Generalised parabolic bundles and applications
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Introduction

Let X be an irreducible nonsingular projective curve over an algebraically closed
field. Let E be a vector bundle of rank k and degree d on X. We define generalised
parabolic vector bundles (or GPB’s) by extending the notion of a parabolic structure
at a point of X to a parabolic structure over a divisor on X as follows.

Definition 1. A parabolic structure on E over a divisor D consists of 1) a flag &
of vector subspaces of the vector space E|,=E®Op:

F: F(E) = Ejp > F(E)>..> F(E) =0

2) real numbers oy, ..., o, (with 0=a,<o,<...<a,<1) called weights associated
to the flag.

Definition 2. A GPB is a vector bundle E together with parabolic structures
over finitely many divisors D;.

We define semistability, stability of GPB’s, study their properties and construct
moduli spaces in some important cases. The main results are the following:

Result 1. (Proposition 2.2.) The moduli space P of generalised parabolic line
bundles L with & given by E,(L)=LXI@LXz:>I71(L):>o; X1, X€X, dimf,(L)=1, is
a nonsingular projective variety, it is in fact a P'-bundle over Pic X.

Result 2. (Theorem 1.) There exists a coarse moduli space M (k, d, a) of equiv-
alence classes of semistable GPB’s of rank k, degree d and with a parabolic structure
over a divisor D of degree 2 given by % : F(E)=E p>F(E)>Do, a=dim R E,
weights (o, #;)=(0, ). This space is a normal projective variety of dimension
k*(g—1)+1+dim F, F being the flag variety of flags of type &. If k and d are
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mutually coprime, « near 1 and a=k, then M(k,d, k) is nonsingular and is a
fine moduli space.

We have an interesting application of GPB’s to the study of the moduli space
U(k, d) of torsionfree coherent sheaves of rank k and degree d on a nodal curve X,.
Let n: X—X, be the normalisation map. For simplicity of exposition, let us as-
sume that X, has a unique node x, and let x,, x, be two points in X lying over x,,
D=x;+x,.

Result 3. The moduli space P (result 1) is a desingularisation of the compactified
Jacobian J of X,.

Result 4. (Theorem 3.) There is a birational surjective morphism f: M(k, d, k)~
Utk,d). If U,cU(k,d) is the open subset corresponding to locally free sheaves,
then the restriction of f induces an isomorphism of f~*(U,) onto U,.

In particular from results 2 and 4 it follows that if (k, d)=1, then M=M(k, d, k)
is a desingularization of U(k, d). The moduli space U=U(k,d) has a stratifica-
tion. U={J;_,U, where U,={Flstalk F, ~a0, &(k—a)m,}, O, and m, being
the local ring and maximum ideal at x,. The space M also has a stratification M=
Uf=o M, such that f(M,)S U,, forall r>0 (proposition 4.3). We have a morphism
det: U,—~J defined by det F=A*F. An interesting question to ask is: Does this
morphism extend to U?

Result 5. (Proposition 4.7.)

(1) The morphism det: U, —~J lifts to a morphism A, —~P. The latter extends
to a morphism d: | J,,, M,—~P.

(2) The morphism d descends to a morphism det: U,uU,.,~J. But d does
not induce a morphism on wU, for r<k—1 extending the det morphism.

Having found a negative answer to our first question, further questions arise:
What is the closure of the graph of the det morphism in UXJ? What is the closure
of a fibre of the det morphism in U? Let U, be the closed subset of U, corre-
sponding to vector bundles with a fixed determinant L and let U, be its closure
in U. We show that (3.20, 4.9) U,cU,uU,, and in case of rank two U, =U,u
{n E|det E=n*L(—x,—Xx,), E stable}.

I am grateful to P. E. Newstead and C. S. Seshadri for very useful discussions.
I would like to thank the University of Liverpool for hospitality and excellent working
conditions. I would also like to thank Amit Roy for the proof of proposition 1.8
and N. Hitchin and P. M, H. Wilson for some inspiring remarks.
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1. Generalised parabolic bundles

Notation 1.1.

Let X be an irreducible curve with only nodes as singularities over an algebraically
closed ficld k. Let n: X—~X be the normalisation map. For simplicity of exposi-
tion we shall assume that X has a single node x,, the results can be seen to generalise
easily to the general case. Let x,, x, be the two points of £ lying over xo, D=x;+x,.
Let 6, , m, denote the local ring and its maximum ideal at x,.

We want to study the moduli space U of semistable torsion free sheaves of
rank two and degree d on X. This space has been studied by Seshadri [S] and Giese-
ker [G]. Our approach is different from either of them, it is closer to the former.
One has a stratification of U given by U=(J2_, U,, where U, denotes the subset
of U consisting of points corresponding to sheaves F such that Fxoxa0,n®(2—a) mg;
U, is an open dense subset of the (irreducible) complete variety U corre-
sponding to locally free sheaves F. Let U; denote the subset of U, corre-
sponding to F such that determinant of F is a fixed line bundle L. We are
particularly interested in studying Uf and its closure in U. It can be shown that
the determinant morphism from U, to the generalised Jacobian of X can be extended
to U,uUs, it seems that it is not extendable to U,. In [S], a bijective correspondence
between sheaves F corresponding to elements in U, and bundles on X with addi-
tional structures at x, and x, is given (theorem 17, p. 178, [S]). But this correspondence
is different on each stratum and does not preserve degrees. Hence it is not of much
use in studying the moduli space U as a whole. In our approach, we get sheaves
Fin U from “generalised parabolic bundles” E on X of same degree as F.

Definition 1.2. A Generalised parabolic vector bundle of rank 2 on X is a vector
bundle E of rank two on X together with a two-dimensional k-subspace F(E) of
E. ®E, .

1 X3

Definition 1.3. A generalised parabolic vector bundle E is stable (semistable) if
for every line subbundle L of E,

degree L+ dim (F(E) (L, ® L,,)) <(=)~ (degree E+ dim F(E))
1e.
deg - L+dim (F(E) N Lp) <=, #(E) + 1.
Remark 1.4. If degree E is odd, then stability is equivalent to semistability for
the generalised parabolic bundie of rank two.

Definition 1.5. A homomorphism of generalised parabolic bundles E,, E; of
rank two is a vector-bundle homomorphism of E, into E, which maps F(E;) into
F(Ey.
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1.6. We now want to associate to a generalised parabolic bundle E of rank 2
and degree d on X a torsionfree sheaf F on X of rank two and degree d. We have
n, (E)®k(x)=E, ®E, (p. 175, [S]) and hence a surjective morphism =, (E)—~
E, ®E,/F(E). Define F to be the kernel of this surjection i.e. F is given by

(1.7) 0 -~ F— n,E~n,(E)®k(xo)/F(E) ~ 0.

Proposition 1.8, Let p, and p, denote the canonical projections from F(E) to
E, and E, respectively.

(1) If p, and p, are both isomorphisms, then F corresponds to an element in U? i.e.
F is locally free.

(2) If only one of p, or p, is an isomorphism and the other is of rank one, then F cor-
responds to an element in UL

(3) If p, and p, are both of rank one or one of them is zero, then F corresponds to an
element in U°.

Proof. (3) Note that if neither of p, or p, is an isomorphism, then p,, p, satisfy
the conditions of (3).

In case both p;, p, are of rank 1, F(E)=k,®k,, k,CE,,i=1,2. Then clearly
F=n_(E,), where E, is defined by

0 —~ Ey ~ E ~ E, [ky® Ey Jky ~ O.

If p,=0, R(E)=E, and F=n(E,), with E, defined by 0~E,~E~E, ~0 ie.
Ey=E(—x,). Similarly, if p,=0, F=n (E(—x,)).

(1) and (2). In cases (1) and (2), one of p, and p, say p, is an isomorphism.
Then using p;, F,(E) can be regarded as the graph of a homomorphism ¢: E, ~E, ,
¢ being an isomorphism in case (1) and of rank one in case (2). Since F|X—x,~
7, (E)[.X—x, is locally free, our problem is local at x,. So we are reduced to the
following situation. Let A4 be the local ring at x,, it is a Gorenstein local ring with
maximum ideal m, 4 is a semi local ring with two maximum ideals m,, ms;
o: Alm®A/m;—~A/m,®A/m, a nonzero linear map with graph I,. We write
ki=A/m;, 4;=A4, i=1,2 and n;: A;~k, Ok, canonical maps, for i=1,2. F is
an A-module given by

0—~F— Zl® Zz "p((k1@kz)@(k1@kz))/[; -0

where p is the composite of the map (n,®n,) with the quotient map k, Sk, ®
ki®ky—~(ky Dk, Dk, Dk,)/T,. Thus F=(ndny) I,. We want to show that
F~A®A or A®A according as ¢ is of rank two or one. Note that 4, m, m, and
m, are all isomorphic. Fix a basis e,, e, of k2. With respect to the basis e;, e, let the

matrix of ¢ be [i Z] and let the matrix of ¢~ be (G B

C D] if ¢ is of rank two. Since
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n=n;: A~k,®k, is a surjection, there exist a, f, y, 6 in A such that n(x)=(1, G),
n()=(0, B), n(y)=(0,C) and n(8)=(l, D). Then the matrix (;‘ f)e GL(A) as

n(ad—Py)=(1, GD—BC) is a unit in 4 modulo the conductor m, A/m==A/m G
A/m,. This matrix defines an automorphism ¢ of A@®A which induces the homo-
morphism Y: k, @k, Dk, Dk, —~k, Dk, Dk, Dk, given by

Y (X1, Y1 X2, ¥2) = (%1, Gy + Bys, X, Cyy + Dyy)-

We have I, ={(x;, gx;+bxs, Xz, cx; +dx;)|(x1, X;)€ky D k,). Since 6 loo=I1d it fol-
lows that  (I,)=1I14. Since y 1ifts to the automorphism ¢ i.e. Y (n, ®ny) =(n,&ny)od,
it follows that (n,®n,) "1, ~(n,©ny) iy~ AS 4.

Now let o be of rank one. In the above proof, we lifted the homomorphism ¥
defined by o€ GL(k? to an automorphism ¢ of A®A. We can do it for any
JEGL(k?); then ¢ will map I, into I;,,. Hence we can replace I, by I,. Since
o—~foo is equivalent to change by row transformations of the matrix of o, we may
replace the matrix of ¢ by any matrix obtained by doing row transformations.
(Note that column transformations are not allowed e.g. ¥: (xy,y1, Xz, Yo) =
(%3, V1— Xz, X5, y;) cannot be lifted to an automorphism of A®A.) By row trans-
formations, any matrix ¢ of rank 1 can be reduced to one of the following forms

009 @09 (Y seo

The following can be seen easily. In case (i), (m®ny) ,=A®m,. In case (ii)
(m®ny) I,=m®dA. In case (iii), we need a little more work. We have I,=
{Gx1, X3+ bx2, x5, O)(xy, x2)€ K, BK,}. Consider

n,GBn,

A, DA, >k Dk Bk, Dk,
lﬂ: 11":
A, k,®k,

Then p,o(n ®ny) F=py(I,)={(x;, 0)|x,€k,} =k, ®{0}. Now L.H.S.=nyop,(F), so
nyopo{FY=k, @0 i.e. p,(Fy=m,. Let K=Ker p,|F=(4,G0)nF. As (ndn)(K)=
(n ®n)(A0)AI,={(x;, x,, 0, 0)|x,€k;} we have K=A4@®0. Thus we have an
exact sequence 0—A-F-25 A~m,~0. Since Extl, (4, 4)=0, this sequence splits
giving FxA®A.

This finishes the proof of the proposition.

Proposition 1.9. If F is a semistable (respectively stable) torsionfree sheaf on

X, then E is a semistable (respectively stable) generalised parabolic bundle on X.
The converse is also true.
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Proof. Suppose that F, is stable. Let LC E be a line subbundle. We want to show
that deg L+dim (F(E)N(L, ®L,))<pu(E)+1. Let dim(F(E)N(L, ®L,))=a,
a=0,1 or 2,

(i) a=0: One has an exact sequence on X
O - Ll hadd TC*L i (Lxl®Lx!) - O, (Lxlean) a4 n*Lek(xo),

with L;C F. The stability of F implies that deg-L;<u(F) ie. degLl—1I<
W(E) ie. deg L+a<u(E) +1.

(i) a=1: One has 0—~L,—»n, L—-n, LQk(x)/k*~0, with L,CF, deg-L,=degL.
Hence deg L,<u(F) implies that deg:L+a<u(E)+1.

(iii) @=2: In this case, L,=n,L so that deg-L,=deg-L+1. The stability of F
implies that deg-L+2<u(E)+1.

Thus F is stable implies that E is a stable generalised parabolic bundle. The proof
in the semistable case is obtained by replacing ‘<’ by ‘=" in the above proof.

We now prove the converse. Let L, be a torsionfree subsheaf of F of rank 1.
One has =n*L/torsionC n* F/torsion and (a sheaf inclusion) =n* Fj/torsion—E. Let
L be the line subbundle of E generated by n*L,/torsion; a=dim (F,(E )n(L,IGBLx’)).
As seen above, if a=0, L,=n (L(-x,—x;)) so that deg-L<pu(E)+1 implies
that deg-L,<u(F). If a=1, as seen above, L, is locally free and deg L,=deg L.
Hence deg L+a<u(E)+1 implies that deg Ly<u(F). If a=2,L,=n_L,deg-L,=
deg L+1 and we again get deg L, <u(F). Thus F is stable (semistable) if E is
stable (semistable) generalised parabolic bundle.

Remark 1.10. In 1.6, we defined a mapping f from the set S of isomorphism
classes of generalised parabolic vector bundles of rank 2 and degree d on X to the
set R of isomorphism classes of torsionfree sheaves of rank 2 and degree d on X.
Proposition 1.9 shows that f(E, F,(E))=F is semistable (stable) iff (E, F(E)) is
so. Let U2, 0" and U° be the subsets of S corresponding to generalised parabolic
bundles which satisfy the conditions (1), (2) and (3) respectively in proposition 1.8.
Then f maps 0 into U’, i=0, 1,2. Here U’ denotes the subset of R consisting of
torsionfree sheaves F such that the stalk F, of F at x, is isomorphic to i, @
2—i)m,.

Proposition 1.11. (1) f maps U? bijectively onto U*, (2) f maps U° onto U®, 3) f
maps 0" onto U?,

Proof. (1) We give the inverse of fon U2 Let FcUZ2 Define E=n*F, F(E)=
F®k(x)CF®n, 03Qk(x)=n,(E)®k(x,). It is easy to see that (E, F(E)) is a
generalised parabolic bundle which maps to F under f.
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(2) Let FeU®. Then F=n_E, for a unique vector bundle E, on X (proposi-
tion 10, p. 174 [S]). The fibre of f over F consists of generalised parabolic bundles
of the following type.

a) E=E,(x), Fl(E)=Ex“

b) E=Ey(xy), R(E)=E, .

¢) E given by an extension of the type O0—+E,—E-—+k(x)®k(x,)~0, H(E)=
Ker (E®0,,, .,k (x) Dk (xp).

Now, Ext! (k(x)®k(xz), Ep) ~(E,®(Q)71)®0, 1y, ~(Eo)s, ®(Eo)s, and given k,C
(Eo)xl, sz(Eo)x,, ky~ky,~k, there exists a unique extension of the above type
with kernel ((Eo)x'._»Exi)=ki9 i=1, 2. Thus the set of generalised parabolic bundles
of type c) is isomorphic to P*XP!(=P((Ey)x ) X P((E))s,)-

(3) Before proving that ¢|0* is a surjection onto U?, let us analyse |0 In
this case, we can write F(E) as the graph I, of a homomorphism o¢: E.—~E,,
of rank one if p, is an isomorphism, p, being the projection of F(E) to E, . (The
case when p, is an isomorphism can be dealt with similarly.) Let F=f(E, F(E)),
E,=nr*(F)/torsion. Then one has exact sequences 0—E,—~FE —~E, [Image 60 and

0~ F—n,E—~ E ®EI, ~ 0.

Hence (E), —~E, canonically, let N; denote the isomorphic image of kernel o
in (E,),. Since 0~k —~(E,),,~E, —~E, /Image o0, (), contains a one dimensi-
onal N, such that (E(,)xz/Nszmage o. Let @ denote the isomorphism (Eo)xl/Nl—’“»
(Eo)< /N, induced by the composite (Eo)s,—+E, —>~Image 6 —~(E), /N,. F
is defined by

F'(U,F) = {seT(n~'U, E)ls(xy) = o5(x1)}
= {s€I'(n~'U, Ey)|s(x;) mod N, = & (s(x,) mod N;)}.

Now start with an FEU!. Define E,=n" Fjtorsion. Since the stalk F, ~m,®0, ,
(Eg)s, ~N;®4;, Nixmo8,Qk(x)), 4;~0, ®k(x;), i=1,2,0, being the normalisa-
tion of 6. Define the vector bundle E on X by 0—E,—~E—~k(x,)-0 with the con-
dition Ker ((Eo)x,»Ex!)=N2, it is easy to see that such E exists. By theorem 17,
p. 178 [8S], there is a natural bijection between the set of isomorphism classes of
torsionfree sheaves F of rank 2, degree d on X with F, ~0, dm, and the set of
isomorphism classes of triples (E,, 4,, 4., ), E, being a vector bundle of rank 2
on X of degreed—1, A; are one-dimensional subspaces of (Ep)y,, i=1,2 and
& is an isomorphism 4,-~4,. Since 4,, 4, both come from 8, cF,, we have an
isomorphism &: 4,--4,. Define ¢ as the composite E, ——(Ey), —~4,—+4,~E,
and F(E)=T,. From our analysis of f]0%, it is easy to see that f(E, F,(E))=F i.e.
f maps U* onto U™
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Lemma 1.12, If E is a stable generalised parabolic vector bundle of rank 2, then
either E is stable as a vector bundle or E has a unique (maximum) line subbundle L
of degree d,, where d,=u(E) if degree of E is even and dy=u(E)++ if degree of
E is odd. Moreover one has F,(E)~(L, ®L,) is zero.

Proof. Let L be a line subbundle of E and a=dim (F(E)n(L, ®L,)). If a=1
or 2, stability of E as a generalised parabolic bundle implies that degree L<u(E).
If a=0, itimplies that degree L<u(E)+1. Hence if E is not a stable vector bundle,
there must exist a line subbundle L of degree 4, such that p(E)=d,<u(E)+1 and
a=0. It is easy to see that such a line bundle is unique, even the former condition
suffices for uniqueness.

Lemma 1.13. (i) If E is a generalised parabolic bundle (of rank two). Then the
Jollowing condition (C) is satisfied.
(C) For any line subbundle L of E with

degL = {y(E)—; if deg E is odd
u(E)y—1 if degFE is even,

one has a(L)<2. Here a(L)=dim R(E)N(L, ®L;).
(i) IfE is a stable vector bundle satisfying condition (C) for F(E)CE, ®E, then
E together with F,(E) is a stable generalised parabolic vector bundle.

Proof. Proofs are straightforward (using definitions).

Remark 1.14. (g=2). Given a stable vector bundle E of odd degree there
exists F(E)=k,@k,, kicE, such that a(L)#2 ie. k®k,#L, ®L,, for any
line subbundle L of degree=u(E)—+. In fact if degree E is odd, rank E=2, E
can have at most 4 line subbundles of degree u(E)—+ (proposition 4.2 [L]). By
corollary 4.6 [L], the variety of maximal line subbundles of E has dimension =1
for any vector bundle E of rank 2.

2. Generalised parabolic line bundles and extension of the determinant map

Definition 2.1. A generalised parabolic line bundle on X is a line bundle L on
X together with a one dimensional subspace F (L) of L, &L, .

Proposition 2.2. The moduli space P of generalised parabolic line bundles on X
of fixed degree d (degree L=d) is a P'-bundle over the Jacobian J(X) of X of line
bundles of degree d. The variety P is a desingularisation of the compactified Jacobian
J(X) of X.
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Proof. Let V be the Poincaré bundle on J(X)XX. Let & (V) denote the flag
variety over J(X)XX of type determined by the generalised parabolic structure
(i.e. k?2k>0) and let P denote its restriction to J(X)X{x,, x,}. Let p: P~J(X)
be the composite P—-J(X)X(x;, x) ~J(X). Clearly p: P—~J(X) is a P}-bundle
over J(X), and P is the moduli space of generalised parabolic line bundles of degree d.

Consider the universal bundle (pXid)*¥V on PXX. We have a surjection
(pXid)* ¥V ~(pXid)*(V|J (X)X {x1, x,}). Let p; be the projection PXX~P. On P,
there is a surjection V|J(X)X {x;, x,}~6,(1)~0. Since pf(VIJ(X)X{x1, x3})=
(p XA VJ(X) X {x;, x,}, we get a surjection

@: ([dXm), (pXid)*V —~ (idX ), (pXid)* V|PX xo = py 0p(1)|PX X0, p': PXX ~ P.

Since 0,(1) is free over P, it follows that K=Kernel ¢ is flat over P. For every
g=(L, F,(L))€ P, we have an exact sequence

() 0> K|gXX —~n, L-22, (n, L)@ k(x)/F(L) ~ 0.

Thus K is a family of torsionfree sheaves on X of degreed flat over P, so it gives
a morphism k of P to the compactified Jacobian J(X) of X. J(X) contains J(X),
the generalised Jacobian of X as a dense open subset. We shall now show that h
is a surjective morphism which is an isomorphism from h~*(J(X)) onto J{X) and
fibre over each point in J(X)—J(X) consists of two points. In the sequence (S),
write L;=K]|jXX. Itis easy to see that if F(L)»L, or L., then L, is obtained
by identifying fibres L, and L, by an isomorphism ¢ whose graph is F (L) and
L, is locally free with n*L,=L. In case F=L,, Ly=n(L(—x,)) and z*L,/tor-
sion=L(—xp). If F=L,, L,=n,(L(—x))), n*L,/torsion~L(—x;). Thus if L, is
locally free it comes from a unique generalised parabolic line bundle (L=n*L,, F, (L)),
R()=TI,, ¢: (n*L,), —~(n* L,),, canonical isomorphism. If L, is not locally
free, the fibre over L, consists of two points viz.

((=*Lyftorsion)(x;) = L, (L) = L,)), (L = (n*Lyjtorsion)(xy), F(L) = L,,).

Thus P is the disjoint union of J(X) and two copies of {J(X)~J(X)—J(X)}. This
finishes the proof of the proposition.

2.3. Extension of the determinant map to U and U™

Consider a generalised parabolic vector bundles (E, F,(E)) on X. If we fix E,
then F,(E) varies over G(2,4)=the grassmannian of 2-dimensional subspaces of
E, ®E, . G(2,4) is embedded as a quadric in P*=P(A*(E, ®E,)) Fixing a
basis (e, e;) of E,, and (e;, ey of E, , a basis of P is given by (e;4e)),_;. An
element of P® is of the form 3, _; P;e; Ae;, P; being the Plicker coordinates. Then

G, 4 (B3 #0, P,y #0)C G, , is the open subset corresponding to elements (E, F(E))
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in % 4=G(Q, 9n{(Bs#0)u(P,=0)} corresponds to elements (E, F(E)) in
O*OOP. A°=(P;=0=P,)nG(2, 4) corresponds to elements (E, F,(E)) in U°. The
set (B;#0) (respectively (Py0)) can be identified with Hom (E, , E,) (respec-
tively Hom (E,, E,‘)) by identifying o€Hom (E,, E,) with its graph I,. If
o(e,)=wue;+ve,, o(e))=pPe,+de,, then I, as an element of P® has coordinates
Ps=1, Py=deto, Py=p8, Py=90, Py=—a, Py=—y i.e. it is a point with homo-
geneous coordinates (1, deta, 8,5, —a, —y) in P5 If ¢ is an isomorphism, the
graph of ¢~ is the point (d~1, 1, Bd 1, 6d~', —ad !, —yd ~Y), d=det ¢, which is the
same point as I,. Thus, for (E, F(E)=I,) in 0"00* wecan define its determinant
as the pair (det E, p(I;,)) where p: P°~P! is defined by the projection (P;),.;~
(B2, Py) in homogeneous coordinates i.e. det(E, I,) is the generalised parabolic
line bundle (det E, I,,,). Thus we get a map from J'UU? onto the variety P of
generalised parabolic line bundles.

Now consider the subset of G(2,4) defined by (Pa(x)=0)n(Pyu(x)%0)n
(p(x)=fixed). Let (x,,y,) be the homogeneous coordinates of p(x) for an x in
this set. Thus a point in this set looks like (fxo, fy,, %, %, %, %) showing that
the closure of this set in G(2,4) is given by (this set)U(G(2, )N (F=0="PFy).
The subset (P,,=0=P,)nG(2,4) corresponds to elements (E, F,(E)) in U°. No-
tice also that fixing the determinant of (E, F,(E)) is equivalent to fixing the deter-
minant of F=f(E, F(E)) for (E, F(E)) in U%. We clearly have a commutative
diagram

02—, p=1(J(X))
i ! ?I‘h

U — | J(x).

We now want to show that the determinant map 0'—~P—h~1(J(X)) goes down
toa map U'-J(X)-J(X).

f FcU3, any (E, /(E))cU" mapping to F is obtained either from an exten-
sion of type

(1) 0 — n*Fjtorsion - E — k(x;) - 0

or of type

(ii) 0 - n*F/torsion — E -+ k(x,) -~ O

and one has

613 det (E, F(E)) = (L = (det n*Ftorsion)(x;), R(L) = Ly,)
or

(i)’ det (E, R(E)) = (L = (det n*Fltorsion)(x;), F(L) = L,,).
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(See the proof of proposition 1.11(3).) As seen in the proof of proposition 2.2,
R.H.S. of both (i)’ and (ii)’ map into the same point in J(X)—J(X) under h, we
define this point as the determinant of F. Thus we have the required commutative
diagram
Drdet, P-h~1(J(X))
S | h
¥ A\
Ul 2, J(X)-J(X).

For simplicity, let (x,, x,, x;, X4, X5, Xg) denote the homogeneous coordinates
in P°, with x,=P,, x,=P,, and let G(2,4) be defined by the quadratic equation
X1 X5+ X3x,+x5x6=0. Fix a point (y,, y,) in P!, we normalise y,, y, by y;ys=—1.
Leta, B, v, 8, 4, tck. Define Cy, ,(1)€P® by C; ,(t)=(ty1, tys, At+a, t+ B, (A—1)t+y,
—t+9). Then C,,,(1)€G(2,4) iff A(B+8)+a—y—38=0, Ba+y6=0,C;, ()¢ G(2, 4)n
{( #0)N(x,=0)} for t€k* and C; ,(0)€A°. Hence {C,;(t)},c,» parametrizes
a family of parabolic vector bundles on X with a fixed determinant or equivalently
a family of vector bundles on X with a fixed determinant (2.4) and the limit point
C,,;(0)=(0,0, «, B,y,8) corresponds to an element of U°. Define D, ;(t)=
(1,0, %, B, 7, 8), {Dy,,()};cx+ parametrices a family of elements in I with the same
limit and with a fixed determinant. It is easy to see that any point (0, 0, «, B, 7, 8) in A°
is of the form C; ; (0) for some i, A where C, ;(t)=(1p,, tys, At+a, 1+ B, t+7, 6—(2yy),
Ca,).(t)z(tyl’ f}’z, o, Ba t+y, t—"}’)s C4,J.(t)=(t3’13 tyz’ t+a, )-t+ﬁa t+7’ 6—(}‘_ 1)’)

A point in U, corresponds to a torsionfree sheaf n_E,, E, being a stable vector
bundle on X. Let E be a bundle ocurring in an extension of the form 0—~E,—~E—
k(x,)®k(x;)~0. Then (E, F(E)) with F,(E)=(0,0,q, B,y, )€G(2,4) is a point
in U° lying over the point [, E,] in U,. Let L=(det.E)(x,+x;)=det-E. Let
p: P-PicX and h: P—~J be as in proposition 2.2. Varying (y,,y;) over P!
in the above discussion, we see that C; ;’s parametrise families of bundles on X
with determinant a fixed line bundle M, where M varies over h(p~1(L))nPic X.
Define D, ;(1)=(0,t,a, B, 7, 6). Then D, , (respectively D, ;) parametrices a family
of torsionfree sheaves (which are not locally free) on X with a fixed determinant
n,(L(—x;)) (respectively =, (L(—x,))) belonging to h(p~*(L)). This shows that
the fibre over (n, E,) of the closure (in UXJ) of the graph of the determinant
map (which is a rational morphism) contains h(p~1(L))~P.

2.4. We now want to “giobalise” the construction of 1.6. Let §~TXX be a
family of vector bundles on X of rank 2, degree d flat over T. Let G(&) be the Grass-
mannian bundle over TXD, D=x,+x,, such that G(£),=G(2, (&,)D), the Grass-
mannian of two dimensional subspaces of &|tXD. On G(&), we have an exact se-
quence 0+ U~&|TX D—~Q -0, Q being the universal quotient bundle. Let p: G(£)—~
TXD~T,p,: G()XX—~G(&),p;: G(&)XX~G(£) bethe natural maps. The above
sequence gives a surjection pj(£|TXD)-pfQ and hence (1Xn),(p;&|TXD)~
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(1Xm), p¥ Q. One has (1Xn), pf Q=p;* Q; also (1 Xn), pf | TX D ~((1X7), E) T X X,.
The restriction map & ~&|TXD gives a homomorphism

(IX7), (pX1)* & ~ (1Xm),(p X 1) (EITX D) = (1X7), pi (£|TX D).

Composition gives a homomorphism (1Xn), (pX1)*&—-p* Q. Let & be defined by
the exact sequence

(2.5) 0~ F—~(1Xn),(pX1)*E~p*Q ~0.

Since = is a finite morphism and ¢& is flat over 7, it follows that (1 X7),(pX1)*&
is flat over G(&). Since Q is locally free over G(&), p;* Q is flat over G(&). It follows
that & is flat over G(&). Thus & is a flat family of torsionfree sheaves of rank two,
degree d on X parametrised G(&). Let G(&)(G(&),) be the open subset of G(&)
corresponding to g€ G(€) such that % is semistable (stable). Then we have a mor-
phism ¢: G(&),,—~U mapping G(&), to stable points in U.

We have

G(8) < P(AX(&|TXD)) = P(AX(E|TXx,DEITX xp)- AAE|TXx,DE[TXxy)

has A2&|TXx, B A2E|TXx, as a direct summand and hence a projection onto ite
Hence we get a rational morphism G(&)--P(det &|TXx,@®det &[TXx,), this is
nothing but the extended determinant map of (2.3), as det &]TX X and V|J(X)x X
are locally isomorphic, ¥ being the universal bundle on J(X)xX.

2.5. In the notations of 2.4, let now T=M, where M is the moduli space of
stable vector bundles of rank two and odd degree on X and let & be the universal
bundle on M X X. Let L be a fixed line bundle on X and let M° denote the subvari-
ety of M corresponding to bundles E with determinant n*L. Let G=G(£),=G(&)ss
(remark 1.4). Let G;=¢2(U), i=0,1,2, GE=¢1(U}) (notations 1.1) G, is a fibra-
tion over M with fibre GL(2) and hence is of dimension 4g—3 and Gy, is a closed sub-

variety of G, of dim - 3g—3. The restriction of ¢ to G, is an isomorphism onto an open
dense subset Uj, of U,, mapping G~ isomorphically onto U, contained in Ué‘, U;*
being open and dense in Uf. Using 2.3, it follows that the closure of Gtin G= G!; =
{(E, R(E)) Ec M°, F(E)=k,&®k,, kiCE,, (E, F(E)) parabolic stable i.e. E has
no line subbundles L’ of degree (u(E)——) such that L ®L =k, ®k,} and
o(GH={n (Eo)E, (stable) bundle given by an extension of the form

0 - Ey - E ~E, @ E, /K (E) ~ 0, (E, R(E))¢GE}.

Note that det E,=(n*L)(—x;—x,). We claim that any stable bundle E; can be
obtained by an extension of the above form. Now, the extensions of the above form
(ie. 0—~E,~E—~k(x)®k(xy)—~0) are parametrised by (E,®Kz")x ®(Es® Kz "), ~
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(Eo)leB(Eo)x’ and given k,-c(Eo)xi one dimensional subspaces, there is a (unique)
extension such that Ker ((Eo)y, ~E, )=k, i=1,2. Choose k, k;, such that k, @k,
L. ®L, for any line subbundle L’ of E, of degree p(E)—% (remark 1.14). Then
E obtained for such a choice is stable and parabolic stable. Thus ¢(GE)= {n, Eo|Ey
stable bundle on X with determinant (n*L)(—x,— x,}.

2.6. The case g(X)=1. In this case M°=a point corresponding to a stable
bundle E. Then (E, F,(E)), F,(E)=k,®k,, all give the same bundle E, as there is a
unique stable vector bundle E; of rank 2 and fixed determinant (7*L)(—x;—x,)
on X. Moreover, (E, F(E)) with E=N&(n*LON-Y), F(E)=k,®k,, degree
N =% (degree L+1) also give the same E, for the same reason.

Lemma 2.7. Let X be an irreducible complete curve with the only singularity a
single node at x,. Let R be a discrete valuation ring, T=spec R, T, the closed point
of T. Let F~XXT be a family of torsionfree sheaves on X, flat over T, with the
generic member locally free and F IXo X Ty~ af, ®bm,, a=0, mq being the maximum
ideal of 0, . Assume that H*(F) generates F. Then one can find an exact sequence
0-0-+F—~G~0, where G is a family of torsionfree sheaves on X flat over T and G is
a torsionfree sheaf.

Proof. Write F(XO’ To)::()xOEBM » M is the direct sum (a—1)0, Sbm,. Since
HY(F) generates F, r,, there exists e, in H°(F) such that e,(x,, T))=(1, 0), 1€6, .
Define ¥V'={s¢ H*(F)|s=2 c;e;, ¢;0}. Then for any s in the open set ¥, s maps
into on at x,. Since F|(X—x,) X T islocally free, there exists an open set W< HO(F)
such that for s in W, the map O}(X—x)X T—=»F|(X—x,) X T is injective. Then for
any s in VoW, we have an exact sequence

0)) 0-0-+-F~G-0

We shall now check that G is torsionfree and is flat over 7. Since R is a discrete
valuation ring, to check that G is flat over T, it suffices to check that G is flat over
T;. Tensorising the sequence (I) by 0To, we have 0-Tor, (G, OTQ»BTG»F | T~
G|T,~0. Since, by our construction, §~F|T;, is an injection, it follows that
Tor, (G, 0;,)=0 i.e. G is flat over T;.

Since G is flat over T, it has no T-torsion. So G can have only X-torsion, say
G’; so that G/G’ is torsionfree. Since G and G/G’ are flat over T, it follows that
G’ if flat over T. This implies that 0—~G’|T,~G|T,~(G/G")|T,~0 is exact. By our
choice of s, G/T; is torsionfree, so that G’|T,=0 and hence G’=0. Thus G is
torsionfree.

Remark 2.8. If F is of rank two, we can define the determinant of F|XXT, as
G| XXT,.
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In the general case ie. rank F=n, F, 1 ~(n—1)0, ®&m, writt G=G,. Ap-
plying the above lemma to G,, we get a torsionfree quotient G, flat over 7. Repeating
the process, we get a torsionfree rank one sheaf G,_, flat over 7. We can define
the determinant of F|XXT, as G,_,|XXT,.

3. Generalisations and construction of the moduli space

The generalised parabolic bundles defined before (definitions 1.2, 1.3 and 2.1)
are special cases of the more general definition below (3.1). A good generalisation
of the concept of a parabolic structure at a point seems to be a parabolic structure
on a divisor. On singular curves one seems to get naturally vector bundles E with
flags on E|D, D being a Cartier divisor concentrated at the singular point. Defini-
tion 1.2 is obtained from 3.1 by taking D=x,+x, and weights (a,, a))=(0, 1).

Definition 3.1. Let E be a vector bundle on an irreducible nonsingular curve X
over an algebraically closed base field k.
A generalised parabolic structure ¢ on E over a Cartier divisor D consists of

(1) aflag # of vector subspaces of E|D, #: Fo=E|DD>F>F,>...0F,=0, where
E ,:=H*(EQ0p)
(2) real numbers ay, ...,a,, O=o,<a,<...<a,<1) called weights.

Let m;=dim F,_,/F, i=1, ..., r. Define
wt-E|D = 3'_ mu.

If E has generalised parabolic structure over finitely many divisors D;, we call E with
this structure a generalised parabolic vector bundle. Define wt-E=2 wt-E|D;,
parabolic degree of E=degree of E+wt-E.

Definition 3.2. Every subbundle K of E gets a natural structure of a generalised
parabolic bundle. The induced flag is given by # (K)=K|D 2(FnK|D)2...2F=0,
if B; is the weight associated to F;nK|D, then B;:=a; where F; is the smallest
subspace in # containing F;nK|D. By a subbundle of a generalised parabolic
bundle E we will always mean a subbundle with this induced parabolic structure.

Definition 3.3. A generalised parabolic vector bundle E is semistable (respec-
tively stable) if for every (respectively proper) subbundle K of E, parabolic degree of
Kjrank of K=(resp. <) parabolic degree of E/frank of E.

Definition 3.4. Induced parabolic stucture on a quotient bundle. Let p: E~Q
be a quotient of E. The parabolic structure on E over D induces one on Q as follows.
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Let #={F,(E)} Vbe the flag on E|D with weights {«(E)}, i€]. Let p=p|D. Then
P(#) induces a flag # on Q|D, F={F;(Q)}, j¢JSI The weights {a;(Q)} for
this flag are determined as follows. Given F;(Q), there exists F,(E) such that
P(F(E))=(F;(Q)), take i, largest such i and define a;(Q)=q, (E).

Definition 3.5. A generalised parabolic vector bundle E is semistable (respec-
tively stable) if for every nonzero quotient bundle Q of E, parabolic degree of
Efrank E=(respectively <) parabolic degree of Q/frank Q.

Remark. 1t is easy to see that Definitions 3.3 and 3.5 are equivalent,

Definition 3.6. Let i=1,2 and let E; be a generalised parabolic bundle with
parabolic structure over D with flag {F;(E;)} and weights {a;(E;)}. A morphism
of generalised parabolic bundles is a homomorphism f: E,»E, of vector bund-
les such that for all j, f(F;(E))CF,,(E;) whenever a;(E;)>u,(E;), where f=f1D.

Lemma 3.7. Let E be a semistable (resp. stable) generalised parabolic bundle.
If par u(E)=parabolic degree of Efrank E>(resp. =)2g—1, then (H(E))=0.

Proof. Suppose that H(E)=0. By Serre’ duality, this implies that there
exists a nonzero homomorphism f: E—~K, K being the canonical line bundle.
Then one has

par u(E) = paru(K) = 2g—-2+wt K = 2g—1.

if E is semistable (resp. < for E stable). Hence if E is semistable (or stable) with
par p>(or =)2g—1 then f=0, i.e. HY(E)=0.

Lemma 3.8. Let f: E,~E, be a morphism of semistable generalised parabolic
bundles (D fixed) of same rank and same parabolic degree. Then f is of constant
rank. Further, if one of E, or E, is stable, then either «=0 or o is an isomorphism.

Proof. The morphism f factors through a generic isomorphism A as follows.

O*Kl*El“’Il"O

I |

0‘-12"E2<"K2"‘0.

Let p=par u(E)=par u(E,). By semistability of E,, E, one has p=npar u(E,)=
par u(ly), par u(K,)=p. Since h is a generic isomorphism deg.Il =deg K;, also
wt I;=wt K,, hence par u(K;). Thus p=par p()=par p(I)=par g(K)=y, ie.
par u(l})=par u(K;)=u. Thus parabolic degrees of I, and K, are same, it follows
that degree I,=degree K,, wt I;=wt K, and so h is an isomorphism i.e. f is of
constant rank. The last assertions of the lemma are now clear.
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Corollary 3.9. If E is a stable generalised parabolic vector bundle, then any
morphism of E into itself is a scalar.

Proof. Lemma 3.8 shows that any nonzero morphism f of E into itself is an
isomorphism. Let x€X and ¢ be an eigenvalue of f,. Then the morphism f—cld
is not an isomorphism and hence must be zero.

Proposition 3.10. The category S of all semistable generalised parabolic bundles
E on X with parabolic structure on a divisor D and with fixed par u=y, is an abelian
category. The simple objects in this category are the stable generalised parabolic
bundles. By Jordan—HGdlder theorem, for E€S, there exists a filtration in S

E=E,DE,_ ,D..0E =0

such that EJE;_, is a stable generalised parabolic bundle with par u=py, for all i
and gt E=@; E,/E;_, is unique upto isomorphism.

Proof. This follows from 3.8 and 3.9.
Definition 3.11. We define E,, E, in S to be equivalent if gr F,~gr E,.

Theorem 1. Let X be an irreducible nonsingular projective curve over an alge-
braically closed field. Then there exists a course moduli space M for equivalence
classes of semistable generalised parabolic bundles E of rank k on X with fixed degree
and parabolic structure given by deg D=2, weights (o, 0)=(0,®) and F: F(E)=
E|p,DF(E)>D0. The space M is a normal projective variety. If rank and degree
of E are coprime, o is close to 1 and dim F(E)=k then M is nonsingular.
One has dim M=k2?(g—1)+14+dim F, F being flag variety of type F.

The proof of this theorem is on similar lines as that of the main theorem in [V].
The construction uses geometric invariant theory, the choice of weights and de-
gree of D corresponds to the choice of a polarisation. This choice is a bit tricky.
A choice similar to the one in [SM] [V] fails for degree D=1, so we have to look
for a new candidate. This was the main difficulty in the construction below. Note
that unlike in [SM], [V] we do not assume here that parabolic degree of E=0.

Let S denote the set of all semistable generalised parabolic bundles E of the
type specified in the statement of the theorem. Let b denote the fixed parabolic
degree of Ec€ S, without loss of generality, may assume b=k. Then S is bounded,
there exists m, such that for m=m,, one has H'(E(m))=0 and the canonical
map H(E(m))—~H°(E(m)/D) is a surjection. By arguments similar to those on
p. 226, [SM] we can choose an integer m=>>g, g=genus of X, such that H'(F(m))=0
and H(F(m))—~H°(F(m)®0y,) issurjectivefor FES or FCE, Ein S and parabolic
degree of F>(b—(g+2ux)k). Let P be the Hilbert polynomial of E in S and let
n=dim - H°(E(m)). Denote by Q the Quot scheme i.e. the Hilbert scheme of co-
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herent sheaves on X which are quotients of 0% and have Hilbert polynomial P.
Let U denoic the universal family on QXX and R denote the subscheme
{g€ QIH (U)=0, H"(U)~0z, U, is locally free and generically generated by global
sections}. R is a nonsingular variety and contains the subset determined by E(m),
EcS by our choice of m. Let V=(p), (UIRXD), p,: RXD—~R. Let G(V) be
the flag bundle over R of the type determined by the parabolic structure and let R
be the total space of G(V). It is easy to see that R has the local universal property
for generalised parabolic bundles. Let the subsets of R corresponding to semistable
(respectively stable) generalised parabolic bundles be denoted by R3(R®). The group
SL(n) acts on R, R*S and RS via its action on 0]. We want to give an affine injective
SL(n)-equivariant morphism from R to a projective variety ¥ with SL(n)-action
such that the geometric invariant theoretic quotient Y/SL(n) is known to exist.

For a while, let us forget about the parabolic structure. Following Gieseker,
we define a ‘good pair’ (F, ¢) to be a flat family F—~TXX of vector bundles
on X such that F is generated by its global sections at the generic point of XX
and ¢: Oy—p,(F) is an isomorphism. Let c=degree E(m), E€S, 4=Pic®(X),
g: XXA—A projection and M the Poincare’ bundle on XXA4. Let Z=
P(Hom (A4*0}, g, M)*). Given a good pair (F, ¢) one gets a morphism T(F, ¢): T—~Z.
For €T, T(F, ¢)(¢) is the composite A*K"—~A*H°(F)-¥>~H°(A*F), where the
first map is A*¢ and the second map ¥ is the natural map (s, A...As)=s, where
s(x)=s5,(x)A...As5,(x). SL(n) acts on Z preserving the fibres over 4.

If, in addition, F is a family of generalised parabolic vector bundles the flag
on F|D induces, via ¢, a flag on K"=H(F)

K" = F(H(F)) = F(H(E)) > E(H'(E)),

F,(H°(F))=kernel of e: H'(F)-F|D and F(H°(F))=e (F(F)). Hence we
have a morphism f from T into the flag variety G of flags in K". Thus the good
pair (F, ¢) determines a morphism T(f, ¢): T—ZXG, T (F, 9)=T(f, ) Xf. Let
T: R+~ZXG be the induced morphism. 7' maps R* into Gr=]] G, where
G, ; denotes the Grassmannian of f;-dimensional subspaces of K", f;=dim F,(H*(E)),
i=0, 1,2. On ZX Gr we take the polarisation L8*®0,(k (m+1—2a—g)+b)), where
L is the generator of Pic (G, ,), b=parabolic degree of E in S. For this polarisa-
tion, a point (7, (F})) in ZXGr is semistable (or stable) if and only if for any sub-
space WcV, K*=V, one has

ow = [k(m—1—g)+ bl (ddim V- k dim W)
+ ko [dim Wdim F, (V) — dim ¥ dim (Wn K (V))] = 0 (or = 0)

where d is the maximum of the cordinalities of t-independent subsets of W. Let
(ZX G (or (ZXG,)°) denote the set of semistable (or stable) points in ZXGr-
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Proposition 3.12.
(a) g R* = T(9)(Z X Gr)*
(b) ge R = T(g)e(ZX Gry*
(©) q€R, T(9)€ZXGr, q4 B = T(9)§(ZX Gr)*
(d) geR*— R = T(9)4(ZX Gr)’
Proof. For FCE, define
1r = [k(m+1—g)+b] [rk F- I (E(m)) —rk E - K*(F(m))]
+k[K(F(m))-wt E— K" (E(m))wt F].
We first make a few observations.
(1) For E with h(E)=0,
xr = n(db—k parabolic degree F)— nkh(F(m))
where d=rank F, n=h°(E(m)).
Proof. Rearranging the terms one has
2r = W (E(m)) [(k(m+1—g)+b)d—kwt F]
kb (F(m))(wt E— k(m+1—g)—b)
= K (E(m)) [k(m+ 1 —g)d+ bd—k wt F— kh®(F(m))],

since wt E—k(m+1—g)—b=h"(E(m)) by Riemann—Roch theorem. Similarly
h*(F(m))— h*(F (m))=parabolic degree F—wt F+d(m+1—g), hence one gets

#r = n[bd—k parabolic deg- F~kh' F((m))].
(2) If B(E(m))=0=h'(F)(m)), par y=-2200200de8ice | ghep

rank
Ly = ndk (par u(E) — par u(F)).
Proof. Obvious.

(3) If W=H(F(m)), V=HE(m)), HF(m)~Fm)Q0,, H(E(m))-
E(m)Q0, are surjections and h'(F(m))=0=H(E(m)), then
Ow = JF-

This follows by straightforward computation. We now come to the proof of the
proposition. Assertions (¢) and (d) follow exactly as in the proofs of proposition 2(c),
(d) in [V] using (2) and (3) above.



Generalised parabolic bundles and applications to torsionfree sheaves on nodal curves 205

Proof of (a) and (b). Let E be a generalised parabolic semistable (or stable)
bundle (E€S). Let W be a subspace of ¥ and let F(m) be the subbundle of E(m)
generically generated by .

Case (i). If W satisfies the conditions of (3) above, we have oy =)=0(=>0)
if E is semistable (stable) as a generalised parabolic bundle.

Case (ii). Parabolic degree F>b—(g+2x)k. By our choice of m, H(F(m))=0
and H°(F(m))—~F(m)®0), is surjective. Let W’'=H°(F(m)). If W’'=W, we are
through by case (i); so may assume W’'SW. By (2) above, x,=0(=0) if E is
semistable (stable) as a generalised parabolic bundle. Therefore, it suffices to show
that oy, —y,=0. It is easy to see that

-i—(aw—xF) = k(dim W’ —dim W)[(k(m+1—g—2a)+b)—adim /()]
+adimV(dim W' AFR(V)—-dim WnF(V)) = 0

as, by Riemann—Roch theorem, the term in the square bracket is (1—a)dimV¥V
while the terms in round brackets are nonnegative.

Case (iii). Parabolic degree F=b—(g+20)k. Let W’=H(F(m)), then W' 2W.
Regrouping terms and after simplifications one gets oy, — = —2ankd as follows.

ow-—yr = kdimV(=2da+wt F~adim (V)N W)
+k@imW —~dimW)(k(m+1—2u—g)+b—aF (V))
+k dim W’ (2ka — wt E+ « dim F,(V)).
Using the fact that 2ka—wt E+oadim F,(V)=adim ¥, we have
ow—xr = kdimV{(—2da+wt F+a dim W’ —adim (V)N W) = —2ka dn,
since wtF=0 and dimW’ —dimFKR¥)nW=0.

Now, since F(m) is generically generated by sections, one has h°(F(m))=deg F(m)+d
or equivalently, —h'(F(m))=—gd. By (1) above

xr = nbd—nk h'(F(m))— nk par deg (F) = ndb—ng dk — nk par deg (F).
If pardeg(F)=b—(g+2x)k, we have
ow = (ow— 1)+ 1r = n[((g+20)k - b)(k—d)] = 0.
Thus the proof of the proposition is completed.

Proposition 3.13. The morphism T: R*—~(ZXGr)* is proper and injective.
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Proof. The properness of T can be proved exactly as in proposition 3 [V].
The injectivity of T follows from the fact that R is a bundle over R with fibre flag
variety corresponding to the parabolic structure and the morphism T: R*~Z is
injective (lemma 4.3 [G 2]).

We are now in a position to complete the proof of the theorem. Since a proper
injective morphism is affine, T is an affine morphism. Since the existence of a good
quotient of (Z X Gr)* modulo SL(n) is well-known, the existence of a good quotient
M of R* modulo SL(n) follows as T is an affine morphism. Since R is a nonsingular
projective variety of dimension k2(g—1)+1+n?*—1+dim F, M is a normal pro-
Jjective variety of dimension k2(g—1)+1+dim F.

If rank E and degree of E are coprime and F,(E) has dimension equal to rank
of E, then E is parabolic semistable if and only if E is parabolic stable i.e. R*=R-
Also, by corollary 3.19 if E is stable then the only automorphisms (keeping the
generalised parabolic structure invariant) of the generalised parabolic bundle E

are scalars. Hence it follows that in this case there exists a nonsingular geometric
quotient M of R*=F",

Lemma 3.14, Let C be a nonsingular curve, & ~C XX a flat family of generalised
parabolic vector bundles in S. Let P be a point in C and &,~E=gr E for all q#P
in C. Then &p=E.

Proof. This follows as in lemma 4.7 [G 2] using lemma 3.8.

Proposition 3.15. Let h be the canonical morphism from R* onto M. Let &
denote the pull back to R* of the universal family U on RXX. Then for p, q in R,
h(p)=h(q) if and only if gr &,=gré&,.

Proof. By construction h(p)=h(g) if and only if closures of SL(n)— orbits
of p and ¢ intersect. Lemma 3.14 implies that SL(n)—orbit of E=gr E is closed.
If Ex=grE, then gr E is in the closure of the orbit of E. Since E is a successive
extension of stable generalised parabolic bundles (proposition 3.10) there exists a
family {6,} with &=~E for 10, tcA! and &,~gr E. Thus, if [E] denotes a point
in R* corresponding to a generalised parabolic bundle E, then h({[E])=h([gr E]).
If p, g€ R* aresuch that gr &,~gr &,, then h(p)=h([&,])=h(gr [€,])=h(gr (8))=
h((&))=h(q) i.e. h(p)=h(g). Conversely, h(p)=h(g)=h([gr &,])=h([gr &,]). Since
SL(n)-orbit of any gr E is closed, this implies that gr &,~gr &,.

Proposition 3.16. If rank and degree are coprime, dim F,(E)=rank E (de-

gree D=2, and weights are (0, «)) then the moduli space M of stable generalised
parabolic bundles (theorem 1) is a fine moduli space.

Proof. The proof is exactly as in § 5, Chapter 5 of [N], so we only indicate
the necessary modifications. In lemma 5.10 [N], Hom (E,, E,) has to be replaced
by Mor (E;, E;) Mor denoting homomorphisms of parabolic bundles, and one
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uses lemma 3.8 and corollary 3.9 to prove that if E;, E, are two families of stable
generalised parabolic bundles as above, with (E)),=(E,), Ys€S then there exists
aline bundle L on S'suchthat E,>~FE,®p}L, infact one takes L=(p,), Mor (E,, E,).
It remains to prove the existence of a universal family on M XX. The universal
family &—~R*XX has a GL(n) action, but no PGL(n)-action as the matrix 11d
acts on it by scalar 1. As in lemma 5.11 [N}, if rank and degree are coprime, one
can find a line bundle L on R* such that 1 Id acts on it by scalar A~2. Then PGL(n)
action on R* lifts to #®L and the quotient gives required universal bundle on
MXX. We need lemma 3.7 here to construct L. This completes the sketch of the
proof of the proposition.

3.17. Henceforth we restrict ourselves to semistable generalised parabolic bun-
dles E of rank 2, degree d, with parabolic structure over D=x,+x, given by E|DD
F(E)>0, dim: F(E)=2, and weights (¢, 2,)=(0, &) o near 1. The moduli space M
of equivalence classes (definition 3.11) of such bundles is a normal projective variety
which is nonsingular if d is odd. Let p, and p, denote the projections from F(E)
to E, and E, respectively. Let M, be the open subset of M corresponding to gen-
eralised parabolic bundles such that p; and p, are both isomorphisms. Let M, be
the subset of M defined by the condition that only one of p, and p, is an isomorphism
and the other is of rank one. Let M, be the subset of M defined by the condition that
either p, and p, are both of rank one or p;=0 or p,=0. Clearly, M is the disjoint
union of M,, a=0, 1,2. We can now sum up the main results of sections 1 and 2
(particularly 1.11, 2.3, 2.4) as follows.

Theorem 2. Let X be an irreducible projective curve defined over an algebraically
closed field with only one node x, as a singularity. Let n: X—~X be its normalisa-
tion. Let M be the moduli space of bundles on X as in theorem 1 with D=n"1(x,).
Let U be the moduli space of semistable torsionfree sheaves of rank 2, degree d on
X, U=2_, U, where U,={F |F,,~a0, ©®(2—a)m,}. Then one has the following.

(I) There exists a surjective morphism f: M—~U such that f~*(U)=M,, a=0,1,2
and the restriction of f gives an isomorphism of M, onto U,.

(1)) Let J be the compactified Jacobian of X and let P be its desingularisation (prop-
osition 2.2). Then there exist morphisms ¢,  extending the determinant morphisms
such that the diagram

M,uUM,-% P
} 4
U,uU, % J
commutes.

Remark 3.18. (a) For o near 1, stability for weights (0, 1) = stability for
weights (0, «) = semistability for (0, &) = semistability for (0, 1).
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(b) In general, when X has more than one node, say y;, i=1,...,m. M in the
above theorem will be replaced by the moduli space M of equivalence classes of
semistable generalised parabolic bundles of rank 2, degree d with parabolic struc-
ture over D,=n"1(y)=x;,+X;. given by E|D;=E, ®E, ,DF (E)>0, where
dim F/(E)=2 and weights (a;;, #;)=(0, ). One still has semistable=stable in
this case if d is odd. M is the disjoint union of M, ,, i=1,...,m;a=0,1,2. M, is
defined by the conditions on p,, p, at D; as in 3.17. One also has U=}, , U;, where
U,.=(FIE, ~a0, ®2—a)m,}, f~1(U)=M,, and f: U;My~U; U, is an iso-
morphism.

Remark 3.19. If d is odd, then M (in 3.17) is a desingularisation of U.

Remark 3.20. Let Uf be the subset of U, corresponding to vector bundles on
X with fixed determinant L and UF its closure in U. Let MEi=f-1(UL). Clearly,
fIMHc(f(MB)-. Now, f(MHcf(ME) and f being proper f(ME) is closed, it
follows that (f(M5))~cf(M5). Thus f(M})=(f(M3))~=U;. Hence to find U,
suffices to determine the closure of its isomorphic copy in M. The considerations in
2.3 and Part (II) of theorem 2 show that MInM,=¢ ie. UinU,=¢ and Uk
contains all points corresponding to torsionfree sheaves of the form =, (E,), where
E, is a stable rank two vector bundle on ¥ with det Ej~(n*L)(—x;—x,).
U— UL consists of only such sheaves, and in general when X has many nodes,
Uy—Ur consists of points corresponding to direct images on X of stable vector
bundles with suitable determinants on partial normalisations of X.

4. Generalisation to rank »

4.1. It is possible to generalise our results to rank n sheaves. We consider
generalised parabolic vector bundles (E, 6) on X, E of rank n, degree d and o is
giVCI'l by D=x1+x2’ F: E)ZEIDDE(E)DOs dlmFl(E)=na (als (12)=(0, d) a= 1.
(Definition 3.1.) To (E, s), we associate a torsionfree sheaf F of rank n and
degree d on X defined by

0~ F—n,E—n(E)®k(x)/F(E)~ 0.

Proposition 4.2. (a) If F is a stable torsionfree sheaf then (E,o0) is a stable
generalised parabolic bundle (with cots (0, 1)).

(b) Converse of (a) holds.

(c) Statements (a) and (b) are true for ‘stable’ replaced by ‘semistable’.

Proof. (a) Let K be a subbundle of E of rank r. Let K (K)=F(E)N(K, ®K,)
have dimension s. Define K; on X by 0-~K,—~n, K—~(n, K)®k(x))/F(K)~0, K,
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is a subsheaf of F. One has degK,=deg K+r—(2r—s)=deg K+s—r. Stability
of F implies that (deg K;)/r<(deg F)/n. This last condition holds if and only if
(deg K+s—r)[r<(deg F)/n i.e. (deg K+s)/r<(deg E+n)/n ie. (E,0) is a stable
parabolic bundle (definition 3.3). (b) and (c) follow similarly noting that X is the
subbundle of E generated by the image of =n*K,/torsion in E.

Proposition 4.3. Let p, and p, be the canonical projections from F(E) to E,‘1
and E, respectively.

(1) If p, and p, are both isomorphisms, then F, ~n0, ie. Fis locally free.
(2) If only p, or p, is an isomorphism and the other is of rank r, then

F,~ 10, &m—r)m,.
Q) If R(E)=M,®M;, M;Ck(x)", then F, ~nm,.

Proof. In cases (1) and (2), at least one of p, or p, is an isomorphism. Suppose
that p, is an isomorphism. Then F(E) is the graph I, of the homomorphism
o=p,op;! from Ex‘ to £, . In case (1), o is an isomorphism while in case (2), o is
of rank r. For simplicity of notations, let (€, mo)=(A,m). Let A denote the
normalisation, it is a semilocal ring with two maximum ideals m, and m,. A is a
Gorenstein local ring of dimension one with m*~ 4, m,~my~m, also m~A4 (p.
164, [S]). We have a nonzero k-linear map o: k"—k% where k;=A/m;, i=1,2.
Let g: A~AR k=k, Dk, be the natural map. F is defined by the exact sequence

0 = F—~ A2+ (ky & ko)'I T, — 0,

where p is the composite of ng with the natural map (k,®k,)"—~(k,®k,)"/I, ie.
F=(mg)™'I,, ng=g®...®g n-times. We want to show that Fx~A"@A"™", r=
rank of o.

Proof of (1). Suppose first that ¢ is an isomorphism. Let {x;}, {y;} denote
the coordinates in k] and &} respectively. Let (B;;) be the matrix of ¢ and let (B;
be the inverse matrix. Define ¥: (k,®ky)'~(k,Dky)" by Y(xi, yi, X3, Y, ---)=
(x1, 2 Bi}'v;s X2, 2 B3j'yys o-). Then one has  [,=(x;, % Byx;, X35 2 BuXps -..)
and Y (I,)=(x;, %1, Xz, X3, ...)=graph I}, of the identity automorphism of k"
Choose C;;€A such that g(C;))=(8%, B;;"). Then (C;)¢GL(A) as g(det(C:))=
(1, det- B;;") is a unit. The automorphism ¢ of A" defined by (C})) lifts y i.e. yong=
ngog. It follows that p~l(I})~p~Y(I,)=F. Since g~ (diagonal in k,®k;)=4,
it follows that F= A"

Proof of (2). The above proof shows that given any f€ GL(k") (replacing o~!
by f in the above proof), one can define a homomorphism ¥ : (k,®k,)"—~(k, Dky)"
which lifts to an automorphism ¢ of A". Since Y maps I, onto I,,, we can replace

oa’
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I, by I';,,. Now, changing ¢ to foo is equivalent to changing the matrix of ¢ by
row transformations. We now need the following lemma.

Lemma 4.4. Let B be a nonzero nXn matrix of rank r. Then by row transforma-
tions B can be transformed to a matrix of the form

where 1, denotes the identity matrix of rank t, 0=r;=2 r;=r.

Proof. We shall prove the result by induction on n. We write B~C if C can be
obtained from B by row transformations.

Case (i). Suppose that the first column of A is not identically zero. By row

. . . 1
transformations we may assume that B;,=1, B;=0 Vj>1, ie. BN(O *) If

M isan sXs submatrix of C, then B has an (s5-+1)X(s+1) submatrix of the form

0
then all the minors of C of size s also vanish. Hence rank C=rank B—1=r—1.
Also, by above, no rXr submatrix of B is contained in C. Hence any rXr sub-
matrix of B is of the form N. It follows that C has a nonzero minor of size r—1
and rank C=r—1. By induction, the result is true for C. Thus

N=(1 1:;] and det M=det N. So if all the minors of B of size (s+1) vanish,

1 *
I, » 0 »
B~ 10 00 O
I, *
0 .
O=s;=r—-1, 2 s;=r—1. Then
1 0 %« 0 %.
I, » 0 % .
B~ 00O0.
0 I, *.

Letting s;+1=r; and s;=r; for i>1 we get the result.
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Case (ii). Suppose that the first column of A is identically zero. By switching

rows if necessary we have B~(g Z] , rank C=r.
Applying induction to C, we get
{0 0B, 0b,.
L x 0 %
B~l0 0o00..|, Sr=r, Osr=sr
I, *
0
Consider the minor
0b 00 — -
I, 00 -~ —
I, 0 0
det 1,-3 =+b
0
0 I

of size r+1. Since A has rank r, it follows that b,=0. Similarly, b,=0 for all i.
Thus we have

0000- —
L, 0 x — —
B~ 000 ——|, >ri=r, O0sr=r
L, x — —

lo -

Proof of 4.3 (2) (continued). In view of lemma 4.4 we may assume that the
matrix B of ¢ is of the form given by lemma 4.4. Then there exist coordinates {x.},
{w;} of &* (i=1,...,r; j=1,..,n—r) such that ou;=u;+> b;w;, o(w}=0 so
I,=(X1, Y1, Xa5 Yo, ...) Where if x;=u;, y,=u;+2 b;w;, if x;=w; y,=0. Let
pr be the projection (k,Dk,)"~(k,Dksy)"" corresponding to x;=w; coordinates.
Then pr(l) =0k, ®0)*", Ker prol,={(x;, y)i,| if x;=w;, then x;=0=y,, if x;=u,,

=u;}=A4", where 4 denotes the diagonal of k,®k,, 4" is embedded in (k,Dk,)
corresponding to {u;} coordinates. Let p denote the projection A4"—~A""" lifting
pr;onehas prong=(m—r)gop. Now, (n—r)g- p(F)=prong(F)=pr([,)=(k,®0)y*",
so that p(F)=m},~’. If Kis the kernel of the restriction of p to F, K=Ker pnF=
(A ®0)NF=(A"®0)n(ng)~*I,. Hence (ng) K=4" or K~ A". Thus we have an exact
sequence 0—>A"—~F-mj "~0. Since Ext (m,, A)~Ext), (4, 4)=0 this sequence
splits giving the required result.
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Proof of (3). In the above notations, in this case, we have an exact sequence
0~ F— A" (kD k)" |M, B M, -~ 0

and we want to determine F up to isomorphism. Let dim M,=r. Let h€Aut k],
i=1,2 be such that h(M)=(k,00) &0, h,(M)=00(08ky)"~", hy(M;) (resp.
hz(Mz)) mapping in the first r factors (resp. last n—r factors) in (k,®k;)" Let
(a;;) and (b;;) be the matrices of h, and h, (with respect to the canonical basis). Let
a;€A be such that g(c;)=(a;;, b;j). Then g(det (c;))=(det (a;;), det (b)) and
hence (c;)é GL(A"). Thus h=h,&h, lifts to an automorphism of A". Hence one
can replace M, ®M, by h(M,0M,) i.e. Fx(ng) (h(M,®Mp)=m]""®&mj.

4.5. Let M be the moduli space of semistable generalised parabolic bundles
on X of type described in 4.1. For r=1,...,n let M,CM be the subset of M
corresponding to (E, o) such that at least one of p;, p, is an isomorphism and the
other is of rank r. Let M, be the subset of M corresponding to (E, ) such that
none of p;, p, is an isomorphism or p;=0 or p,=0. Clearly M={J;_,M,. As
in 2.4, one can obviously globalise the construction in 4.1 to get a morphism f: M —~U,
U being the moduli space of semistable torsionfree sheaves of rank n, degreed
on X. One has U={J;_, U,, where U, corresponds to torsionfree sheaves F such
that F, ~r0 & (n—r)my. In particular, U, is the open subset of U corresponding
to locally free sheaves. Proposition 4.3 shows that f(M,)cU, for r=1,...,n In
fact one has the following theorem.

Theorem 3. Let X be an irreducible projective curve defined over an algebraically
closed field, with only one node x, as a singularity. Let n: X—~X be the normalisation.
Let M be the moduli space of semistable generalised parabolic bundles E of rank n,
degree d and parabolic structure given by D=n"1(x,), E|, D F(E)>0, dim F (E)=n,
(01, 22)=(0, @) a near 1. Let U be the moduli space of semistable torsionfree sheaves of
rank n, degreed on X,U=\JI_, U, where U,={F|Fx°xr0xo€8(n—r)mo}. Then
there exists a surjective morphism f: M—~U such that f(M)SU, for all
r=1, ..., n and the restriction of f gives an isomorphism of M, onto U,. In particular,
if n and d are coprime, then M is a desingularization of U.

Proof. We have only to check that (i) f|M, is a surjection for all r and (i) f|M,
is an isomorphism onto U,. This can be done on similar lines as in proposition 1.11,
so we only sketch the proof with necessary modifications. For (ii), the inverse f ™!
is given as follows. For Fec¢U, (i.e. corresponding to an element of U,) define
E=n"F, R(E)=F®k(x))CFR®n, 0qQk(xs)=n,E®k(x,). Since the above inclu-
sion is eisentially given by the inclusion (9x°c5x0 and 0, maps onto the diagonal
in k*=0, ®k(xp), it follows that p, and p, are isomorphisms. Define f~1(F)=
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(E, F(E)). () If FeU,, F=n_(E,) for a unique vector bundie E, on X. Take any
E given by an extension of the form

0~ Ey~ E—~ k(x,) ®k(x,)'"" -0, O=r=n

and F(E)=kernel of h|x,+x,. Then f(E, F(E))=F. If FcU,, O<r<n, the
result can be proved as in proposition 1.11(3). In this case, E,==* F/torsion, E is
given by

0> FEy—>E—~k(x)y -0
or

0 > Ey = E — k(x,)"" — 0.

4.6. The determinant map.

Let (E,0) be as in 4.1. We shall generalise the results of 2.3 to define the “de-
terminant” of (E, o) when at least one of p, or p, (see 4.3) is an isomorphism.
The space F(E) is an element of the Grassmanian of n dimensional subspaces
of E, ®E, . By Plicker embedding, G is embedded in P(A”(Exl@Ex)). Now,
A(E, OFE,) contains A"E_@®A"E,  as a direct summand, let d be the projection
P(A“(Exl®Exz))—>P(A”EX’@ A"E )=P" Let (e, ..., ¢,) and (f;, ..., f,) be the bases
of E, and E, . Then a basis of F(E) is of the form (v;=2 a;;e;4 2 bijfi=1,....n-
The point P in G corresponding to F(E) is given by u; A... Au,=det (a;))e, A...
Ae,+det (b;;) f1A... Af,+other mixed terms. Hence d(P)=(det(a;;), det(b;))=
(det py, det p,). We define det (E, 6)=(det E; (det p,, det p,)), p, and p, being the
projections from F (E) to E, and E, respectively. Note that (det p;, det p,) def-
ines a one dimensional subspace of (det E), ®(det E), , so det(E, o) is a general-
ised parabolic line bundle.

It is easy to see that (see 2.4) this construction gives a morphism
det: (J;_, M;~P, P being the moduli space of generalised parabolic line bundles
(2.1, 2.2). We shall show that det goes down to a morphism det: U,0U,-;—~J(X).
Let FeU,, f(E, F)=F. Then F(E) is the graph of a morphism say g: E, ~E,
and F is obtained by identifying E, with E, via g. Hence det F is obtained by
identifying det E, with detE, via detg i.e. itis the generalised parabolic line
bundle (det E, I},,). Note that g=p,op;! so detg is the point (I, detg)~
(det p,, det p,) in P. Thus det|M, is the same as the determinant morphism U, —~J(X)
under the identification by f|M,. By the proof of theorem 3, F€U,, and element
(E, F,(E)) in M, on the fibre of f over F is obtained from an extension of the type

@ 0—-FE ~E—>k(x)" -0 or

(b) 0= Ey—~E —~k(x,)'’™" — 0.
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Let L=det Ey=det (z* F/torsion). Then one has either
(©) det(E, F(E)) = (L(n—r)xy), H(L) = L,) or
(d) det(E, K(E)) = (L((n—r)x). F(L) = Lxy).

If n—r=1 i.e. FEU,_y, then (c)and (d) map into the same element of J(X)—J(X)
under the normalisation morphism P-J(X). Thus det induces a morphism
det: U,_,J(X)—J(X). Note that det does not induce a morphism on U,, r=n—1
as (c) and (d) give different elements in J(X)—J(X). Thus we have proved the
following.

Proposition 4.7. (1) The morphism det: U,—~J(X) lifts to a morphism M,—P.
The latter extends to a morphism d: J,.o M,—P.

(2) The morphism d descends to a morphism det: U,0U,.,—~J(X). But d does
not induce a morphism on | J,.,_, U, extending det.

Examples 4.8. Consider the rank two torsionfree sheaf 0&.#. We claim that
A*(0D.#)/torsion~.#. Since both @ and .# are trivial outside x,, the problem is
local at x,. Let (0, ,my)=(4,m). One has the inclusion i: A@m—~AdA. Let
(ey, e;) bethe canonical basis of A® A and let x, y be the generators of m, i(e,)=e,,
i(x)=xe,, i(y)=ye,. Then A%i: A2(4A®m)—~A maps the torsion to zero and
A (A@m)/torsion~I=Image of A%i. The three generators e, Ax, e; Ay, xAy of
A*(A®m) map respectively to xe, Ae,, ye;Ae;, and 0. Thus I=m and
hence A2(0D.#)torsion~.#. Similarly, A"(0"-'@.#)/tor~.#. Notice that
degree (0"~ '@.#)=degree M= —1.

(2) Consider now the rank two torsionfree sheaf #®.#. As above, we need
only to compute A2(m@®m)/torsion. Writing m@m=m,®m,, let (x;,y;) be the
generators of m;, j=1,2,i: m®m,~A® A the inclusion, i(x;)=x;e;, i(y;)=y;e;,
(e1, ;) being the canonical basis of 4@ 4. One sees that Ker (A42%7) is generated by
Xy Ayy, x, Ay, while I=Im (A%i) is generated by x%e, Ae,, xye, Ae,, y*e, Ae, i.e.
I=m? Thus A(MSD.#)torsion~m? Note that degree (A2(MD.#))/torsion=
—3 while degree (A D.A)=—2. Similarly, A"+5(0"®.#®%)/torsion~.A° and
degree (0"®.#®°)=—s while degree #°#—s if s>1. This also explains why
the determinant morphism does not extend to U,, r<n—1.

Remark 4.9. Let U, be the subset of U, corresponding to vector bundles on
X with a fixed determinant L and let U, be its closure in U. Let M} be the isomorphic
image of U, under (f|U,)~!. Since fis proper and f|U, is an isomorphism, as in
remark 3.20, we see that f(M;)=U,. From proposition 4.7(1) it follows that
M ~(U,>o M,)=¢ ie. M cM,uM, and hence U, cU,uU,.
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