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Introduction

The purpose of this paper is to describe some of the structure of a Lie p-algebra in
terms of its tori. General properties of tori are developed in section 2, where maximal
tori and Cartan subalgebras are related, preservation of properties of tori under base field
extension and under p-homomorphisms is studied and the invariance of the dimension of
maximal tori in a solvable Lie p-algebra is proved. In section 3, exponentials are introduced
for the purpose of studying the distribution of tori in a Lie p-algebra. The significance
of this section is that it shows how a class of exponentials, sufficiently rich at characteristic
0 to express the conjugacy of Cartan subalgebras, can be effectively introduced at charac-
teristic p. In section 4, it is shown that the maximal tori of a solvable Lie p-algebra over
an algebraically closed field are conjugate.

The general prerequisites for the paper are contained in [4], [6]. It is well to mention
here results of N. Jacobson [4], [5] and G. Seligman [6], [7] on tori, which are important for
this paper, as well results of D. Barnes [1] and R. Block [2] on exponentials in Lie algebras
L satisfying certain conditions on the degree of nilpotency of ad £*.

I would like to take this opportunity to thank George Seligman for several important
observations on the original material, and James Humphreys for remarks leading to a

simpler account of the material on expohentials.

1. Preliminaries

We are concerned with only finite dimensional Lie algebras and vector spaces over
fields.

1.1 Base field extension. If C is a Lie algebra or vector space over ¥, then the extension

() Most of this work was done at the University of Bonn in 1967-68 while the author was a
National Science Foundation Postdoctoral Research Fellow.
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L®:K of L to an extension field K of F is denoted Ly, and L is canonically identified
with L®1.

1.2 Fitting-Zassenhaus decomposition. Let C be a nilpotent Lie algebra over ¥, V a
module for £. Then V has a decomposition V =V(L)+ V.(L) (direct) as described in
[4; pp. 33—43]. The subspaces V(L), Vs (L) are L-stable, and V(L) is characterized as the
maximal C-stable subspace of ¥ on which the elements of C are all nilpotent. The de-
composition commutes with base extension. For « a function from L to F, let V (L)=
{vEV|o(N —a(N))™™ V=0 for N € C}. Thisis called a weight space (and, in the contextof V =L
where the associated representation is ad, a root space) of £ in V. Now, Vo(L)=7V,(L)
where o is the zero function on C; and, if F is algebraically closed, V(L) =240 Vo(L).

1.3 Lie p-algebras. A Lie p-algebra is a restricted Lie algebra over a field of charac-
teristic p >0 [Cf. 4, p. 187). This is a Lie algebra  together with a “pth power mapping”
z+>2? from £ to £ such that (cx)?=c’2? (cEF, zEL), (adz)’=ada? (€ L), and a third
condition. If the center of C is {0}, the third condition follows from the first and second.
If £ is abelian, the third condition is that (z+y)*=a"+3” (x, y€ L).

A p-subalgebra (respectively p-ideal) of a Lie p-algebra L is a subalgebra (respectively
deal) of the underlying Lie algebra of £ which is closed under the pth power mapping.
A p-homomorphism of Lie p-algebras is a Lie algebra homomorphism which commutes
with the pth power mappings. A linear Lie p-algebra is a linear Lie algebra stable under
the usual associative pth power mapping. (A linear p-algebra together with the associative
pth power mapping is a Lie p-algebra). A p-representation of a Lie p-algebra C is a p-homo-
morphism from £ into a linear Lie p-algebra.

If £ is a Lie p-algebra over F, then Ly has the unique structure of a Lie p-algebra
over K for any extension field K of F, by [4, p. 192].

1.4. Notations. Let L be a Lie algebra. Then C(L) denotes the center of £ and Nilp £
denotes the maximal nilpotent ideal of £. The intersection /2oL is denoted L. For

subsets 4, B of £, C4(B)={a€ A|a centralizes B} and M ,(B)= {a€ A| Bad a<B}.

2. Tori

We develop here some preliminary material on the tori of a Lie p-algebra £. Some of
this material is known [Cf. 4, 5, 6, 7] or is straightforward, so that details are often omitted.
The chief new results are the following, the first of which is proved for perfect fields in [6].

TaEOREM 2.14. N is a Cartan subalgebra of L if and only if H is the centralizer of a

maximal torus of L.
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TaeEorREM 2.15. If T is a maximal torus of C, then Ty is a mazximal torus of Lg for any
extension field E of the ground field of C.

Throughout this section, L is a Lie p-algebra. The ground field of L is denoted F,

its algebraic closure K.

Definition 2.1. An element x of C is nilpotent if 27 =0 for some positive integer e.

A subalgebra of L is #nsl if it consists of nilpotent elements of L.

Definition 2.2. T is a torus over F (or, J is a toral Lie p-algebra over F) if T is an
abelian Lie p-algebra over F and J. contains no non-zero nilpotent elements. A forus
of £ is a p-subalgebra of £ which, as a Lie p-algebra, is a torus.

The following (characteristic) property of tori is proved in [4; pp. 192-3].

THEOREM 2.3. Let J be a torus over F. Then 6(T) is diagonalizable over K for any

p-representation § of J over F.
Definition 2.4. £ is the span of {z%|z€L}.
Prorosition 2.5. Let L be abelian. Then, of the following conditions, (1), (2), (3)

and (4) are equivalent. If F is perfect, all are equivalent.
(1) L 15 a torus;
(2) if ey, ..., e, 18 a basis for L, then e}, ..., e}, is a basis for C;
(3) each x€ L is contained in the p-subalgebra {x*)> generated by x*;
4 L=0L7
(8) L={a"|x€L};

(6) L contains no non-zero nilpotent elements.

Proof. We first show that (1), (2), (3) and (4) are equivalent. Suppose first that £ is
a torus and that ey, ..., e, is a bage for £. We claim that €7, ..., €2 is a basis for £. Thus,
suppose that 2 ¢,ef =0 where ¢,€ F for 1 <¢<n. Choose d,€ K such that df =¢, for 1 <¢<n.
Then 0=2, df ¢} =(>.d,e;)” and, since L, contains no non-zero nilpotent element, > d,e, =0.
It follows that the d,, hence the ¢,, are all zero. Thus €7, ..., e is a basis for £, and (1)
implies (2).

We next show that (2) implies (3). Thus, assume (2), let 2 be a non-zero element of
£ and let 27 be the first p°th power of z which is a linear combination of the preceding
ones. Then z, .., 2" is linearly independent. Thus, 2?, ..., z” is linearly independent, so
that the coefficient of x in the expression for z” in terms of z, .., 2" is non-zero. Thus
Z€(2".

Obviously (3) implies (4).



72 DAVID J. WINTER

Assume next that (4) holds for £. Then (4) holds for £ and the mapping y+— ¥?
must therefore map a basis for £, onto a basis for L. In particular, y +> 4P is injective and
L contains no nilpotent elements. Thus, C is a torus and (4) implies (1). This shows that
{1)—(4) are equivalent.

Finally, assume that F is perfect. Then (5) and (6) are equivalent, since y+>4” is in-
jective if and only if surjective in this case. Also, (5) implies (4) and (1) implies (6). Thus
(1) —(6) are equivalent.

Two straightforward consequences of this proposition are:

COROLLARY 2.6. Let E be an extension field of F. Then L is a torus if and only if

L 18 a torus.

CoROLLARY 2.7. Let J be a torus over F, & a p-homomorphism from T into L. Then
() is a torus of L.

ProrosiTioN 2.8. If J is a torus of Nilp C, then T is central in L.

Proof. Since J is contained in the nilpotent ideal Nilp £ and £ ad J<Nilp L,
L(ad J)" =0 for some » and L< L, (and J). But ad T is diagonalizable over K, by 2.3, so
that Coad J)=C(T) and T centralizes L.

Definition 2.9. An element of L is semi-simple if it is contained in some torus of L.
By 2.5, an element z of L is semi-simple if and only if « is contained in the p-subalgebra
{x”> generated by xz?. This condition is taken as the definition of semi-simplicity in [6].

ProrosSITION 2.10. Let § be a commutative set of semisimple elements of L. Then §

is contained in a torus of L.

Proof. Let sy, ..., s,, be a maximal F-free subset of §. Let §; be the p-subalgebra gen.-
erated by s, (1 <¢<m). Now J=3 §; is abelian, since each §; is spanned by p°th powers
of ;. Each §, is a torus, since §, is contained in any torus containing s,. Thus, =73 §7 =
>8,=9. Thus, T is a torus containing §, by 2.5.

ProrosiTION 2.11. For eack z€L, 2™ ts semi-simple for some ¢>0. If L is abelian,

L7 is a torus for some ¢=0.

Proof. The p-subalgebra generated by an element z of £ is abelian, so the first assertion
follows from the second. For the second, let £ be abelian. Then £7**' = (L*)? and L£7> 7>
.2 L7 for e>1, so that L= (L") and L is a torus for e sufficiently large, by 2.5.
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COROLLARY 2.12. Let C be nilpotent. Then L has a unique maximal torus J. Moreover,
J s central and consists of the semi-simple elements of L. If W is a p-module for C, then

Bo(T)=V(L).

Proof. Let T be a maximal torus of £. Since L is nilpotent, T is central in C, by 2.8.
If z is a semisimple element of L, it follows from 2.10 that € J. Thus, J is the set of semi-
simple elements of L.

Now let V be p-module for £. For each z€ L, 27 € T for some ¢, by 2.11, so that Vy(x)>
Vo(T) for € L. Thus, V(L£)> V(). The other inclusion is trivial.

CoROLLARY 2.13. Let T be a p-ideal of L and let T and LT be tori. Then L 13 a torus.

Proof. Suppose not and let § be a maximal abelian subalgebra of C. Since J is central,
by 2.8, T is a proper subalgebra of §. Since § is an abelian p-subalgebra and §/J a torus,
§ is a torus, by a simple application of 2.5. Since L is nilpotent (T is central, as noted above),
$ is central, by 2.8. This, together with the maximal commutativity of § implies that
S=L. Thus, £ is a torus.

TueorEM 2.14. W is a Cartan subalgebra of L if and only if H is the centralizer of a
mazximal torus of L.

Proof. Let J be a maximal torus of £ and H= C(T). Then }#/T contains no non-zero
torus, by 2.13. Thus, H/J contains no non-zero semi-simple elements. For z€H/T we
can choose e such that 2% is semi-simple—that is, such that 2 =0. That is, ad « isnilpotent.
Thus, /T is nilpotent. Since T is central in , H is nilpotent. To prove that H is a Cartan
subalgebra of L, it remains to show that N ()< H. But N (H)ad T<H=C, (ad J), so
that N(H)<= L, (ad T=C, (ad T =H.

Suppose, conversely that } is a Cartan subalgebra of £. It is a p-subalgebra of L, as the
normalizer of itself. Let J be the maximal torus of }{. Then ad J is the maximal torus of
ad H. (E.g., ad Hfad T is nil because H/T is nil). Thus, H=L, (ad H)=L, (ad T)=
CD), by 2.12.

TrEOREM 2.15. Let E be an extension field of F, T a maximal torus of L. Then Jyg is

a maximal torus of L.

Proof. We know that Jy is a torus of Lz. We now reduce the proof to the nilpotent,
then the abelian, case.

Let H be the centralizer of . Since H is a Cartan subalgebra of L, by 2.14, H is a
Cartan subalgebra of £;. Thus H; contains a unique maximal torus of Lz, by 2.14. We
may therefore agsume, without loss of generality, that £ is nilpotent.
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The maximal torus of  (respectively L) is contained in the center of L (respectively
L), by 2.12. But, as is well known and easily verified, the center of L is Cz where C is
the center of C. Thus, we may assume that £ is abelian.

Now choose e such that £~ =, by 2.5 and 2.11. Since L is abelian, £ = J. It follows
that Jy is the maximal torus of (.

The following theorem is similar to a result in [1]. We include a proof, since the theorem

is needed for the sequel.

x B
THeEoREM 2.16. Let 0— L'~ L—~>L—~0 be an exact sequence of Lie p-algebras, the o, B
being p-homomorphisms. If T is a maximal torus of C, then B(T) is a maximal torus of L.
I} T is a maximal torus of C and T is a maximal torus of ~(T), then T is a maximal torus of L.

Proof. Suppose first that F is a maximal torus of L and that J is a maximal torus of
BT =B. Let =B, (ad J), a Cartan subalgebra of B by 2.14. Since B=H+B. (ad J),
[B, B]={T, B: (ad JN]> Bs (ad F). Thus, B=H+[B, B]. But g(B) is abelian, so that
B((B, B]) =0 and B(}H) =(B) =T. Now H/J is nil, so that 8(H)/B(T)=T/B(T) is nil as well
as toral. Thus, = B(D). It follows that J is a maximal torus of £. For let § be a maximal
torus of £ containing 7. Then B(§) is a torus containing 7, so that #(§) =T and S<g-4(T) =
B. Thus, $=T and 7 is a maximal torus of L.

Next, let J be any maximal torus of £. Let I be a maximal torus of L containing p(n.
Then J is a maximal torus of $-1(7), whence () =T as above. Thus, §(J) is a maximal
torus of L.

ProrosiTioN 2.17. Let C be solvable. Then the dimension of a maximal torus of L

18 a constant.

Proof. The proof is by induction on the dimension of £, and is trivial if £ is abelian or
of dimension one. Next, suppose that £ is not abelian and let 4 be a minimal non-zero
p-ideal of L. Since L is solvable, 4 is abelian. Moreover, 4 is a torus or 4 is a nil ideal,
as we see by considering the series A4 in the light of 2.5. Let L= C/A4 and let 8: L—~L be
the canonical p-homomorphism. Let J;, J, be maximal tori of £. Then the dimensions of
B(T,), B(T,) are equal, by induction, since the 8(J;) are maximal tori of £ by 2.16. It follows
that the dimensions of J,, 7, are equal. For if 4 is nil, J;N A4={0} for i=1, 2; and if 4
is toral, it is central and J,> A4 for 1=1, 2.

3. Exponentials
In this section, we introduce exponential operators on sets of tori and Cartan subalge-
bras, and develop basic properties of these operators. In the next section, conjugacy results

in terms of these operators are established.
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Our considerations are motivated by the importance of the automorphisms exp ad x
where « is an element of a root space £, (ad ) of a Lie algebra L of characteristic Orelative
to a Cartan subalgebra H of £. Examples of difficulties to be circumvented in the present
context of ground fields of characteristic p are that exp ad z is not defined until the meaning
of 1/n! (n>p)is decided upon, and that exp ad « is not always an automorphism even when
(ad z)? =0.

Throughout the remainder of the section, £isa Lie p-algebra, F isits underlying ground
field and K is the algebraic closure of F.

It is convenient to introduce the following rough substitute E* (not to be confused

with the e® introduced later) for the exponential mapping.

-1 n
Definition 3.1. B=3 (a‘:;) .

We begin by considering a maximal torus J and an element z of a root space C, (ad J).
The Lie p-algebra B generated by T and « is solvable and has the form B=J+ 4 (not
necessarily a direct sum of subspaces) where 4 is an abelian p-ideal of B and x € 4. Now
E*|g=1+adgz is an automorphism of B. Thus, JE* is an abelian subalgebra, but need
not be a torus or p-subalgebra since £*|; need not be a p-automorphism. For these reasons,

the following conventions are adopted.

Definition 3.2. Let F be a torus of £. An element z (respectively subset §) of C is
defined at Jif there is a p-subalgebra of L of the form B=J + 4 (not necessarily a direct
sum of subspaces) where 4 is an abelian p-ideal of B and x € 4 (respectively S< A4).

Definition 3.3. Let T be a torus of L, x an element of C defined at J. Then Je* is the
maximal torus of the (abelian) p-subalgebra generated by TE*.

If « lies in a root space of a torus J of L, then z is defined at J, by our earlier remarks,
so that Je® is defined. It is this case with which we are primarily concerned. However,

the additional generality which is built in costs little and is convenient later on.

THEOREM 3.4. Let J be a maximal torus of L. Then:
(1) if x is defined at T, the dimensions of T and Te* are equal;
(2) of {xy, ..., 2,} 1s defined at F, Te™ ... e = JeTrt- s,

Proof. Let B=J+ A be a p-subalgebra of £ where A4 is as in 3.2. Everything takes
place in B. Note that E°|y is an automorphism of B for a€ 4.

For (1), let x € A. Since B is solvable, it suffices, by 2.17, to show that Je” is a maximal
torus of B. For this, let o = E*|;. We have the commutative diagram
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43

B

adg ady

Ad;B Ad,;B

Ado

where Ad ¢ is the mapping br>0-¢ (b€B). Now ad; is a p-homomorphism and Ad ¢
is a p-automorphism (although ¢ need not be a p-automorphism). And ad J is a maximal
torus of ad, B, by 2.16. Thus, (ad J)Ad o=ad (Jo)=ad JE* is a maximal torus of
ady B. It therefore suffices to show that Je® is a maximal torus of ad~{(JE*)=TE* +
C(C=C(B)), by 2.16. Let S be the maximal torus of C. Since 7 is maximal, $< J. Thus,
S < Je®. Choose e such that (FE*)*< Je* and (< §, by 2.11. Then (FE* + C)’< Je. It
follows that Je” is the maximal torus of JE*+ C, by 2.5 and 2.11.

Wenow prove (2). For this, we assume that z, y € 4 and follow the above notation. As
above, Je* is the maximal torus of Je*+ . Similarly, (Je?) ¢¥ is the maximal torus of
(T B+ C=(Te*+ Q) BV < (TE* + C) BV = JE**¥ + C. Finally, Je**? is the maximal torus
of JE**Y 4 C, so that JeTe?< Je* ¥, Since their dimensions are equal, Je*e? = Je*+?. Now

working in B so that relevant tori are maximal, (2) follows easily by induction.

[ B __
PROPOSITION 3.5. Let 0— L'~ L—~L—~0 be an exact sequence of Lie p-algebras, where
aand § are p-homomorphisms. Let J be a maximal torus of £, x an element of C defined at J.

Then B(z) is defined at B(T) and f(Te*)=p(T)ef™.

Proof. B(9J) is a maximal torus of L, by 2.16, and f(z) is obviously defined at §(7T).
Since the root vector components z, of z lie in any 4 of the kind specified in 3.2, the set
{z,} is defined at F and JFe*= T[] e, by 3.4.

It follows that we may assume without loss of generality that xr=x,€ C, (ad T') for
some & +0. Let J, be the kernel of « and choose ¢ € I such that [¢, 2] =2. Now J=T,® Ft
and Je*=(J(1 +ad x))”=T,® F(t +x)* for some e. Choose such an e and observe that
B(Te*) =B(T) + F(B(t) +B(x))”, a torus. But the same reasoning as above shows that the
latter algebra is B(J)eA®. That is, B(Je?) —B(Tp) + F(B(E)+Ba)” =B(T)eH.

LEMMA 3.6. Let T be a torus of L, x an element of a root space L, (ad J) such that
(ad 2)?=0. Then ad (TE®) is diagonalizable over K and C(TE*)=C(T) E*.

Proof. By base field extension considerations, we can assume without loss of gen-
erality that ad J is diagonalizable. Now L= £; (ad J). Take y€ Lz (ad J). Since



ON THE TORAL STRUCTURE OF LIE p-ALGEBRAS 77

¥ (ad 2)"€Lg.n, (ad T) for all », we have the following for t€J: (yE*) ad (tE*) = (yE*)
(ad t (I +ad z)) =8 "(y (ad z)"/n!) (ad t — a(ad t) ad ) = > (8 (ad ) + nx (ad ?))
(y(ad 2)*/n!) — (ad ) (y (ad 2)"*Y/nl)) = B(ad §) yB* + S (ad ) ((ny (adz)"/nt) — (y(ad 2)"*/nl)
= p(ad t) yE*— o (ad #) (y(ad 2)?/(p—1)!)= B (ad t) yE*. Thus, for Z€ L, (ad T) E°, Z ad
(tE*)=p (ad f) Z. Since E* is non-singular, =2 L,z (ad T) E*. It follows that ad (JE")
is diagonalizable and that L;(ad J)E*= L4 (ad JE?) where f'(ad tE*)=8 (ad ) ((€T).
Taking =0, we have C.(T) E*= C (TE*).

TurEorREM 3.7. Let J be a maximal torus of L, x an element of L defined at J. Then T is
a Cartan subalgebra of C if and only if Je* is a Cartan subalgebra of L.

Proof. It suffices to show that for J a Cartan subalgebra of L, Je® is a Cartan subalgebra
of L. For then, if Je* is a Cartan subalgebra of C, T=(Je*)e * is a Cartan subalgebra of L.

Thus, assume that T is a Cartan subalgebra of £. We show that Je® is a Cartan sub-
algebra of £, that is, that Je®= C.(TFe"). As in the proof of 3.5, the set {x,} of root space
components of z is defined at J. Since Fe*= T[] e, by 3.4, we may therefore assume
that x€ £, (ad J) for some x=+0. Let J, be the kernel of a. Now C(J,) contains T, «,
Je* and C(Je*). Since what we are to show is that Je*=C(Je"), we may work in Cc(T,).
That is, we may assume with no loss in generality that J, is central. But 7€ J,. For
0=T(ad =T ad x*, so that 2"€C(T)=T; and 0=z, 2°] =wa(x?) x, so that 2?€J,.
Thus, (ad )’ =0 and CTE")=C(T) E*=Te*, by 3.6. Thus, it remains to show that
Ce(Te®) = C(TE®). But this is true since ad JE* is diagonalizable, by 3.6, and since
Ly (ad Je*y= L, (ad TEF), by 2.12.

We now define exponential operators on Cartan subalgebras as follows. The preceding

theorem ensures that, in doing this, no ambiguities are introduced.

Definition 3.8. Let H be a Cartan subalgebra of £ with maximal torus J. Then an
element x (respectively subset S) of C is defined at H if = (respectively §) is defined at J.
If x (respectively §) is defined at , then He* = C(Te®).

It is not known whether Je® is a maximal torus of £ for every maximal torus J of L.
For practical purposes, however, this difficulty is circumvented as follows, since the above

becomes true if “maximal torus” is replaced by ‘“‘torus of maximal dimension”.

Definition 3.9. The rank of a nilpotent Lie p-algebra is the dimension of its maximal
torus.

ProrosiTion 3.10. Let U be a Cartan subalgebra of mazximal rank. Then for x defined
at W, He® is a Cartan subalgebra of maximal rank.
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Proof. If J is a torus of maximal dimension and if z is defined at J, then Je® is a torus
of maximal dimension, by 3.4.
In the following application of this material, we establish the existence of large num-

bers of Cartan subalgebras of L.

CorOLLARY 3.11. Let C have a torus T of maximal dimension such that ad T is diago-
nalizable over F. Then L is spanned by the union of Cartan subalgebras of C of maximal rank.

Proof. L= L, (ad J). Let H be the Cartan subalgebra C(J). Then ¥} is of maximal
rank and the elements x of root spaces L, (ad ) are defined at Y. For such z, }<* is a Cartan
subalgebra of £ of maximal rank, and we claim that x€H+ He*. We may assume that
=0, since € H for x=0. Now choose t€ T such that « (adt)= —1. Then He* contains
t(I +ad z) =t +z, and € H + He® since t€ Y. Thus, the span of the Cartan subalgebras of
£ of maximal rank contains the L, (ad J), hence contains L.

The following observation is needed for an application in the next section.

ProrosiTIiON 3.12. Let U be a Cartan subalgebra of L of maximal rank, x an element
of a root space L, (ad J) such that (ad 2)* =0. Then He*=HE".

Proof. Let F be the maximal torus of . Then HE*=C(T) E* = C(TE*) = C(Te") =
He®, by 3.6 and 2.12.

4, Conjugacy
We now apply the material of section 3 on exponentials to the problem of conjugacy
of tori and Cartan subalgebras of a Lie p-algebra L. The precise meaning of conjugacy is

taken to be the following.

Definition 4.1. Two tori J, J’ (respectively Cartan subalgebras H#, H') are conjugate in
L under § (S< L) if there exist z;, ..., z, €S and tori J, (respectively Cartan subalgebras
H,) for 1 <¢ <n such that z, lies in some root space of J; (respectively H,) in L for 1 <i<n
and =7, J,e%=T,,, for 1<i<n-—1 and J,e»=T' (respectively H=;, H,e%=H,
for 1<i<n-—1 and H,e=N.

We prove, among other results, that any two maximal tori of a solvable Lie p-algebra
L over an algebraically closed field are conjugate under £*. The question as to whether this
generalizes to an arbitrary Lie p-algebra L over an algebraically closed field reduces to the
question as to whether any two maximal solvable subalgebras of £ containing maximal
tori of £ contain a common maximal torus of £. The latter question is the analog of Bruhat’s
lemma for algebraic groups, and is not within the scope of this paper.

Throughout the section, £ is a Lie p-algebra over an algebraically closed field F.



ON THE TORAL STRUCTURE OF LIE p-ALGEBRAS 79

LevmMA 4.2. Let T be a diagonalizable linear Lie algebra over F, V the underlying vector
space of T. Suppose that Vo(T)={0}. Let f be a function from T into V such that f(s)t =f(t)s
for s, t€J. Then there exists vEV such that f(t)=vt for t€T.

Proof. Choose s€ J such that V(s)={0}. This is possible since F is infinite and Jisa
diagonalizable subalgebra of Hom V. Let v=f(s)s~1. Then for t€J, vt=(f(s)s1)t =

(f(s)t)s~t =(f(t)s) s~ =f(¢).

THEOREM 4.3. Suppose that =M+ U (not necessarily a direct sum of subspaces)
where M is a p-subalgebra of £ and U is a nil p-ideal of C. Let T be a torus of L of maximal

dimension. Then some conjugate T’ of T under U is contained in M.

Proof. Suppose first that U is abelian and that M N U={0}. Then £ =M+ U (direct
sum of subspaces). Let Uy, =U, (ad J) and U= U (ad F). Then £=(M+ Uy) + U (direct
sum of subspaces). For s€J, let f(s) be the corresponding projection of s on U, f.(s) the

corresponding projection on Us:

s=m+f(s) with m€M, f(s)EU;
F(8) =g+ f(s) with u,€ U, and f.(s) € Us.

Then for s, t€T, 0=[s, t]=[m +f(s), n+f(£)] =[m, n]+[m, f(t)]+[f(s), n] where s =m +f(s),
t=n+f(t), and [m, n]=0 and [f(t), s]=[f(t), m]=[f(s), n] =[f(s), t]. Thus, [f(¢), s]=[f(s), (]
and, consequently, [f.(t), s]=[f«(s), ] for s, t€ T. Thus, there exists x € U, such that fu(t)=
[z, t] for all t€ T, by 4.2. We can now show that ad JE*< ad M, which then is used to show
that some conjugate of J, namely Je?, is contained in . Thus, let s€J. Then, s=m +
Ug-fo(s) (MEM, u,€U,) and sE*=s(I+adx)=s—f.(s)=m+u, Since U is abelian,
E* is an automorphism of £. Moreover, Ad E* (the mapping ad y — E~*(ad y) E* =ad (y E7))
is a p-automorphism of ad L. Now [m, u,] =0, since m =5 —uy — f«(5), so that [ad m, ad u,]=0.
Choosing e such that 43 =0, we have ad (s™E") = ((ad s)*) Ad E* = ((ad s) Ad E*)” =
ad (sE*)" =ad (m +uy)” =ad m*€ad M. Since T=T* for all e, it follows readily that
ad JE*<ad M.

We next note that Je® is in fact eonjugate to J in the sense of 4.1. This is true since,
for x=>7x; with x,€ L, (ad J), {x;} is defined at J and the tori J,:ffezz“ have the
property that z, is a root vector with respect to J, (the root spaces of all the J; coincide
since U is abelian). Now J and Je” are conjugate under U, via the T, ;.

It remains only to show that Je*< M. But, since Ad E? is a p-automorphism and since

the following diagram is commutative, ad Je*=ad JE* as in the proof of 3.4:
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EI

ad ad

ad L ad L

Ad E*

Thus, ad Je*<ad M, by the preceding paragraph. Thus Je*< M+ C(L)= M+ Cu(L).
Let s€Je®. Then s=m+u (mEM, u€ Cy(L)) and s*=m € M where ¢ is chosen such that
%7 =0. Choosing e such that U”={0}, we have Je*=(TJe")*"< M, as asserted.

We now prove the theorem in general by induction on dim L. The proof for dim £=1
is trivial. If U = {0}, there is nothing to prove. Thus, suppose that U +{0}. Then Cy(U) 0
(since U is nilpotent). Let ¥ = Cy(U) if MN Co(U) ={0} and W="Mn Cy(UW) if MN Cy(U) +
{0}. Then Y is an abelian nil p-ideal of L of positive dimension, and either W< M or

MnY={0}. Let L=L/V and let 0>V~ Eif—->0 be the associated exact sequence of
Lie p-algebras. Let M =8(M), U=B(U), T=B(T). Then L=+ U and T is a torus of
of maximal dimension, by 2.16, since ¥ is nil. (Cf. proof to 2.17). By the induction hypo-
thesis, there exist &,, ..., &, in U and tori J, of L such that T=T,, J,¢fi =T, 1 <i<n-—1)
and J,e»< . Choose maximal tori J; of £ such that B(T,)=T,, by 2.16 (1<i<n). By
conservation of root-space properties under passage to quotients, we can find z; in £
such that x; is a root vector of J, and f(z;) =7, (1<i<n). Now B(T,e%) =B(T,) e’ =
Tiei=T,,,=B(Tin1) (1<i<n—1). Similarly, f(T,e)=T,eF»<TN. Thus, T+ V=T, + 1,
T +V=T,,,+V 1<i<n-1) and J,e+VY<M-+ VY. By the preceding paragraph,
J is conjugate to J, under ¥, J,e% is conjugate to J,,, under Y (1<i<n—1) and, in the
case that PN YW={0}, some conjugate of F,e™ under Y is contained in M. In the remaining
case N YW=={0}, we have W< M, whence JF,e™»< M. Thus, some conjugate of F under U
is contained in M in each case.

THEOREM 4.4. Let £ be a solvable Lie p-algebra. Then any two mazimal tori J, T’ are
conjugate under L™,

Proof. Recall that the maximal tori of £ have constant dimension, by 2.17.

We prove that two given maximal tori J, J' are conjugate, by induction on dim (.
The assertion is trivial if dim £~=1. Now assume that dim £>1 and that the assertion
is true for lower dimensions. Let 4 be a minimal non-zero abelian p-ideal of £. Then A4

is a mil-p-ideal or a torus, as we see from 2.5 upon considering the series A4*. Let
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04— Ei L/ A0 be the associated exact sequence andlet S(L)=L, (N =T, 8(T)=T".
Then J, J’ are maximal tori of £, and there exist, by induction, &, ..., &, in £ and tori
Ty, -, T, of C with &, a root vector of TF;, (1<i<n) such that T=7,, J,e5=T,,,
(1<i<n-1) and J,e™»=7'. Again we can choose z; in £ and maximal tori J, of £ such
that z, is a root vector for 7, B(z,) =&, and B(T;) = T; (1 <i<n). (Compare with the proof
of 4.3). Then B(T)=4(Ty), f(Tie") =T =T 1 =F(Tipy) (1<i<n—1) and B(T,e™)=
T.e»=T' =(T’). Thus, T+ A=T,+4, Tie%+ A=T; ., + A for 1<i<n—1 and J,e™+
A=T + A If 4 is nil. T and T’ are conjugate under £ by 4.3. Otherwise 4 is a toral
ideal, hence is central by 2.8, and therefore is contained in the maximal tori J, J’and T,
{1<¢<n). Thus, J and. ‘J’ are conjugate under £ in both cases. But conjugacy under £
implies eonjugacy under £%, for if § is a torus and2 € £, (ad §) with « 0, then [ Fz, S]= Fx
so that x € L.

We have as corollary the following improvement of results of [1], [2].

COoROLLARY 4.5. Let L be a solvable Lie p-algebra such that (ad z)?=0 for x€ L.
Then any two Cartan subalgebras W, W' of L have the same dimension and are conjugate in
the sense that there exist x,€ L (1 <i<n) such that W' =UE* ... E*™.

Proof. Use 3.12 and 4.4.

CoROLLARY 4.6. If L is solvable and some Cartan subalgebra of L is a torus, then

every Cartan subalgebra of L is a torus.

Proof. This follows from 4.4 and 3.7.

References

[1]. Barngs, D. W., On Cartan subalgebras of Lie algebras. Math. Z., 101 (1967), 350-355.

[2]. Brook, R. W., On the extensions of Lie algebras. To appear.

[3). CuEvALLEY, C., (Séminaire C. Chevalley). Classification des Groupes de Lie Algébriques.
Tome I. Ecole Normale Supérieure, Paris, 1955.

[4]. Jacomson, N., Lie Algebras. Interscience, New York, 1962.

[5]. Restricted Lie algebras of characteristic p. Trans. Amer. Math. Soc., 50 (1941), 15-25.

[6]. SELicMAN, G., Modular Lie Algebras. Springer, New York, 1967.

[7]- Some results on Lie p-algebras. Bull. Amer. Math. Soc., 73 (1967), 528-30.

[8]. WINTER, D. J., On groups of automorphisms of Lie algebras. J. of Algebra, 8 (1968), 131-142.

[9]. Solvable and nilpotent subalgebras of Lie algebras. Bull. Amer. Math. Soc., 4 (1969).

Received February 27, 1969

6 — 692907 Acta mathematica. 123. Imprimé le 11 Septembre 1969.



