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Abstract. In plane kinematics, the knowledge of the location of the instanta-
neous centre — deriving from the eighteenth century — affords information which
is partial and very incomplete. But it is the case that there always exists an cnu-
merable set of cardinal points, as they may be named, having the following charac-
teristic: all the properties of the path of any, and every, element or series of
elements, fixed in the moving plane, are completely determined by the configuration
of this set of cardinal points. In this manner is given a very simple and complete
synthesis of the whole realm of plane kinematics.

Essentially, in plane kinematics, there is a duality; for we deal with the rela-
tive coplanar motion of two planes, depending, in the usual mechanism or linkage,
upon a single parameter. There is then a dual set of cardinal points, the configura-
tion of each set depending upon the assigned relative motion, and also upon the
parameter. And it is the case that, for an assigned relative motion the configuration
of either set, for a single value of the parameter, determines the configurations of
both sets, for all values of the parameter. These changing configurations, correspond-
ing to varying values of the parameter, possess therefore certain properties which
are conserved throughout, and express the underlying unity of the particular relative
motion. But, in certain cases, there is a conservation of a more special kind — a
conservation of the form of the set itself. In the present paper are considered some
cases of this special conservation of form, and we are led to investigate sets of car-
dinal points which may be named rectangular, lincar, spiral, circular, and orthogonal

— together with the kinematical implications of such sets.
24 — 523804. Acta Mathematica. 88. Imprimé le 23 decembre 1952.
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1. Introduction: The Cardinal Points. We consider two planes p and @ sub-
ject to relative coplanar displacement, or motion, and we assume this displacement,
or motion, to have one degree of freedom, as in the usual mechanism, or linkage.
As the parameter, or generalized coordinate, of this single degree of freedom, it is
convenient to take the angle ¢ between two lines, one fixed in each of the two
planes, and the relative displacement is assumed to be a single-valued function of
the variable ¢.

We define (STEwaRD 1951) two enumerable sets of cardinal points, A, and A,
n=1,2 3,..., having the property that the relative path of any, and every, ele-
ment of either plane is completely determined by the relationship of the element to
either set of these cardinal points. It is the case that either set of points is com-
pletely determined by the other set; for, clearly we have a duality. Indeed, for an
infinitesimal displacement, 4, and A; coincide with the point commonly known as
the instantaneous centre; but, for »>1, 4, and A, do not coincide, in general.

In this way the general relative displacement of the two planes is analysed
uniquely into the configuration of either of the two enumerablz sets of cardinal
points.

Analytically, we take rectangular axes Oxy, fixed in the plane p, and &y
fixed in the plane w, and for any point P, not in general fixed in either plane, we
write P (z, ), z=x+1y, {=E+er. We write also Z(¢), S (¢) respectively for the point
£, referred to the z-axes, and for the point O referred to the l-axes, where ¢ is
the angle between the lines Q& and Ox. Then clearly

z=Z+ exp (1 ¢),
and

Z(¢)+C (@) exp (i¢)=0.

We introduce the operators & and &', defined by
o=d/d¢+¢ and &'=d/d¢—1,

and reducing to &, (=1) and & (= —4) when applied to a quantity independent of ¢;

and we indicate differentiation with respect to the variable ¢ as follows,
2 =d"z/d".

We may show then that the two sets of cardinal points are given by the dual
relations
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24n (Zn, Cn): Zn:Z—a(/)né(n); gn:a(l)nan ‘;‘(");
Anlens Ca): =002 Ln=C-a I

The relationship between these two sets of points is given by

n n
Z:zzzo'n.rzr, Cn:zgn.ré_r,,
r=1 r=1

n n
anzgn,rz;y C;:Ean,ré'r;
r=1 =1

where

7 n
an,r=(—)”1(7), so that r;g,m=1.

In passing, we notice that A4, coincides with the centre of mass of masses pro-
portional to o,.r, placed at A,, r=1,2, ..., n; and dually for the derivation of A,
from Ay, Ay, ..., An.

Further, we write

Wi () = 2041~ 2n, and  @n(P)=Lni1— Cns
so that

wn(¢) = n($) exp (1),

and wy, ($), wn(p) represent the vector AnA,.1 referred to. the two sets of axes

respectively. Dually, for the vector A, 4,,;, we have

wil (¢) :Z;Lﬂ ‘_Z;u CU;L (¢7) :C;H—l —C;L
and

wr (¢) = wn ($) exp (¢ ¢).

The relations between these several quantities are given by

n n
! _ . ’
Wn = Z On-1,r-1Wr, Wn= On—-1,r-1Wr,
r=1 =1

T

n n

— 4 ’ p—
Wn = On—1,r—1Wr, Wy = Z On-1,r-1Wr-
=1 r=1

2. Various Formulae. The cardinal points, in general, are not fixed in either
plane; associated with each such point, therefore, are two curves, the corresponding
paths in each of the two planes p and @w. The simplest case, that of A, (A4i), gives
rise to the usual centrodes; for the other cardinal points, we have ‘centrodes’ of
higher orders.
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If we differentiate p times with respect to the parameter ¢, we have

ntu

u
20 = 0 (2my )=8’5{ Zo-nw,rz;——z%_rz;},
r=1 r=1

and
n

"
Ty ’
2! = 0% 2 Cn,r2ptr = ™ o4 z Ou,r Zn+r s
r=0

r=0

together with the dual formulae

“ n
5(7’:): —36” z G,u.ré‘n-i—r:a(;'u z O'n,rC;’H—r
r=0 r=0
and
() T ’ e d
£t =04 (Cn+;4 é.y Z Onipu, +Cr— Z G',u.rcr .
=1
We have also

pr—1
( 7 !
20 =04 Z Wnir, 2ot =0} 2‘ Cu-1,r Wn+r,

and
p-1 ~1
w _ o w __ of
L =0 Z Ou-1,r Onyr, {at = ('u) z w”“
7=0 =0

We note the general result

n “
’
> Cnur Zusr + 2 OurZnar =0,
7=0 T=0

We have also

“
) G 4
Wi _aléwn-«-,u, wi’ = — o Z Ou,r Wntr,
r=0
"
I( - + 7
w0 = — 0% Z OprWnir, Wn 0= a0 wﬂ+y

Latent bere are many propsrties of the ‘centrodes’ of the several orders. In partic-

ular, for n=1, u=1, we have

W _ "\ _ g ! ‘_
20 =8gwy, (P =8w1, w tw=0,
that 1s
M _ »a Sy
47 =0% exp (1¢);

or, the familiar rolling property of the usual centrodes, the paths of A4, (A1) in the
two planes p and @.

The relative path of an arbitray point, fixed in either plane, depends only upon
the geometrical relationship between this point and either of the sets of the cardinal
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points. Indeed, if P;(z) be a point fixed in the plane w the variation Az of z,
consequent upon a variation A¢ of ¢, is given by

e

Az=2 o0, (A¢)", where n!c,=0;AnP;.

n=1

Dually, for a point P, (), fixed in the plane p, we have
AL=3 6,(A44)", where n!o,=0"A,P,.
n=1

3. The Rectangular Set. The foot of the perpendicular B, from A4, upon A, A,
is the Ball point, indicating that single element B; of the plane w, the path of
which, relative to p, has four point contact with a straight line of p. And this, in
general, for any element of @, is the highest order contact possible with any straight
line of p. TFurther, the Ball point is not, in general, fixed in either plane, so that
there are two associated Ball lines, the two paths of B(¢) in the two planes, as
¢ varies.

Dually, there is a second Ball point B (¢), derived similarly from A;, A; and A3,
indicating the single element Bj, of p, the path of which, relative to @, has four
point contact with a straight line of @; and there are, in general, two dual Ball lines.

If, as a special case, 4, lie upon A4, B, then the Ball point indicates five point
contact of the relative path of B, with a straight line of p; and proceeding step
by step it is the case, as may be proved from the formulae of §§ 1, 2, that if
Ay, As, ..., Aznia, ... be collinear, and also A4,, A,, ..., Asn, ... be collinear, and
if, further, the two lines so arising be perpendicular, meeting in B, then the element
B; of @, at B, describes accurately a straight line in p. In this case the Ball point
is fixed in @, and the associated Ball line in p is the line A, A,, ..., Asn, ...
fixed in p. We regard such a configuration of the points A, as constituting a rec-
tangular set of cardinal points.

The rectahgular set arises here for a single value of the parameter ¢, but it is
kinematically evident, and follows also from the formulae of §§ 1, 2, that the set
remains rectangular throughout the motion, or continued displacement, for varying
values of ¢.

For, let Ay, A, ..., A2ns1, ... lie upon a line I, and A, A, ..., Asn, ...
upon a perpendicular line I, for a particular value of ¢; then we may write

Zon+1 =2+ 0241 S, 3-_11d Zon = 2yt Oant,
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where the 0-coefficients are real, and s, t are unit vectors parallel to 1, I, respec-
tively, so that t=1¢s. Differentiating these relations with respect to ¢, and using
the formulae of §§ 1, 2, we have

(6‘(111)14‘1 + 02n+2) s+ 02,!,‘_1 s(l) = 0,
and
(052 — O2nyz+ 05) £+ 0z, 87 =0,

Since s, t are unit vectors, and the G-coefficients are real, it follows that
sP=0 and V=0,

and so the lines [, [, are fixed in direction, in the plane p. Incidentally, we notice
also that

0521%4—1 +02n:2=0, and 0(21; ~0Ogns1 03 =0.
And further, since

1 _ —
Zon =0y (22n11—2) =211 t,

it follows that the line I, is fixed in position, in the z-plane p.

Also, if the lines I, I, intersect in the point B, we may write
Bz42n+1=1,02n+1 s, and BAZn:"/’2"t=7;1p2"s’
where the y-coefficients are real functions of ¢, so that

%" Azn B= (=) yant,
and

2n+1 2 2n+1
B A1 B=(~ )" ypont=—8%" Py s.

If, then, we consider a point B;(z), fixed in the plane @ and coinciding with B
for the particular value of ¢, the variation Az of z, consequent upon the variation

A¢ of ¢, is given by
Az=n§an(d¢)":{n§11n(d ¢)"}t,

from the formulae of §§ 1, 2, the A-coefficients being real. Thus Bz moves upon
the line I,, and indeed coincides with B for all values of the parameter ¢; so we
have a point fixed in the plane @ describing a line fixed in the plane p.

The converse of the preceding may be derived readily from the formulae of
§§ 1, 2; namely, that if a point Bz, fixed in 7, describe a line ! fixed in p the
set Ay of cardinal points is rectangular. For we may take I to be coincident with
the real axis in the z-plane, and write



Configurations of the cardinal points in plane kinematics. 377

Z(p) =2 (¢),

a real function of ¢. Then we have
2471 /’47“' - a(’)n (Ci(n) + a—,/,(n~}»2)),

so that, for even values of » the points A4, all lie upon a line parallel to I, and
indeed upon the line [ itself, and for odd values of n upon a line perpendicular

to I; and the set A, is rectangular.

The rectangular configuration therefore, once existing, is conserved, and this is
an illustration of the general property that the configuration of the cardinal points,
for a single value of ¢, is determined by, and itself determines, the relative motion
for all values of ¢.

It is evident that the dual of a rectangular set cannot itself be rectangular;
yet, nevertheless, for each value of ¢, and throughout its changing configurations for
varying values of ¢, such a dual set indicates the rectangular property of the as-
sociated set.

4. The Linear Set. A set of cardinal points, throughout its changing configura-
tions, corresponding to varying values of the parameter ¢, expresses the underlying
unity of the assigned relative motion of the two planes @ and p; these changing
configurations, therefore, possess properties conserved throughout the relative motion.
We desire to consider here certain simple cases of such conservation.

We have seen already that the property of rectangularity is conserved. A spe-
cial case of this property arises if two points, B; and Cj;, each fixed in w, describe
lines ! and m respectively, relative to p. We have then elliptical displacement of
@ relative to p, and, dually, cardioid displacement of p relative to w. And here,
clearly, the cardinal points A, A,, ..., Ass, ... coincide with the intersection of
I and m, while the cardinal points A4;, A, ..., Asni1, ... coincide throughout with
the intersection of the perpendiculars at Bz and C; to | and m respectively. Also,
the cardinal points A4, lie, properly spaced, upon the line 4, A4,.

It is evident, from the relations

n n
Wn= D Gn-1,r 1y, and its dual = on 1,r 107,
r=1 r=1
that, if either set of cardinal points be collinear the dual set also is collinear, the
two lines so arising being parallel, and, further, since A4, and A coincide, that

these two lines themselves coincide.



378 G. C. Steward.

But, in general, this collinearity arises for isolated values only of the para-
meter . We may ask — is it possible for such a set of cardinal points to remain
collinear, for varying values of ¢, and, if so, in what circumstances?

To examine this possibility, we write
W1 ($) = Fn (@) wa (@), Wns1 ($) = Fn (¢) wn (8),

where %, (¢) and k; (¢) are real, and, in general, functions of ¢, depending also upon n.
And we may show that if all of these quantities &, (¢), kn (¢) are independent of ¢
they are also independent of n, and conversely. Further, if in this case we write

ka(¢)=Fk, and kn(¢)=F,
for all n, then
E+F =1

A more general treatment, of which this is a special case, is given in the following
paragraphs.

For all values of ¢ the cardinal points are then spaced, in opposite directions,
upon the same line, in two geometrical progressions, havihg common ratios k and &’
respectively. And we refer to such a configuration as a linear set of cardinal points.

Consider a linear set of cardinal points, upon the line I(¢), a function of ¢;
we may ask -— how does this line move, in the two planes, as ¢ varies?

We write

Z=o,2, g2, Oq+ap=1,

where «,, a, are real constants, so that the point Z lies upon the line I(¢).

Further, differentiating x times with respect to ¢, we have

Z® =gk wy (1+agk)=0
for all u, provided that
ay/(k+1)=ay/(—1)=1/k.

In this case, the point Z(P,) is fixed in the plane p, and
Z =2z —w/k.

Dually, there is a point Z' (P), of the line [(¢), fixed in @ where

Z=g~oifk,
referred to the (-axes.

Then
A Py=—w,/k, and A{Ps=—wi/k =w,/F,
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the first being referred to the z-axes, and the second to the (-axes. Thus referred

to the z-axes we have

P, P,—w, /.

Also, w,(¢), as a function of ¢, is given by

wy (¢)= 2 wi® (0) ¢"/n!= ngl 08 wn11(0)¢" /! =n§16{,‘lc"¢"wl (0)/n!.

n=1

Or,
wy (¢) =w, (0) exp (05 k ¢),

and so is of constant modulus; as also is wi(¢). It follows that the centrodes, the

paths of A, (41), in the two planes, are circles, of centres P,, Px, and radii |w,|/k,

|w1]|/% respectively. Or, the ratio of the radii is %’/k.

This, of course, was to be anticipated, from the linear configuration of the
cardinal points; for such a set of points essentially implies permanent kinematical
symmetry, of a certain kind, about a moving line.

In passing, we notice two particular cases of the linear set of cardinal points.
If £=0, % =1, there is a circle of w rolling upon a straight line of p; here A,,
n>2, coincide — with the centre of the rolling circle — while the A4, are equi-
spaced along A, A, A, being the point of contact. Again, if k= —1, ' =2, we have
elliptical displacement of w relative to p, and, dually, cardioid displacement of p
relative to @; then A;, coincide, and As.-; coincide, for all values of n, while A,
are spaced along the line 4,4, in geometrical progression, with common ratio 2.

5. The Spiral Set. For a set of cardinal points in general position, together

with the dual set, we may write

W11 ($)=0n ($) wn (¢), and  wrii (¢)=pgn () wn ($),

where the complex quantities g. (¢), on (¢) are functions of ¢, and depend upon %,
and we assume that none of these quantities vanishes.

It is the case that if either set of g.{¢), on(¢) be independent of ¢, for all
values of #, then they are all independent of n; and, conversely, if either set be
independent of n, for a given value of ‘¢, then they are all independent of 4.

For, if we write

Rn=0n+1“9n,
then from §§ 1, 2,

Q(rp = a()Qn Rn,
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and, generally,
n+p-1

o= 2 0(u )R,

=N

where the coefficients 6 (u, v) are homogeneous, of degree u, in the p-gquantities;

and, in particular

n--p-1
Op,n+u—1)= 1] o, +0.
Then, if R, Rn.1, ... vanish, so also do o9, 0%, . ..; and if ¢, %, ... vanish, so
also do R,, R,.1, ... And dually, in similar fashion, for the functions gn (¢).

In this case we have

o(¢) =0, onld)=¢

for all values of n, ¢ and ¢’ being complex constants. And

Wni1(9)=0"wy(¢), and wair(P)=0"" w1 ().

Since, from §§ 1, 2,

Wy = 0y,0Wy + 01,1 Wy, and  w; +w;=0,
we have
p+o' =1
The various quantities wn ($), wn (¢), @x (¢), @n (¢) depend then upon the parameter
¢ only through their dependence upon w; (¢), w1(9), wy (), w1 (¢), and, for these,

we have

wy (¢) = w1 (0) exp (Bo0¢), wi(p)=wi(0) exp (200’ ),

together with the dual expressions for w,(¢) and w; (¢) respectively.
We write
o=kexp (ta), o =k exp (¢a').

If «=0, then also «’=0, and we have the linear set of § 4, with: k+%" =1. More-
over, the moduli of the functions w, (¢), w1 ($), @y ($), w; (¢) are then constant; and
so the configuration of the cardinal points is conserved in the sense that the set
remains linear, for varying ¢, and also the separations of the points: A, An41 and
An, Ani1 remain constant.

But if «+0, then also «'+0, and we have a certain conservation of shape only;
for the modulus of each element A4, A4,,,; has a factor exp (— k¢ sin «), and of each
dual element A4, A1 a factor exp (— k' ¢ sin ).
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The cardinal point A, (z, {») of such a set, associated with the complex con-

stant p, 1s given by
Za=2+w, (1—0""Y)/o', or anCl+wl(1—g"4)/Q',

so that, for all values of n, this point lies upon the curve S(¢), given by

2(¢, 1) =2 (¢) - (L= @)y (90, or L($, )=y (¢)+(L—g")mr(9)/¢,
where ¢ is a varlable real parameter; that is, a logarithmic spiral, the pole Pj; of
which 1is
z(g) Fwi(@)/e', or {i(d)+wi(e)e,
and, from the formulae of §§ 1, 2, is fixed in the plane @.
In the usual notation, r being the radius vector at angle 6 with the axis Oz,

we may write the equation of this spiral in the form

r=a(¢) exp {(0 log a)/k},

where

a($)=a (0) exp (—b4¢),
and
b="Fk(x sin o+ log & cos a)/a.

Thus the angle of the spiral, the constant inclination of the curve to the radius
from the pole, is tan™ («/log k), and is independent of .
Dually, the associated cardinal points A, (zn, r), associated with the complex

constant o', lie upon a logarithmic spiral 8’ (¢), given by.

Z (¢, )=z (p) + (L= Ywi(p)/o, or (g, ¢)=Li(g)+ (12 )wile)e,

¢ being a variable real parameter. The pole P, of this spiral is

2 () Fwi(@)/e, or Ci(e)+wi(s)e
and is fixed in the z-plane. The angle of the spiral S’ (¢) is tan™ (oc} /log k'), and

is similarly independent of ¢.

It is evident, by writing ¢=¢= — 1, that the pole of each of these spirals
S ($), S’ (¢) lies upon the dual spiral; and also each curve passes through the point
Ay (A1)

We refer to such configurations as spiral sets of cardinal points.

If we write «=0, so that «’=0, and then g=% and ¢’ =k, the poles of these
two spirals coincide with the points P,, Pz of § 4, fixed in their respective planes,
and associated with the linear set of cardinal points.'
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6. The Centrodes. The relative motion, or infinitesimal displacement, of the
planes p and @ is uniquely characterised by the configuration of either of the dual
sets of cardinal points 4, and A,. It is of interest to examine the associated cen-
trodes — the two paths, in p» and @ respectively, of the coincident points A4,, A;.

We consider a spiral set of cardinal points 4,, together with its dual set A,
the associated complex constants being ¢ and o’ respectively. Then from the for-
mulae of §§ 1, 2, the path, in the plane p, of the point 4; (A4)) (21, &) Is the curve s,
given by

21 ($) =7 (0) — w0, (0) /0 + {wy (0)/g} exp (@0 9),

for variation of the parameter ¢; that is, a logarithmic spiral, of pole
2 (0) —wy (0)/0,

namely, the point P,, the pole of the spiral S’ (¢), upon which lie the points An.
And the constant angle, between the curve s and the radius from the pole P, is
7t/2+oa. This logarithmic spiral s is then the p-centrode.

Dually, as the @-centrode, we have a loga,rithmic' spiral &', given by

£1(9)=£1(0) — 01 (0)/¢" +{w1 (0)/¢'} exp (o0’ ),

the pole being the point
£1(0)— w1 (0)/¢',

coinciding with the pole Pz of the spiral S(¢), upon which the points A, lie. And
the corresponding constant angle is /24 o'.

If «=0, so that «’ =0, the spirals s and s’ become circles, of centres P,, Ps
respectively, while the spirals S(¢), S’ (¢) become coincident straight lines I(¢), pass-
ing through P,, P;; we have the linear sets of § 4.

If =1, 2=+0, the spiral S(¢), upon which the A4, lic, becomes a circle, of
centre P fixed in the plane w. We have then a circular set of cardinal points A,,

the dual set A, remaining a spiral set, the associated angle being (7+«)/2.

7. The Orthogonal Set. If, for a set of cardinal points A, in general position,
we write, as in § 5,

Wn+1 (Sb) =0n (Sb) Wn (4’)’
we have
nt+u-1

o’ (9)=26 2 0(u,7) R,
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where
R,= On+17~ On,

and 0(u, ») is homogeneous, of degree u, in the various quantities g (¢). And this
is a quite general result.

If now p,(¢) be a pure imaginary, for all » and a single value of ¢, it follows
from the preceding that o¥° (¢) is a pure imaginary for that value of ¢, and for
all n; and so g.(¢) is a pure imaginary for all values of ¢, and for all values of n.

The implication of this s that An Ans: is perpendicular to At Ansz, for all
values of n; and, further, that this property is conserved as the parameter ¢ varies.
We refer to such a configuration of the A4, as constituting an orthogonal set of
cardinal points, and it is evident that orthogonality is a property which is con-
served. It is also evident, from the formulae of §§ 1, 2, that the dual set is not
then orthogonal.

The corresponding p-centrode is then a straight line. For if we write

Wn-r1 (¢) =0, kn (‘j’) Wn (‘i’):

kn (¢) being a real function of ¢, we have

A (p) = 060, (9) =80 K (¢) 01 (),

K,(¢) being real; and, for varying ¢,

21 (¢) = 21 (0) + 0wy (0) f (),

where f(¢) is a real function of ¢. It follows that the path of A, (A4;) in the
plane p, is a straight line perpendicular to A, A4,.

Thus the kinematical implication of orthogonality of a set of cardinal points
is that one of the usual centrodes is a straight line, the other being an arbitrary
curve determined by the moduli of the quantities A4, A4,,;, each of which is an
arbitrary function of ¢.

A special case of this arises if the orthogonal set be also a spiral sct; if, in
the notation of § 5, a=m/2. Then the centrode s has associated angle z, and is

a straight line.
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