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In this article we demonstrate that the solutions of a certain class of non-linear elliptic
systems are smooth in the interior of the domain. One example of this class of equations

is the system

(0.1) div (o(| V8|9 Vs,) =0 1<k <m,

where p is a smooth positive function satisfying the ellipticity condition g(@) +20'(Q)¢ >0,
V denotes the gradient, and |Vs|2=37%_,|Vs,|2. This type of system arises as the Euler-
Lagrange equations for the stationary points of an energy integral which has an intrinsic
definition on maps between two Riemannian manifolds; the equations are therefore of
geometric interest. However, the method of proof also applies to the equations of non-linear
Hodge theory, which have been studied by L. M. and R. B. Sibner [9]. These are systems

of equations for a closed p-form w, dw =0 and
(0.2) do(|o|*w) =0,

where ¢ must satisfy the same ellipticity condition given earlier. The proof is presented in
a form which covers both cases.

We shall prove regularity in the interior for solutions of systems which do not depend
explicitly on either the independent variable or the functions, but only on the derivatives
of the functions. An extension to a more general class of systems of the same type with
smooth dependence on dependent and independent variables will be important for inte-
grals which arise in Riemannian geometry and probably can be carried out without any
radically different techniques. Homogeneous Dirichlet and Neumann boundary value

problems may be treated by reflection; however, the regularity up to the boundary for
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non-homogeneous boundary value problems cannot be proved using the techniques given
in this paper.

The results of this paper are an extension of the Nash—De Giorgi-Moser results on the
regularity of solutions of single non-linear equations to solutions of certain types of systems.
We also allow a weakening of the ellipticity condition, so our results are new when applied
to single equations. The method of proof is to exhibit an auxiliary function for the system
which is subharmonic. Then estimates of Moser [7] for subsolutions and supersolutions are
used to get a strong maximum principle. From here a perturbation theorem similar to
theorems of Almgren [1] and Morrey [6] gives sufficient continuity for the linear theory of
the regularity of solutions of elliptic systems to be applicable.

The author is grateful to J. Moser and L. M. Sibner for their interest, encouragement
and suggestions. Due to them, the original lengthy and unwieldy proof was shortened, the

notation simplified, and the theorem generalized.

Section 1: Statement of the theorem

We assume that an elliptic complex of a particularly simple kind has been given. Let
V, i=-—1,0,1, 2) be finite dimensional vector spaces and A(¢) a differential operator of
first order in n independent variables with constant coefficients from functions with values
in ¥, to functions with values in V ;. Let D,=8/ox,. Then if u: R*~>V,, A5)u: R*~V,,,

is given by

AG)u=3 A,(i) Deu

where A,(¢)€L{V,, V,,). The symbol g(A(2)), is a linear map from elements = = (7, 7,, ..., 7,)

of R* into L(V,, V,,) given by

o(A(i),7) = 3 m Ay

and the complex {4(#)} is elliptic if the symbol sequence

V., o(A(~1), ) v, 0(4(0), @) v, o(4(1), ) v,
is exact for all w==0.

The dual sequence consists of dual operators A(¢)* from sections of V},, to V}, A(i)*v =
2 i-144(4)* D,v. We shall assume an inner product on the ¥, has been given, so V} may be
identified with V,. The dual complex is elliptic if the original complex is.

Let @ be a function on a domain D< R" with valuesin V. @=|w|2 Let V and V2=A
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be the ordinary gradient and Laplace operators respectively. These may be considered as
operators on V; by coordinatewise action. In addition, ¢ will be a continuously differenti-
able non-negative real-valued function on the positive reals. We are interested in solutions

of the equations
(L1) A0)*(e(@w) =0,
A(l)ew =0.
In the case p=1, this is a linear system and local existence and regularity follow from

theorems on elliptic complexes. From the linear theory, we know we may locally write
w=A4(0)p with 4(—1)*¢p =0, and the equations become a system for ¢ [3].

MAIN THEOREM. Let {A(i)} be an elliptic complex such that
1.2) A(O)A(0)* +A(1)*4(1) = A.

If in addition p 18 continuous, differentiable for @ >0, and satisfies the uniform ellipticity
and growth conditions for some K >0, p=0, >0 and C>0:

(L.3) K1 Q+CY <p(Q)+2Q0' (@) < KQ+CY,

(1.4) |0'(@1)@1 —0'(Q2)Qs| < K(Qy+Q,+C) Q1 —Qn)°,

then any weak solution w in a domain D< R" of the equations
A0)*(eQw)=0; A(l)w=0

which lies in the space L¥+2( D) is Holder continuous in the interior of D.

Given growth conditions (1.3) for g, w €L¥+* D, V,) is the natural space in which to
obtain solutions of (1.1). The existence of solutions may often be obtained by a variational
principle from the integral {,G(Q)dx, where G'=p and w is subject to the constraint
A(l)w=0.

Condition (1.3) implies the following condition for a possibly larger constant K.

This is a more useful form of the ellipticity condition.

(1.3)’ K@+0P 20@ +20'(@)Q > KH@+CY
K(@+Cy >0(@) = KHQ+CY
|Qe'(@)] < K(@+C

To apply the theorem to equation (0.2), we take V,=A,_,_,R", A(i) =d (exterior differ-
entiation) and A(:)* =d*=4§. The application of the main theorem to (0.1) is only slightly
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more complicated. We let w=Vs=(Vs,, Vs,, ..., Vs,;), which will have nm components.
V_=0, Vo=R" V,=RB"x RB" and V,=R"x(R"A R"). Let 4(0)=V=d (by which we
mean m copies of d on functions) and A(1)=d (also m copies on 1-forms). Then 4(0)*=4,
which on 1-forms over R" is simply div. Since w=ds, A(1)w=dw =0 and equation (0.1)
becomes A4(0)*(p(@)w) =0. This gives the following two theorems.

TuroREM. Let s€LE72(D, RB™) be a weak solution in D of the equation
div (o(|Vs|?)Vs,) =0, 1<k<m.

If o satisfies the ellipticity and growth conditions (1.3) and (1.4), then s has Holder continuous

first derivatives in the interior of D.

THEOREM. Let w be a p-form over a domain D< R™ such that the coordinates of w lie

wn L2P+Y( D). If w is a weak solution of the equations
dw =0; d(g(|w|Hw) =0,
and if o satisfies (1.3) and (1.4), then w s Hélder continuous in the interior of D.
As a corollary, there is an important application to single equations which follows.
This is a new result in the case |df| is not bounded away from zero.
THEOREM. Let f€LY**(D, R) be a weak solution to the equation d*|df|?df = 0,0 <p<oo.
Then f has Hélder continuous derivatives in the interior of D.

We now show that if we assume hypotheses (1.2) and (1.3) and sufficient differentia-
bility of w, then some increasing function of @ is subharmonic. In fact, the following
computation can be carried out if (¢ +C)”2w has square integrable weak derivatives.

First we note that:

(@, Ap(Q)w)) =§ (Dy(w, Dy(0,(Q) @) — (D, w, Dy(e(Q) w)))

(1.5) Z‘D:((w, 0)@'(Q) Dy(Q) + e(@)(w, Dy w))

(L.6) - iZ (0(@)(D;w, D;w)+ 0" (@)D, w, w) D, Q).
Since @ =(w, w), the first term (1.5) becomes
ZD ((30(@) + Q0"(@)) D, @)= AH(Q),

where we define H by
.7) H'(@) = $0(@) +Q0'(Q).
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The term (1.6) can be estimated by (1.3)’
Z 2Dy, Dyw)+ 20" Q) Dy, w)* > K@+ OP|Vol?,

where Vo [?=2,(D;w, D,w). As a result
(@, Ap(@)w)) = AH(Q) —K-YQ +C)| Vo |2.
From (1.2)
Ale(@)w) = (4(0) A(0)* + 4(1)*A(1)) (e(@)w) = A(1)*A(1) (0(Q) ).
Since A(l)w =0, A(l)gpw =2 A,(1)wD,p=B,p.
0 = (w, Ae(@)w)) — (w, 4(1)* A1) (e(Q)w))
> AH(Q)— B3, B,(p(@) — K9 +0)|Vw|?
=L,H@Q) —KYQ+CP|Va|?,

where we have defined the operator L, as

_ _Aa_p (2@

(1.8) L,= ng(ak,D,) =A Bw(H’(Q)A"’) .
s 0@

(1.9) “k/“ékj H‘ﬂ'(Q_) (41w, 4,1)w).

Since A = A(0} A(0)*+ A(1)*A(1}, for n-vectors m=(ny, ..., 7,)
70, 0) = 3 (@(40) 4,0)* + A4 (D) @) m,

22 (4w, A1) w)m, 7).

ik
This implies from (1.3)" and (1.9) that if p'(Q) is negative
Izk T Oy 7y > ||

and

2 _9’(Q) ) 2 2
> |7 (1 H_—w’(Q)Q > 2K

in the case that ¢'(@) is positive.
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251730, 0 < (1 +2K?) (% by the same reasoning. We have the following theorem as

a result of this computation.

(1.10) THEOREM. Let w be a solution of equation (1.1) in D and assume (1.2) and (1.3)
are valid. If (@ +CP%w has weak derivatives which are square integrable in D, then H(Q)

s subharmonic. There exists a symmetriz elliptic operator L, with bounded measureable

coefficients given by
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L,= g D/c(ak/ D)),

where
P*(1+2K%) > 3 ayym, 7, > 7°((2K7),
k.

such that for any smooth positive function y with support on the interior of D we have

f pL,H(Q)dzx> K f Y@+ K|V da.
D D

Section 2: Subsolutions of elliptic equations

In this section we shall state two results of Moser [7] on subsolutions and supersolutions
of elliptic equations and give an application, Theorem 2.3, which shows that the strong
maximum principle is true for subsolutions.
The estimates which we are interested in are for the uniformly elliptic operator L of
second order in self-adjoint form ‘
Lu =1§1¢: D/(ap(x) Dyu)

in a domain D< R". a,=a,, are bounded measureable functions and

AI”IZ =2 a’klnknlzj“_l'nlz
Y]

for some constant 4. The constants in this section will all depend on A. By a subsolution
we mean a measureable function « on D with weak derivatives in L? such that for all

smooth non-negative functions y with support in the interior of D

f yLudx>0.
D

We say u is a supersolution if —u is a subsolution. In this section, B(z, r) denotes the ball

of radius r about the point .

(2.1) THEOREM (Moser, [7]). If u ts a subsolution in D, then u is bounded in the interior of
D. In particular, if B(z, 2r)<= D, then for every §>1 there exists a constant c(f) such that

ug
ess max u(y) < c(ﬂ)(r‘ "f uﬂdx) .
u(y)>0

yeB(x, 1)
ve B(x,2r)

(2.2) THEOREM. If u>0 is a supersolution in B(x, 4r), then for 0<B<nj(n—2), there

exists a constant ¢'(B) such that

ug
(r‘" f uﬁdx) < ¢'(B) ess min u(y).
Bz, 8r)

yeB(z.7)
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We have restated these theorems of Moser to hold in a ball of arbitrary radius. We now
give the analogy of (2.2) for subsolutions, which can be seen to be a strong maximum

principle.

(2.3) THEOREM. If u< M is a subsolution in D, then u cannot take on tts maximum at an
interior point unless it is constant in D. In addition, if B(x, 4r)< D, then for 0<g<n/(n—2)
there exists a constant ¢'(8) such that

18
(r " f (m— u)"dx) " < ¢(B)m— ess max aty)
B(z, 8r)

yeB(zx,r)

where m = ess max u(y).
veB(z,4r)

Proof. We shall derive the inequality first. Since » is a subsolution, m—u is a
supersolution and positive in the ball of radius 4r about x. ess minyeg,, n(m —u)(y) =
M — eSS MAX yepz,n%(y) and the inequality follows from (2.2) applied to m —u. From the
inequality, we see that if M =ess max,pu(y) is taken on at an interior point z, and if r is
the distance from this interior point 2 to the boundary of D, then « =M almost everywhere
in Bz, r{4). It follows that « =M almost everywhere in D.

We now show that a slightly weaker definition of a subsolution is possible. In fact,
Lu can be defined as a distribution if » has weak derivatives which lie in any L? space if
1 <p<2. In general it is not possible to work with these classes of subsolutions or super-
solutions. However, if u is positive, u=w*+! for 0 <k<1, and w has weak derivatives
in L?, then u has weak derivatives in some L” space, we can define Lu, and we obtain a
regularity result for this class of subsolutions. The lemma we prove is similar to a step in
the proof of (2.1). The a priori estimates are the same, but we need to check to be sure we

can find test functions in the correct classes.

(2.4) LEMMA. Let u=w*1, 0<k<]1, and assume that w has weak derivatives which lie in
L2 in B(x, 2r). If for all smooth positive functions yp with support in the interior of B(z, 2r), u

satisfies
f yludz =0
B(z,2r)

then for 0 < oo <1/(n — 2), w'+e has weak derivatives in L? in B(z,r) and there exists a constant
¢, such that

l+a
f (Dyw' %) dx < cl(f > (Dyw)+ r“2w2dx) .
Bz, 1) B

(z.27) i

Proof. We prove the lemma for the function w(ry +2)=1b(y). By this change of vari-

ables, we see that we may assume r =1 and x=0. By adding a small positive constant to «,
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we may assume that w is bounded away from 0. Also, from the Sobolev inequalities,
wEL*+29( B(2)), D, w*+=(k+ 1)w*D,w lies in some L” space, and D,(a,, D,w*+) is defined
as a distribution as claimed. Since w is strictly positive,

—(k+ 1)1 yLudw=(k+1)"" > D,ya,, D,w* 'dx

B(2) B2) 4§

= > D,ya,w*D wdx
B@) 4]

- fs(z) izl (Dy(ypw*)ay Dyw— kyw' *Dywa,. Dyw) de.

If y is a smooth positive function, then this integral is negative by assumption. From a
closure argument, if yw® has weak derivatives in L? and (pw*)w-! is bounded, then this
integral is still negative. Let y be a smooth positive function which is 1 on B(1) and has
support in B(2). F(w)=min (w'+2¢, Mw). Then the test function y=yw*F(w) is suffi-
ciently differentiable for the inequality to hold. Substituting this into the above equation
and differentiating, we find for k<1 that

2ocf yw* > Dywa,, Dywdx < f

wi* M i1

B(2)

F(w) > D,ya, D wdx
i

1/2
< max yfﬂ(2)F(w)2dx) (fscz) (‘ZI D, wa,; D,w)*dx)""*

1/2 1/2
<e (f wz““dz) ( > (D w)2dx)
B(2) B(2) §

where [ pe,w?Hadx is bounded by the Sobolev theory and c; depends only on y and the
bound A for the coefficients. Since this bound is independent of M, this gives the constant

¢ =¢; A(1 + a)~2 from the computation

S(Dw ) de <A1+ ac)zf w** 3 Dywa, D,wdz.
B2)

B(1) ¥}

(2.5) LEMMA. Theorem (2.1) holds if uw=wuw"*1 is subharmonic and w has weak derivatives

which are square integrable in D,

Proof. By successive applications of (2.4), we show that » has square integrable weak

derivatives in the interior of D, and we may apply (2.1) in the interior of D.

Section 3: Weak differentiability and boundedness of w

In this section we derive a preliminary regularity result which shows that w is suffi-
ciently differentiable for (1.10) to be valid and for (2.5) to apply to H. In this section and
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the following section, we shall get estimates in B(z, r), the ball of radius r about a point .
By considering the expanded function &(y)=(ry-+=), which also solves the differential
equation, we see that it will always be sufficient to prove these estimates for =0 and
r=1. The constants in this section depend on the constant K of (1.3)". This result is similar

to Morrey [5], Theorem 1.11.1, with a slight weakening of ellipticity conditions.

(3.1) LEMMA. Let w be a solution of (1.1) in B(z, 2r), and assume that (1.2) and (1.3) are
valid for this equation. If

f ||+ Vdz = f Q" 'dx < oo,
B(z,2r) B(z,27)

then (Q+ CY'2w) has weak dertvatives which are square integrable in B(x, r) and there exists a

constant ky such that

f IV((Q+ CYw)fPda < (p+ 1) f i @+ Oy |Voldx
B(z,r)

(z.7)

< ky r‘2f QXQ + O)dx.
B(z,2r)

Proof. Assume B(z, r)= B(1l). We use a difference quotient method. From the theory
of elliptic complexes, we may write w=A4(0)p for 4(—1)*¢ =0, where ¢ has weak deriva-
tives in L*?*Y(B(3/2)) with norm bounded by some constant times the norm of @ in L*? Y,
Let A, u=(u(x +he,) —u(x))h~! be a difference quotient in the ¢th direction. Also recall
that A(0) has constant coefficients. Then if y is a smooth function with support in B(3/2)
which is 1 on B(1)

0= - f VAAn P, Bai(A(0)*(0(Q) w))) dz
B@I2)
= f (A0)9*Ar 19, Oy f0(@) @) dz
B(312)
f YAy, A, 1(0(Q) w)) dz — 2 max | Vy| f |8.:91 91| Anile(@) w)|da.
B3I2) B3/2)
Let wy=w+hAA, ;0 and Q; = |w,;|%. Then

(Ap10, Ay y(0(Q) )

1 1
= fo Q)| An @ ]?+0'(Q1) (i, Ay yw)?dA > KWIJ;) (@ + CPdA| A, ol
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Also
1 1
| A s(0(@) )| = I J; (0(@2) Ay 10 + 20%(Q1) (w1, Ay ) 02) dll <2K fo (Qa+ CYdA| Ay 0]

From these three inequalities we have
1 1
f tpzf (@1 + C)PdA| A, w|?dx < 2K? maleq)If v An.t‘Plf (@1 + CYdA| A, 0| da.
B(8/2) 0 B(8/2) 0
Using Hélder’s inequality, we find

1 1
f ”’zf (Qu+ 0 dA| Apyoof do < 4K* max|Vy[* f 1Al f (Qu-+ CPdada.
Bam  Jo B312) 0

1f we let 4 go to zero and sum over the index 7, we get

f Y@+ OP|Vol*dx < 4AK? maletplzf Q*Q+ O)Pdx.
B2)

B(8/2)

For the purposes of the following theorem, we assume that H has been chosen with
H(0)=C, so in particular, H is nonnegative. Note that if H(Q) is bounded, then @ is also
bounded, from the definition of H (1.7).

(3.2) THEOREM. Let w be a solution of (1.1) in B(z, 4r) and assume (1.2) and (1.3) are valid.
If §pce.an@Pdx < oo, then H has weak derivatives which lie in L? in B(x,2r), H is bounded
in the interior of Bz, 2r), and there exists k, with

max H{QW)<k,r " f (Q + CY*'da.
B(x.4n)

veB(z.1)

Proof. Again we assume that B(x, r)= B(1). By (3.1), (¢ + C)”%2w has weak derivatives
in L*(B(2)). Checking the growth conditions on H and H’, this implies that H/2 will have
weak derivatives in L2(B(2)). In addition, the hypotheses of (1.10) are satisfied, and H is
a subsolution. By Lemma (2.5) we may apply (2.1) to get for 1 <g <n/(n—2)

18
max H(Q) < c(ﬁ)( f m)H(Q)ﬁdx)l ,

ye B(1)

which from the Sobolev inequalities is bounded by some constant times the term

f m)((vH@)“)z+H<Q))dx-

IVHQ)'|=|HQ) ""H'(Q)(w, Vo) < 2(p + *K**Q + CY*|V ),
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where we have used (1.7) and (1.3)". However, in (3.1) we have an estimate for the integral
of this term squared over B(2) in terms of [ g, (@ +C)P+1dx as required.
As the last part of this section we derive a second estimate for (@ +C)/?Vew.

(3.3) LEMMA. Let w satisfy (1.1) in B(x, 2r) and assume that (1.2) and (1.3) are valid. If

M =maXyep.2nQ@(Y), then there exists a constant ky such that

B(z,2r)

f (Q+C)”|Vwi2dx<kaf_2f H(M)—-H(Q)dx.
B(z,r)
Proof. Let B(x, r)=B(1).

1
(34 HM)-H@Q)= fo HAM A+ (1-12Q)dAM ~ Q)
= K‘lfl AM+(1=-2)Q+CPdA(M — Q)= ((p+ 1)(K)) M+ C)P(M — Q).
0

Choose p to be a positive smooth function which is 1 on B(1) and has support in B(2).

From (1.10) we have

f YQ+ Oy |Volds < Kf 2L, Hdx
B(2) B

(2)

=K| ¥ AH-Hy)—2B5VoB.(Vo - Voo)lda.

B(2)

K[ (- Y 2B e By Ve~ Vaolds,
where H=H(Q), 0=p(Q), Hy=H(M) and g,=p(M). We estimato
Kf Ay*(H— Hpdx < Kl(lp)J~ (H— Hy)dx,
B(2) B2)

where K, depends on K and y. To estimate the second part of the last integral, differentiate

out
Bi(VeBuy?) = 3 Dy(A(1) w, 44(1) @) Vo D)
<|VhQVe+2|vy*| Vel VQUe+ Ve @)
<Ky(y) Q@+ 07"+ Ky(y) V@I Vo (@+ 0.
We use (1.3)' to get the last inequality. Also Vé - l/g?o < I/T{(M +C)*2, or use the mean value
theorem to get

QYo — Voo = Qo "X @Y (@QUM — Q) < (M — Q) VK> (M + C)™.
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Finally we can estimate
- | BeB.y Ve Vegs
B(2)

< K,(p) VK? f (M + CYP(M — Q)dz+ Ky(y) K f . IVol(@-+ 02 VM - Qda.
B(2)

B(2)

Hélder’s inequality on the last term will complete the estimate.

Section 4: A perturbation theorem

In this section we prove that if w is sufficiently close to a constant w,, then w will be
Hoélder continuous in a smaller domain. The proof is derived from similar proofs of theorems
of Almgren [1] and Morrey [6]. The original estimate is improved as the domain is shrunk
down to a point. There is an additional difficulty which occurs when ¢'=0 in (1.3). In this
case, the system fails to be elliptic at points where @ =0. The trick is to obtain sufficiently
uniform estimates to cover this case. In general the proof would be very much simplified

if we were to assume C=0.

(4.1) THEOREM. Let w be a bounded solution of (1.1) in B(2) and assume that (1.2), (1.3)
and (1.4) are valid. Let | |2=Q <M and assume that there exists a constant vector w, such
that for |wy|2=Q,, Qo+ C>n(M +C). Then there exist positive constants &, and k, which
depend on K, p, « and 0 <5 <1 and not on M or C such that if

f | — wo|?da < (M -+ ),
B(2)

then w is Holder continuous in the ball of radius 1 with

(a) max |w(x)— o) <k)r—y|"3 M+ 0)"*

T € B(1), ve B(1)

(b) max |w(x)— wp| < ky(M + C)'2
z,yeB(1)

() (@+C)=9n/2(M+C) for xz€B(1).

The proof is via a series of lemmas. Throughout we shall assume that the hypotheses
of Theorem (4.1) are satisfied and the constants K, C, p and « are the constants appearing
in (1.3)" and (1.4). The constants in this section will depend on these plus dimensionality
constants such as norm estimates from the Sobolev inequalities and the volume of the
unit ball in »n space. Throughout M will denote the maximum of ¢ and we assume Q,=
|we{2< M. Also we assume the constant a of (1.4) satisfies «<2/(n—2). Condition (1.4)

is used only to prove inequality (4.4).
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The perturbation technique uses estimates on the linearized equations at a constant
w,. We approximate the non-linear system A4(0)*(o(@)w)=0 by the linearization at cw,,
which is divided by the constant ¢(@,) to make the estimates uniform.

A(0)*' (@) = A(0)(@ +2¢’[(Qo) (B, wo)wo)-

We call this linear operator with constant coefficients A(0)*' because it is just an adjoint
taken with regard to the inner product (w,, ws)’ = (wy, w,) <20’ [0(@y) (W, 1) (g, @), Which
will always be positive definite for ¢,=0. We would like to find a solution to the system
A0)@®=0, A(1)®@=0 with the tangential boundary values of w—w, However, it is an
unnecessary complication to deal with boundary value problems for elliptic complexes
and we go to the related system. Therefore we observe that we may write w=A4(0)p,
A(—1)*p=0 and wy,=A(0)@,, A(—1)*p,=0. Although we may not be able to do this glob-
ally, we certainly can find ¢ and ¢, so that this is valid in the unit ball. Then g is a solu-

tion of the elliptic system
A(0)*(2(@)/e(@o) A(0)p +A(—1) A(—1)*¢ = 0.
We look for solutions of the linearized system
A A0)G+A(~1)A(—1)*¢ =0
with the Dirichlet boundary values of ¢ ~¢,, let & =A4(0)¢ and estimate & — (w —w,).
(4.2) LEMMA. Let &o=A(0)@, where ¢ is a solution of the linearized system
(AOA40)+A(-DA(-D")p =0

tn B(l), such that ¢ has the Dirichlet boundary & values of ¢ - @, on the boundary of B(1).

Then @ 1s smooth in the interior of B(1) and there exists a constant ¢, such that

1/2
(J |¢2’)|2dx) , max |&| and max |Vad|
B(1)

T€ B(1/2) ze B(1/2)

1/2
cl(f lw— w0|2dx) .
B(1)

Proof. Since the linearized system is elliptic with constant coefficients, the existence,

are all bounded by

uniqueness, and smoothness of @ follow from the linear theory. From (1.3), the primed
inner product satisfies K—(v, v)<(v, v)' <2K%w,v) and the ellipticity constants and
bounds on the system for & are uniform. So bounds on the derivatives of § and & in the

interior depend only the Ly(norm of & in B(1). Because ¢ minimizes
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f (A(0) @, A(0) @) +A(— 1)*®, A(—1)*®)dz
BQ)
among all functions with the same boundary values, we have
f (~,o§)’dx<f (A4©0)@, A(0)§) + (A(- 1) ¢, A(— 1) §)dz
B B
< Lm (A©O)p — o), A0)@ — o)) + ]| A(— 1) — @o)*dx

= f (0 — gy © — o) dx < 2K2f | — o |*dz.
B(1)

B(1)

Our next goal is to derive an estimate on the L? norm of =& —(w —wy) < A(0) (¢ —

(@ — @) Let Gle, wo) =0(Q)/0(Qo) o — — (¢’ [0) (Qo) (o, @ -~ wg) wo. Note that o(Q,) Flw, wy)
is simply ¢(@)w minus the constant and linear terms in its Taylor series about .

(4.3) LEMMA, f uzdngzf | H(w, wo)l*dz.
B(1) B(1)

Proof. A(0)*(w—wy) =A(0)G(w, wy) and AOu+A(—1)A(—1)*¢=—A4(0)"(w—
W) + (A0 4(0) + A(~ 1) A(—1)*) @ = A4(0)*G(w, w,). Integrating this equation with the

test function @ — (¢ —@,), which is zero on the boundary, we get
f (u,w) + (A(=1)*@, A(— l)(i))da:=f (u, Hw, w,)) dz.
B(1) B(1)
Use the estimate (u, )’ > K(u, ») and Hélder’s inequality to get the result.

(4.4) LEMMA. Let u=@ —(w —w,) as defined above, then there exists a constant c, such that
for @Q<M, Q<M in B(2)

M+C)2p (J‘ )1+o:
Yoo, T O) — wplfdz) .
fﬂ(l)‘ul de cz(Q0+O)2p+a E(Z)lw wOI ¥

Proof. From the previous lemma, it is sufficient to make estimates on § pa)| G(w, ) | 2dxr.
But the uniformity conditions (1.4) imply that o(@)w has Hélder continuous derivatives
with a Hélder continuous norm on the order of (@ +C)"~%/2, so we get from the definition
of 0(Qp) Glw, wy),
0(Qo) I FHw, w,) l < 272K (Qp+Q + C)p_“/zlw Wy | Ve,

or using (1.3) again

(4.5) [Gle, wy)| < 2742K2(Q, +Q +C)P~2/%(Q, + C)° | —w, | 1.
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A straightforward pointwise inequality

(Q+Qo+ 02| ~wy| < ()| (Q+ 2w —(Qy+ C)2a,|
for ¢(p) a combinatorial constant can be derived by approximating (@ +C)*2w by its
derivative at w, with a remainder term. Let F =(Q +C)2@, F,= F(Q,). In final form
(4.6) |Glw, we)| < ¢'(p) K@y +Q+C)(Qy+CY | F— Fo|'*.

where ¢'(p)=c¢(p)2*? and ¢=(p—(p+1)a)/2. From the Sobolev imbedding theorems
(taking o +n/(n—2)), we have

1l+a
(4.7) (f | F— F0|2‘”°‘>dx) < () f (VF|*+|F - Fy|?) dx
\J B(1) B(1) .

<c@)p+ 1) fB @+ OP|Vol +(Q+ OF|o— wdz.

(1)

However, if we integrate the equation
f V¥ — wy, 4(0) 4(0)*0(Q) w)dx =0
B(2)

by parts and use (1.1), (1.2) and (1.3)’, assuming y has support in B(2) we get an inequality

similar to (3.1):
(4.8) f V| VoHQ+ O)dr < kl(w)f (Q+ OF|w— w,*dz.
B@) B2

We replace @ and @, by M where necessary and put (4.6), (4.7), (4.8) together to get

the lemma.

(4.9) LEMMA. Given a constant vector wg, ws=0,, where Q. <M, Q<M and (Q,+C)=
DM +C) and §poy|w —w,|2de=e(M +C). Then for r<1} there exists a constant vector w,
and a constant ¢, depending only on K, p, n such that

(a') 1=w%<M

(b) 'wl_wo|<cs(f

1/2
| — wp |2dx)
BQ1)

(c) f Iw—w1|2dx<cs(r"+2+77‘2”e“)f | — wp|*dz.
B(r) B@)

Proof. Notice that if (b) and (c) are true for w, and w}> M, they are also true for
@y =w,V/ M| |w,|, so we need only demonstrate (b) and (c). Let & be the solution of the
linearized equation (4.2) in B(1/2). By expansion, we can assume that the balls in (4.2)
16 — 772903 Acta mathematica 138. Imprimé le 30 Juin 1977
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have been replaced by balls of half the radii. Let

-1
Wy — Wy = (f dx) f (Z)dx.
B(1/2) B(1/2)

1/2
le—‘wo|<cl(f |w—wo|2dx) )
B(1/2)

80 (4.9) (b) is true with ¢;=>¢,.

f |w—w1|2dx<2(f ch—-(wl—-wo)|2dx+f uzdx)
B B(r) BQ)
<272(f dx) max IVd’)|2+2f wdx
B(r) z€B(1/4) B(1/2)

M+ O)zp 1+a
< 2r"+2f dxczf — wy|?dx + 26 M+ (f - 2dat:) ,
BL) 1 B(l/2)l w w0| 2 (Qo + C)2p+a B(l)lw w0|

where (4.2) and (4.8) have been used. Choose

Then

g = Max (2f dxc?, 2¢,, ).
B(1)

By a successive approximation method we shall show that if 24927 is small, this esti-
mate will prove as we shrink, the size of the ball B(r) down. We pick a fixed r <1/4 which

we shall determine later. Let w'=w(r'z). Then w' solves (1.1) in B(2), and we choose re-

cursively the constant approximations. Let w®=w and w§=w,, and then w}''=w} from

(4.9), or w}™! is the constant vector which satisfies by (4.9)

(4.10)  (a) |wb|P<M

12
PR i e
3
(b) | b b |<c(f o wo|dx)
B®
(c)“ Iw'“—w6“|2dx=(r)’”f | — wifPdx
B(1) B(r)
<ca(r2+r‘"e°‘77‘2")f |ow' — wh|*dx.
BQ)

(4.11) LEMMaA. Assume o satisfies (1.1) in B(l) and Q< M, Q,<M. There exist fixed
constants r <1/4 and cg, such that if

f | — we|?dz < e(M + O), (@ +CO)=n(M+0)
B(l)

for some 8%ie <7 and e*(n]2)~2° <r"™+2, then there exist constant vectors wh such that
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(a) |wb*+C=n/2(M +C)
(®) |wh ' — whP<cgr? (f

B(2)

(c)J- |w—w(‘,|2dx<(r’)"“(f |w—w0|2).
B(rl) B(2)

Proof. We defined w§ in the iteration (4.10) just described, choosing rc,=1/2, so

|w—w0|2)

c31~"e%(5/2)~% <1/2r. Then if the hypothesis of the lemma are true for ¢ <j, we can use (4.10)
to get (4.11-b, c) for i=7. Then from b for j<i we get |w,—wh| <3, ¢sVe(Vr) VM +C,
and we choose the constants so we would still have |wy|2+C > |wg|2+C~5/2(M +C) >
n/2(M +C).

(4.12) COROLLARY. Assume that w satisfies (1.1) in B(2), Q<M, and Q,+C=n(M +C)>0.
There exist fixed constants £>0,1/4>r>0 and c; which are independent of M and C such
that if

f | — w|2dx < e(M + C)
B(2)

for a constant vector |wy|® =@y, then for x € B(1) there exist constant vectors w} with the following

properties:

(a) lw—w‘zlzder“”“)f

| w— w012dx9
B(zr,rh B(2)

1/2
o) Jok~anl <26 [ o= abds)
B(2)

- 1/2
@ lot~atl <200 ([ Jo-apds)
B(2)
(@) (|wi?+C)=n/2(M + 0).

Proof. By translation, we may assume z =0, and since B(x, 1)< B(2), | pz.p)|@ —wo|?dz <
&(M 4-C). We apply the interaction process just described, letting w! =w). We have just

shown that for ¢ and r properly chosen

f | — wh|*dx = r‘"f | — wh|*dx < r“"“)f | — wo|*dz
B(z,rf) B(1) B(1)

i1 i=1 12
lwb—w(,'é leg“—(u(’)cl\/CsZ(f |a)k—‘w(l)‘|2dx)
Foom f k=1{ B(1)

-1 172
<cs( 2 (l/r)") (f |w~w0|2dx) .
K= B)

(4.12) (b—c) follow from the fact that r <1/4, and (4.12-d) follows from (4.11-a).
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We can now proceed to the proof of (4.1). By (4.12-¢), w! is a Cauchy sequence for
fixed z € B(1), and

-1
w(x) =lim @’ =1lim (J dy) f w(y)dy
i—>00 1—>o00 B, riy B(x,ri)

holds almost everywhere. In fact,
_ 12
413) o)~ 0t = lim o = ot < 2es7)( [ |- o)
J—>o00 B(2)

in particular, for ¢ =0, this verifies (4.1-b) for ky=2c,Ve. Similarly for (1.4-c):

Q+ C=|w@)+ C=lim|wi[>+C=9/2(M + O).
i—o0

For any points @, y € B(1) with »*'' < |z —y| =p<r*:

(4.14) () — o) <ot — o) | +]o@) — 0t +]|oy) — o)

<|w;--w;|+4c3n7r(f

1/2
|w— w0|2dx)
B(2)

where we used (4.13) and the fact that r'<g/r. Let w=(z+y)2-! be the point half-way

between x and y.

-1
<2(f dz) (g/2)‘"[f |wh — w(2)Pdz +f |} —w(z)|2dz)]
B() B{w,0!2) B(w,p/2)

cer [ Job-oepars [ jaj -]
Bz, i) B(y,r)

< 2,0 ") ! f o — w, P dx.

We chose ¢, =2"+({pq,dz)~1, and used the fact that B(w,p/2)< B(z, r') n By, r!) with
(4.12-c). From the choice of ¢, r**V <p"+1y~(™*D Then (4.14) together with (4.15) gives
(4.1-a) for the proper choice of k,.

Section 5: Proof of the regularity theorem

The proof of the main theorem of this paper is based on the fact that, once given a
ball of radius r on which |w]|2=@ is bounded, as we shrink the radius of the ball down,
either the maximum decreases by a small factor, or w is sufficiently close to a constant
vector for the pertrubation theorem (4.1) to hold. The final result will be that w is Hélder
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continuous. At points where @+ (=0, one can see by the linear regularity theory that
the Holder exponent should be arbitrary, and our perturbation method gives directly a
1/2 estimate. However, at points @ +C =0, we can only show that the solution lies in some
Holder space (one might guess the exponent to be (2p+1)-1) and the linear regularity
theory cannot be used to carry the argument further, since the system fails to be elliptic

at this point. Since we shall use the uniform estimates in Section 6, they are given in (5.4).

(6.1) ProrosiTioN. Let Q be bounded in B(x, r), M(0) =maXyep,p@(y). Then there exists
a constant ¢y such that for 4 <r either:

(a) M(o)+O0<(1-2)(M(40)+C)
or:

(b) there exists a constant vector wq such that

9'1(Q0+0)”f | — w|* < Aeg(M(40) + CYP**
B(r.@)
with:

(€) Qo+ 0= (1 —cV PP V(M(4g)+C)

Proof. By expansion and translation we may assume x=0 and o=1. M =M(4). If
(5.1-a) is false, then M — M(1)<AM +C). max,ep, H(Q)=H(M(p)) and from (1.7) and
(1.3):

HM)-HM1)< max H@QM-MQ1)<KM+CPM—MQ1)) < KMM+CP+.

MM QsM

First apply (3.4) and then the strong maximum principle (2.3) for H to get:

HM@) - HQ)dz <y f H(M)— H(Q)dz

B(z,3)

(5.2) f @+ CP|Vo|tdz < ksf
B(1) B(z,2)

Shy /(1) (H(M)— HMQ1)) <kyc' (1) KAM + C)**.

As in (3.1), this also gives an estimate on [ pq)| Vo|2dz if we set v=(Q+C)"2w. Let vy=

§ sy v(@) da( § sy dr)—t and choose (|w, |2+ C)?2wy=1v,. We have the pointwise inequality
(v — 15, © — @) = (@ + O)"*w — (Qg+ C)" w4, ® — wy)
> fl (Itw + (1 — t) |2+ CY2 | — wy|*dt = 2772 1(Qy + C)F | — wo|*.
We then get '
(5.3) (Qo+ O)"f | — wp|Pda < 2”+2f |v— v |2z
B(1) B1)

<e L 1 |vv|2dx<zcg(p+ 1)2ksc’ (1) K(M + Oy !
(1)

from (5.2), which shows (5.1-b).
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(8.1-¢) will in general have content only when 4 is very small. First we note that we

can prove several more pointwise inequalities very directly:
(Q + 0)(11+1)/2 _ (QO + 0)(p+1)/2 < Iv _ Uol

(H(M)— H(@)

(M +0)> 2%~ @+ 0 < Kp+ 1) (G S,

Adding, integrating over B(1), and finally applying (5.2) and (5.3) will give:

(M + O)(p+1)/2 — (Q0+ C)(p+1)/2(f

. dx) < (VAds+ Ac' (1) K)(M + C)*+12)
a
for proper choice of c; from cs. If A <1, this gives (5.1-c).

The main regularity theorem now follows from this. If z lies in the interior of the
domain, then by (3.2) we may assume that there exists a ball B(z, r) in the interior of D
on which H(Q) and therefore ¢} are bounded, @ <M. The bound M will depend on the norm
Jp(@+C)"+1dx, the size of the ball B(x, r) and the distance of the ball to the boundary of

D. Assuming this bound, the following theorem completes the proof:

(5.4) THEOREM. Let w solve (1.1) in B(z, r), assume (1.2), (1.3) and (1.4) are true and Q<M
in B(x, r). Then there exists a smaller ball B(x, v|/2) and fized constants vy and k depending
only on K and p, such that

|w(y) ~w(2)| < k|y—z|"r " (M +C)/2
for all y, z€ B(z, r/2).

Proof. As usual, we may choose x=0=y, r=2, and by translation assume that @ is
bounded on B(1) by M. Using the constant cg of (5.1), we select A so small that

(1 _Csl/i) =9 - (pthyi2 =7)(p+1)/2
and
Acg2P+1 < ¢

where ¢ is the constant of (4.1) with 7 chosen as 1/2. (It looks like A will be rather small!).
For this choice of 4, either (5.1-a) applies, or the perturbation theorem (4.1) can be applied.
Assume that (5.1-a) applies to @ on B(4~!) for ¢<j, but that (5.1-b, ¢) hold on B(47)

unless j= oo, The number 7 is chosen to satisfy
(5.5) V1-1=4"7
For 4-2-*< |y| <4~! with ¢ <j we have

|0(0) —w(y)| < 2VM2-* <2(1—A)"2(M +C)/2
= 2(4-7) (M + C)V2 < 2142y |y |¥(M + O)V2,
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For |y| 4%, the perturbation theorem yields, for the expanded function @&(z) =w(y)
with y=4"%"%
[@(0) —@(2)| < ky|z| V(M (477) +CY12
< k|2 [V22(1 —AY"3(M + C)V2
Applying this to w, we get
|0(0) —o(y)| < kyd™y” |2]VV2-7 20 (M + O)112
< kg 29" (M +CY2,

Section 6: Bernstein’s theorem

Growth conditions at infinity for a solution in all of R follow easily from the uniform
estimates in (5.4). Here are making use of the fact that the constant k does not depend on
the size of C, which was the difficult part of section 4. We let M(r) =maX,ep:@(r) as
before. The number will be the same as in section 5, and the proof is a direct consequence
of (5.4).

(6.1) THEOREM. Let w be a solution of (1.1) in R" and assume (1.2), (1.3) and (1.4) are
valid. Then there exists a constant y >0 such that if

lim infr 2 M(r)=0

r-—>00

then w ts a constant.

Proof. Choose y as in (5.4). For (, y) € B(r/2) we have
|o(x) —w@)| < k|z—y|rr?(M(r)+CN2
Letting r— oo we get

|w(z) ~ wy)| < k|z— y|" lim inf r*(M(r) + C)''2.

If the limit is zero, w(z) =w(y) for all z and y, and w is constant.
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