On polyharmonic continuation
by reflection formulas
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1. Introduction and summary*

Let 2 be an open connected set in R”, which is contained in the half space

R’ ={x: x,=0}, and let an open connected subset @ of the boundary of Q be

situated in the hyperplane x;=0. Then Quw is open in R,. A p-harmonic func-
tion in Q is a 2p times differentiable solution of the equation

APu =0, ucC¥(Q), 1.1

2

l=15§

tions by HP(Q). It will be seen that if uc H?(Q), wu is in fact analytic in Q. We

shall consider functions u¢ H?(£2) which also satisfy a set of p boundary con-
ditions

where 4= is the Laplace operator. We denote the set of all such func-

xlin}w g;(DDu(x, x)=0, (0, x)w, i=1,..p, (1.2)
‘ d
where ¢(D,) are linearly independent polynomials in D,=-—, with constant
X1
coefficients and x” denotes (x,, ..., x,). In (1.2) we do not suppose x’ to be fixed

as x,—-+0. We shall also use the notation ¢(D))u(x)=0(l) as x;—~+0. It will
be shown that these functions can be continued as polyharmonic functions across
o into the half space R” ={x: x;<0}. Very general theorems of this type have
been given by Hormander in [7], where he considers solutions of general elliptic
and hypoelliptic differential equations with constant coefficients.

* The main part of this work constituted a PH.D. thesis accepted at Stockholm Univer-
sity 1973.
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His results, however, do not tell anything about the extent of the domain into
which the continuation is possible. An example of the type of theorems we are
aiming at, is the Schwarz’ reflection principle, stating that a harmonic function
defined in ©, satisfying the single condition

Jim,u() =0, x€a
can be analytically continued by the formula
u(—xy, X) =—ux, x) (%, x)EQ

into the whole of the domain Q,=QuwuQ, where Q is obtained by reflecting
2 geometrically in the plane x,=0, (fig. 1).

Fig. 1

It was proved by Almansi [1] that, under certain conditions on £, a function
u€ H?(2) can be represented by p functions »;, j=0,1,...,p—1, each of which
is simply harmonic in €, in the following way (Theorem 2.2)

24
-1 X1

u(x) = 275, —j—!—vj(x). (1.3)

In a closed sphere Sg(x,)C @ with center x, and radius R, we can also represent u
as (Theorem 2.4)

u(x) =22 ;r¥w;(x) r=R 1.9



On polyharmonic continuation by reflection formulas 203

where w;, j=0,1,...,p—1 also are harmonic and r denotes the distance from x
to x,. Formulas (1.3) and (1.4) are usuaily called Almansi representations.

The representation (1.4) can be used to prove a mean value theorem for poly-
harmonic functions. Let Mg(f, x,) denote the arithmetical mean value of f over
the boundary of the sphere Sy (x,).

Then we get (Theorem 2.4)

M, (u, x)) = 353 A, ;r Au(x) r=R,

where A, ; are constants which depend only on j and the dimension n. We use
this to show that if u, given by (1.3), has the property

u(x,, x)=0(1) as x,-+0 x'€w
then
vo(x1, x)=0() as x;, ~+0 x€w (Theorem 2.5)

This was proved in the biharmonic case by Duffin [5].

With help of these theorems, we shall prove in section 3 (Theorem 3.1), that a
p-harmonic function satisfying the p conditions (1.2) can be analytically continued
into the domain ,, defined as follows. Let Q' cQ have the property

(X1, Xa5 o0y X)EQ = (1, X9, ..., X, )€Q all £, such that 0 <# =x;. (L.5)

Then Q,=QuUwuUQ’, where Q" is obtained by reflecting Q" geometrically in x,=0,
(fig. 2).

X

Xy
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Such theorems have already been given when the boundary conditions (1.2)
are those of Dirichlet:
qv(‘Dl)ED;—l, Vzl,---,P,

namely for p=2 by Poritsky [13] and Duffin [5], and for general p by Huber [6].
Huber proved that the continuation in this case is given by the formula
u(—x;, x) = (=1y Zf;f(—l)i(i!)‘zxi’*"A"(———"(;C;’_f)).
1
Here the continuation is possible into ;.

Some authors have also studied the problem of the continuation of the solu-
tions of other partial differential equations than (1.1), when the boundary condi-
tions are those of Dirichlet. See Canavan [2], John [9] and Lewy [11].

In the sequel Q(D) (and Q(x, D)) denotes a differential polynomial in all

(1.6)

D,————a——, 1=1,2,...,n. We shall also use the notation Q(D’) for a differential
xl

polynomial in the “boundary” differentials D,, 1=2, 3, ..., n, only.
In section 4—7, we study such boundary conditions (1.2), for which a reflec-
tion formula of the form

u(—xy, x) = Q(x, Dyu(x,, x°), x€Q 1.7

exists, where @ is some differential operator, and we also study the form of the
corresponding operator Q(x, D). In doing so, we assume that the p polynomials
g, are homogeneous, that is of the simple form

g:(DDu(©, x) =Dyu(0,x)=0 0=y, <v,<..<V, (1.8)

rirst, in section 4, we prove two auxiliary theorems which are, however, inter-
esting in themselves. Let H?(R™) denote the set of all functions which are p-har-
monic in the whole of R”. Let Q(D) be a differential operator with constant coeffi-
cients and such that for a certain point y=(y,, "),

[PD)ux);-, =0

for all uc HP(R™) satisfying (1.8). If y,%0, then Q(D) contains the factor 47,
that is:
Q(D) = P(D)4*?, (Theorem 4.1).
If y,=0, then
Q(D) = 3", P, (D')D}i+ P(D) 4%,

where the Pvi(D’) are operators in the boundary differentials only, (Theorem 4.2
and Corollary 4.1). Both theorems are stated for more general boundary condi-
tions than (1.8).
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In section 5 we first prove that if there is a differential operator Q(D) with
constant coefficients and such that (1.7) is valid for a single point x=y with y,0
and all u satisfying (1.8) which are p-harmonic in R”, then there is an operator
0,(x, D) of the form

O(x, D)= 2, 5y, Aupxi* ¥ D74 (1.9

such that (1.7)is valid with Q=Q; and for every x (Lemma 5.1). Since
(QD)= 04 (x, DYu(y) = 0

for all uc HP(R") it follows that Q(D)=0Q,(y, D)+p(y, D)4?. Hence Q and Q,
differ only by terms containing the factor 4?. After proving that Q (or equivalently
0,) must map the set H? of all p-harmonic functions in itself we prove that the set
of operators of the form (1.9) mapping H? into itself is p-dimensional. Because
of this, we can prove (Lemma 5.3), that such a Q, can be brought into the form

0,(x, D)u = Z'f;olB,-x{*iAi(x:_i) (1.10)
1

Since Q;(x, D) in (1.10) is invariant if we replace x, by —x, we get using (1.7)

twice that
Qiu—u=0 (1.11)

for all uc H? satisfying (1.8). Having proved in section 4 that (1.11) must in fact
be valid for all uc H?, if it is valid for all u¢ H? satisfying (1.8), we prove (Theo-
rem 5.2), that precisely 2? of the operators Q,(x, D) of the form (1.10) have the
property (1.11), and denote this last set of operators by T7.

Hitherto we have supposed that a set of boundary conditions (1.8) is given,
and have obtained necessary conditions on the operator @, in order that Q, be a
reflection operator in the sense that (1.7) holds for all u satisfying (1.8). These con-
ditions may be summarized: Q; must belong to 77.

In order to obtain sufficient conditions, we reverse the reasoning in the fol-
lowing way. Let Q be as defined above and let Q be an arbitrary operator such
that Que H?(Q) if ucHP(Q). For a given ucHP(Q), define a continuation of
u into Q by means of (1.7). A necessary and sufficient condition for u thus defined
in QUQ to be p-harmonic in Q,=Quaou € is that u is continuous over » together
with its 2p—1 first derivatives. This furnishes 2p boundary conditions on the
function u to be continued by Q. Analytically expressed, these conditions are

g;(D)u(0,x) =0, j=0,1,..,2p—1, (1.12)
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where g;(D) is defined by
g;(D)u(0, x) = lim [Dfu(x;, x)—(— 1)’ D{Qu(x1, X')].

We shall call them the boundary conditions corresponding to C.

For some operators Q, the corresponding boundary conditions may be reduced
in number. We define two sets of operators, S? and M?. Q€T is said to belong
to S” if out of the 2p corresponding boundary conditions (1.12) we can find p con-
ditions such that if they are satisfied by u, then the remaining p conditions are auto-
matically satisfied.

QcT? is said to be in MP, if there is a set of p boundary conditions of the
special type (1.8), such that if they are satisfied, then the 2p boundary conditions
corresponding to @ are also satisfied.

The first main result of section 7 is that M? contains p+1 elements. All
operators Q in M? and their corresponding boundary conditions are listed, (Theo-
rem 7.1). The second main result is that S? and 77 are equal, (Theorem 7.3). The
vital idea in the proofs of sections 6 and 7 is to proceed by induction in the order
of harmonicity. To each operator Q¢ T? written in the form (1.10) we define an
operator Q* by (Definition 6.3).

- i 4 U

It is shown that Q*¢T?~". We then define the boundary conditions g;(D)
corresponding to Q* by

g; (D)o = lim [D{v (%, x)— (= 1) Q" v (xy, ¥)].
1
It turns out that, apart from a term containing A°? -1

where ¢;(£) denotes dg;/0¢, (Lemma 6.8). This observation is the main point in the
induction step.

In the final section 8 we deal with sets of boundary conditions (1.8) for which
there do not exist reflection operators Q of purely differential type. A p-harmonic
function satisfying such boundary conditions is continued by an operator con-
taining integrations, and the continuation is therefore only proved up to @, (fig. 2).
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2. Integration and representation of polyharmonic functions

Let Q be an open set defined as in the introduction and let # be harmonic in .
Since a harmonic function u in Q is analytic, see Courant—Hilbert [3] p. 269, it
is clear that any derivative of # is harmonic in the whole of Q. We shall now study
the existence of a harmonic primitive function to u. Such a function does not nec-
essarily exist in the whole of Q for all ©, and we must therefore impose some restric-
tion on Q. With future application in mind, we choose to assume that u is defined
in an open set Q,CQ with the property (see fig. 3)

~

X1
QF
Fig. 3
(x19 X5 «oes xn)EQ;: 3(1‘1, Xoy evey xn)EQ au 31, 0< {1 = Tl (21)

where ¢ is a positive number sufficiently small so that @, is not void, and
Ty=max (g, x;). Later, in section 3, we shall let ¢-0. It is seen from (1.5) that
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leii% Q,=£€’. The intersection of Q, and the hyperplane x,=¢ is called @,. Since
Q.,cQ, it is clear that any # harmonic in @ is also harmonic in @,.

Theorem 2.1. Let u be a harmonic function in Q,, where 2, has the properties
(2.1). Then there is a harmonic function U in Q, such that

D, U=u. 2.2
See Duffin [5].

Proof. We shall prove that there is a function g(x"), x"=(x,, ..., x,) in the
hyperplane x,=¢ such that

UG, %) = [T ult, ¥)dt+g(x), x = (x,, X)ER,, 23)
has the required properties. That (2.2) is fulfilled is obvious. Furthermore,
AU(x;, X)) = Dyu(x;, x) +f:‘ Au(t, xydt+Ag(x), 24

where A4 is the Laplace operator in the boundary variables x’. Since # is harmonic,
we have A’u=—DJu. Hence (2.4) becomes if we write D u=u,

AU(xy, X)) = uy(e, XY+ A" g(x").

Since #(g, x") is in C*(w,), there is a solution g in C2(w,) of the Poisson equa-
tion 4’g(x)= —u, (e, x"). See Courant—Hilbert [3] p. 246. This completes the
proof.

Remark. In special cases the result may be valid under much weaker hypoth-
esis concerning £2,. When n=2 in particular, the result holds for any simply con-
nected ,. To see this, we note that there is an analytic function f(2), z=x,+1ix,
in @, such that u(x;, x,)=Re f(z). Since there exists a primitive analytic function
F(z) to f(z) in the whole of Q, for any simply connected Q,, it follows that U(x,, x,)=
Re F(z) satisfies (2.2) in the whole of such a Q,.

That the restriction (2.1) is rather natural when n=2, is seen by considering
the harmonic function u(x)=|x—y,>"". For n=3, u(x) has the only singularity
x=y,. Hence Q=R®\y,. Choose y, to be origo. Then a primitive function U
will be

U(x) = —log |x; — VX3 + x5 +x3 + g (x2, Xo).

If we choose g(x,, x;)=0, then U(x) will be defined for x;<0, all x, and x,.
On the other hand U(x) will not exist on the half line x,=x3=0, x;=0. See also
Diaz and Ludford [4].

This remark: also applies to the next theorem.
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Theorem 2.2. (Almansi Representation Theorem). Let Q, be the same set as in
Theorem 2.1. Then every p-harmonic function u in Q, can be written

p—lx{
u= """t x€0Q,, 2.5)

Wwhere each v; is harmonic in Q,. Conversely, every such function is p-harmonic, and
AP~y =27-1DE "ty . (2.6)

Proof. We shall make a proof by induction over p. Assume the theorem to
be true when p is replaced by 1,2, ...,p—1. We start by proving that u defined
by (2.5) is p-harmonic.

Since each v; is analytic in Q,, it is clear that u is also analytic in €,, and hence
differentiable. Direct computation gives the formula

A(f-g) = fAg+2{grad f, grad g)+ g4/, .7
where

, . Of 0
(grad f; grad g) = 2i=15§'a—j'

It follows from (2.7), if u is defined by (2.5) with »; harmonic, that

_2 -

— 1 1

Au = 5’2( 2)' v;+2 j’l( 1)‘ 2.8)

By the induction hypothesis the first sum in (2.8) is (p—2)-harmonic, the

second (p—1)-harmonic. Hence A” '4u=0, which proves that u is p-harmonic.

Now apply 477* to the (p—1)-harmonic function 4u in (2.8). Since we sup-
pose (2.6) to be true when p—1 is replaced by p—2, we obtain

APy = AP Ay = 4?22 3P = 21D 1y,

-1

= (] 1)'
i.e. (2.6) holds also for p—1.

Now assume that u is a p-harmonic function. Repeated use of Theorem 2.1

shows that we can find a harmonic function v,_, in €, such that
20-1DP=1p, ) = AP-ly,
for A? 'u is harmonic. Then the difference

xP-1
U = u——*(m Up—1
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is (p—1)-harmonic, since by (2.6)
APy = AP~y —2P-1D "y, = 0.
Since the theorem is trivial when p=1, the proof is complete.

Corollary 2.1. Let Q, be defined as before and let uc H?(R,). Then there is
one function u,€ H*(Q,), 0=k=p, and one function u,¢ H*~*(Q,) such that

x%
u= u1+ﬁ u, x€Q,.

Conversely, every such function is p-harmonic.

Proof. Dropping, as we may, the numerical factors k! above and j! in (2.5),
which are there for computational purpose only, we obtain from Theorem 2.2.

—_ yp-1j, _ k-1 -1 j—k, k
u= Jj=0 XUy = 2j=o -""lv_i‘|’3‘11c j=k X v; = Uy + X1ty

where, by the same theorem u,€ H*(Q,) and wu,€ H?~*(Q,). The second statement
is proved in the same way.

Because of the Almansi representation, the analogue of Theorem 2.1 can now
be proved for polyharmonic functions.

Theorem 2.3. Let ucH?(Q,), Q, being the same set as in Theorem 2.1. Then
there is a function Uc H?(Q,) such that

D]_U:u

Proof. We proceed by induction. The case p=1 was proved in Theorem 2.1.
Assume the result to be known when p is replaced by p—1. Corollary 2.1 shows
with k=1 that

U= vg+X U, 2.9)

where v, is harmonic and w; is (p—1)-harmonic. By assumption there is a harmonic
function ¥, and a (p—1)-harmonic function U, in Q, such that D, ¥V,=v, and
D, U,=u,. Thereis also a (p—1)-harmonic function U, in Q, such that D, U,=Uj;.
Then by Corollary 2.1 the function

U: V0+x1 Ul"" U2

is p-harmonic. Since u satisfies (2.9), U satisfies the requirements of the theorem.

We shall now give another representation theorem which is also a mean value
theorem for polyharmonic functions. Let Q be as before and x,£ Q. For a point
x, let ¥ denote the vector from x, to x and let r=|F|. Also, let Sg(x,) or simply
Sk denote the solid, closed n-sphere with center in x, and radius R. R is chosen so
that SR Q. Let My(u, x,) denote the mean value of u over the boundary dSg
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of Si. It is well known that if » is harmonic in , then
Mg (v, x0) = v(xy).

Theorem 2.4. Let Sy be as above, and let uc HY(Q). Then there are p func-
tions w;, j=0,1,...,p—1, each harmonic in S such that for r=R we have

u(x) = 3075 r¥w;(x). (2.10)

Conversely, every such function is p-harmonic in Sy, and finally we have the following
mean value relation for u(x):

M x9) = 322wy () = 300t M iy @)
P X0 = Zjae TOWIN) = ce T2 T a—2)1! 0 '
where n, as before, is the dimensional number.

Proof. The proof is again carried out by induction over p. The result is trivial
for p=1. We begin by showing that every function given by (2.10) is p-harmonic.
Formula (2.7) shows that for w harmonic

Ar¥w = w Ar¥ +- 4 -2(F, grad w) = w Ar2"+4jr2"‘2r—3¥.
Now, if fis a function of r alone, we have in R"

_dif (n—1 df
4 = dr? +__r——E:’

so that

ow
5
Since Ar {(‘)9_»::0 for w harmonic, it follows from the induction hypothesis that
Ar¥w is j-harmonic for j=p—1, and hence r¥w is j+l-harmonic. Since each
term in (2.10) is of this type, u is p-harmonic.

We shall now prove that for u¢ H?(Q) we can find p harmonic functions w;,
such that (2.10) is true in Sg. The induction step will be to show that we can find
w,_y such that u—r?~2w,_, is p—1l-harmonic. Assume by induction that we
can express 4u by p—1 harmonic functions w;, 0=j=p—2 by means of

— SP-2 2
du= 255w,

Ar¥iw = 2j(2j +n—2)r¥ 2w+ 4jr¥-1 (2.12)

Let (r,6) denote the “spherical” coordinates in R", and define a function w by

1 — 1 r ax~155 ==
2p_2w(r,9)—7;f0t #,_a(t,0)dt T =R,

1
where o= > QQp+n—4)=n/2=1, since p=1. A direct computation shows that
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w solves the equation

2p-2) [rg%’ﬂxw] =W,_s (2.13)
and

1 1

so that w is harmonic.
In view of (2.12) and (2.13) we get

A(u—r-%w) = Adu—r*-*(2p—2) [(2P+n—4)W+2"‘33—V:] =

— P-4y, p321
Au—r?=tw, = I riw;.

This shows that A(u—r**—2w) is p-2-harmonic, and that (u—r*"%w) is
p—1-harmonic. Hence we can find harmonic functions w;, 0=j=p—1, with
wp_1=w such that (2.10) holds.

To see the mean value relation, we first note that

M, (u, Xo) = M,(ZP 2 ¥ w;, x0) = 3P 23 M (w;, Xo) =

p—1_2;j

e Twi(xg) for r=R 2.14)

Since all w; are harmonic in Sk which is compact, they are continuous and uniformly
bounded there together with their derivatives of order =2p. Hence

Q)N QCk+n—2)1!

(@hu)ro) = lim 422 wy) = ==

Wi (xo)a

since all other terms disappear as r—0. The coefficient in this formula comes from
repeated application of (2.12). Together with (2.14) this gives the desired mean
value relation.

In the next theorem the notation x’€®, means that the point (¢, x)€w, (fig. 3)

Theorem 2.5. Let v;, 0=j=p-—1, be harmonic in Q,, and let
u@x) = Zh s x{v;(x) =0(1) as x, ~+0, X'€aw;.

Then vy(x)=0(l) as x;~+0, x’Cw,.

Proof. The theorem is trivial for » simply harmonic. Suppose by induction
that the theorem is proved for p— 1-harmonic functions. It is then enough to show
that x?"'w,_;(x)=0(1).
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The condition on # means that for every &;>0, there is a =0, such that
lu(x,, x) =g for 0<x =30, x€cw, (2.15)

and this holds uniformly in every compact of ;.

Take a xg such that the sphere S;(x,), where x,=(2, x;), lies entirely in a
compact of Q,. The mean value relation (2.11) used for p different values of r=54,
e.g. 1;=id/p,i=1,2, ...,p, gives a system of p equations in the p unknowns 4/ u(x,),
j=0,1, ..., p—1, namely

S e Ay T M u(x)) = M, (u,x), i=12,..p,

(n—2)1!
@HN2i+n—21 "

The determinant, Det, of this system is of the form

where 4, ;=

Det = K-S*det |i¥], i=1,2,...p, j=0,1,..,p—1, K0,

and h=3%12j. Hence Det=K;&", where K,>0. We solve this system by means
of Cramer’s rule, and obtain for 47~ u(x,)

AP~ u(x,) = Det,/Det.

Det, is obtained by substituting M, (u, x,) for 4, p_l(ié/p)z” AP M u(xg) i=1, ..., p,
in the last column of Det. Now éxpand Det, by means of this last column, and
note that, because of (2.15), the mean value of u# over the sphere S,‘_ (x,) also sat-
isfies }M,i (u, xp)| <&, i=1,2, ..., p—1. This gives the following estimate for Det,:

Dety} = & 27, 1Ki"|
where A =h—-(2p-—-2).
This implies that

[4P-Yu(xy)| = Ky£,6~@?P~? = 0(5°-%) as & ~+0,
since K, is independent of ¢, and 8. Since by Theorem 2.2
AP u(x) = 271Dy, (%),
it is clear that v, ;(x)=0(x; %) and hence
x 'y, =o0(l) as x, -+0.

This completes the proof.

Remark. Let v,=1, and v,=—1/r in R’. Then u=vy+x,9,=0 on the line
Xy=x3=0, but v,+0 as x;,—+~0 on this line. This shows that it is essential that
w, does not degenerate in Theorem 2.5.
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We shall now give some examples of polyharmonic functions. Let

é = (EI’ 62’ seny én) = (61’ é,)

be a fixed vector in an n-dimensional complex space, and such that the scalar product

&8 =21.8=0,

while

€, &)= 27,0,

Denote &*=(—¢,,¢&,, ..., &,). Then (&%, &*)=0. For later use (section 4), we
also introduce a complex parameter 7. As in the introduction, x=(x;, Xs, ..., X,)
is a vector in R".

Define

v(x) = €6, (2.16)
then
Av = Ae%5%) = ¥&x) . 2. " 6? = 0.

et i=1

Hence »€ H*(R"). We get the same result if £ is replaced by £*. Hence, by Theo-
rem 2.2, u(x) defined by

j .
u(x) = Zpog Ay Sy e+ S0 By S e @17

where 4; and B; are arbitrary constants, belongs to H?(R"), and hence to H?(Q)
for any open Q¢€R"

The functions (2.17) are called “exponential solutions”, and since any statement
about the set H?(©) must take such exponential solutions into account, they furnish
necessary conditions on such statements, and it will be seen that very often these
conditions are also sufficient. This is very natural in view of the fact that the set
of exponential solutions is dense in H?(R"). See Hormander [8] p. 76 fi.

Another example of functions in HP(R") is given by u=x%, 0=k~<2p. These
functions will be used since their and their derivatives behaviour on the boundary
x,=0 is easily determined. A straightforward application of the proof of the Almansi
representation gives for the biharmonic function #=2x% the following as a possible
representation among others.

U= 2x3 = vo+ X0, = (—x3+ 3%, X7+ Ax) +x,3x}—3xF— 4)

where i1 and A is arbitrary. It is seen that the Almansi representation is by
no means unique. It is easy to find still more representations.

Remark. As a final remark to this section, we observe that the function
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where v is defined by (2.16) is an example of a function in H? such that

DiuGH ' j=1,2,..
and
xluc H?+' but ¢ HP+-1 [ =1,2, ...

This observation will be helpful in section 5.

3. General transversal boundary conditions

We consider p-harmonic functions u(x;, x") defined in an open set Q of the
type considered in the introduction, satisfying in the limit on @ the p boundary
conditions

xlli}lo g:(DPu(x,x) =0, xcQ, i=1,..,p 3.1

where the g; are linearly independent differential polynomials in D;. Let £, be the
set of all points in Q with the property (2.1). Theorem 2.2 shows that # has an
Almansi representation (2.5) in @, with »;, j=0, ..., p—1, barmonic in Q,. Let
£, be the reflection of Q, in x;=0, ie. Q, is the set of all x=(x;, x") such that
(—x;, x)€Q,. Also let w, be the projection of w, on the hyperplane x;=0. Then
Q. defined by Q. =Q,uwlU Q, is an open set. (See fig. 3.) By the definition of
Q" and Q, in the introduction, llg} (QUoUR)=QUaUQ =Q;.

Theorem 3.1. Let Q and w satisfy the conditions of the introduction. Every
p-harmonic function u in Q satisfying (3.1) can be extended to a p-harmonic function
in Q,.

The method of proof will be to use the Almansi representation of u to con-
struct harmonic functions w;, i=1,...,p, in 2, in such a way that the boundary
conditions (3.1) imply that }:13] w; (xy, x)=0, i=1,...,p. Hence each of the
w (x;, x") can be continued into Q, by means of Schwarz reflection principle.
From the continuation of the w; to Q,, we then conclude that u can be continued
into Q;.

Proof. We know already that # has an Almansi representation

—-1 xj
u= Z;’zo—j—;vj (3.2)
in Q, with »; harmonic in ,. Using this and Leibniz’ formula for the k:th deriva-
tive of a product we obtain

xi~¢ 1

gi(DYu= %3 ZL"(J'——LW'—ICT af® (Dy)v; (3.3
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where ¢ (z) denotes d*qy(z)/d"*. When x,~+40 in (3.3), (3.1) and Theorem 2.5
imply that the harmonic functions w;, defined by

p-1 1

Wi = j=07th'(j)(D1)Uj i=1,..,p

satisfy
x}L%owi(xl, x)=0, x€Q,, i=1,..,p.

Hence the w; can be extended to harmonic functions w; in Q, by means of Schwarz’
reflection principle, that is, we set

w; (xl ’ x,)’ (xl H xl)E Qe
w;(xl’ x,) = O’ (xl, xl)E'Qt:
—wi(—_xla x,)5 (xl, x’)EQa

We shall now define the extensions v; of the functions v; by solving the system of
ordinary differential equations

S AP D)o] = wi, =1, . p %EQ (3.4)

with the conditions »; =v; when x,;>0. This is a system of p ordinary differential
equations in x, of the p functions v;, Jj=0, ..., p—1 and containing the parameters
Xy, ..., X,. The characteristic determinant of the system is the so-called Wronski
determinant

W(t) =det|Diq(v)], i=1,..,p, j=0,..,p—1.

Since the boundary conditions are linearly independent, W (z) does not vanish iden-
tically. Hence we can solve the system (3.4), and since the w; are infinitely differ-
entiable, each v; is also an infinitely differentiable function of (x, ..., x,). Applying
the Laplace operator 4 to-(3.4), we get the system

2“1 DD 4v; =0, i=1,..,p,

for w; is harmonic in Q.
By solving this system for Av;, Jj=0,...,p—1, and observing that Av;=0
in Q, we infer that Av; is identically O, that is, »; is harmonic in Q;. If we set

x1~

-1
= 2ic0 5T

(3.5)
we have proved that u~ is p-harmonic in Q. and # =u in Q,. Hence u” is a
p-harmonic extension of » into Q. It is trivial that u” is extendable to Quaw,UQ,,
although the Almansi representation (3.5) of u~ has only been proved to be valid
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in Q;. Finally, letting e~ +0, we have proved that #~ is extendable to Q,=
21351 (QuaoiuQ,).

Example 3.1. Let u be harmonic in @, and satisfy the boundary condition
xli»nio (Dyu+ku)=0 on w, where k is a constant. Then the continuation of u

to Q, is given by
u(—xy, X) = u(xy, X)+2kes [ e Mut, X)di, x€Q,. (3.6)

Remark. Let Q and w be the same sets as in the introduction. Let g(D) be
differential polynomials in all D,, =1, ..., n. A set of boundary conditions

gD)u=0, xtw, i=1,..,p, 3.7

is called elliptic (see Hormander [7]) with respect to A” if every p-harmonic func-
tion u€C*(Quw), where k is the maximum of 2p and the degrees of g;, satisfying
the conditions (3.7) can be continued across @ into some domain, independent
of u. By Theorem 3.3 in Hormander [7], the condition for ellipticity is that the
Wronski determinant W?° of the principal parts g of the g; has no zero 0. Denote
the degree of g; by v;, and note that we may assume that all g; have different degrees.
Then g{(x)=t", and with the notation R=27"_ v,(—1—2—..—p—1, we get

Wo(z) = R Hi<k(vi_vk)

which has no zero 0. Hence the conditions (3.1) are elliptic with respect to 4%.
However, the theorem of Hérmander does not tell anything about the extent
of the continuation, whereas our Theorem 3.1 extends u to a function in Q,.

4. Two auxiliary theorems on polyharmonic functions

Consider a biharmonic function u satisfying on x,=0 the boundary condi-
tions
Au(0, X’y = D, Au(0, x) = 0, @.1)

which are not elliptic in the sense of the remark at the end of section 3. These con-
ditions imply, in view of the uniqueness of the Cauchy problem, that the harmonic
function v=du is identically zero. Hence all solutions u of A?u=0, satisfying
(4.1), are also solutions of the “simpler” equation 4u=0. The object of the fol-
lowing theorem 4.1 is to prove that such a case cannot happen for the boundary
conditions (1.2).
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Theorem 4.1. Let Q(D) be a polynomial differential operator and let y=(y,, y’)
be a fixed point with y,#0. Assume that

2D)u(») =0 (4.2)
Sor every uc HP(R") satisfying the p linearly independent boundary conditions
gDYu=0, x=0, i=1,..,p. 4.3)
Then Q(D) contains A? as a facror.
Proof. We shall prove the theorem by imposing (4.2) and (4.3) to the p-har-

monic exponential functions (2.17)

u= 3" 1A exER 4 30 13 X (4.4)

where 7 is a complex parameter and, as before, 4; and B, are constants. Also, as
is (2.17), ¢ is a fixed complex n-vector such that (¢, &=(&*, =0 and & #0.
Because of Leibniz’ rule (3.3) for the derivative of a product, the boundary condi-
tions (4.3) for x;=0 applied to (4.4) give a system of p linear equations in the 2p
constants 4; and B;.

.I:=_(:. ]1| )(T61)+2 -TTB q S (“"Tfl)=0, i= 13 vees P (4’5)

i

. d
Here g9 ()= = gi(n)- From section 3 we know that the determinant W(—1¢,)
#

consisting of the coefficients of the B; is #0. Hence we can solve the equations
with respect to the B; for large T and obtain by Cramer’s rule

By =07 Ca(@) Ay, j=0,1,..,p—1, “.6)

where the Cj; are rational functions in t¢,, with the denominator W(—1é&,).

Applying the operator Q to one of the terms in the first sum in (4.4), we get
by means of Leibniz’ formula

i1
o) (R o) = 37, A Lewngoa, j=01,..,p-1

where

al
P () = ol om.
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Now we eliminate in (4.4) the constants B; by means of (4.6). Then we get
from (4.2) the somewhat cumbersome expression

o0D)u(y)= [Z’ A; S G DI l)'l' Q(l)(ré)] R

-1

+ [2’5;; {SP) Cpei) A 3, = )’l' _JL___ oW (—;é*)] LG | 4.7

and the important thing is that (4.7) is linear and homogeneous in the A; which still
are arbitrary. Thus, the coefficient of each A; must be zero. The coeflicient of 4;
in (4.7) is, after division of "¢

[21 =0 (] l)'l' Q(l)(Ti)] 2:§1y1+[ Jk(TCI) Z[ 0 (k I)' I Q(l)(‘[é*)] =0 (4 8)

for all 7 such that the denominator of Cj; does not vanish.
This can be written

K, (2)e* 1+ K, (1) =0

where K, (7) and K, (1) are rational functions. Since y,;#0, €*v71 is a transcendent
function of 7, it follows that both K; and K, must be identically zero. Hence, we
get from (4.8)

KI(T)r:l = Q(”(é) =0, Jj= 0,1,.., P—l,

oG l)'l'
oM =0, 1=0,..,p—-1 4.9)

&8O =2. =0

Now (¢, &) is a polynomial in &; of degree 2p. Hence, because of the division
algorithm, we can write

which proves that

if

2 =& O O+REO

where the degree of R(£) as a polynomial in &, is less that 2p, and the coefficients
are polynomials in &=¢&,, ..., &,. (4.9) shows that for any fixed & with (&, &)=
120, the equation Q(&)=0 has the zeros ¢;=tif, each of multiplicity p and
so has (¢, &)PQ’(¢). Hence R(&) must also have the same zeros and of the same
multiplicity, but since it is of degree less than 2p is must be identically zero and
0(O)=(¢ &P Q'(); that is, Q(D)u=Q'(D)APu=0 for all ucHP, which was to
be proved.

Remark. The vital point in the proof is that we can eliminate the B; in (4.5).
This will be possible as long as the determinant W(—1£,)#0. According to the
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remark at the end of section three, this is true for an elliptic set of boundary con-
ditions, since for such a set W°(—t, &) has no zero #0. Hence the theorem remains
true for all elliptic boundary conditions.

In the next theorem we shall for later purposes study slightly more general
boundary conditions than in Theorem 4.1. These may contain differentials also in
the boundary variables. Let ¢,(D), i=1, ..., p be p differential polynomials with
constant coefficients, each of degree r;<2p (counted as a polynomial in all dif-
ferentials D,). Suppose that r;>r; for i>j and that the coefficient of each D} 0.
We may suppose the coefficient to be 1 and write

(D)= 2L, Ry(D)Dy, i=1,..,p (4.10)
where R;; are polynomials in the boundary differentials only, and R,-,i(D’)El.

Theorem 4.2. Let g,(D), i=1,...,p be p differential polynomials as described
above. Let y be a fixed point with y,=0, and V(D) a differential polynomial such
that for all uc HP(R") satisfying the p boundary conditions

g:(Dyu(0,x)=0, i=1,..,p (4.11)
we have

V(D)u(y)=0. “4.12)

Then V(D) can be written in the form
VD) = 3L, P, (D) qi(D)+ P,y (D) 47, (4.13)
where P’; (D’) are polynomials in the boundary D’ only, and P,,(D) can be any operator.

Proof. Consider a given polynomial ¥ (D), and suppose that it cannot be
brought into the form (4.13). The proof will then consist of an explicit construction
of a function u€ H?(R") which satisfies (4.11) but not (4.12).

Because of the division algorithm, any differential polynomial can be written
in the form

V(D) = 325 Pi(D')Dk+ Py, (D) A”. 4.14)

‘We shall now separate V(D) in two parts. One part which is of the form (4.13),
and one which is not. Since in each ¢(D) in (4.10) the coefficient of Dy=1, and
since 2p=>r;>r; for i=>j, we can extract first P, (D’)qp(D) from the sum (4.14),
and then the followmg gr» i=p—1,..,1 in strlctly descending order, and finally
obtain

V(D) = P (D) g (D) + 32 P (D) D+ Py, A7,

where 2> in the second sum indicates that k= r,, i=p, ..., 1 are not included in
the summation.
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We may assume that there is at least one k=k" in the second sum such that
P,(D')#0, since otherwise V(D) is of the form (4.13) and the theorem is proved.
As before, take a fixed £=(¢,, &) such that (£, &)=0, (¢, &)=0 and Pi(&)=0.

Let &* be (—¢&,,¢&). Consider the p-harmonic functions (2.17) with 7=1.

w= 2y a Becs 3yp e,
For x;=0 we have
Diu = L,(A;, B)e*), k=0,..,2p—1,
where L, is a linear expression in the coefficients 4; and B;. It is well known from

the Cauchy problem that DYu(0, x)=0, k=0, ...,2p—1, implies u(x)=0. This
shows that the 2p equations

L(4,,B)=0, k=0,..,2p—1

have only the trivial solution A4;=B;=0, j=1, ..., p—1. Hence it follows from the
theory of linear equations that there exists a unique solution of the following system
of linear equations in the 2p “unknown” 4; and B;:

Li=1
L,=0, 0=k<2p, kzk and k=r, i=1,..,p 4.15)
Lri = ;;_01 Ril(é,)Ll: i= 13 s P

This system is constructed recursively from k=0 to k=2p—1. The reason
for this is that the last set of the equations (4.15), (which comes from (4.10)), con-
tains L,(4;, B;) in the right hand side also. But since the system is built up recur-
sively and since the summation in the right hand side of L,i in (4.15) is brought
only to /=r,—1, we can express these L,, /=r;—1, by means of ¢ only and not
A; or B;.

The exponential p-harmonic function u whose coefficients 4; and B; satisfy
(4.15), has the following property for x;=0.

D¥y = &)
Diu=0, 0=k<2p, k=k,k+#r, i=1.,p
gDyu=0, i=1,..p

Thus u satisfies the conditions of the theorem, but
V(D)u(y) = Pp.(D')D¥u(y) = e Pr(&') - Ly # 0.
This proves the theorem.

Remark. 1t is clear that any u€ H” which satisfies (4.11) also satisfies (4.12)
if V(D) is defined by (4.13).
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It is also clear from the proof of the theorem, that the number of boundary
conditions (4.11) is irrelevant as long as it is less than 2p. We shall however only be
dealing with p conditions.

For the special case of Theorem 4.2 that the boundary conditions (4.10) are
q(D)=D%, we state:

Corollary 4.1. Let y be a fixed point with y,=0, and V(D) a differential poly-
nomial such that for all uc H?(R") satisfying the p boundary conditions

Diu(0,x)=0, 0=r,<ry<..<r,<2p
we have
V(D)u(y) = 0.

Then V(D) can be written in the form
V(D) = 37, P (D')D5+ Py, (D) 47,

where P, (D’) are polynomials in the boundary D’ only, and Py, (D) can be any operator.

5. Necessary conditions on reflection formulas of differential type

As was seen in the proof of Theorem 3.1, the continuation of a p-harmonic
function in Q across w is effected by solving a system of differential equations (3.4).
Hence we can expect that a continuation formula generally contains integrations
as e.g. in formula (3.6). The example (1.6) shows, however, that sometimes a con-
tinuation formula, involving differentiations only, can be given. In such cases the
restrictions on  given in (2.1) are superfluous, so that # can be continued into the
whole of the domain Q, defined in the introduction. We shall in this section det-
ermine necessary conditions for a differential operator Q to have the property that
each p-harmonic function # in Q, satisfying a set of boundary conditions (1.2) can
be continued into a function € H?(€2;) by means of the formula

u(xla X,), XE€Q
u~ (x1’ x’) = J}il_l}o u(x17 x’); xE(D (5.1)

Qu(—x,,x), x€Q

Throughout the rest of the paper, we shall make use of the fact that a nec-
essary conditions for (5.1) to constitute a p-harmonic continuation of u into Q,
is that for all u€ H?(R") satisfying the same boundary conditions (1.2), we must have

u(—xy, x) = Qu(x,, x’), x€R" (5.2)
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We shall call (5.2) a reflexion formula. It will be seen that the set H?(R") is so
large that for our purpose the condition (5.2) is also sufficient.

In this chapter we assume the polynomials ¢g(D,) in (1.2) to be homogeneous,
that is ¢q(Dy)Dy:, i=1, ..., p.

Theorem 5.1. Let y be a fixed point with y,#0 and assume that there is a dif-
ferential operator Q (D) with constant coefficients, and with the property that

u(=y, ¥) = Q2D)u(y1,)) (53
Sfor all u€ H°(R") such that u satisfies the boundary conditions
D;iu‘:o’ x1:0: i=1..,p (5'4)

where 0=v,<vy<...<v,. Then there is a differential operator Q, defined by

Ql(xl,D)u22f=~013,-x{+"41i(x:_,-] (5.5
1
with constant B; such that

u(#—xla X’) = Ql(xls D)u(xl’ x,) (56)

for all x and all uc H?(R") satisfying (5.4).
The proof will be given by means of a few lemmas.

Lemma S.1. If the assumptions of Theorem 5.1 are fulfilled, then there is a dif-
Sferential operator Q,(x,, D) of the form

Ql(xla D) = Za Zﬂ Au,ﬂxalz+2ﬂDiAﬁa ﬂ - P, (57)
where the A, , are constants, and such that (5.6) holds.

Proof. First we observe that any orthonormal transformation O inthe bound-
ary variables x”, which keeps )’ fix, transforms Q into an operator Q° which also
satisfies the condition (5.3). Since the set of all orthonormal transformations in
the x’-variables is a compact group, it can be equipped with a Haar-measure. See
e.g. Weil [14] p. 34. Therefore, if we take the mean value of Q° over the set of all
orthonormal transformations in the x’-variables by means of an integration with
respect to this Haar measure, we obtain an operator Q" which also satisfies (5.3)
and which is invariant under orthonormal transformations in the boundary vari-
ables.

It is clear that a function whose values depend only on x, and r’=(x3+...+x2)
is a function of x; and #’. Therefore, a polynomial which is invariant for all ortho-
normal transformations in the boundary variables x,, 1=2,...,n is a polynomial
in x, and r’?, hence a polynomial in x, and r2=x}+r’2. This shows that the mean

1/2



224 Lars Nystedt

value operator Q" must be of the form

Qu(y, y)= 2,2 s AesDi4Pu(yy, ) (5.8)

and satisfy (5.3).
We observe further that the conditions (5.4) are invariant for translations in
the x’-variables and for contractions. This means that if u(x;, x)¢ H?(R"), and
u satisfies (5.4), then, for any fixed (x,;, x") with x,0, the function »(z) defined by

’ xl ’ /xl ’
vz, 2)=ulzy—, (' — —+x]
() =u(n 2, -y 2

is also in HP(R") and satisfies (5.4). Hence we can apply (5.3) and (5.8) to » with
z=y, and get for any x with x,>0
a+28
’ 2 ’ ’ ’ X " ,
u(—xlo x) = U(—-yln y) == Q U(y]_, y) = Za 23 a,B(i) DlAﬂu(xls X),
ov
since —= (—xi] Dy, 1=1, ...,n. Since y was a fixed point, this proves the lemma.
Z, b4

Remark. 1t is obvious that the lemma remains true if the boundary condi-
tions (5.4) contain differentials in the boundary variables if only these conditions
remain invariant for contractions, for translations and orthogonal transformations
in the boundary variables x’, e.g., if each condition (5.4) is of the form

g;(D) = 2k+21=i aj, Did'.

We shall now introduce a set of p operators defined by

u—u = x{+iAi(~x-u—], i=0,1,..p—1 (5.9

p—i
1
which were used by Huber in formula (1.6).
Lemma 5.2. If ucH?(R"), then u,c HP(R").
Proof. Let u=xjv where v is simply harmonic. For p—1=j=p—i we get
Jj
w= 14130 = s 41 +10) = 0
1

since for such a j, i—1=j—p+i=0, and hence xJ ?*wcH' For p—i=j=0 we
get from a repeated use of formula (2.7)

- v — 1 . ; - .
. yP+i Al — yP+i 14 i—k, — i i+j—kpni-k
U= x{tA (x{—i—j] X Do i XEIvE Do = o axxy Di™"v,

where g, are constants. Since 0=k=i, 0=j<p—i and D *vc H, we get 0=i+
Jj—k=p—1, hence the right hand sum belongs to H”.
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Since the Huber operators (5.9) are linear, the lemma now follows from the
Almansi representation of u.

It is evident that the Huber operators (5.9) are linearly independent, and a
straightforward computation by means of (2.7) shows that they can be written in
the form

Uy = Dourpai AupXit¥#DidPu, i=0,1,...,p-1, (5.10)

where Af)’,:l.
Our third lemma is the converse of this statement.

Lemma 5.3. If a differential operator of the form (5.7) maps H” (R") into H? (R"),
it is equivalent to an operator written in the form (5.5), using Huber operators only.

Proof. Take &=(¢;, &) with &0 and (¢, £)=0 and set
u(x) = e<x 5. (5.11)

We shall prove the lemma by applying the operator @ in (5.7) to the function u
in (5.11) for different values of k. We observe that for k=k,, uc¢ H %+ and ug H%,
so that a necessary condition for u to belong to H? is that k<p. Let Q, defined
by (5.7) transform H” into H?. We may suppose that f<p. We denote the upper
bound of (xz+f8) in (5.7) by j. Applying (5.7) to (5.11) we get

. . 28
Quu = xit*ex ¢ Za+ﬁ _jdap k= ﬁ)‘+R(x1, e o, (5.12)

where R is a polynomial in x, of degree less than j+k in x;. We shall interpret
2’[(k—p)! as 0 when k—p<0. If k<p we have u€H”, hence by assumption
Q,uC H®. This implies that if j+k=p, the coefficient of xi**e¢®™* must be zero,
that is

28

Dasnej Aa,pm =0. (5.13)

First suppose that j=p. Putting k=0, we get that the sum (5.13) reduces to one
term with f=0. Hence 4;,=0, and continuing with k=1,...,p—1, we get
recursively that all 4, ,=0, a+f=j=p. Hence we may assume that j<p. Applying
(5.7) to the functions (5.11) for k=p—j,p—j+1,...,p—1, we again infer that
the coefficient (5.13) of &xj* ™% in (5.12) must be zero for each k=p—j, that
is, we get a system of j linear equations in the j+1 unknowns 4, s> &+B=j. The
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matrix of the coefficients has the rank j. Indeed the matrix is

2° 27
I(P-—J')! AR T
Lo N

@e-D!" (p—1-))!

‘The determinant of the first j columns is easily transformed to

1 p—j o (p=jY
HtLAG-D ] pjil (p—j+1)-1
-l =) |} :
1 p-—1 (p—1y-*

which is a Van der Monde determinant. Thus the determinant is 0. This means
that there is exactly one degree of freedom among the 4, ;,, a+f=j, for each
j=p—1,p-2,...,1,0.

In other words: once we have choosen the value of e.g. 4, ;, the value of all
A, 5> a+B=j are determined.

Now consider the Huber operator B;u;=B;x} /47 (u/x? ™).

(5.10) shows that B;u; can be written in the form (5.7) with A4, ;=0 if «+f>j,
and we have A4, ;=B;.

Since, by Lemma 5.2, a Huber operator transforms H? into H?, we obtain
from (5.12).

Ou = Aoij{”’jAj(u/xf‘j)—}-Q{ u,

where Q7 is also of the form (5.7), transforms H? into H” and only contains terms
with a+f<j. We can therefore iterate the procedure for j=p—1,p-2,...,0, and
finally get, with B,=4, ;,

Quu = P BxPHi AN (ufx} )

which was to be proved.

To prove Theorem 5.1 it is now sufficient to note that it follows from Theorem
4.1 that if Quc H” for those u€¢ H? which satisfy the boundary conditions (5.4),
then Que H® for all u€ H?, that is Q maps H”(R") into H?(R").

It is readily seen that Q, is invariant if x; is replaced by —x;. Using (5.6)

twice, we obtain
Q®u=u, ucH?, (5.14)

provided that u satisfies (5.4). Because of Theorem 4.1, (5.14) must then hold for
all p-harmonic functions.
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Definition 5.1. To each operator Q of the form (5.5) we define p numbers
C.(Q) by

Ca(Q)=Z?=0%i_—g§—Bi, 2=0,1,.., p—1.

Theorem $.2. A differential operator Q of the form (5.5) has the property (5.14)
if and only if
C,(Q)=+1, «a=0, 1,..,p—1. (5.15)

Proof. For the proof we shall consider the p-harmonic functions x§ 0=k<2p.
We first prove the “only if”. To do so, note that an elementary computation gives

Q(x, D)xp+e = C(Q)xf*%, 0=a<p, (5.16)
and
Q(x1, D)xp~17* = C(Q)x}717% O0=a<p. (517

Hence, applying either (5.16) or (5.17) in (5.14) we obtain the necessity of (5.15).

Next we prove the sufficiency. Since Q?u—u€ H? for all u€ H”, and since
Q*u—u is obviously of the form (5.7) except for terms containing 47 as a factor, it
follows from Lemma 5.3 that with constant A,

Q*u—uy = Zf;OIAix{“Ai[x;‘_i], uc HP. (5.18)
1

Now we have Q?u—u=0 if u(x)=x7"""* 0=a<p, in view of (5.17). Applying
(5.18), to x¥7'™* for a=0,1,..,p—1 we get successively that A4,=0, 4,=
0, ..., 4,_,=0. This completes the proof.

The theorem implies that there are exactly 27 sets of coefficients B;, each defining
an operator Q of the form (5.5), satisfying (5.14), and transforming H? into H”.
For each p, the set of 27 operators mentioned in this theorem will be denoted 77.

6. Reflection formulas and the corresponding boundary conditions

Let 2 and Q be domains as defined in the introduction. Let u€ H?(Q) and
let O be an operator such that Quc H?(Q) for all uc H?(Q). Define a function u~
in QUQ by
u(x,, x°) x€Q

Qu(—x, ) x€Q 6.1

u (x) = {
Then u” is p-harmonic in  and in £, and it is clear that a necessary and sufficient
condition for #” to be p-harmonic in Q,=Quwu Q is that u” is continuous over
o together with the 2p—1 first normal derivatives.
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If we denote
g;(D)u(0, x’) = ii{r}o [Diu(x,, x)—(—=1)'DiQu(x;, x)], j=0,1,... (6.2)
then this condition becorrlles
g;(D)u(0,x)=0, j=0,1,...,2p—1 and u€C?(Quw). 6.3)

When (6.3) is satisfied, #~ is a p-harmonic extension of # into ,. Since u~
is then analytic in Q,, it follows that ¢;(D)u(0, x")=0 for j=2p also.

From (6.2) we get 2p conditions on u over w and since the g;(D) obviously
depend only on Q, we shall call them the boundary conditions corresponding to Q.

We shall here only be concerned with operators Q¢ TP.

Lemma 6.1. Let QcT”. Then a boundary condition q;(D), corresponding to Q,
is a homogeneous differential polynomial of order j, j=0,1,.... It can be written
in the form:

q;(D) = 3 a;,Di~# 4" 6.4
where [ j/2] denotes the integer part of j/2.

If CAQ(—=1)P**=—1, then Apiao=2 and a,_,_1,=0.

If CO(—1)P~*1=_1, then Apia=0 and a,_, 5 ,=2.

Proof. 'We note that

0 if j<ait2B
Hm D{x2**¥ D*Ay = [ j ] ; o .
X, - ! J—28 A8 = 2 s
0 (x +28) ot 28 D~ % APy if jz=oa+28
which is homogeneous of order j. Since all terms of Q¢T? are of this type, it is
clear that ¢;(D) is also homogeneous of order j. And since the boundary differentials
only appear as 4’=(4—DJ) we see that ¢;(D) has the form (6.4).
To show the second part of the lemma, we use the p-harmonic functions
u, = x{+e, a=0,1,..,p—1

and

v,=xF"*1 «=0,1,..,p-1.

Since Q¢ T?, (5.16) shows that
9p+a (D), (0) = }igno [DE o xf = (= 1)P+* C (@)D X *7].
Let C (Q)(—1D?**=—1. Then
Zp+a (D)1, (0) = 2- (p+)!
On the other hand we obtain from (6.4)

Gp+a (D)4, (0) = apig,0- (p+0)!
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Hence a,,,,=2. Repeating the argument for C,(Q)(—1DP*'=-1, (ie
C,(Q)(—1)**=+1), we obtain

qp+a(D) ua(o) =Aqpia,0° (P‘l’a)' = 0.
Hence a,., ,=0.

The statement about a,_,_
tions v,.

For a special Q then number of conditions (6.3) may be reduced by two reasons.
It may be that for some j, ¢; reduces to identically zero. It may also be that some
of the conditions (6.3) are consequences of the others in the following way. Suppose
that there are differential polynomials s; (D’) in the boundary differentials only,
such that for, 0=j<2p, we have

q;(D) = 2.y 85,k (D) (D) (6.5)

where N is a set of integers with at least some j§N. In that case g;(D)u(0, x)=0
for all u such that ¢, (D)u(0, x")=0, all k€N, since s; (D) differentiates in the
boundary variables only.

These two cases may be treated as one by permitting the polynomials s; ; to
vanish identically.

Since, by Lemma 6.1, the boundary differentials always appear as 4’, the s; ,(D")
can be regarded as polynomials in the single variable 4’ i.e., 5; ,(4").

1,0 is proved in the same way by means of the func-

Definition 6.1. An operator Q€ T? is said to be in S? if there are p numbers
v;, i=1,...,p and differential polynomials sj’vi(A’) such that the boundary con-
ditions corresponding to Q satisfy

qj(D) = f:lsj,vi(A,)qvi(D)’ 0 é] = 2p
The set {vji=1, ..., p}, will be denoted N,(Q).

Lemma 6.2. Let QcS? and let uc¢ H?(R") satisfy the corresponding p boundary
conditions:

q;(D)u(0, x) =0 jeN(Q) (6.6)

u(—x, x') = Qu(x,, x). 6.7
Proof. Let uc HP(R") satisfy (6.6). Let the restriction of # to R be con-
tinued into the whole of R" by means of (6.1). Since Q¢S”, the conditions (6.3)

are fulfilled. (6.7) is then a consequence of the uniqueness of the analytic con-
tinuation.

Then

Example 6.1. Let Qu=—u. We get from (6.2) that the corresponding bound-
ary conditions are
g;(D)u= limo[D{u—i—(— 1) Djul.
xl»



230 Lars Nystedt

That is: ¢;(D)=2Dj for j=2j’,j’=0, ...,p—1 and gq;(D)=0 for j=2j’+1,
j'=0,..,p—1.

Hence Q=—1 belongs to S?, all p, and N;(Q) consists of the first p even
numbers {j=2j"|j’=0, ..., p—1}.

For Qu=u, we get in the same way that the corresponding boundary con-
ditions are ¢;(D)=0 for j=2j’, j’=0, ...,p—1, and ¢;(D)=2D] for j=2"+1,
J=0,..,p—1. O=+1 is also in S” for all p and N;(Q) is the set

{j=2"+1|j=0,..,p—1}
The boundary conditions in Example 6.1 suggest the following definition.

Definition 6.2. For each p we define a set of operators M” by the following
condition. Q¢T” belongs to M? if there are p numbers v;, such that the boundary
conditions corresponding to O can be written

g;(D) = 27 _1s5;,, 4Dy 0=j<2p ‘ (6.8)

where s; , (4") are zero or non-zero polynomials in 4.

The set {vji=1, ..., p}, will be denoted N,(Q).

M? is not void, since at least the two operators in Example 6.1 belong to M.
The operator given in (1.6) is also in M?”.

There is of course a lemma for M? corresponding to Lemma 6.2.

Lemma 6.3. Let Q€MP® and let uc H?(R") satisfy the p conditions
Diu(0,x) =0, jEN,(Q).

Then u(—x;, x)=Qu(x,, x’), x€ R".
The proof is obvious.
We state the next lemma both for Q¢ S? and, within parenthesis, for Q¢ M?.
Lemma 6.4. Let Q¢ S? (respectively Qe MP?).
Then
C(Q)- (1P = —1 & p+ae N (Q), (p+aEN:(Q), «=0,...,p—1 (6.9
and
G- (1 =—1ep-1-ac Ny (Q), (p—1-aEN,(Q)), a=0,...,p—L
(6.10)

According to this lemma, only one of the two numbers p+a and p—1—a
can belong to N;(Q), (N.(Q)).
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Proof. As in Lemma 6.1, we consider the functions u,=x}"* and obtain by
means of (5.16)

q;(D)u,(0) = lim [Di{x}**—(—=1)'D{C,(Q)x}*°]
Let C,(Q)(—1)***= —1. Then

g;(D)u,(0) =0 j=p+ta
{qp+a(D)ua(0) =2-(p+a)! (6.11)

Let Q¢S? and assume that p+o¢ N,(Q). Then the conditions of Lemma 6.2
are fulfilled, but

Qua(xl) = sz(Q)xf-Ht = __(__xl)P+1 # ua(-—xl)'
Hence

CAD(—1P+*=—1=p+acN,(Q), 2=0,..,p—1

—a-1

The same argument applied to the functions »,=x} , shows that

C 1)yt =—1=p-1—acN(Q), a2a=0,..,p—-1

Since this already makes p elements in N;(Q), the assumption Q€S® proves the
implication from right to left in (6.9) and (6.10).

This proves the Lemma for Q¢ S”.

To prove the lemma for Q¢M?, it is sufficient to note that

Diu,(0)=0, j# p+a

The rest of the argument will be the same as above, except that we appeal to
Lemma 6.3 instead of Lemma 6.2.

It is an immediate consequence of Lemma 6.4 that if Q belongs to both S”
and M?, then N;(Q)=N,(Q).
A comparison of Lemma 6.4 and 6.1 shows

Corollary 6.1. Let QcS? and jEN,(Q). Then in (6.4), a; =2.

Proof. Let j=p+a€N,(Q). Then by Lemma 6.4, C,(Q)(—1)?"*=—1 and
by Lemma 6.1, a,,,,=2. The argument holds also for j=p—a—1.

Lemma 6.5. Let Q¢S®. Then there are polynomials s;,(4") in A" only and
5;(Dy, A7) such that the boundary conditions q;(D) corresponding to Q satisfy

/(D) = Sy 05k (A)a(D)+5;,(Dy )47, all j=0.  (6.12)

Proof. Let u€ H?(R"). Define 4~ by means of (6.1). Let u satisfy the p bound-
ary conditions
2(D)u(0, x’) =0, keN,(Q).
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Then u” is analytic in R*. Hence
g;(D)u(0,x)=0 all j=0.

Because of Lemma 6.1 and Corollary 6.1, Theorem 4.2 is applicable and proves
the result.
In the same way we can prove the corresponding lemma for @€ M? by means

of Corollary 4.1.
We only state the lemma.
Lemma 6.6. Let QcMP. Then there are differential polynomials s; ,(4") and
5;(Dy, A") such that
q;(D) = ZkéNz(Q) $; k(A Dk+s;(Dy, 4)47, all j=0.
The form (5.5) of the operators in T7 suggests the following definition 6.3.

Definition 6.3. To each sum of Huber operators

06 = 312 Bt 4 () 613

i.e. transforming H” into H”, we define the operator Q* by

Q'u =_Zf;ozBixf—HiAi[xpfl—i]' (6.14)
1

It is clear that Q* is an operator transforming H”' into H?~'. The boundary
conditions (6.2) corresponding to Q* will be denoted g} (D). If 0* belongs to S?~!
or MP~, the meaning of N;(Q*) and N,(Q*) is obvious. Note however that N,(Q*),
(N2(Q%) contains only p—1 elements.

Lemma 6.7. Let Qc¢TP?. Then Q*cT?™'. Let Q€S® and Q*cSP™ . Then
kEN,(Q*) implies k+1¢N,(Q). Similarly if Q€ M* and Q*c MP™Y, then k€ N,(Q*)
implies k+1€N,(Q).

Proof. It is an immediate consequence of Definition 6.3 that for u=ux,v,
vEHP,

Q(xv) =—x,0%v. (6.15)
Hence if QcT?,
@Yo = Q) = o=

which proves that Q*¢T?™'.
Let 0*¢SP™' and Q€S?, (Q*¢M®™' and QcMP). Suppose that k=p—
1+a€ N (Q*)(N(Q"), a=0, ..., p—2. Then by Lemma 6.4

C@H-1pte=—1, a=0,..,p-2
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The definition of @* and Definition 5.1 applied to C,(Q*) show that
Ca(Q*) :_Ca(Q)s d:(), ,P—2

C@Q D+ =—1, x=0,..,p-2

Hence

which by Lemma 6.4 implies that k+1=p+ac N (Q)(p+a€Ny(Q)).

The proof is similar for k=p—1—a—1. To each Q,€T”"", there are two
operators Q€T” such that Q*=Q,. For one C,_,(Q)=+1 and for the other
C,1(Q)=—-1

Lemma 6.8. Let Q be a Huber operator (6.13) transforming H® into H®. Let
q;(D) be the boundary conditions corresponding to Q and q; (D) be the boundary con-
ditions corresponding to Q*. Then

i‘({)fé_%)_ —jqi®, j=1,..,2p-2
and
3‘12521(5) =Qp—1)- gty s(O)+K- 47, (6.17)

where K is a constant.

Proof. Take a function f(x,, x") such that u=x; f€¢ H?(R"). Then (6.15) shows,
in view of Theorem 4.1 that

Q(ef)+x,0°f = P(x,, D)4*~*f

since the left hand side is zero for f€¢ H?~'. To determine P(x,, D) we write Q(x, f)
and x, 0*f in the form (5.10). Since in (5.10) the summation only goes to o+f=
p—1 for Q and a+pB=p—2 for Q% we see that there will only be one term con-

taining 4”7'f, the coefficient of which is K-x?’~! where K is a constant.
Hence
Qe f)+x,0%f = K- xiP=1 4P~ f (6.18)

Now (6.2) gives in view of (6.18)
lim, g,(D)x fx1, ¥) = Jim, [Dfr f(x1, %)~ (1Y DIQ (1 S, X))] =
= lim,[D{x, f0xy, )= (= D/ DY=0.Q" fxs, ¥)+ Kt 247 f (G, X))
For j<2p—1 this becomes by Leibniz’ formula

lim j[D{£(xy, )~ (~1)I=1D{2Q* f(xy, x)] = j - Gf-1(D) (0, X)),
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and for j=2p-—1 we obtain
@p—1)- g3, _2(D)f(0, x')+ K, 471 £(0, x')

where K is a constant.
Since by Leibniz’ formula

i‘;‘llo 4;(D)x1f(x1, X) = ¢;(D) SO, x), j =0
9¢;(%)
¢,

Lemma 6.9. Let Q be an operator in T? with C,_,(Q)=—1 and such that
Q*¢S?™'. Then Q€S”.

where g;({)= , the lemma is proved.

Proof. Since Q*¢S?™' there are by definition a set N{(Q") of p—1 num-
bers and polynomials s; ,(4’) such that the boundary conditions corresponding to
0 satisfy

j' q;(—l(D) = ZI‘_IQN‘(Q*) sj,k(A,)k ° (];:_]_(D), 0 é]—l = 2p_3
Hence by Lemma 6.8, the boundary conditions corresponding to Q satisfy
9;(D) = s (A + 21w on Sin(B) (D), 1=j=2p-2. (6.19)

For j=0, g4(D) is by Lemma 6.1 a constant ay p=2.
Hence, in (6.19), 5;(4") may be written s;(4)=s; (4")-go(D). Thus there is
a set N of p numbers such that 06 N and k€N if k—1€N,(Q*) (cf. Lemma 6.7)
and such that
9i(D) = Sy nSiu(d) g (D) 0=j=2p—2. (6.20)

It remains to show that (6.20) holds for j=2p—1, for then N=N,(Q) and
Qe SP.
From Lemma 6.5 applied to Q*¢S*™' and j=2p—2 we obtain that

@P—=1) @hys(D) = 3, _ e g Sep-2.4(AVkgE_1(D)+ Ky a7

where K, is a constant. Then by (6.17)

Gop-1(D) = 2y 5 5;,1(4") qu(D)+ K3 - 9(D) (6.21)
where
aq(é) - . . AP-1

Since the order of ¢, (D) is k<2p—1, q(D) is the only term 1n (6.21) that con-
tains the term D}*~". Hence, writing g,,_;(D) in the form (6.4), we see that

K; = d2p-1,0-
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Since C,_1(Q)=—1, ay,_, (=K;=0 by Lemma 6.1, which proves that (6.20)
holds for O0=j=2p—1. Hence Q¢S”.
There is of course a corresponding lemma for M?.

Lemma 6.10. Let Q be an operator in T® with C,_,(Q)=—1 and such that
Q*eMP™'. Then Q*MP.

Proof. By the definition of MP?~', there is a set N,(Q*) of p—1 numbers
and’ polynomials s; ,(4°) such that the boundary conditions corresponding to Q*
satisfy

J-qiaD) = 24, Ny (0% siud)-k-Dy7t 0=j—-1=2p-3.

The proof of Lemma 6.9 can now be repeated to show that the boundary con-
ditions corresponding to Q satisfy

q;(D) = ZkENZ(Q)Sj,k(A,)‘D’{ 0=j=2p-1.
Hence Qe M?.

7. Sufficient conditions on reflection formulas

Up to now the coefficients B; in (5.5) for an operator Q€T? have only been
defined implicitly by means of C,(Q) and the condition (5.15). We shall begin this
paragraph by studying them more closely.

Lemma 7.1. Define a set of Huber operators O,, by

O = 1y Zi o (2 )= 2 Nsma(Le). o

(2i)! m i—m—1 i

Then each operator Q defined by

Qu = p-1 amamu; a, = il, m = O’ rers P_l (72)

m=0

is one of the operators in T?. Furthermore

a, =+1=C,(Q){(—1P+™ = 1. (7.3)
and
a,=—1=C,(O)(—1)P--"=1. (7.9)

Proof. In the proof of Theorem 5.2, both the necessity and the sufficiency
of (5.15) was proved by means of the p-harmonic functions x¥, 0=k<2p. Hence it
follows from (5.16) and (5.17) that it is enough to prove that

Onx(x{+a) = 6m,a(-xl)p+a> (75)
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and
O (X}717%) = =6y o (Xx)P 1% (7.6)

where 6, ,=1 if m=« and 5, ,=0 otherwise.
Indeed, if this is proved, then for a Q defined by (7.2)

Oxp+2r= > % a, 0,0 = a,(—x)**%, a=0,..,p—1 .7
and

Ox} 1% = 3 an 0 (1) = ~a,(—x))""*"% a=0,..,p—1 (7.8)

an comparison with (5.16) and (5.17) proves (7.3) and (7.4) respectively.
A direct computation in (7.1) with u=x{** shows that

2m+1 @+ .,

p+ay — (_1)? SP-1(_ 1) =0,..,p—
O™ = 1Y 2 O T o ey L 2 @ %Pl
7.9
where we define a!=(a!)~1=0 for a negative. Hence
0,(xf*) =0 for m=a, (7.10)

since then i=m=a and (x—i)!™1=0.
For m=oa we get from (7.9, putting i—m=j

0, (xF*%) = (=1)p+m 2m+l  Gpom-1 “_m) (a+j+m)!
m . (

rm)! j=0 ("l)j[ j m?ﬁ”’a. (7.11)

The coefficient in (7.11) can also be obtained in the following way. Differentiate,
by means of Leibniz’ rule for the differentiation of a product, the (constant) function

2m+1 (x4 m)! 1 abmal

— (—1)p+m . . .
K=(D (a—m)! (a+m+1)1 x3tm+1 M

(x—m) times. Hence
0,(x* =0 for o=m.

From (7.11) we obtain for a=m
0, (xf+%) = (=1)P+exf+s,
since (‘}]:0 for j=0. This proves (7.5).

If we take u=x?"*"", a=0, ..., p—1, the coefficients in the computations above
will remain unchanged. Hence (7.6) and the lemma are proved.

Note. Since there are only 2? elements in 77, (7.2) exhausts 77. If Q defined
by (7.2) belongs to S, (M7F), then by Lemma 6.4, a,,=+1 implies p—1—m€N(Q),
(N2(Q)), m=0, ...,p—1 and a,=—1 implies p+meN,(Q), (N.(Q))-
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Lemma 7.2. Let O,,u be defined by (7.1). Then
Qu=u+2- 3% 1 (—1y-1-"p,0,u, b,=0o0r 1, m=0,..,p—1, 7.12)

is an operator in T?.
If b,=1, then C,(Q)=-1, m=0,...,p—1.
If b,=0, then C,(@=+1, m=0,..,p—1.

Proof. (1.5) shows that with u=x?7*

Q(xf+%) = xP+e42(—=1)P-1-%(—x,)?**b,, a=0,...,p—1.
Hence
Q2 =xP+* if b,=0
and
QP+ =—xf+* if b, = 1.

Similarly we obtain from (7.6)

Q) =xp* if b,=0
and
Q1 =—xt1=2 if b,=1.

That b,,=0 implies C,(Q)=+1 and b,=1 implies C, (@)= —1 is clear from a
comparison with (5.16) and (5.17).

In Theorem 7.1, when we shall characterize the set M7, we need the coeffi-
cients of the operators Q¢ M7 for which N,(Q) consists of the p elements:

0,1,..,k and then k+2 k+4, .., k+2(p—1—k),
0=k=<p. (1.13)

It is seen that this is consistent with the fact that only one of the two numbers
p+m and p—1—m can belong to No(Q), (Lemma 6.4). Formula (6.10) shows
that in order to compute the coefficients B, of the operator Q corresponding to
(7.13) we shall for O0=v=k take

Cporer(@(— 1) =—1.
Hence, if we substitute p—v—1=m, we shall in (7.2) choose
a,=+1, m=p-—-1,p-2,..,p—k—1.
For k<v<p we shall because of (6.10) take

Coy1(D(—1) = (—1)y~1K
hence by (7.3) and (7.4)

ay = (—1)P-"* = (—~1)-* m=p—k-2,..,0.
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With these a,, we obtain from (7.1) and (7.2) that the coefficient B; of

P U
st
X1

By = Znan (=17 (21)! [(i_z_im]‘(i—rzni—J] =

e 1)”’(2,), [2" R U B T G e l(i—fni—l]]’

since the terms for m=p—k—1 cancel each other because of the signs of a,,. Put
p—k—1= —1 in the first sum. In the second sum put p—k—1=/and m=m"—1.
Then

is

Bi=<—1)l’+iz23,.)—,[2,;’=o<—1>m+'[_ ez 2)] <

—m

= v (2 ) =

1—m

@n!

= ey S [ )+ (20 L v = cor g ()

(7.14)

for i#0 and By=(—1)'**. Since 2i—l<i+/ for i<I+1, B;=0 for O<i=l.
For the special case k=p—1, (i.e. [=0) this becomes

2 [ 2i—1 ) pii L
7 S A oy
which we recognize as the coefficients in formula (1.6).

We shall now come to our first main theorem which completely characterizes
the set M? of operators whose boundary conditions are of the form (6.8).

= (i

Theorem 7.1. Let QcMP. Then either
a) Qu=u and Ny(Q)={v)v;=2i+1,i=0,...,p—1},
b) or else for some k with 0=k<p and I=p—-1-k

Qu = (—1) [(—1)’u+2, 141 '(22,')1 (zii;ll]x{”m[x

;‘i]]’ (1.15)

NZ(Q) = {Vi|vi = i, i= 05 tees ka Vv, = k+2(l_k)9 i= k+19 tees p——l}

and the corresponding N,(Q) is

According to the theorem, M* as defined above contains p+1 elements.
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The proof will be split up into a few lemmas. We shall first prove the negative
result, that is, M? cannot contain more than p+1 elements.

Lemma 7.3. For each QEM? we have either Cp,_,(Q)=—1 or Qu=u.

Proof. Suppose that QcM?” and let C,_,(Q)=+1. Take j such that with
Q expressed in the form (5.5), B;=0 for i>j, but B;#0. Of course j can be
p—1. Let u(x")¢HF?(R") be a function of the x” only and such that 4’u>0. Then

u(x)=0 for v=0.

Since, by Lemma 6.4, C,_;(Q)=1 implies 0¢ N,(Q), the conditions of Lemma
6.3 are fulfilled. Hence
Qu(x’) = u(x)
is independent of x;.
A direct calculation however, shows that

Qu(x)= Ji_ B;xy+iAl (u(x )) B;x3 Au(x')+ R(x,, DYu(x’),

where R is a polynomial in x; and D of degree less than 2j in x,. Hence Qu(x) is
not independent of x; if j>0. Thus j=0 and Qu=+u. Since for Qu=—u,
C,-1(@)=—1, the lemma is proved.

Lemma 7.4. If Q¢M?, then Q*€ M?~'. (Cf. Lemma 6.10).

Proof. Let QeM?. If Qu=u, then Q*v=—v. Example 6.1 shows that the
lemma is then valid. In view of Lemma 7.3, we may thus assume that 0€N,(Q).
By Definition 6.2 there are p—1 numbers v;>0, i=1,...,p—1 such that the
boundary conditions corresponding to Q satisfy

q;(D) = 5; (4 )—.LZ'l LS (ANDy, j=0,..,2p—1

Lemma 6.8 then shows that the boundary conditions corresponding to Q*
satisfy
J @Dy = 37 1 i (4)-v;-Dy~Y, j—1=0,..,2p—2.

Hence Q*eMP?~

Proof of Theorem 7.1. From these two lemmas it follows by induction that
M? contains at most p+1 elements. Indeed, M?CT? and T* contains 2” ele-
ments. For p=1 we have p+1=2P. Hence the assertion is true for p=1. Suppose
that M7 contains j+1 elements. Then by Lemma 7.4, M’** cannot contain more
than 2(j+1) elements. However, only j+1 of these @ have C;(Q)=—1. There-
fore by Lemma 7.3, M’*" contains at most j+2 elements. The positive result
is also proved by induction. For p=1, MP=T7 consists of the two elements Qu=



240 Lars Nystedt

+u, hence the theorem is true for p=1. Case a of the theorem is true for all p
by Example 6.1. Suppose that case b has been proved for p=j. Then Lemma 6.7
and Lemma 6.10 show that the statement about the sets N,(Q) is true for p=j+1
also, since this implies that C;(Q)=—1 and Q*¢M’. The computation of the
coefficients B; of the corresponding Q was effected in (7.14).

The results now obtained may be used to prove the existence of an analytic
continuation of a function in H? (Q).

Theorem 7.2. Let Q and w be sets as defined in the introduction. Let Q be an
operator in M?, and let uc H?(Q) satisfy in the limit the p boundary conditions

xlin-fl-ODIiu(xls x,) = Oa (0’ x')Ea), viEN2(Q)a i= 1, [R] p'—l

Then the function u (x,,x") defined by

u(x,, x), xX€Q
WG, ¥) = {,im uGa, X, x€w
Qu(—x,,x"),  x€Q
is a polyharmonic extension of u into Q,.

Proof. 1t follows from Theorem 3.1 that u can be analytically continued across
x,=0. Hence u (x;, x)¢C*(Quw). Furthermore it follows that #  is p-har-
monic in Q and in Q. Because of Theorem 7.1, «~ has 27 ~! continuous derivatives
over . Hence u € H?(Q,).

Remark. The formula (7.15) may be transformed into the following form,
more similar to formula (1.6)

Qu = (—1)? 37, 1 (= ';2) Hi t?-{_]i HlAl(x:u)

It is seen immediately that (1.4) corresponds to the special case /=1.

The operators in T? which are not in M? have boundary conditions of more
complicated structure. Still we have that they are in S?, that is, p boundary con-
ditions on wu€ H?(Quw) are enough to ensure that u can be continued into @,

by Q.

Theorem 7.3. Let Q¢T?. Then Q¢ SP.

We shall prove the theorem by induction over p.

Since the result is trivial when p=1, it is, in view of Lemma 6.9, enough to
prove.

Lemma 7.5. Let Q be an operator in T® with C,_,(Q)=+1 and such that
Q*c S~ Then QcS”.
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Proof. Following the proof of Lemma 6.9, we know that the assumptions of
the lemma imply that the boundary conditions g;(D) corresponding to Q satisfy
(6.19) for 1=j=2p-2.

From Lemma 6.1 it follows that go(D)=a, (=0, since C,_,(Q)=+1. We
need not bother with g,,_;(D), since if Q€S? and C,_,(Q)=+1, then by Lemma
6.4, 2p—1¢ N (Q).

Hence it is enough to prove that in (6.19), s; 4(4)=0, 1=j=2p—2, for then
by Definition 6.1, Q¢ S®.

Since 4" is of order two, and since ¢;(D) is homogeneous of order j, a term
s;,0(47) can only appear for j even, j=2h Formula (6.2) and Lemma 7.2 show
that for j=24

Gop(D)u = lim [-232 L (=1)P-1-mb D¥*O0,u] (7.16)
where we may stop the summation at m=p—2, since C,_,(Q)=+1 implies
b,_,=0.

By the same argument as was used in Lemma 6.1, o, ;(D), defined by

O, j(DYu = J}imU Dj0,,u, (7.17)

is a homogeneous differential polynomial of order j. Hence we may write (for
j=2h),
O (D) = Z}_af, 4" DI, (7.18)

where the ay, ; are constants. We obtain from (7.16),
qen(D) =—2 372 (—1)?=1="b 0, 5. (D).
For the coeflicients a3, , in (7.18), we shall now prove
Lemma 7.6. For each operator O,,, m=p—1, and all j=2h, h=0,
) \ A nt Ky a3y =0
where K,,,ZE (p+m)(p—1—m) is independent of h, h=0.

We shall first see how this lemma proves Lemma 7.5.
Since K, 0, m=p—1, the following can be written as one term in the expres-
sion (7.18) of o,, 4,
agy, 14" Y(Di—K,4")

for K,, is independent of 4. Since this is true for each msp—1, it must also be
true for the sum

-2 2::_:?) (- I)P—l—mbmom,%(D) = g (D)

that, with the same notation, no term 4’* will appear alone. Hence in the expres-
sion (6.19) of gz,(D), 53, 0(4)=0 for all A, since s, o(4") does not contain D3.
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Proof of Lemma 7.6. The verification of the lemma consists of a trivial, though
a bit lengthy computation.
First, let us determine a3, ,, that is the coefficient of A"DY in (7.18). If we

u_i] in the form (5.10), we see that the coefficient

write the operator B;x? +iAi( .
Xy
) 2 )
Ay of xP' DY A"y is
on =B

(p+i—-2h—1)![i) (7.19)

(p—i—1! h
Then we observe that

lim, DY} 33" d'u = (2h)1 4, A"

and observe that in the binomial expression of C.A*=C(Dj+4")", the coeffi-
cients of A”* and 4" are equal. Hence (7.1), (7.17) and (7.19) show that in (7.18)

ah = (=07 27, (“l)i%))T! (iiim]_[i—ii—l)] [;)%

To compute ay, ,_, we may proceed as follows.

Define O}, and O} by means of a repetition of Definition 6.3.

Note that Definition 6.3 and Lemma 6.8 do not require that Q¢T?, only
that Q is a sum of Huber operators transforming H? into H”.

We then define o}, »,_,(D) by

O, on-1(D)u = }imoD%"‘IO,f,u
and 0;.%y,_,(D) correspondingly.

A reproduction of the proof of Lemma 6.8 shows that

/]
3_510m,2h(£) =—2ho,, 5_1(8), 1=2h<2p—1.

(The only difference in the definition of gy, (D) and 0,,,3(D) is the term D}
and the sign (—1)™.)
Hence by repetition
0? -
Pl Om, 21 (&) = 2h(2h—1)03752(8), 2 =2h <2p-1. (7.20)
1

Since the coefficient of x¥*~2DJ4"~! in the expansion (5.10) of

*ok
o u . . u
—-2 At
xi’“A‘( ]] = xP*ti7%4 [—— ]
- pP—i—~2
[ xPt xit
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is
[ i )(p+i—1—2h)!
h—1 (p—i=-3! °

we obtain that the coefficient of 4”7 in 0}y, _,(D) is

Because of (7.20) this gives for the coefficient aj, ,_, of 4”"7'D; in o, 5(D)

o= 0 205 NG

where we use the convention that (a!)7*=0 for a<0.
To show the lemma, we compute

1
S = afhp1+ (p+m)(p—1—m)aG,,

Cm+1)(p+i—2h—1)!2h!
(+m+D)IG—m)(p—i—3)!.2

X [( hi— 1] + (I;) ((ff i’i)Z(f (;:n 1))

= (=1 27, =1

2i 20 ) @m+DE)! ,
for (i——m]_(i—m—l] T GEmEDG—myt Since also
(ptmp—t—m _ . i+l (i+1+m)(i—m)
(P~i~2)(p——-i—1) - p_.i_z (p_i_l)(p_i__z)s

we obtain from the expression in the brackets

P e e B B L e =
[i] (i+1+m)(i—m) (i+1)p+i—2h+(i] (i+1+m)(i—m)

Wo—i—Dp—i-2) \h Jp=i—2 W p—i—Dp—i-2)"

Hence

@m—+1)(p+i—2k)1(2h)! [i+1J

S = (“l)p[ ip=_n?(_1)i (i+m+Di—-m!(p—i—2)12\ h

+ 2 G

iz=m+1

@m+1)(p+i—2h—1)1(2h)! (z)]
Grm)(i—m—D)(p—i—D)12\h
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The deleted terms i=p—1 and i=m are zero, since (p—i—2)!"1=0 for
i=p—1, and similarly (—m—1)!"1=0 for i=m.

Substituting i—~i"+1 in the last sum we obtain S=0, which proves the lemma.

There is also in this case a Theorem corresponding to Theorem 7.2.

Theorem 7.4. Let Q and o be sets as defined in the introduction. Let Q be
an operator in T” (and hence in S”), and let q;(D) be the boundary conditions cor-
responding to Q. Further let uc C** " '(Quw) and uc H?(Q) satisfy the p boundary
conditions:

qj(D)u(O, xX)=0 jeN(Q).

Then u” (x,, x") defined by
_ , u(x,, x°) x€QU®
W) = { Qu(Lx) xeQ

is a polyharmonic extension of u into .
The proof is evident. It follows the proof of Theorem 7.2.

8. The MacLaurin expansion and continuation formulas

Let 2 and o be defined as in the introduction. Let u€ H?(Q) satisfy the set
of boundary conditions
xlimo Dyu(0,x)=0, i=1,..,p. 8.1)

If the set {v;} is one of the sets mentioned in Theorem 7.1, then we have already
obtained the reflection formula which continues # into the whole of Q,. We shall
in this section give a method to obtain continuation formulas for other sets {v;}
in (8.1). Since the corresponding continuation formulas cannot be of purely dif-
ferential type, the continuation will not necessarily be possible into more than Q,.

For all natural numbers p, let @, be the operator in formula (1.6). This oper-
ator continues any u€ H?(Q) which satisfies on @ the Dirichlet boundary con-
ditions.

Define the operator Q¥ by

Q; (%1, Dyu= —x,;TQ,,H [x’{“D1 [;"?]] (8.2).

Theorem 8.1. Let uc H?(Q) satisfy the p boundary conditions

’gimoDiu(xl, xX)=0, x€9, i=0, 1, .,k—1, k+1,...,p, 0=k <p.
' (8.3)
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Then the operator Q defined by

(—xl)k
k!

Qu = x* Of 0% (t, D)udt+ -[ Jim, D} u] (8.4)

has the property that
u(—xla x,) = Qu(xlsx,) X€Q’

continues u analytically into Q,.

Proof. The boundary conditions (8.3) imply by Theorem 3.1 that there exists
a continuation of u into ©,. Hence u is analytic on w. We can therefore expand
1 in MacLaurin series in x; (with x,, ..., x, as parameters) with a positive radius
of convergence

u(xy, x) = 7 4 x{g;(x). (8.5)
The conditions (8.3) imply that
g;(x)y=0 for j=0,1, k-1, k+1,...,p.
Using the expansion (8.5) we see that the function u, defined by

uy = 1D, [%] (8.6)

satisfies the p+1 Dirichlet boundary conditions
Diu,(0,x)=0, i=0,1,...,p.

Since u;=x; Dyu—ku, u,¢ H**'(Q) because of Corollary 2.1.
Theorem 7.2 then shows that the continuation of u; into ©, may be effected by

(—x, x) = Qp+1u1(x19x’) x€Q. (3.7
It follows from (8.6) that the MacLaurin expansion of u, is
Uy (x19 x,) = Tzo(j—k)(+xl)jgj(x,)9

where the series converges uniformly inside the radius of convergence. We obtain
from (8.7)

;lo(j_k)(“xl)jgj(x/) = (—%,x) = qul(xn x’).

Divide both sides by xi** and integrate. In the left hand side we integrate term
by term, which is permissible because of the uniform convergence. A multiplication
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with x* then gives with the notation (8.2).

S (—xyg() =t [ 04, Dyu@t, ).
itk &
Finally we add

(—xa) = 32 [lim Dt

to both sides and obtain (8.4). The unicity of the analytic continuation then proves

the

theorem.
The case k=p—1 is of course included in Theorem 7.2.
The method described in this section may be used for other sets (8.1) of bound-

ary conditions as well.

w
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