 means that 7,(C) =0
for every n. All the graded functors that are encountered here are assumed to be additive.

A homological functor (h-functor) is a pair (o, 8): 4~ B of graded functors o: 4B
and 9: Ses(4)—B? such that to each s.e.s. (2.1) of 4 there is a l.e.s. in B

O‘n(d) an(d " e)

om0y ) 2 5 (3% (0 On-1(A).... (2.4)

This is the usual connected sequence of functors [12, p. 386].

An Eckmann—Hilton composition functor (E-H functor) is a pair (7,w):C2—B of
graded functors v: C2—~B and w:C%— B2, where C is any category, such that to each ob-
ject (f, g) of CB there is a Le.s. in B

(1)

()

It has been shown [3, Prop. 2.2] that for any E-H functor (z, w) as above, and any
equivalence e of C, one has 7(¢) =0. Assume that C contains a zero object. The object

et 7 gy — e gy O (2.5)

(0Y, Y0) of C® gives 6=0—Y—0 under composition, and since 6 is an equivalence one
obtains the l.e.s. with each 7,;(6) =0

=T (0) > 1, (Y0) >, 1 (0Y)—>T,_4(8)—....

It follows that w,(Y)=w,(0Y, Y0) is an isomorphism for all n. We shall call this process
“flipping”. Clearly there is a graded functor w:C— B?, and w will be used to represent
the isomorphism w,(X) for all X and m. It was also shown [3, Thm. 2.8] that for any
object (f, g) of C® of the form (1.1) one has

ou(f,9) =Ta-1 (OIX ) w,(Y) 1, ( zlo) . (2.6)

The map (; ) : f->g can be factored into (’;) :f—~1 and (;) : 1—»g. Therefore 7, (;)

is the zero map of hom(z,(f), 7,(g)) for all n, becausé it factors through 7,(1)=0.

Any half-exact functor between two abelian categories is additive. Therefore if (z, 2)
is an h-functor, the graded functor 7 is additive (i.e. each 7, is additive). If (1, ) is an
E-H functor and if v is not additive, then there can be no @ such that (7, 9) is an h-functor.
In (4.C) an E-H functor which is not half-exact is introduced.

In the following discussion D will always denote a preadditive category, £ a subclass

of {(f,9)|9f=0}<=D?, and & the subclass {(f, 9)|f||g}. Let f: XY, g: Y>Z give an arbi-
15— 672906 Acta mathematica. 118. Imprimé le 20 juin 1967.
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trary element (f, g) € €. If ¢: D?— B is any functor, then ¢ is said to have the £ left-excision
property or simply & lefi-excision (respectively, the & right-excision property) if for each
(. 9)€E / %
0
2 (oz) 1 9(X0) — 9(g) (sv ( g ) (f) —>¢(0Z))

is an isomorphism. In section 3 D is abelian, £=E’, and ¢ is simply said to have left- or
right-excision.
If a and b are maps of D, then hom(a, b) in D? is an abelian group under component-

wise additon of morphisms.

LeMMA 2.7. Let (v, w): D®-> B be an E-H functor, and assume that v is additive. Then
T has £ left-excision iff v has £ right-excision. If T is also a half-exact functor, then t has the £’

left- and right-excision properties.

Proof. Take the objects (0X, f) and (07, g) of D%, and apply (z, ) to form the diagram
(2.8). The rows are exact, the first two squares commute, and the third square anticommu-

tes. \
6 0X 1
ce—— Ty (0X) ——Tn(—f)a 7, (0Y) T—n(i n (f) ﬁ(_y_ol Too1 (0X) —...
el D AE) (b es
T T (g)——.——-*rj (0Y) ————— 7. (02). Twlg) ——..

()
Tn 1
(o]

g
Ta (f) + 1, (;)) = 0 because 7, is additive for each n. But the maps of the third square are

0
)20 ) e ) 0

Thus 1, (;) = =1, ( (/) ) , that is, the square is anticommutative.

1 8
wr"“’(ZO) o (9)

To check the anticommutativity notice that (;) = (é) + ( ) in D?. Therefore Tn(;) =

If (f, g)€ € and T has & right-excision, then every map 7, (X;}O) is an isomorphism.

By an argument analogous to that of the 5-lemma, 7, ( Of Z) w1 is an isomorphism for
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0 Z) is also an isomorphism. That is, 7 has €

left-excision. The argument in the other direction is clear.
Let f||g and consider the s.e.s. (2.9) of D2

each n. Since w™! is an isomorphism, ‘rn(

0—x-tov 9.7 .9
[ 'g ‘1 (2.9)
ol
0 0 Z Z——0

If 7 is a half-exact functor, then from (2.9) there is the exact sequence of B

Ta(X0) =>7,(g) > 7a(1)
for each n. 7,(1) =0 because (t, w) is an E-H functor. Therefore 7, ( ({ Z) is an epimorphism.
Dually 7, (XO) is monic. If one inserts this information in (2.8) then by [12, Lemma 1.3.3]

T ( Of Z) is monic (the anticommutativity of the third square of (2.8) poses no problem)

and 7, (XgO) is epic. That is, 7 has both the £’ left- and right-excision properties.

For every A4 of an abelian category A, there is a s.e.s. (2.10) of 4% which will be
denoted by ses|4|.

1 0

A A
‘ 1 | =ses |4] (2.10)
0

0
' v
A ! A 0

If (7,0) is an h-functor 42->B, then there is a map 9,(ses|A4|):7,(40)—>7,_,(04) of B.
If (r, w): A2~ B is an E-H functor, then there is also a map w,(04, 40):7,(40)—~>7,_4(04)
of B. This will be used in the next section.

3. Transmutation of functors

If (z, w) is an E-H functor 42— B, then a complete answer is given to the problem of
whether or not one can prescribe a 0 such that (z, @) is an h-functor. The converse is also
completely solved. (v, w) and (r, ) are really quite different kinds of functors because
they act on distinetly different diagrams of objects to get l.e.s.’s in their range category.
This is seen in (1.3) and (1.4).
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If (7, w) is given, then the process of production of the functor 8: Ses(4?)-> B2 proceeds
as follows: a rule is given which converts any s.e.s. (2.3) into a s.e.s.

6—>a—-b"—>c' =0, (3.1)
where b’ and ¢’ are epic. A second rule converts (3.1) into a s.e.s.
6—>a’'—>b"—>c' b 3.2)

where a’ is monic and b” is an isomorphism. A commutative diagram (3.3) is then obtained.

o a b c 6
|

- ‘ $l ‘I .

(o] a b c o (3.3)
LI

o a’ b’ ¢ o

If 7 is half-exact, then an isomorphism can be given 7,(¢')—>7,_4(a). Using the maps in-
duced by (3.3), then @ is given by

Ta(0) > Ta(€') > Toa(@') > 70y (@)

THEOREM 3.4. Let (v, w) be an E-H functor A2~ B. There is a unique graded functor
: Ses(A%)—> B? such that d(ses| A |)=w(04, A0) for each A of A, and such that (v,0) is an
h-functor iff T is a half-exact functor.

Proof. By {d,a}: A~ B®A’ we mean the map given by d: 4~ B, a:A—+A’, and the
universal property of direct sums. {c, ¢’> is obtained dually. Take any s.e.s. (2.2) of AL
By the rules which are implicitly contained within their diagrams, the s.e.s.’s (3.5) and
(83.6) of 4?2 are formed from (2.2).

0 4 =180} pop 97Ol op 0
[a lb =<b,l> lc =<G,e> (3.5)
0 A . B . loid 0
d e
0 A f BoB— . coB 0
0 B {T: o B 1; La ®9)
B ey B s

b"={<1, 0, <b, 1>} has a two-sided inverse b*={<1, 0>, {—b, 1)}, so it is an isomorphism.
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Also, b’ and ¢’ are epic, &’ is monic. These s.e.s.’s correspond to (3.1) and (3.2). Define the

maps
p={0,1>:BpA'>A4’ r={1,0}:B->Bo B 37)
qg=<0,1>: BB B’ s={1,0}:C->Ca@ B

There are then the maps of s.e.s’s [(i), (I), (i)] : (2.2)—(3.5) and [(;), (;), (i)] :

(3.6) — (3.5) which give the commutative diagram (3.3).
Clearly pa’ =a, qb"=b', b'r=>b, and c's=c.

Take the canonical factorization of the map gb*f’ of (3.6) into an epic % and a monic k.
That is, gb*f' =kh. To see that a'||h, notice first that

kha' =gb*f'a’ =gb*b"f =gf =o;

and if hz=o for some map x, then gb*f'z =o0. But since f||g, there is a unique map z’ such
that b*f'z=fz'. Therefore

fe=b"fr'=fa'z’, and since f’ is monic, x=a'z’.

That is, each left annihilator of % factors through the monomorphism @', so a’||h. Dually
k||¢’. Let D denote the image of .

Let us assume now that v is a half-exact functor. By Lemma 2.7 one has for each
s.e.s. f|lg of 4 the pair (f, g) € 43 for which 7 has left- and right-excision. There are then well-
defined isomorphisms

-1 -1
vn=rn_1(2) wy (D)7, (’;) L To(¢)) = Too1 (@) (3.8)

If one should choose some other canonical factorization of gb*f’, such as (k', &', D’),
then it can be immediately verified that this gives the same ». Thus v depends only on the
map gb*f which in turn depends only on the s.e.s. (2.3). It follows easily that v is a well-
defined function Ses(4%)— B2. The proof that » is a functor is now easy. Moreover, since
v and w are both additive by hypothesis, then w is additive, and » is additive too. Also,
v depends directly on w.

0:Ses(A%)— B? is given for any s.e.s. (2.3) by

an =Tn-1 (;) Vo Tn (;) : Tn(c) - Tn—l(a)- (39)

The proof that ¢ is an additive functor is straight-forward.
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By using the pair (7, 8) a long sequence of objects and morphisms of B is obtained from
each s.e.s. (2.3) of 42 (7, 9) is an h-functor iff every such sequence is exact. The exactness
is first proved for all s.e.s.’s of the form (3.1).

It is important to notice that throughout this proof only the fact that 7 hasleft- and
right-excision is really needed. One can, in fact, derive that 7 is half-exact from the following

arguments and the assumption that 7 has excision.

4! . Bop 9. cop

[
Loyt A
‘ P \q \ 1
) ’ 4 i
a—% g ¢ ¢

If one examines the long sequence that is obtained from the s.e.s. 6—>p—>¢—>1-6
of A2, it is clear that the corresponding & must be zero because 7(1) =0. It is only necessary
to prove that 7,(p)~>7,(¢) is an isomorphism for all » to have exactness of the long sequence.
Define j={1, 0}: B>B®A’. Then j||p and f'j||q. These give the maps BO—p->q and the
excigion isomorphisms 7, (Z)) and 7, (f;y) Therefore T, (:;’,) =1, (f;j) T, (i)_lz T, (p) >
7,(g) is an isomorphism.

Apply the E-H functor (r, w) to the pairs of morphisms of the columns of (3.10).
The columns of (3.11) represent a part of what is obtained, where the maps correspond to

those of (2.5). The horizontal maps are either induced by the pairs of the commutative
diagram (3.10), or are given by the connecting homomorphisms o, »,, and 7,,_, (;) v,. With

the possible exception of the third row, all the rows and columns are exact, and (3.11) is

commutative.
Tn+1(P) Tn+1(9) 0 7 (P) 7 ()
! ’ 'p ’
T, (a') 0 Tn (€)= Ta-1(a)) 0
1

72 (a) Tn (V') Ta (¢) — Ta-1(@) — Tn_1(b) (3.11)
T (T) — 7a () 0—— Tp1(p) — Ta-1(9)

Tn-1(a’) 0 Tn-1(¢)— Th_2(a’) -0
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If one uses the isomorphisms available, then one obtains two distinet maps 7,(p)—
7,(¢’). The map through 7, ,(a’) is

e (oo ) o 2.

—1 %
) =7, (I;), the map through z,(g) and 7,(b') is

)8 o) 28} =(2)

Therefore these two. maps are the same. It follows that

rr

Since 7, ( 1

Tn(b’) _>Tn(cl) —)Tn—-l(al) = Tn(bl) _>Tn(q) -~ Tn(p) —>77n—1(a,)'

From this observation the exactness of the third row of (3.11) can be established by
simple diagram chasing. For example:

Tn(b’) *Tn(c’) _)Tn—l(a) = Tn(b,) —)Tn(cl) _>Tn—1(a”) _>Tn—1(a)
= T'n(bl) _>Tn(p) _)Tn—l(a") etn—l(a) =0
by the exactness of the first column of (3.11).

We shall now prove that the long sequence is exact for every s.e.s. of 42%; that is,
(7, &) is an h-functor, where 9 is defined by (3.9).

A B C
| |
11 \r ’s
f AP
A—— BOB'—— C®B (3.12)
a lb' ¢
2% .p ¢

Take the commutative diagram (3.12) and proceed exactly as above to obtain the
commutative diagram (3.13). With the possible exception of the third row, all the rows
and columns are exact. The first and fourth rows are exact from the above arguments;
Ta(r) > 7,(8) is an isomarphism by a dual argument to the one above. Exactness of the
third row follows as soon as we verify that the two maps 7,,,(c')—>7,(b) of (3.13) are the
same. This will complete the proof of the theorem.
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Tn+2 (D) — Tn42(c) Tu+1(8) — Ta11 (B') — Tn41(¢)

o

Tas1(7) Ta+1(8) 0 Tn (1) —— Tn ()
Tt () —— Trs1 (6) —e 7, (@) —— 74 (B) 7 (0 (3.13)
Tt () — Ta41 (¢)) —— 7 (al) Y ——

T (1) Tn (8) 0 Tn-1(7) Tn-1(8)

Define u=<0,1>: B®B'—B’, v={0,1>:C® B’ B'. Then r|u and s||v where r and
¢ are defined in (3.7). Let y={o,1}: B'->B@®B’. Then b'y=uy=1. It is clear that 1oz =

B .
(:y) = ( ’L?) (OyB) : 0B'->r—->0B’, so 7, (Of) is the inverse of the excision isomorphism

Ty (JiO) . The factorization
1\ (OB 0B , . 1 0B\ 0B
(6) ()= (V) om e simnn () () == (7).
or I\ (OB BO
’ L2 b; =Tn 1 Tn " .

This does not follow from any commutative diagram of 42; it is true because 7 has right-

excision.

Apply 1, to (B;?) = (C;O) (;) and use the above to obtain that the map t,(s)—

w(p) =) =n (F) (V) (V) (7)== ()

Since 7,,1(¢") > 7 (@) =7,,1(¢') > To{a') > T,(a) it suffices to prove that for any »

7,(b) is

o

Ta(@") == Tp42(€) > T0(8) > T(B) = 70(a) > 7a(a) > 7 (0)-

The second map is 7, ( d(;) . The first map is

() s (s o) )= )
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Also, vkh=uvgb*f' ={o0,1>{<1, o), {—b, ID>}(1®d')=(—b,1)(1®d')={—b,d"y. Let
t=<1,0): B@A’'~ B. Consider the map

(- () ) 4-er

Since this factors through 1, 7 (I(ft ) =0. Moreover,

(dtzp) - (;lt) B (di»_—dbt) - (< b d'>) - (vzh)‘

If one applies 7, to this, then from the above remarks we have

( d\_ o
W\arp) " \okn )
Therefore the two maps 7,,4(c’)>7,(b) are the same.
*\ —1
Therefore (7, ) is an h-functor. By (3.8) we have v,(ses|4|)=w,(4®4)7, (:) for
b =b*1={q1, 0), (1, 1>} and b*={<1, 0y, {—1, 1>}: A@A>A®A.Set p=0, 1>: A® A~

A4 and s={1, 0}:A—>A®4; p induces 7,,_, (;) w,(A@A)=w,(d)T ( ) From (3.9) it fol-
lows that since pb*-1s=1:4-4

dn(ses|A])=7,1 (p) w(A®A) 7, (b*)_l T, (;)

_ pb*1g
_wn(A) Tn( b )

= wn(A)
= w, (04), 40).

Let (7, ') be any h-functor such that for any A4 9'(ses|A]|) =w,(04, A0). Following
the notation of (3.6) a special s.e.s. which is denoted by S is produced.

CoB 1 CoB’ 0

0
5= { ]
- ’ I

L. con - & 0

(o]

From the map [( ) ( ) (k)] ses |D|—»8 one obtains a commutative diagram
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7 (D0) — 22— 7,_, (0D)

O —
2 (8)
Za(¢') ——="—T,_, (0D)

-1
by applying &,. Therefore &, (S) = w,(0D, D0) 7, (I(:) =0, (8). Now apply 9, to the map

[6): (5e)- ()] o5

and obtain the commutative diagram

we) B8 @)
e
| 2, (S) : '
T, (€) = Tn-1 (0D).

-1
It follows that 0,(3.6) =1,_, (Z) 9,(8) =9,(3.6). Now using the given maps (3.6)>(3.5)

and (2.2)-(3.5) of diagram (3.3) one obtains successively that 9,(3.5) =2,(3.5) and 2,(2.2) =
0(2.2). But since (2.2) was an arbitrary s.e.s. of 42 it follows that 9,=9,. Since n was
arbitrary o is unique. Moreover, any 8 which satisfies the hypotheses of (3.4) must have the
form (3.9). This is the analogue of (2.6). The theorem now follows. We shall next prove a
converse to Theorem 3.4.

TaEOREM 3.14. Let (1,0) be an h-functor A>—~B. There is a unique graded functor
o: A~ B such that (v, w) is an E-H functor and w(04, A0)=0d(ses| A|) iff for every identity
map 1, of A4 7(1,)=0.

Proof. If  is given such that {1, w) is an E-H functor, then z{e) =0 for every equiva-
lence e.

If 7(1) =0 for each identity map of 4, then apply (z, 8) to ses|4|.
In the resulting le.s. of B there are the isomorphisms

&n(A) =0,(ses| 4[):7,(40)>7,_,(04).
If (2, y) is an object of 43, z: XY, y: Y —Z, then define the functor «w: 43—~ B2 to be

anter ) =7 () 61 ( 5o
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It is obvious that w,(04, 40)=0,(ses| 4|). & plays the same role as the flipping functor w.
We shall verify that (z, w) is an. E-H functor. Let f: 4 —+ B be any map of 4. Form the s.e.s.
(3.15) of 42

00— Ad—tea——p
‘ lf { (3.15)
0— B B—.0—o0.

Consider the map [((;) , (;) , (cl))] : ses| A| —~(3.15). Apply the h-functor (z, 9) to this com-

mutative diagram of s.e.s.’s to obtain the commutative diagram of l.e.s.’s (3.16)

0 Tpiq (40) e, 7, (04) —— 0 —— ...
1 . (?) (3.16)
1
P (BO) T,
e Ty () " 71 (40) —~ 1, (0B) — 7, (f) — ...
Since 7, (cl>) =1:7,(04)~>71,(04), then &,.1 7y 11 (B}O) = w,+1(04,f). From (3.16) one

then obtains the l.e.s. (3.17) of B which corresponds to (2.5) for the object (04, f) of A%

04
e Tana(f) 22 7, (04) iz) 7, (0B) —(—1) Zalf) > v (3.17)

Since f was arbitrary, it follows from [3, Thm. 2.13] that (7, ») is an E-H functor. It is a
consequence of [3, Thm. 2.8] that o is uniquely determined by the condition that
(04, A0)=o(ses| 4]).

4. Some examples

A. Let (2.2) be any s.e.s. of 42. There is always a le.s. of 4

0—ker a—ker b—ker cg» cok a—cok b—cok ¢—0.

That is, there is an h-functor (7, 3): 42— 4 given by 7, =ker, 7,=cok, §, = the usual zig-zag
homomorphism which is defined in the category of relations of 4, and all the other functors
are zero.

Since (1) =0, by Theorem 3.14 there is an w such that (7, w) is an E-H functor. This
can be proved quite independently if one chooses
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wy(4) =1,:ker 40— cok0A.

This is, for example, a problem in [12, p. 50]. It is a more interesting result to note that =
is half-exact so that by Theorem 3.4, if we are given the E-H functor (7, w), there then
exists a @ such that (7, 9) is the usual h-functor. In this manner one can find the zig-zag
homomorphism in any abelian category without having to go to the category of relations.

B. Let M be the category of left R-modules over some ring R (with unit), and let
Ab be the category of abelian groups. Consider the h-functor of [8, Theorem 13.16 dual]
which is given by

7,=Ext=/(4, ~)for j<0; 7,=m,(4, —) for j >0,

where A4 is a fixed R-module. In [10] P. J. Hilton and the author proved that this functor
could be generalized to produce an E-H functor (7', w’): 2~ 4b, where 1'(04)=7(4). It
was also proven that 7’ had right-excision, so by Lemma 2.7 and Theorem 3.4 there exists
a o’ such that (¢, &) is an h-functor M2~ 4b.

7i(4, —) is called the jth projective homotopy group functor. There are three other
functors of this kind

(i): m(—,B), (ii): w4, —), ({i): 7(—,B).

Observe that (i) and (iii) are contravariant functors. We call (ii) and (iii) the injective
homotopy groups. There is a ‘“‘dual” h-functor to the one above involving (iii) and
Ext"(—, B). By [8, 13.15] (i) and (ii) are E-H functors; they are not however generally
h-functors (see below). Kleisli [11] and Eckmann and Kleisli [4] have also studied these
functors.

C. The functor 7,=7(Z, —): Ab>—> 4b is defined to be the abelian group given by
hom(z, f)/homy(z, f) where z: Z—@ is the usual monic of A4b, f is arbitrary, and hom,(z, f)
is the subgroup of maps which can be factored through any map of the type j: I-J of
Ab, where I, J, and ker j are all injectives. It has been shown that this is part of an E-H
functor. We shall show that 7; does not have right-excision, so by (3.4) and (2.7) it cannot
be an h-functor. In fact %(Z, —): Ab— Ab is not even half-exact.

Let 0>Z —g»Elb»QAO be a non-split s.e.s. of 4 (this exists because ExtY(Q, Z) +0).

Then by direct calculation
7,(Z20)=Z and 7,(R)E.

If 7; had right-excision these would be the same.
Similarly, if we apply #(Z, —) to this s.e.s. we obtain the sequence Z-> E->0 which is
clearly not exact at E.
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5. The extension of functors

Let A be a category with enough projectives and injectives, and let g,: 4B be a
half-exact functor. The satellites of g, exist and form an h-functor (p, 8). One would like to
extend the definition of p to act on morphisms of 4 also. It is proven here that a functor
00: A% B can be defined which is half-exact and has a satellite h-functor (o', &'). Moreover,
0'(1) =0 so that by (3.14) there is an ' such that (¢’, ') is an E-H functor. Let oc: 4> 42

denote the embedding functor given by «(f) = (0) . If g, vanishes on all the projectives of A,

f

then there is a natural equivalence g,—go« which extends to a natural equivalence of the
h-functors.

Let C’' be a subcategory of C, y:C'—C the inclusion functor, and u:C'—~3F any
functor. If there is a functor 1: C—JF such that Ay and u are naturally equivalent, Ay =pu,
then 4 is said to extend u. If y is a graded functor, then A eatends y iff A is graded and 4,y 2 u,.
Let y": Ses(C') > Ses(C) be the functor induced by y, then the h-functor (4,0) extends the
h-functor (u, €) iff Ay =y and 3y’ ~e.

Example. Let 1 be the category with precisely one map 1, =1i. Let § be a small category
with an initial object E. There is a unique functor §: §—1 which sends each map of §
to 4. Let n:1—§ send 4 to 15 These induce the embedding functor 6': 4+ 4° and its
adjoint functor #': A*—> 4. Given any sequence of 4°

0—>Q'—->Q—>Q”—>o
then by [12, IX.3.1] it is a s.e.s. iff for each ¥ of §
0->0'(Y)—>o(Y)>"(Y)~0

is a s.e.8. of 4. The functor #’ induces #”: Ses(A4%)—>Ses(A4) by choosing ¥ = E. For any
h-functor (o, 2): 4— B one then has the h-functor (o7, 25"): 4°— B which extends (o, 9).

If §=2 then o7'(1,)=0(A) which need not be 0. Therefore there is no w such that
(o', w) is an E-H functor. Extensions which vanish on every identity map will be produced.

A class of objects D < 4 is a class of projectives iff hom(P, —) is exact for every P€ D.
The class of injectives J is defined dually. It is assumed that 4 has enough projectives
and enough injectives. This will be taken to mean that for each object A€ 4 there are
two selected objects, IA€J and PA €D, such that there are the two s.es.’s

ro4)=0-Q4-rP4% 40, (5.1a)

and i %
'40)=0->4—-14—~24-0. (5.1b)
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If A=0, then both I4 and PA are set equal to zero. If 4 is injective (projective), then
14 (PA) is chosen to be A. For any map f: 4 B define I'(f) as follows: let C' be the pushout
of fand i: A—1A4, let D be the pullback of f and p:PB-> B, and observe that both squares
of (5.2) are bicartesian,
D" a-t.14
0T
ppL.p 1.c

By [9, Theorem 3.7] it follows that the composite of the two squares is bicartesian and

there is the s.e.s.
r(=[o-pt=™8 14 o pp Lt P2 gs0).
LeMMa 5.3. If 4 has enough injectives, then so does 42,

Proof. Let k: J—K be an injective of A%. J cannot be 0, because the monomorphism

((l)):OK —1, does not split. Clearly both J and K must be injectives of 4. The s.e.s.

(6.4) must split.

0 J {1, 24} JO®K K 0
k (—k 1) (5.4)
1 '
0 K K 0 0

In particular there must be a map {(m,n)>:J®K~J such that k{m, n)={—k, 1.
Therefore kn=1, so % is epic and splits and there is an injective I such thats: J>I@K
and ks—1=<o, 1>. Since k was arbitrary every injective of 4?2 is isomorphic to a map of the
form g=<o, 1>:I®K— K. Conversely any map of this form is an injective. To see this let

(Z): b—d be any monic of 42, and (;) : b—>¢=<0, 1> be a morphism.

1&L® ropt 4% ¢

b d

0,1

I + 4

K A _pe, D
Since I and K are injective there are maps g: DK, and h:C—I such that gc=f and
ha={1, o) e. The map ({h,ggd}) : d—(o, 1) extends (;) .
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If f: A~ Bis any map, let s: A—1IA4 and j: B—~IB be monics into injectives. The map
({i’ ; } ) : f—><0,1)>is the reQuired monic into an injective. That is, 42 has enough injectives.

This dualizes immediately to give the corresponding result for projectives.

In [8, Chapter 13] all the maps of injectives 4: J—J with injective kernels (not neces-
sarily epic) were chosen as the class of injectives. It follows from the theory of Eilenberg
and Moore [5] that the class of s.e.s.’s on which the hom( —, ) are exact must be reduced—
which was indeed the case.

In the subsequent discussion 4 will denote an abelian category with enough injec-
tives and projectives. By generalizing the results of Cartan and Eilenberg [1, Chapter III],
or by a remark of Mitchell [13, p. 203], any half-exact functor g,: 4— B gives rise to an
h-functor (g, £); A~ B where g, is the nth left (right) satellite S~"g, for >0 (n <0). (g, &)
is called the satellite h-functor of g,. Since g, is half-exact, it is additive; ¢, is additive by
the construction procedure. Let o’ :Ses(A4)—>Ses(42) be the functor induced by o: 4 42

We now state the main theorem of this section:

TEEOREM 5.5. Let 9y: A~ B be a half-exact functor with satellite h-functor (g, €). One
can define

() a half-exact functor o'y: A2~ B with satellite h-functor (o', &), together with
(ii) @ natural epimorphism of functors gy—>g'ya which extends uniquely to a natural

transformation (g, &) (p’x, £'at")
such that

(iif) o'4(14) =0 for every A of A,
(iv) 0'o(p) =0 for every projective p of A%, and
(v) the induced natural transformation g,—0', o is an equivalence foi n<0.
Any functor o', which satisfies the above conditions also satisfies
(vi) there exists o unique o' : A3~ B2 such that ’ (04, A0)=¢'(ses| A |) for each A in A,
and such that (0’, ') s an E—-H functor,
(vii) 0'y(2) =0 for every injective 1 of A2,
(viii). wusing the notation of (5.2)
- @uN=0a(0) for n<0.
Moreover, it can also be shown that

(ix) wup to natural equivalence, o'y is uniquely determined by (i)— (v),

(x) if 0o(P)=0 for every projective P of A then the natural transformation of (ii)
18 a natural equivalence. That is, (o', &') extends (p, &). Also ¢',(f)=0,_(D) for
n>0.
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Proof. Define o' o(f) =im go(I’(f)) :04(C)~>0_,(D) where f is as in (5.2). To show that this
definition is independent of the choice of injective, let z: 4-J be a monic into some other
injective J. Let H be the pushout of ¢ and z, and A:H—IH a monic into an injective.
The maps IA—>H-IH and J—H—IH are both monic and split. That is, there is an in-
jective K and an isomorphism IH=~IA®K such that the composition IA~IH—->IA®K
is {1, o}. Using the monic {i, 0}: A~>IA®K instead of ¢ in (5.2) one obtains a new s.e.s.
I (H=T(/) @ (o]|1x). It is clear that &(o||1x) =o for every X. It follows from the additivity
of & that e (T"(f)) =&(T(f)) ®0; that is im (I (1)) =¢'o(/)-

Now let C” be the pushout of f and z, and let K" be an injective such that JH=J @ K".
It follows that there is an isomorphism z2: /4 ® K—+J @ K". Build a diagram (5.2) using the
monic {z,0}:A—->J@®K" (P is kept fixed throughout). There is a map induced from the
diagram built from {z, o} to this one, and there is a unique map y:C® K—~C"® K" induced

by the universal property of pushouts. Moreover, this induces a map of s.e.s.’s.

0—-D PRIA®K —~ C®K
R

0—D— POJOK' — C"®K"—0

0

from which it follows that y is an isomorphism. Apply (g, &).
&
20 (C)®go (K) —"~ 0-1 (D)

o~ 1
4 80
00 (C" )@y (K”') —— 0-1(D)
It follows that ime, is isomorphic to ime,”, and thus ¢’y(f) is independent of the choice of
injective (dually for projectives). That is, o'o(f) is well-defined.

A map (g) : f->F of 42 induces a morphism g'y{f)=>g’(f'). It will be shown that this is

also well-defined. Place a prime on each object and map of (5.2) and denote it by (5.2)".
Choose maps a’: IA—14’, b’ : PB—>PB’ such that a'i =i'a and bp=p'd’. The maps a,d,a’,
and b’ induce unique maps d: D—D' and ¢: C—C’ which give a commutative diagram
corresponding to a map (5.4)—(5.4)’. This in turn induces a map I'(f)—~I'(f'). If (o, &) is
applied to this, the commutative diagram (5.6) is obtained.

00 (C)—— 08 () —~ 0_, (D) — ¢, (IADPB)
olc) | 0-1(d) (5.6)

’

A A 4 , S
= 00(f') — -1 (D) — ¢-1(IA’®PB)

20 (C")
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Let st =g(I'(f)) and s't’ =¢,(I'(f")) be the canonical factorizations into an epic followed
by a monic. Since s and s’ are the kernels of the maps on their right, there is a unique
map o'o(f)—~e'o(f) induced. Dually there is a unique map induced because ¢ and ¢’ are
cokernels, and this must be the same map. If one varies 1A, IA’, or the choice of a’, one

does not change s, s, or g_,(d) so the induced map does not change either. Dually if one
changes PA, PA’, and b’ the induced map doesn’t change. Therefore gg (Z) : 0o(f)~>o0(f)

is well-defined. The fact that p’y(b) is well-defined could have been deduced, with a little
work, from this result. (This argument, which is due to P. J. Hilton, appears also in [10].)
The remainder of the proof that ¢’y is a functor is now trivial.

Take any s.e.s. (2.2) of 4% and let 3: B—I and j:C-J be monics into injectives. Form

the s.e.s. (5.7), and note that each vertical map is monic.

0 4 d B ¢ %, 0
{a,id} {0,{i,j¢}} {e.5} (6.7)
0 a'or LI po 1o €O pas

The sequence of cokernels 0—+X—+Y—~Z—0 is exact. Each cokernel is a pushout, i.e. X
is the pushout of @ and ¢d, and their pushout squares are bicartesian.

Dually take epics p: P—~A' and ¢: @- B’ where P and @ are projectives. By a dual
argument three new bicartesian squares are formed, and the pullbacks. form a s.e.s.
0-U—~V—-W-0.

Each map a, b, and ¢ stands as the common edge of two bicartesian squares. The s.e.s.’s
resulting from the composition of these pairs of squares are represented by the columns
of the commutative diagram (5.8). The lines are also exact. The middle line splits.

0 0 0
0——T v W——0
0— 10P 2% 1oP)sreg) 2L Je—-—0 (5.8)
0— X Y z 0

0 0 0

16 — 672906 Acta mathematica. 118. Imprimé le 21 juin 1967.
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Apply (o, &) to (5.8) to obtain the commutative diagram (5.9). The maps g,—> 0, are
all epic. The top line splits at go((I ®P)® (J ®Q)). The exactness of the bottom line is
easily verified by a diagram chasing argument, and this proves that ¢’y is a half-exact

functor. Let (o', £') denote the satellite functor of gq.

QO(ITP) {1’0}*90((I®P)T(J®Q))M*eo(J@TQ)—O—'Q-l(I@iP)
¥
00 (X) 00 (¥) eo(|Z) % 0.1(X) (5.9)
, | |
oo {@) 20 (b) go(c)

If I'(04) is taken as in (5.1a), then there is a natural epimorphism given by the fac-
torization of £,((I"(04)) into an epic followed by a monic, which maps py(A4) onto p'((04).
That is, there is a natural transformation g,—~g’ye. By the techniques of Cartan and Eilen-
berg [1, Proposition IT1.5.2] (these certainly can be immediately carried over to the abelian
categories under discussion here), this natural transformation extends uniquely to a
natural transformation of h-functors (o, £)—>(g’c, &'a’), where o’ : Ses(A4) ~Ses(A4?) extends a.
The only hypothesis that must be checked is that o'no(P)=0 for all projectives P and all
% >0. But OP is a projective of 4% by (5.3), so ¢',(0P) =0. This gives (ii).

Let 1, be any identity map of 4. Denote 14 and PA by I and P. From the properties
of pullback and pushout it is clear that in the situation of (5.2) one could take C'=1,
D=P,g=1,e=1, and

T(1,) —0op L =P pe By L,

This is a split s.e.s. s0 g'y(1,) =imey(I"(1,4)) =0. This is condition (iii).

Form the s.e.s. 6->1,—~1,>15,-6 of 4% 1;is an injective of 42 by (5.3), s00",(1;) =0
for all »<<0. Apply the h-functor (¢’, ¢') to the above s.e.s. Note that since p’y(1,) =0 for
every A it follows that o’_;(1,)=0 for all A also. Similarily one can show that ¢’,(15)=0
for all » and all X. It follows from Theorem 3.14 that there is a unique functor ’: 4%~ B?
such that (o', w’) is an E-H functor, as in condition (vi). By Theorem 3.4 and Lemma 2.7
one obtains that ¢’ has left- and right-exeision.

Let P be any projective of 4. I'(OP) is the s.e.s. o]|1, of 42, so o'y(0P)=0. Let {0, 1}:
Q—-P®Q be any projective of 4%. By excision g’y({o, 1})=p’(0P)=0.

There is a dual proof for injectives <o, 1>:I®J—J. However, if one wished to avoid

using the definition of g’;, one could simply observe that if one assumes statement (v)

0'o(<0, 1)) = ¢"((10)= 0"_4(0I) = o_,(I) = 0.
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This does not dualize for projectives. This lack of symmetry, which also appears in (),
is due to our choice of the embedding functor «: 4— 42. It also follows that o’,(0])=0
for all »<0 and all injectives I, even though 07 isn’t itself injective. Therefore (iv) and
(vii) are satisfied.

Let R=P(IA4) be a projective and r: R—IA4 an epimorphism. One obtains the com-
mutative diagram (5.10) where the second line is.a part of the l.e.s. used to obtain p’y(40)
from (5.15). The maps s, ¢, and  are all cokernels of the maps preceding them in the dia-
gram and can be thought of as the maps used to define the respective g’y objects. &' is

epic because p’_,(014)=0.

1

00 (B) 00 (R)

g (7)

3 ) ~

00 (14) el | 00 (Z4) —2— 00 (A0) —— o_; (A) (5.10)

d [0} ¢ Yy

96 ) £ }

00 (014) ~ 05 (02 A) 0 0.1 (04)

The map py(X4)—>g_,(4) is &2
0’_1(04) is uniquely determined. By chasing the diagram one finds that y is an isomorphism.

%), which is a cokernel of gy(f), so the mapy: o_,(4)—>

But this is precisely the procedure of [1] in the proof of the universality of the right satel-
lites. If one iterates this procedure one has that p,—p’, « is an isomorphism for all »<0.
This proves statement (v).
Take any map f as in (5.2). Consider the maps (1, 0): B@®I->B and {f,i}: A~ Ba Il

and notice that their composition is f. By excision and the results above

0'({f; 1})=20"2(0C) 2 g,(C) for n<0,

e'a(<1, 00)= ", (10) =0 for »<0.
Apply the E-H functor (¢’, ') of (vi) to the maps ({f, ¢}, <1, 0>) and use the isomorphisms
above to obtain from the usual l.e.s. of B the isomorphisms of condition (viii)

0. (V=o' (f) for n<O.

This result is independent of the I or monic 4 I used to obtain a C. Dually one obtains

an isomorphism
020", 1(0D) for n>0

but ¢’,_;(0D) is not generally isomorphic to p, (D) [see example 5.15].
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In the situation of (5.9) one would therefore have that g_,(X), ¢_;(Y), and p_,(Z) are

respectively isomorphic to ¢'g(a), o’y(b), and p’y(c). Also, the composition

£o(00(J ®Q)~>0,(2)) =0

80 &, factors through p’y(c). The map induced from p’y(c)—>p_,(X) together with the iso-
morphism g_,(X)—~¢'_,(a) is actually &
Following the notation of (5.2), p_,(I4)=0. If (g, ¢) is applied to I'(f), then by the

definition of p’y(f) there is an exact sequence

0 go(f) > -1(D) ¢-1(6) o-1(PB). (5.11)

Let an arbitrary functor p~y: 4%~ B which also satisfies all the conditions (i)~ (v) be
chosen. The satellite h-functor of p~, is denoted by (¢~, ¢”). The kernel of the epimorphism
p of (5.2) is denoted by QB. Since D is a pullback one obtains from (5.2) a s.e.s. (5.12)
of A42.

6->lgp—e—f->6 (5.12)

A le.s. is obtained from the action of (¢, £~) on (5.12). Since p~,(1,)=0 for every
A, if n=0, it is also true for every n. It follows that the l.e.s. contains isomorphisms for

each n
0" a(€) 2207(f)- (5.13)

Let (0~, w~) be the E-H functor which exists by (vi), and apply it to (0D, e). Since
0—PB is a projective of 42 then by (iv) one obtains from the l.e.s. the exact sequence

- (6
0-1 )
~ - - e .
0= 0o (0P B)—go (¢) > -1 (0D) 7 0-1(0PB).
By (ii), {v), and (5.13) an isomorphic exact sequence is obtained

0 ei(N e ()2 ,(PB).

But from (5.11) one has that ¢’y(f) is also a kernel of g_,(e). Therefore there exists a
unique isomorphism g'y(f)->0"o(f). Moreover, it is trivial to note that given any map f—f,
the appropriate square of maps commutes. That is, there is a natural equivalence p’y—0",
80 @y is essentially unigue. This proves (ix).

If po(P) =0 for every projective P, then if g, is applied to the s.e.s. (5.1 a) the sequence

epic , monic
0=0o(PA) > 0o(4) T= 0(04) "7 0,(Q4)
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is obtained. It follows that gy(4) is isomorphie to gy’ (04) for every A. This induces a natural
equivalence g,—~g’yo which extends uniquely to a natural equivalence (g, &)~ (o', &'a’).
For categories in which gy(P)=0 for all P one could in fact define g'((04)=py(A4) and

2’ ((;‘) =go(f) for all A and all f of 4. Without loss of generality this will be assumed.

To complete the proof of the theorem one notes that there are now isomorphisms
0'n(f) = ¢'n(0D) =g, 4(D) for n>0. QE.D.

Let 4™ be the iterated morphism category (... (A42)2 ...)2, where 4" = 4 and A® = 42
The functor o: A4 — AV can be iterated to give embeddings A4™->A4™*D for all n. If
A has enough injectives (projectives) then so does 4™. Define 4®=U,A4™. This is an
abelian category. If 4 has enough projectives, then so does A4®. This is not true for in-
jectives; 4= has none! The morphisms of 4 can all be identified with objects of A4®. By
interchanging 6 and f in the definition of « one obtains a dual embedding.

Each occurrence of A4, g,, and g’y in the statement of (5.5) can be replaced by AW,
0o, and o2 respectively to obtain a new theorem. No further proof is required. One can in
fact make successive replacements with 42, g2 o). A® o - oB s o 4™ oM
o™, for every n>2 to obtain new true theorems. There is a considerable connection
between o™ and g, because for m <0 '™, (X) is isomorphic to p,(X’) for some suitable
X' of A4 (X is an object of 4™), \

CoRrROLLARY 5.14. Let (g, &) be given as in Theorem 5.5 and assume that g(P)=0 for
every projective P. An_ h-functor (9®, e*): A~ B can then be defined which extends (g, £)
‘and such that

(i) if A€EA™, g2(4)=p™(4)
(ii) there ¢s an E—H functor (0®, w®).

Proof. Each A4 € 4% = 4™ must belong to 4™ for some smallest n, say N. By the

convention adopted above
o™(d) =gV (4) = ...

where the distinction between 4 and its image 04 in 4¥+V) and its ultimate image in 4%
is ignored. Set p®(4)=p'"(4). Clearly p®, vanishes on all projectives and identity maps
of A= (there are no injectives). If f|jg is a s.e.s. of 4%, it is also a s.e.s. of A™ for some
N and one can define the action of (¢, e®) to be that of (o™, &™). Similarily an E-H
functor is obtained.

If one is given a g, which is not zero on each P, then one could restate Corollary 5.14
using o', and the relationships between g, and p’, mentioned in (5.5).
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Ezxample 5.15. Let R be the ring of integers modulo 8, A4 the category of E-modules,
B the category of abelian groups, and p,=Homg(4R, —}: A~ B. There is a s.e.s. (5.16)

of R-modules

0—2R% R—4R—0, (5.16)
where ¢ is the inclusion of the submodule. From the definition of ¢’y one obtains
0’ o(0>2R)=Z[2Z =~ ¢'((0—>4R).

Since 0— R is a projective o',(0R)=0 for n=>0. Apply «' to (5.16) to obtain a s.e.s. of

A? upon which (¢, &') acts to give the exact sequence
0=0',(0R)~¢"1(04R)~0'((02R) ~¢'o(0R) = 0.

Therefore ¢',(04R)~Z{2Z. But p,(4R)=0. Similarly o' (04R)=Z/2Z for all n>0.
Thus the property of being left-exact is not preserved when we pass from g, to p'.
On the other hand, if g, is right-exact then g',=0. Such cases can be handled by defining

o"olf) = ime(L'(f)).

By a similar argument to the one used in (5.5) there is a natural monomorphism g”ja~g,
which is an equivalence if py(I) =0 for every injective I.

If g, is contravariant, one can simply replace B by B to find the corresponding
theorems.

In [10, Theorem 5.3] the authors proved that Ext™(4, ¢)=~Ext" (4, Z¢), n>2 for
any suspénsion Zp:ZX—-2Y of ¢: X~ Y. The same proof is not used here because injec-
tives of 4% are restricted by (5.3) to be maps of the type <1, 0)>:I®J I, whereas any
map I—J was allowed in [10]. This gives a slightly better result.

If one insists that Xf be the cokernel of a monomorphism f—1%, where ¢ is an injective

of 4?2, then by applying the h-functor (¢’, &’) to the s.e.s.
6—>f>i>2f>6

one obtains o', (2f) =g’ _,(f) for n<1. This gives one “more” isomorphism on the left than
was had before.

Although abelian categories have been almost exclusively used here, one can obtain
corresponding results in additive categories with additional structure, such as triangu-

lated categories.
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