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1. Introduction

Let B be the unit ball in C" and D the unit disc in C. The aim of this paper is
to present a new proof that the Hardy spaces H1(B) and H'(D) are isomorphic.
This became necessary after the discovery that Wojtaszczyk’s paper [18] contains a
mistake. Part of Wojtaszczyk’s proof was based on the intuition that nonisotropic
distances on the unit sphere in C* and on R*~! give “locally similar” metric spaces.
This, as we show in Section 5 is not true, hence the argument behind Proposition B
of [18] is not valid. Our proof is based on the probabilistic approach developed by
Maurey in [10]. We show that if the standard Brownian motion is replaced with the
diffusion corresponding to the invariant Laplacian in B, then Maurey’s method gives
an isomorphic embedding of H'(B) onto a complemented subspace of a martingale
H'-space which, in turn, is isomorphic to a complemented subspace of H*(D).
Then we can use the first part of Wojtaszczyk’s proof, which established that H1(D)
is isometric to a complemented subspace of H*(B) (see also [1]) and the isomorphism
follows by the decomposition principle. The last part of {18], where the atomic
H'-space on R™ with a nonisotropic distance is studied, is of independent interest
and in Section 5 we use it to show that, in spite of the mistaken proof, Proposition B
of [18] is true.

The case of l<p< o was solved in [1, 18] where it was shown that H?(B)
is isomorphic to L*([0, 1]), hence to H?(D).

In order to make the paper reasonably self-contained we included some argu-
ments which are fairly strightforward modifications of proofs which can be found in
the literature.

I would like to thank Richard M. Timoney for many stimulating discussions
and help in the preparation of the manuscript.

* This work was done while the author was visiting Trinity College, Dublin.
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2. Preliminaries

2.1. Spaces of analytic functions

Throughout the paper we will assume that 1=p< oo,

Let B be the unit ball in C”, S the unit sphere and ¢ the normalized, rotation-
invariant measure on S.

H?(B) will denote the space of all analytic functions in B such that

1 lae = sup ([ 1£(r2)P do(2))}” <eo.

A(B) will denote the ball algebra of all functions continuous in B and analytic
in B. Rudin’s book [13] is an excellent reference for the theory of H?(B).

If feH?(B) then f’(z):limHl Sf(rz) exists for almost every z€S and || flgr=
I Al Lr(s,5- J can be recovered from f by the means of the Poisson formula

) fw) = [ F (@) Pw, 2) do(2)

where weB and P(w, z)=(1—|w[¥"/|1—(w, z)|** is the invariant Poisson kernel.
For a=1, z€S and f€H?(B) let

D) = {weB: 1—w, ) = (1w}
and

(M, [)(2) = sup {| f(W)|: weD,(2)}.
Then, by [13, Theorem 5.6.5]

)] 1M, fllesy = A@Y? | fllge-

For z,wcB let d(z, w)=|1—{z, w)|2. Then d(z, w) satisfies the triangle
inequality in B and restricted to S is a distance ([13, Proposition 5.1.2]). If weS
then Q(w, r) will denote the d-ball in S.

The space BMOA is defined as consisting of all f¢ H2(B) such that

Uthwo =max 7O, sup{ s [ 7 [, Faof do 0 = 06e, <o

BMOA can be identified with the dual space of H(B) in the sense that every
continuous functional ¢ on H'(B), restricted to the dense subspace H2(B) is given
in the form ¢(f)=[fZdo for some gcBMOA and [¢|gy. and |glpyo are
equivalent (cf. [2]).
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2.2. Martingale spaces

We will also consider the martingale analogues of H?(B) (for details we refer
to [9]). If (9, 4, P) is a probability space, E the corresponding expectation and
F=(#,);, an increasing sequence of sub-o-fields of .# then H?(F) is defined as
consisting of all #-martingales (f,,), for which

”f”Hl’(f) = (E(Sgp |fm|p))1/P <<oo,

Let #, =[(#,).] be the smallest o-field containing all Z,,. If (f,)€ H?(¥) then f,,
converges almost surely and in L? to an & _-measurable random variable ., and
In=E(f,|%,). Hence H?(¥) may be identified with a space of #_-measurable
functions. The martingale version of BMO consists of all f€L2(Q, .#, P) such that

1f lsmocs) = max {|Ef1, sup |[E(/~E(f1Zn-DP|Z) {2} < -

As before BMO (%) can be identified with the dual of H1(#). We will also need
the inequality | fllamow) =21l flluxs-

If o/, cQ then by [(+£,),.] we denote the o-field generated by (s7,,), similarly
for random variables X,,, [(X,)n]l=[{{Xn€4}: 4 is a Borel set}].

2.3. Diffusion in B

Let 4 denote the invariant Laplacian in B (cf. [13]) and (X?(w)) the correspond-
ing analogue of the Brownian motion — the diffusion in B with the infinitesimal
generator 1/24 (cf. [5), [11, p. 90]). It was proved in [5] that (X?) has almost surely
infinite life-time and for every z€B the process (X7), starting at z, converges almost
surely to a random variable X7 taking values in S. Below we list the main properties
of (X7). ‘

(A) X7 is Aut (B)-invariant, i.e. for every biholomorphic automorphism & of
B, (PoX7) is'identical to (X,®). Because of this we may assume that X7?=&_oX?
for some ¥,€AutB satisfying ¢,(0)=z. For convenience we will denote X, by X,.

(B) If { is an X/-stopping time then X7 will denote the variable X7, (w). The
process X7 has the so-called strong Markov property, i.e. conditional to (<o
and X7=w, X7, is independent of the past and identical to X, (cf. [11, pp. 90—91]).
As a consequence we get, for example, that conditional to ({< <, X/=w) XZ has
the same distribution as X* .

(C) If feC?(B) and Af=0 then for every finite X?-stopping time {,

E(f(XD) =1(2)

(cf. [7, 16, 17). In particular the above equality holds for all analytic functions in B.
(D) Trajectories #—~X7(w) are almost surely continuous on R .
As the first application of (A) we get
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Lemma 1. Let y, denote the distribution of Xz on S. Then
du,(w) = P(z, w) du(w).

Proof. p, is obviously rotation-invariant, hence py=o. Since X;7=¢& oX, and
@, is continuous in B, we have X% =@ _oX_. In particular for every @€cC(S)

[ o du.w) = [ o(X2)dP = [ ¢(®.(X.))dP

= [, 0(®.0) duo(w) = [ @(2.(w)) do(w).
By formula (3.3.5) of [13] we get
[;0(@.0)dow) = [ o (W) P(®.(0), w)do () = [ @(w)P(z, w) do(w)

which proves the claim.

As we observed above, the distribution g, of X_, is equal to . If we assume that
the process (X,) is defined on a complete probability space then for every Lebesgue-
measurable function g on S the composition goX_ is measurable and

E(goX..) =fsg do.

We will use this fact without further comment.

3. Probabilistic properties of analytic functions

In the sequel (Q, .#, P) denotes the probability space corresponding to the
process (X,) defined in the previous section.
For f€ H?(B) define

f*(@) = sup | f(X(@)]

Proposition 2. To every 1=p<-co corresponds a constant A, such that for every
JEeH?(B)
1A lae = 1 f lp = 41 fllge-
Proof. We begin with the right-hand inequality. Fix a>2. By (2) it is enough
to show that

€)] [/ Loy = Ap,o M, fliLrsy-

This inequality is essentially due to Debiard but in his paper [4] it is formulated
and proved only for the unbounded realization of the ball. Here we give a direct
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proof for the ball generalizing the one-dimensional case presented in [12]. Inequality
(3) will immediately follow from:

@ VizoVrecwmP(f* = 1) = C,0{2€S: (M, f)(2) > A}.
To prove (4) we define

U, = {weS: (M, f)(w) > 1};

Vi = Uyesug, Da¥);

G, = B\J,.

Notice that ¥, is open in B, U, is open in S, and U,nV,=0. Since o(U;)=
P(X_€U,;) we have to prove that

) P(f* >2) = C,P(X..€U)).

If U,=S then (5) holds if C,=1 so we may assume that U,=S.
Obviously for z€V, | f(z)l<A, hence if f*(w)=/A we must have X,(w)€G,
for some ¢. It follows that if { is the time of the first entrance to G, then

P(f* = 2) = P({ <<°).

Thus it is sufficient to prove the following:

If USS is open, V={J,¢s\yDa(W), G=B\V and ( is the time of the first
entrance to G then

6) P({ <) = C,P(X.EU).

Since UnV =0 and for all w, X,(w)=0¢V, if X_(w)c¢U we must have X,(w)€G
for some ¢, or equivalently {(w)< <. It follows that P(X_€Ul{=e)=0 and so

P(X.€U) = P(X_.€U|{ <) P({ <<).
Hence it is enough to show that P(X_€U|{< «)=k,>0. But
P(X €Ul <=) = [ P(Xo€UIL <o, X; = 2) dP(X; = zI{ <)
™) = [, PXL€U <, X; = 2) dP(X; = 2I{ < <)
by (B) = [ P(XZeU) dP(X; = z|{ <=).
We will now find a lower bound for P(X%Z€U) when z€G. By Lemma l,

P(xzeU) = | , Pz w)do(w).
For z€B let

E,(2) = {wES: [1—{z, w)| < —;(1 —lz]z)} = {weS: zeD,(w)}.
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It is easily seen that for z€G, E,(z)c U. In addition, if w€E,(z) then

A—lz#r

2n 1
T=Gwe ~ & ag

-1z

Now for z€B let w=z/|z]. Then d(z, w)=(1—|z])¥2<(1—|z|?)/2. Hence if w'eS
is such that d(w, w)=<((Yo/2)—1) (1—|z[»? then d(z, w)=d(z, w)+d(w, w)<
((2/2)(1—|z}»)"/%. This proves that

©) 0 [W [Vg— 1] ¢ —1z12)1/2]cEa(z).

Hence if z6€G we get

P(xzeU) = [ , P(zW) do(w) = f 5y P& W) do(w)

®) Pz, w) =

(10)

2y 1
by (8) = (—OC-] —(1_—1;'2)—" O'(Eu(z)).

By [13, Proposition 5.1.4], ¢(Q(w, r))=2-"r* so (9, 10) imply
cemy= (2V L o (a2 o [Ya=V2 )" _
P(XweU)z(;] T 2 (12 = || =k =0,

Putting this into (7) we obtain

PXLEUIL <) =k, [ dP(X; = 2l <) = k, P(X;€GIl <) =k,

which proves. (6), hence also (4).
Now the left-hand inequality follows easily. If f€A4(B) then f(X)—~f(X.) as.
hence |f(X_)|=f* as.and

Hf”HP = ”'f”LP(S) = l[f(Xw)liLP(n) = “f*”LP(Q)a

which proves the inequality for f€ A(B), and by density it extends to the whole
H?(B).

Lemma 3. Let J;”=[X?, s=t]. If f€H'(B) then (f(X{))=o forms a uniformly
integrable (J,%)-martingale and as t-<, f(X7) converges to f(X2) almost surely
and in L.

Proof. The martingale property of (f(X7)) is well known and easily follows
from (B) and (C) (see also [17, 111.22.6]).

Next observe that for f€ H1(B) and ®€Aut (B), fodc HY(B) and (fod) =
fo®. This and (A) allows us to consider only z=0. Uniform integrability follows
then from the L'-boundedness of the maximal function f* (Proposition 2). Now
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by the martingale convergence theorem, (f(X,)) converges to a random variable F
and |F{=f*. Hence, by Proposition 2, we have
1n 1F Ny = Al fllm-

If f€A(B) then F=foX_. For a general fc H'(B) let Jw€AB), f,,~f in H*(B).
Putting f,,—f into (11) we get that f,(X_)—F—-0 in L(R), but we also have

V=Sl = 1T lascsy = 1 Fwo X —Fo Xl
hence f,,(X.)—f(X.)~0 and so F=f(X_) as.

Proposition 4. There is a constant C such that for every f¢BMOA and every
Sinite (X,)-stopping time ({

[EQf (X) —f XX 2y = €l fllmmeo-
Proof. Let v, be the distribution of X,. Using (B) and Lemma 1 we get
|E(F X ) —f X)X |y = [|E(FX ) —F XX, = 2)||icop
= [E(/X2) =/ @Yo = sp {[, 1/ W) ~f@DP di(w)}

= sup{ [ 1/ 0)~f(PP(z,w) do(w)} = C*lf I3uo-

The last inequality is a consequence of the well known equivalence of the BMO-
norm and the Garsia norm (cf. [14, Proposition 2.7]).

4. Main result

In this section we prove:
Theorem 5. H(B) is isomorphic to H*(D).

By [1, 18] H*(D) is isomorphic to 2 complemented subspace of H*(B). We will
prove that also H*(B) is isomorphic to a complemented subspace of H*(D). This,
as shown in [18, Section 1], is sufficient to prove our Theorem 5.

We will use the following result of Maurey:

Proposition 6 ([10, Proposition 4.15]). For every increasing sequence of finite
o-fields (#,), H'(F) is isomorphic to a complemented subspace of H*(D).

Thus the proof of Theorem 5 can be reduced to the next proposition.

Proposition 7. There is an increasing sequence (%,,) of finite sub-o-fields of #
such that HY(B) is isomorphic to a complemented subspace of H*(F).
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We will closely follow the proof of Proposition 3.7 in [10]. We give first the
construction we will need and the rest of the proof will be divided into the following
sequence of lemmas.

Fix e<1/2. It easily follows from (1) and obvious properties of the kernel
P(z, w) that for every z€B we can find an open ball B,=B(z, r,) such that

(i) B,cB.
(i) If x, yeB, and fe HY(B) then

/D)= = e(=12D)] /-

(i) If o<1 then inf,_,7,>0.
By 1/2B, we will denote the ball B(z, r,/2).

As in [10], in addition to (£,,), we also construct a sequence {,, of (X,)-stopping
times and a sequence (Z,,) of %,-measurable random variables approximating the
variables X, .

We begin with

Fy={0,Q), (=0, Z,=0.

Next we define {;=(p — the time of the first exit from the ball B,.
Let zy, ..., 2,€0By, 4, ..., A, 0B, be such that A4; are Borel, disjoint sub-
sets of dB,, ., 4;=0B, and A4,C1/2B,. Define

o = {X €4},
F1 = [()H,
Z, = Z’;‘:l ZiX oty
In the next step {, is defined as follows: if w¢4; then X, (w)€4,CB, and

L) Linf {t = {,(0): X(w0)§B.).

%, and Z, are then constructed with the same procedure which was used for %
and Z;: for each i we find z; ;€0B, , 4; ;C0B, such that (4, ); are Borel, dis-
joint, cover 0B, and 4, ;<1/2B_ ,+ Next we define

di.f ={(D€.2(l: ng(a))EA,-’j},
Fy = [(di, j)i, j]9
Z2 = Zi’jzi,jxdi’],

and we continue in the obvious way.
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Lemma 8. (a) If {, (w)=t={,;1(0) then X,(w)€ Bz,,,(m)’ in particular for every
feH'(B)

(12) |f (X, (@)~ (X (@))] < el flm,

b) (= as m—-oo,

© 1Z,]=1 as.as m—eo,
def

@) FucH=I[X,: k=m]

Proof. (a) and (d) are obvious by construction. To prove (b) and (c) let w€Q.
Since {,,(w) increase, {,(w)—~1,€[0, «]. Then, by continuity of X,(w) on [0, <],
X, (0)~X, (w). Since X, €1/2B, and X, ¢€0B, we get

(13) |Z (@) - X, ()] = %”z,,,(w) =X, (@) - X, ., (@)l

Hence 7, (,,—~0 and thus, by (iii), |Z,(w)|—~1. But, by (13), we also have Z,(w)—
X, (@) so |X, (w)|=1 which is only possible if #,=-<e.
Now for fc H(B) let

fn = E(JoX_.|7,).

Lemma 9. (a) f,, converge to foX. a.s.
(b) For every m

(149 1S =S X, Il Lm0y = &l fllm-

Proof. Since #,CA,, we have f,=E(E( 1106 INADIZ,). By the optional
stopping theorem ([17, Theorem I1.53.1], [6, Theorem 10, Ch. VI)) E(f(X_)lA4;)=
fX, ) so fsz(f(X;m)lﬁm). Let o/ be an atom in &,, and w€sf be fixed. Then it
follows that

ful@) = —1-,;67)- [ FX,)aP

(we disregard atoms of probability zero). In particular |f,(0)—f(X; (@)| is
bounded by the oscillation of foX, on /. But, by Lemma 8 (a), X; (#)CB;
and, by (ii), the oscillation of f on B, , is bounded by e(1—|Z (@)l fll g
Hence

(15) fu(@) = (X, (@)] = e(1~1Zp (@)1 fla5

and as |Z,|->1 and f(X;)— F(X.), (15) implies both (14) and the fact that f,,
converge to f(X_).

Now we define R
Tf = foX...
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Lemma 10. (a) For every p=1, T is an isomorphic embedding of H¥(B) into
HP(F).
(b) T is bounded from BMOA 10 BMO (¥).

Proof. We begin with (a). Since {,—< we have
fr=suplfX)i=sup sup |f(X]

Im=t=lm 41

By Lemma 8 (a), for {,=(={,.1, |S(X)—f(X )|=el fllg, hence
loup X ) =1l = &1 T
Comparing this with (14) we get
[[sup 1/l =f*[limcay = 260f s

S0
(16) l”SU—P Ifm!”u’(n)*“”f*“LP(ml = 2| f g,
and since ||sup,, | fmlllzre) = 171 lue(# we get, by Proposition 2 and (16),
(1=29)[fllge = |l ey =261 f I = WISl moesy = 26 flar+ 1l e
=20 flar + 1/ e = A+26) A, fllne-

To prove (b) we notice that
(E(FXo) = frue sl F)? = (E(F (Xoe) —f X, JE| F)) 2 +(E(S (X, ) —Fon-12|Z)) 2
Since %, C.#,,, we have

[E(T X2 —f K D) Z = = E(F (X) = (X )P fe=cr

by (B) = ”E(|f(Xeo)"‘f(X;,,.)|2|X§,,,)”L==(9) by Proposition 4 = C? I flEmo -

By (12), we get
”f(Xcm) _f(Xgm_1)||L~(m =& fllm»

and this, together with (14), gives

(X, )~ illimeey = 26 fllar = 42|l fllamo
“E(If(Xcm ~fm- 1|zl=/’m)”L°°(n) 16¢?|| fliEmo -

Remark. Using duality and a slightly more careful calculation in the proof of
Proposition 4, one can prove that T is also bounded below on BMOA, however
this is not necessary for the proof of Theorem 5.

Now we can finish the proof of Proposition 7 exactly the same way as in [10].
It is well known (cf. [9]) that H?*(F)=L*(Q, #., P), because of this and the pre-
ceding lemma, T(H?(B)) is a closed subspace of L*(Q, #,, P). Let Q be the

SO
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orthogonal projection from L*(Q, #., P) onto T(H*(B)). We intend to show
that Q is bounded in H(& )-norm, this will mean that Q can be extended to a bounded
projection from the H*(%)-closure of L*(Q, #._, P) onto the closure of T(H?(B)),
but these closures are respectively H'(#) and T(H*(B)) so this extension will
give the desired projection.

Below we will denote various constants by C. They may change from line to line
but do not depend on particular functions.

Let FeL*(Q,#,,P). Then QF¢T(H*(B)) so QF=Th=hoX_ for some
h€ H*(B). Hence

1QF sy = | Thlms e, = Cllhlm = Csup{|[ _hg do|: g¢BMOA, |glavo = 1}
= Csup {|E (A(X)Z(X-))|: g6BMOA, |igllamo = 1}

= Csup {|E((QF)§(X..))|: g¢BMOA, |gllsuo = 1}.

If g¢BMOA then g€H?*(B) so g(X,)¢T(H*(B)), and as @ is an orthogonal
projection we get

E(QP)§(X..)) = E(FE(X..))-
We also have, by Lemma 10 (b),

{£(X..): g6 BMOA, liglpmo = 1}<{GEBMO (#): [|Gllamocs) = C}s
SO

sup {|E((QF)Z(X=))|: g¢BMOA, liglumo = 1}
= sup {|E(FG)|: GEBMO (), [Gllamocs) = C} = C|Fllgys)

and it follows that

1QFmsy = CllFlms)s
which ends the proof.

5. Nonisotropic distances and atomic A’

Following [18] we define a nonisotropic distance 4 on R™,

A(x9 y) = max {le_yll’ srey lxm—l—ym—ll’ |xm_ym|1/2}‘

We will show that in spite of a certain local similarity between (S, d) and (R*-, 4),
they are not locally equivalent as metric spaces. For this purpose we examine Lip-
schitz functions from (S,d) to (R,]|-[*), a<1. When a=1 there are many ex-
amples of Lipschitz functions, this is no longer true for a<1.
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Theorem 11. Let U be an open and comnected subset of S and let O0<a<1.
Suppose ¥: U—~R satisfies

|¥(2)— P (W)|* = Kd(z, w)
for all z, weU. Then ¥ is constant.

To begin with we introduce some notation. At each point z€S the tangent
space T,S to S contains the vector iz. The complex tangent space TS is defined
as the orthogonal complement to iz in 7,S and consists of all vectors @cC" for
which (z, ©)=0. The module of all C* vector fields on U will be denoted by I'(TU)
and the submodule consisting of these with values in 7S, by I'(T€U). For
X, YET (TU), [X, Y] denotes their (real) Lie bracket. If y is a curve in S then p will
denote its tangent vector.

For convenience we will assume that Uc{|z,|<1} and K=1.

Lemma 12. Let y be a C? curve in U such that 9(1)eTCU for all t. Then Yoy
1s constant.

Proof. Since (j(1), y(1))=0 we get
d(y (1), 7 (O = G (t+5) =D, 3O = [T+ 9D =550 (D) +5G D, 7 ()
= |y(t+5)—y (O —s7(0] = O(s?).
[P @+9))—FH®)| = dp+9, y(D)* = O (")

sO %(Y’oy)(s)]h, =0 and we are done.

Let X, YeI'(TU) and let ¢(z, 1), Y(z,t) be their integral curves. Fix z,€U
and define

Hence

v(0) = W0 W (@(z0 V1) V1) ~ VD ~ V1),
Then 7y is a smooth curve and, by [15, Theorem 6, Ch. 5]
7(0) = [X, Y](z,).

If X, YeI(TCU) then, by Lemma 12, ¥ is constant along their integral curves
and it follows that Yoy is also constant so we get

Corollary 13. If X, YET'(TCU) then for each z,cU there is a C?% curve y
such that y(0)=z,, 7(0)=[X, Y1(z,) and Woy is constant.

W Lemma 14. Let z,cU and OCT, S. Then there are X, YEI'(TCU) such that
X, Y)(z)=0.
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The proof easily follows from the observation that if I, E, are vector fields
defined on C" by
I(z) =z,

E(z)=e,=(0,..., 1),

and X,=E,—(E,, I)I, Y,=iX, then, restricted to S, X,, Yo¢I'(TCU) and [X,, Y]
does not vanish on U and is orthogonal to TCU.

Now we can finish the proof of Theorem 11. Let # be a C2 curve in U. We will
show that ¥ is constant along 7.

Fix ¢. Then, by Lemma 14, there are X, YEI'(TCU) such that

[X, Y}(n(2) = 7().

By Corollary 13, there is a C2 curve y such that y(0)=#4(2), $(0)=n(¢) and Poy
is constant. The first two conditions imply that n(t+s)—y(s)=0(s?), and it fol-
lows that ¥(n(t+5))— Y (7(8))=0(s"%). Since ¥(n(®)=P(r(0)=P(y(s)), we get
Y(n(+5)—¥(n(@)=0(s"), so djds(Pon)(s)l,_, =0, and as ¢ was arbitrary,
Yon 1is constant.

Corollary 15. If U is an open and connected subset of S and
Y= (lPIa cees Tzn—l): (U3 d) g (R2n-—1’ A)
is a Lipschitz map, then ¥,,_, is constant.

Let A be the Lebesgue measure on R™. Then ([0, 1]™, 4, 4) and (S, d, ¢) are
examples of spaces of homogeneous type in the sense of [3], and one can define
atomic H'-spaces HL(S, d), HL([0, 1], 4). Corollary 15 shows that a direct com-
parison of these spaces, as in [18], is not possible. However, it is still true that they
are isomorphic, in particular Proposition B of [18] is true.

Theorem 16. H, ([0, 1]", 4) and H(S, d) are isomorphic to H'(D).

The first part is due to Wojtaszczyk [18], the second part generalizes Theo-
rem 5, since H*(B) is complemented in HL(S, d) ([2]). The proof is exactly the
same as that of Theorem 5, once one establishes Proposition 2 for H. (S, d). In
this case the left-hand inequality in-Proposition 2 is much harder as the L(S, 0)-
norm is not equivalent to the norm of HL(S, d). Instead one has to consider the
L*-norm of the maximal function M, f ([8]) and the proof of Proposition 2 in this
case needs the inequality

1M, fliresy = Ap,ollf e

The corresponding inequality for the “half-plane” realization of the unit ball ap-
pears in [4] and the proof can be adapted to the case of the ball itself.
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Remark. After the preprint of this paper had been distributed I learned from
Steven Krantz that he had been aware of the nonequivalence of (R*-%, 4) and
(S, d), but I do not know of any published proof of this fact.
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