Hardy classes on plane domains
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1. Introduction

This is an attempt to classify plane domains by means of Hardy classes. Let
¢ be a convex function, by which we mean throughout this paper any nonconstant,
nonnegative, nondecreasing, convex function defined on [—ee, 4 ). For a con-
nected domain D in the Riemann sphere S we shall denote by H,(D) the set of
functions f analytic on D for which ¢(log |f(z)|) has a harmonic majorant on
D. We shall denote by 0, the class of connected domains D in S for which H,(D)
contains only constant functions. We are going to show the following

Theorem 1.1. Let ¢ and  be convex functions with the following properties:
(A) for any fixed s=o
Y(@/e(t—s) =o(l), t—+eo;
®B) t/o®) = o(1), t >+ oo,
Then O, strictly includes 0.

When ¢@(t)=e? with O<p<+ <, we use H?(D) (resp., 0,) in place of H,(D)
(tesp., 0,). We denote by O; (resp., O4p) the class of connected domains D in S
on which there exist no Green functions (resp., nonconstant, bounded, analytic
functions) and by 04p« the class 0, with ¢(¢z)=max {¢,0}. The preceding theorem
then implies the following, in which the inequality sign < means strict inclusion.

Corollary 1.2. (a) (D;<(9p<0; for O<p<-+eo, where 0,=u{0,: 0<g=<p}
and O = {0, p<q=+eoo}.
(b) (OAB*< ﬂ{@q.' 0<q< +°°}, U{0q: 0<q< +°°}<@AB.

Together with the known fact @p;=0,p« (cf., Sario and Nakai [7, p. 280 and
p- 332]), this finishes a classification of plane domains in the sense of Heins given
in his monograph [2, Chapter III].
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We explain earlier results briefly. Heins [2] obtained a classification scheme
for general Riemann surfaces in terms of Hardy classes. For the plane domains,
however, he only showed @,m;<@®, and proposed further investigation. Hejhal
[3, 4] proved the following scheme:

05 = (UAB* = 01.“ -z @1 = (0372 << @3/2 = 02_ - 02 = 0572
<05 =07 <0y =..<U{0,:0 < g <+oo} < O4p.

Kobayashi [5] improved this by showing 8,,<0, for any integer =2 and any
real number p=n/2.

This work was done at the Mittag—Leffler Institute. I wish to thank Professor
Lennart Carleson for enlightening conversations through this work. He conjectured
the result in the form just stated and provided me with the basic idea of circular sets.

2. Null sets of class N,,.

For a convex function ¢ we say that a set £ in S is a null set of class N, if
E is a bounded, closed, totally disconnected set and H,(V—E)=H,(V) for every
connected domain ¥ in S which contains E. When ¢@(¢)=e”, 0<p<+, we
write N, in place of N,. A similar definition holds for the null classes N,y and
Nyp+. As observed by Hejhal [4], every member of N,z has zero logarithmic
capacity. Heins [2, pp. 50—51] showed that a closed linear set belongs to N, if
and only if it has zero linear measure. This fact, in a slightly extended form, was
used extensively by Hejhal in his classification theorems. Various null classes N,
will play an important role in this paper, too. As far as we are aware, however,
not much seems to be known about general null classes, e.g., Ny,. So we should
begin with showing that the null class N, contains sufficiently many members
with nonzero logarithmic capacity as soon as the function ¢ satisfies the condi-
tion (B). Since ¥ (¢)/¢(t)=0(1), t—~+oo, implies N,EN,, we have only to in-
vestigate null classes N, for small .

Lemma 2.1. Let ¢ be a convex function satisfying (B). Then there exists a con-
vex function A such that

(i) A(t+log2) =2.(t) for all large t;
(i) A@t) satisfies (B),
i) AD/@) = o(l), 1 ~+e=, and
A/ =0Q), t->+-oe.
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This can be proved by a simple construction, which is omitted. The following
proposition shows the importance of the hypothesis ¢ (t+log2)=2¢(¢) or, more
generally,

@(t+log2)/e() = 0(1), 1>+,

which is equivalent to the 4,-condition in the theory of Orlicz spaces (cf., Kras-
nosel’skii and Rutickii [6]).

Proposition 2.2. Let ¢ be a convex function such that t/lo(t)=o0(1) and
o(t+log)/p()=0(), t—+, and let E be a bounded, closed, totally discon-
nected set in S. Then ECN, if and only if S—E€0,.

Proof. The necessity is trivial and the sufficiency can be shown by essentially
the same method as that of [4, Theorems 4 and 5]. The details are left to the reader.

Before proceeding to actual construction of null sets of the class N, having
nonzero logarithmic capacity, we state two probably well-known facts concerning
harmonic measures. When we write, for example, {|z|>a}, we include the point
at infinity o in the set. We denote by I'(zy; ro), |2ol< -+ and O<ry< -+, the
circumference {[z—z,(=r,}. When z,=0, we write simply I'(ro).

Lemma 2.3. Let O<a<b<+c and let F be a bounded closed set in {|z]=b}
such that Dy={|z|>a}—F is a connected domain. Denote by p the harmonic measure
at the point o with respect to D,. Then

ds
max{a(z): zEF(a)} A(a/b) ———— (F(a))

where ds denotes the arc-length element on I'(a) and A(t), t=0, is a finite, positive,
nondecreasing function in t.

Proof. Let D,={a<|z|<b}, D;={|z|>a} and c=(ab)"®. By Harnack’s ine-
quality there exists a constant A4’=4’(a/b), depending only on the ratio a/b in
a nondecreasing way, such that U(z)=A4'U(z,) for any z, z, in I'(c) and any
nonnegative harmonic function U on D;. For any arc e on I' (a) we denote by U;(e; z),
0=j=2, the bounded harmonic function on D; whose boundary values are equal
to 1 on e and to O elsewhere. We then have

1) Ui(e;2) =Uy(e; 2) =Uple;2), a<lzl<b
and
() max {Uy(e; w): [w| = ¢} = A min {U;(e; w): |w| = ¢},
where

1+(afb)2.

4 = A(afb) = 24 @]B) {—
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From (1) and (2) it follows at once that
max {Uy(e,; w): |w| = ¢} = A min {Uy(ey; w): |w| = ¢}

for any arcs e;, e, on I'(¢) with the same length. This shows that u(e)=Au(ey)
if |e;|=|es]. The desired inequality is an easy consequence of this. Q.E.D.

Lemma 24, Let O0<a@?/b<agy<a<b<+w and F,, ..., F, a finite number of
bounded closed subsets of {|z|=b} such that each S—F;, 1=i=k, is a connected
domain containing all F;, j#i. Let {I(n):n=1} be an increasing sequence of pos-
itive numbers such that I(n)jn=0(1), n—+o and l(m)=n'® for all large n. Let
Wy, ;=0oexp 2njifn) and K, ;={lz—w, ;|=a,e”'™}, l1=j=n. We set K,=
U;f=1 K, ;. Suppose that each F;, 1=j=k, has nonvanishing logarithmic capacity
and that we consider only large n so that K, is contained in the disk {|z|<a} and
K, s, 1=j=n, are mutually disjoint. Let p and yp, be the harmonic measures at
the point o with respect to the domains {[z|>ay}—F and S—K,—F, respectively,
with F= Uf.=1Fj. Then, for any €=>0, there exists an integer N=N(g)>0 such
that for n=N

|u(I (@) — 1a(OK)| < &,

[N(FJ)—HH(FJ)l = &, 1 é.] = ka

Ha(0K,., ) = (Bn) u(l(ap), 1=j=n,

and

where B=B(a/b) is a constant depending only on the ratio alb in a nondecreasing
Jfashion.

Proof. By applying the conformal transformation z-—z/b, we may assume
without loss of generality that =1. Given any ¢=0, we first choose & >0 with

3) max {(1+¢&)—(1+¢)73 ¢} < 2:1;1(1"(%))"8
and then choose O<a’<a,<da”<a so close to g, as to have
“@ (I+&)72 (T (a9) < W (I'(@) < w' (T (@) < A+&) (I (a0),

where y” (resp., u”) denotes the harmonic measure at the point o= with respect to
the domain {|z]>a’}—F (resp., {|z|>=a"}—F). Let G(z, w)=log (|l —zW|/|z—w])
denote the Green function for the unit disk with pole at w. We denote by v, the
positive measure of mass 1 with support on 9K, and uniform density on 0K, and
by U,(z) the Green potential of v,, ie.,

U, ()= f

oK, G(z, w)ydv,(w), |z] =1.

U,(z) is continuous on {|z|=1}, harmonic on {|z|<1}—K,, and vanishes on I'(1).
An explicit computation, in view of the property of {/(n)}, shows that (i) U,(z)
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converges uniformly on the circle I'(2") to log (1/ay) and (ii) there exists an integer
N’=N’(g")=0 such that

(H—s’)‘llogai <U,(2) < (1+¢) loga—l on K,,n=N"
0 0

Let u’ (resp., u,) be the solution of the Dirichlet problem for the domain
{lz]=a’}—F (resp., S—K,— F) with the boundary data equal to 1 on I'(@") (resp.,
0K,) and to O elsewhere. Take N”=N"(¢’) so large that for n=N", K, lies in
the annulus {a’<|z|<a"} and, by (i), U,(z)=(1+¢")"log (1/a;) on I'(a’). Suppose
n=N(g)=max {N’, N”}. Then, by (ii),

u,(z2)=1=1+&)1 (loga—lo]— U,(2)

on @K, and therefore everywhere on [z]=1. So on I'(a’) we have u,(z)=(1+¢") %=
(14+&)2u'(2). Since u,(z) is superharmonic on {|z|>a’}—F and has the same
boundary value as #’(z) on 0F, we see that u,(z)=(1+¢")"2u’(z) everywhere on
{|z|=a’}—F. This, together with (4), means in particular that

) 1,0K,) = u, () = (1+&) 72/ (I (@) = (1 +¢) 2 u(L (a0))-
On the other hand, since K, lies inside I'(a”), we have
O Hn(0K,) = (L (@”) = (1+&) (T (ay))-

Combining the inequalities (5), (6) and using (3), we get
|1(T (@) — 10K, < &

(F)—p(Fl<e, 1=j=k

and

In order to show the last statement, we fix n so large that gye ™ <a—a,.
Let c=a". Let u; (resp., uyj, us;), 1 =j=n, be the solution of the Dirichlet prob-
lem for the domain S—K,—F (resp., S—K,, {|z|]<1}—K,) with the boundary
data equal to 1 on 9K, ; and to O elsewhere. Because of symmetry, m;=
min {;;(z): [z|]=c} and M;=max {u;;(z): |z|=c}, i=1,2, are independent of j
and by Harnack’s inequality M;=A’(a)m;, i=1, 2, where the constant 4'=A4’(a)
already appeared in the proof of the preceding lemma. Since 2’;=1 u;=1 on
S—K,, we have 1=nM;=A"nm;=A" and therefore M;=A'/n. As our observ-
ation in the preceding paragraph shows, there exists a positive integer N, such that

" 1 loga 1
2,-=1u2j(2)§—' £ Z’

zeél'(a), n= Nj.

We thus have A'mm,=nM,=3)_ u,;(z2)=1/8, z€I'(c), and so A'm,=1/8n=
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M,/84’. Since we have wu,;(z)=u;(z2)=u,;(z), 1=j=n, on the annulus {a<|z]<1},
the above inequality shows

u(z) = 84%u;(z), zel(e), 1=ij=n.
The same inequality holds in {|z!=c} so that
Un(OK,,. ) = u;(=0) = 84" (o) = 847, (9K, ), 1=1i,j=n.

This implies , (0K, )=(84"n)" 1, (0K,). Since u(I (a,))=0, we have p,(0K,)=
u(I'(ap))/2 for all large n. Hence we have u,(0K, )=B'n'u(I'(ay)) with
B=B(a)=164". Q.E.D.

We are now in a position to prove the main result of this section.

Theorem 2.5. Let ¢ be a convex function which satisfies (B) and
o(t+log2)/p(t)=0(1), t>+oo. Let O<a<b<-+o andlet F;,1=j=k, bea
finite number of bounded closed subsets of {|z{=b} such that each S—F, is a

connected domain containing all other F;, j=i. Then for any positive numbers

¢>0 and 0<d<1 there exists a set ECN, of nonzero logarithmic capacity such
that ES {6a=|z|=a]},

@) W(F)—pe(Fp|l<e, 1=j=k,
and
® |u(F (@) —ue(B)| <,

where y (resp., ug) denotes the harmonic measure at the point - with respect to the
domain {|z|>a}—F (resp., S—E~—F) with F={J]_, F;.

Proof. By applying Lemma 2.1 to the function ¢—¢(#/2), we get a convex
function A(r) such that () t/A(t)=0(1), t—~+o; (i) A(@®)/e(E2)=0(1), t—+ oo;
(iii) A(r)=¢? for all large ¢. There exists a positive number #, such that both ¢ (¢)
and A(t) are strictly increasing for f=t,. Let #,=max {@(t), A(¢,)}. Then the
inverse functions 4(r) and /{¢) of @(¢) and A(¢), respectively, are uniquely deter-
mined as strictly increasing functions in ¢ for t=¢,. The properties (i}—(iii) imply
the following: (i) I(¢)/t=0(1), t—>+oo; (ii') for any £>0 there exists a number
t(e) (=t) such that A(t/s)=I(t)/2, t=t;; (i) [(t)=¢"* for all large ¢. So the
sequence {/(n): n=t} satisfies the conditions in Lemma 2.4. In order to con-
struct a set £ with the desired property, we assume without loss of generality that
F has nonvanishing logarithmic capacity. We may assume also that ¢ is small, i.e.,
O<e<(1—u(F))/u(F). We set po=(b/a)* and B=B(a/b), the -constant
appearing in Lemma 2.4.

By induction we construct families 4, #,, n=0, 1, ..., of closed disks con-
tained in {jz|=a}. Each A, (resp., #,) consists of a finite number of mutually
disjoint, closed disks of the same radius r, (resp., r,) in {|z|=a}, whose union is



Hardy classes on plane domains 219

denoted by K, (resp., K,). By u, (resp., ) we mean the harmonic measure at the
point = with respect to the domain S—X,—F (resp., S—K, —F). As the 0-th step
of our induction, we define £} to be empty and A to consist of only one member
{|z|=a}, so that pg=p and ry=a. Suppose that we have finished the n-th step
with n=0. Namely, we have constructed #, in such a way that %, consists of
closed disks D, 1=a=N(n), of centers w, and of common radius r, so that the
disks {|z—w,|=g"r)} are mutually disjoint and also disjoint from F. This con-
dition is clearly fulfilled by 4, for bja=g"

We define ., and %, as follows. Let max {¢7%, 6}r,<r,,y<r, and
set D,={lz—w,|=r,4y}, 1=a=N(n). The family ,,, consists of these disks.
The value r,,, is fixed so close to r, as to have

©) tn 1 (F)—pa(F) = en(FYI2, 1=j=k,
and
(10) Un+1(0D,) = p,(0D))[2, 1 = a = N(n).

In order to define £ ,, we take an integer N’(n+1)=max {n+1, s}, which
will be fixed later. We set

Wo,j = Wyt ity 1 €Xp20ji/N'(n+1)}, 1 =j=N'(n+1),

N@n+1) = NmN’'(n+1), 1y =r,exp[—I(N@n+1))]
and

Dy j={lz—w,jl =rpa}, 1=j=N'(n+1).
The disks {D ;: 1=a=N(n), 1=j=N’'(n+1)} form the family X, ,. We fix
N’(n+1) so large that (a) the disks {jz—w, ;|=¢%r,,,} are mutually disjoint and
also disjoint from F;

® ltn 1 (F) =t 41 (FD| = eu(FP/2"¥2, 1 =j=k;

(© w410D;, ) = (BN’(n‘i‘l))_lﬂnﬂ(aDa), l=j=N'{n+l), 1=a=N@m);
@) Tpe1 = 37 imin {r;—r,, r,—O7}};

and

(e) h((n+ DBy IN(n+ l)) = l(N(n+1))/2.

This is trivial for (a) and (d). Statements (b) and (c) follow from Lemma 2.4 and
(e) from the property (i"). Hence, by induction, the families #, and %, n=0,
are constructed.

Combining (9) and (b), we get for n=1
(1D n(F)— i1 (F)| = en(F)[2", 1=j=k
It follows from (10) and (c) that for any D€, there is a Dj€#,_; such that
1, @OD)=(2BN’ () ' u,_,(dD;). Repeating this, we see that for any DX,
(12) #,(0D) = (2BN(n))~* (' (a)).
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We set
E= fjl (c (g k)

and denote by pg the harmonic measure at the point < with respect to the domain
S—E—F.

The property (d) shows that the set E lies in the annulus {da<|z|<a} and also
in the interior of K,,n=1. By use of (11) we see for n=1

”n(F) = ”(F)+2:=1 (“S(F)_Aus—l(F))
= ﬂ(F)+Z:=1 f=1 (ﬂs(Fj)——”s—l(Fj))

= (1+e)u(F)
and therefore

10K, = 1—p,(F) = 1—pu(F)—eu(F) = p(I (a))—ep(F).

The last member is strictly positive, because of our assumption e<(1—u(F))/u(F).
Let u, (resp., v,) be the solution of the Dirichlet problem for the domain
S—-CI(UZ,K)—F (resp., S—K,—F) with the boundary data equal to 1 on
OICI(Us, K] (resp., 0K,) and to O on 9F. Clearly, the sequence {u,:n=1} is
monotonically decreasing and bounded below, so that it converges, by Harnack’s
theorem, to a nonnegative harmonic function, u(z), on S—E—F. Obviously,
O0=u(z)=1 and u(z)=0 on JF. We know that #,(z)=v,(z) on the domain of
u, and that v,(«)=u,0K,)=1—(1+e)u(F)=>0. Hence u(e)=0. The function
u is seen to be the solution of the Dirichlet problem with the boundary data equal
to 1 on E and to 0 on 9F. Thus ug(E)=u()=>0 and consequently E has nonzero
logarithmic capacity. We have

#E(E) = u(0) = lim u,(-) = lim sup v,(<)
= lim sup u,(9K,) = p(I'(a))— eu(F).

In order to get the reverse inequality, we note that E is contained in {|z|=a}. So
pe(F)=p(F;) and therefore pg(F)=p(F). Thus p(I'(@)—eu(F)=pg(E)=
p(T (@), which proves (8). On the other hand, we have ug(F)—u(F)=pg(F)—
p(F)=u(I (@) —pe(E)=eu(F), which shows (7).

We shall show finally that E€N,. Since o@(t+log2)/e()=0(1), t—+eo,
we have only to prove, in view of Proposition 2.2, that S—E€0,. Let f be any
nonzero element in H,(S—E) and u a harmonic majorant of ¢ (log|f]) on S—E.
To show that fis a constant function, we first note that E is contained in the in-
terior of K;,,n=0. Let us fix n=0 and let D’={z:|z—w’|=r"} be one of the
members in #. Then the property (a) says that the annulus {r'=|z—w'|=¢"r"}
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does not meet with E, F and K,~D’. Let &, be the harmonic measure with respect
to the annulus {r'<|z—w'|<@?’} at a point w in it. If jw—w'|=¢r’, then
Harnack’s inequality implies that d¢,/ds is bounded by A4’/(4nr”) on I'(w’; r’) and
by A’/(4mg*r’) on I'(W'; @*r’), where A’=A"(¢™%) is the constant appearing in
the proof of Lemma 2.3. Since f is bounded and analytic on the annulus
{r'<|z—w'|<g@?r’}, we have for any w in this annulus

log |f(w)] = [log |£(©)] ¢, ().

Applying the convex function ¢(¢) to both sides and using Jensen’s inequality,
we get
o(log [f(w))) = [ o(log |f©)]) d&. ()

F(W’;r’)+fr(W’;a’r’)
= 11+Iz.

We now assume that |w—w’|=pr’. We note that I'(w’; r’)=0D’. Let n, n” denote
the harmonic measures at the point o with respect to the domains D,=
{lz—w'|>r'}—E and D,={jz—w'|>g?}—E, respectively. Since EZSK,, we
see that

n'(Fw'; @*r")) = n(T(wW'; 7)) = 4 (D).

By use of (12) we have p,(@D)=(2B)""N(n)~*u(I'(a)). By applying Lemma 2.3
to the annuli {r'<|z—w'|<@?r’} and {@®r'<|z—w'|<¢@'r’}, we see that ds/dn
is bounded by 2ndr'/f(I'(W;r’)) on I'(W;r’) and ds/dqy’ is bounded by
2r A’ Iy (F(w'; @*r’)) on I'(w'; @r’), where A=A(¢™% is the constant given
in Lemma 2.3. So

d¢,(§) ds(©)
ds() dn()

L=/[ .. ologlfQ) o= —=dn®

A4’

= W f op, 9o 1S ©Ndn(©)

fIA

-;— C(2B)"N(n),

where C=AA"u(<)[u(l(@)). Similarly, we have L,=2"1C(2B)Y'N(n). Conse-
quently, we have ¢(log|f(w)[)=C@2B)Y'N(n) for |w—w'|=¢r’. Since f#0, we
have u(==)>0, so that the right-hand side exceeds ¢, for all sufficiently large n=n,,
say. So we can apply the inverse function %(z) and get the following inequality:

If(w)| = exp [R(C(2B)"N(n))].
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We integrate this along the circle I'(w’; ¢r’). Since r’'=r,=r,exp [—I(N(n))],
we have, by use of the property (e),

(13) Srowrsory TODNds () = 2mer, exp [~ I(N(m) +h(C@BYN(m))]

= 2mor, exp [—% I(Nm)],

if n=max {ny, C}. We now look at the union I', of paths I'(w’; or’) corresponding
to all D’e#,. Then, as we have seen, the set E is contained in the interior of
I'y,n=1. Since the function f is analytic at o, it has an expansion f(z)= 27", ¢ 270
Since we have @ (¢+log2)/e (1)=0(1), t—>+ =, it is easily seen that f(z)—c, also
belongs to H,(S—E), so that we may assume f(e)=0. If f does not vanish
identically, let c,, p=1, be the first nonzero coefficient of f. If n is sufficiently
large, then we can use the inequality (13) and get

ol = 5/, LG IwlP=2ds()

A

or,bP~IN(n) exp [——;— N(n)v2].

This is a contradiction, for the last member tends to zero as n—<. Hence f must
be a constant function, as was to be proved. Q.E.D.

In the preceding theorem we constructed a set in N, with nonzero logarithmic
capacity. Trivially, the same result holds for an annulus with arbitrary center.

3. Classification of plane domains

Lemma 3.1. Let O<ag<b<c<-+o and let F be a bounded closed set con-
tained in {|z|=c} such that {|z|>b}—F is a connected domain. Let y and v be the
harmonic measures at the point -« with respect to the domains {|z|>b}—F and
{|z)|=>a}—F, respectively. Then

log (c/b)

oz (/a) w(T(b)) = v(I ().

Lemma 3.2. Let F;, 0=j=k, be a finite number of bounded closed sets such
that S—F; for each 0=i=k is a connected domain containing all F;, j#i, and let
Zy€S—F, F=U'J‘.=0 F;, be any finite point. Suppose that each F; has positive
logarithmic capacity. Let p be the harmonic measure at the point o with respect
to the domain S—F and, for each O<a<inf {|z—z,|: z€ F}, let p, be the harmonic
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measure at the point < with respect to the domain {|z—z,|=>a}—F. Then there
exists, for any ¢>0, a number a with the above property such that pu(F;)—
p(Fp<e, 0=j=k.

These lemmas, whose proof is omitted, are used to show the following

Lemma 3.3. Let ¢ be a convex function satisfying (B), {b,: n=0} a sequence
of positive numbers and 0<g<0d&-<1. Then there exist a sequence {a,:n=0} of
positive numbers and a sequence {E,:n=0} in N, such that a,.,/a,=g@, a,=b,,
E,S{da,=|z|=q,}, n=0, and

(14) d=¢(~logna))m(E) =1, n=1,

where m is the harmonic measure at the point « with respect to the domain S—E
with E={);_, E,0{0} and d is a constant, O0<d<]1.

Proof. Let {d,}, 0<d,<1, be a strictly decreasing sequence with limit d=0.
We denote by pu, (resp., v,) the harmonic measure at the point o« with respect to
the domain S—(U;_, E) (resp., {lz|=a,+1}—(Uj_, Ev). We write also o,=
o (~log (1a,)).

In order to construct E by induction, we first choose any a,, satisfying 0<a,=b,
and ¢(—logay))>0, and any E,€N, which has nonzero logarithmic capacity and
is contained in the annulus {6ay=|z|=a,}. This is possible by Theorem 2.5.
Suppose that we have chosen E€N,, having nonzero logarithmic capacity, in
{6a,=)zl=qa,}, 0=k=n, with the following property (P,):a=b, for 0=k=n,
O<ay,/ay=¢ for 0=k=n—1 and

15) dyoy,=p,(E) =0, 1=k=n.

Then we choose a,.; so small that

(16) Oni1 = byyy; 0<ayup4/a, = 0;
17) dps1, =v(E) =0, 1=k=n;
(18) vn(F(an+1)) = (P("]C’g ((n+1)an+l))_.1 = Upy1-

There is no problem about (16). Statement (18) is clear from (B) and Lemma 3.1,
for v,(I'(a,+1) decreases as a,.,—~0 no faster than (—loga,.,)™* while
¢(—log ((n+1)a,.,))™" decreases much faster than this. For (17) we have only
to set, in Lemma 3.2, F,=E;, 0=i=n, p=p, and p,=v, with a=a,,,, and
then use (15). By use of Theorem 2.5 we can find a set £, ,, €N, in {8a,.1=z|=a,.+1}
satisfying ;1% 11 =tps1(Bps) S0y1q. Since V,(E)=p,41(E)=p,(Ey), 1=k=n,
the property (P,,,) is fulfilled. By induction we can construct {E,:n=0} which
satisfies (P,) for all n=1. Set E=J,_,E,u {0}. It is easy to see that, for each



224 Morisuke Hasumi

fixed k, the sequence {u,(E):n=k} tends to m(E,). So, (17) implies (14), for
d,~d. QE.D.

Let {a,:n=0} be a sequence of positive numbers and let O0<g<d<1 be
constants. Suppose that a,,,/a,=p, n=0. For each n=0 let E, be a closed
totally disconnected set contained in {6a,=|z[=a,} with nonzero logarithmic
capacity. We set E={J>_ E,uU {0}, so that E is bounded, closed and totally dis-
connected. We call such a set E a circular set with center at the origin. The defini-
tion of circular sets with center at an arbitrary point is obvious. By m and m,,, n=1,
we denote the harmonic measures at the point = with respect to the domains S—FE
and {|z|>a,}—E, respectively. We use various circular sets in order to obtain our
classification result. Namely, we have the following

Theorem 3.4. Let @ and Y be convex functions satisfying (A) and (B). Then there
exists a circular set E with center at the origin and with E,€N,, n=0, such that the
function z7* belongs to H,(S—E), while H,(S— E) contains only constant functions.

Proof. Let 0<gp<8=<1 be fixed. By use of (A) we can find a sequence
{b,: n==0} of positive numbers such that b,=1 and for n=l

Y(log (6710)/e(log(n™1) = 27", 1= b

By Lemma 3.3 we get a sequence {a,: n=0} of positive numbers and a sequence
{E,:n=0} in N, such that a,,,/a,=¢, a,=b, and E,E{0a,=[z|=a,} for n=0;
and d=¢(—log (na,))m(E,)=1, n=1, where m and d have the same meaning
as in Lemma 3.3.

We see first that z7*¢ H,(S—E), for we have

S ¥ oglz"dm(a) = 37, [, ¥(loglz" ) dm(2)

= I ¥(~log(a))m(E,)
= y(~log(dap)) m(Eg)+ 2:;1 ¥ (—log (8a,))/¢(—log (na,))
= Y (—log Bag)m(E)+ 3, 27" <+ <.

To show the latter half, we set o=(5/0)"%, so that {a,<|z|<6%q,}SS—E
for n=1. Let £, be the harmonic measure with respect to the annulus
{a,<|z|<o%a,} at the point w, |w|=0a,. Then we see that d¢,/ds is bounded
by A’/(4na,) on I'(a,) and by 4’/(4noa,) on I'(c%a,), where A’=A"(c7%) is the
constant appearing in the proof of Lemma 2.3. Let f€¢ H,(S—E) and u a harmonic
majorant of ¢(log|f|) on S—E. Since each E, belongs to the class N,, we see
that f can only be singular at the origin, ie., f(2)=27.,¢;z77, O<[z|= +=.
Let n=1. Since f(z) is bounded analytic on the annulus {a,<|z|<0%a,}, we have
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log |f(w)|§flog | f©)]dE, () for any w, |w|=ca,. Applying @(¢) to both sides
and using Jensen’s inequality, we get

ologlf) ={[  +[i ., }ooglf©) Q).

Using the fact m,(I'(a,))=m(E,)=dp(—log (na,))™* and computing as in the
proof of Theorem 2.5, we see

(19) o(log|fW))/¢(~loga,) = C, |w|=oa,,

where C=A4'(6"%A(6Yu(s)/d. Take an integer N=1 so large that ¢(t)/t
is positive and nondecreasing for t=ay'. Then (19) implies

Ifw)| =a;¢", |w =0a, and n=N.

Letting n=N and writing r=ca,, we have

= r*a;C"1 = gFak-Cc-1,

1
5 j o f(2)z*1dz

e ] =

Letting n— -+, we see that ¢,=0, k>C+1, and therefore f(z) is a polynomial
in z7L Let ¢, be the highest nonzero coefficient of f(z). Suppose p=1. Then we
would have |f(z)|=2c,||z|? for all sufficiently small z, say |z|=ay., with
N’=N. So,

[, ologlf()) dm() = 37y o(log @ e la; ) m(E,)
=d 37y o(log 27 e, a; M) /o (log (na,) ™) = + co.

Hence p should be zero. Thus H,(S—E) contains only constant functions. This
finishes the proof of the theorem and also of Theorem 1.1.

Proof of Corollary 1.2. To prove Corollary, we have only to apply Theorem
1.1 with suitable choices of ¢ and . This is easy and is omitted.

4. Remarks

a) When two null classes of domains, e.g., @, and @, are distinct, their differ-
ence is very wide. Namely, we have

Theorem 4.1. If convex functions ¢ and Y satisfy (A) and (B), then there exists
a connected domain DS S such that H,(D) contains only constant functions, while
H,(D) is infinite dimensional and contains functions having essential singularities.
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Sketch of Proof. For the sake of simplicity we construct a connected domain
D for which H,(D) is trivial but H, (D) contains functions with one essential singul-
arity at the origin. Our domain will be obtained by omitting from S a countable
number of circular sets. For any point z,€S, zo7 <, and any ry>0 we denote
by N, (z; r) the totality of sets in N, contained in the annulus {15r/16=|z—zy|=r,}.
We define b(m, j)>0 by the property: ¥ (log(21))/e (log (t//))=2"""1 for
t=b(n, j)~L, n, j=1. By induction we construct three sequences of positive numbers
{4,: n=0}, {a(n, j):n=1, j=0}, {z,: n=1}; and two sequences of N,-sets
{E,:n=0}, {E(n, j): n=1, j=0}. We first require the following:

Apiq1/4,=1/8, n=0; A,=b(1,n), n=1,
2, =344, n=1; an 0)=A4,/8 n=l;
a(n,j)=bm,j), am,j+D/an,j)=1/2, n=1, j=0;
E;€N,(0;4,), n=0; E@mj)éN,(z,;a(m,j)), n=1, j=0.
We see that all E, and E(n, j) are mutually disjoint. We set
E,=U{En,j):j=0}u{z), n=l,

and finally E to be the union of all E, with n=1, E, with n=0 and the origin.
E is thus bounded, closed and totally disconnected. Let m be the harmonic measure
at the point -« with respect to the domain S—E. Our final requirement is this:
d=og(—lognd))mE) =1 n=z=1,
and
d = o(~log(ja(n, ))ym(E(n,j)) =1, n,j=1,

where d is a given constant, 0<d-=1. The induction arguments are similar to the
ones used in the proof of Lemma 3.3 but are a little bit more involved. We omit
the details.

Let fe€H,(S—E) be any nonzero function. Since E, and E(n, j) belong to
the class N, f can be extended analytically to points in these sets. So the possible
singularities of f are z,,n=1, and the origin. The point z, for each n=1 is the
center of the circular set E,, for which we know

a(n,j+Djam,j)=1/2, j=0;
E@m,j) S {15a(n, j)/16 = [z—z,| = a(n, )}, j=0;

d = o(—log(ja(m, j))m(EMm ) =1, j= L

and

As we immediately see from our proof of Theorem 3.4, these conditions are enough
to conclude that z, is a removable singularity of f. For the origin we note that
the domain S—E contains annuli {4,<|z|<44,}, n=1, with constant modulus.
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So our requirement on m(E,) again says that f has a removable singularity at
the origin. Hence f is a constant function.

Finally it follows from the properties of a(n, j) and m(E(n, j)) that H,(S—E)
contains functions of the form

h() = Zi_ielz—2)7% ¢, =0,

when ¢, are small enough. In this way we can show that H,(S—E) is infinite di-
mensional and contains functions with essential singularities.

b) Let E be a bounded, closed subset of an analytic curve. If E€N 5, then
E has zero linear measure and thus belongs to N, (cf., [4, Theorem 9]). Namely,
all N,, 1=p<+-eo, coincide on analytic curves. As shown by [4, Theorem 17],
this is no longer true for O<p<1. There exists a bounded, closed set E, on the
real axis, of zero linear measure such that z7*¢ HP(S—E) for all O<p<l1. It
looks like on open problem to find linear sets belonging to the class N,, when
tlo(t)=0(1), t—+ <. For function-theoretic null sets, see also Ahlfors and
Beurling [1].

¢) The condition (A) cannot be replaced by ¥ ()/p(t)=0(1), t—~+<, as
we see from the example ¢(f)=exp (2¢") and ¥ (¢)=exp (¢).

References

1. AHLFORS, L., BEURLING, A., Conformal invariants and function-theoretic null-sets, Acta Math.,
83 (1950), 101—129.

2. HeiNs, M., Hardy Classes on Riemann Surfaces, Lecture Notes in Math., No. 98, Springer,
(1969).

3. HesHAL, D. A., Classification theory for Hardy classes of analytic functions, Bull. Amer. Math.
Soc., 11 (1971), 767—771.

4. HemaaL, D. A., Classification theory for Hardy classes of analytic functions, Ann. Acad. Sci.
Fenn., Ser. A, 1, no. 566 (1973), 1—28.

5. KoBavasH, S., On H, classification of plane domains, Kodai Math. Sem. Rep., 27 (1976), 458—
463.

6. KrASNOSEL’SKII, M. A., RuTickI, YA. B., Convex Functions and Orlicz Spaces, Noordhoff, (1961).

7. Sario, L., NAKAIL, M., Classification Theory of Riemann Surfaces, Springer, (1970).

Received March 23, 1977 Morisuke Hasumi

in revised form April 14, 1977 Department of Mathematics
Ibaraki University
Mito, Ibaraki 310, Japan



