Moment functions on real algebraic sets

Jan Stochel

1. Introduction

The well-known Haviland’s solution of the multiparameter moment problem
for a closed subset ¥ of R states that a function ¢: N*—R is a moment function
on V if and only if an appropriate linear functional 4, on real polynomials in d
indeterminates is positive on C(V), the set of all polynomials which are non-negative
on V. This characterization of moment functions is not satisfactory, because the
cone C(V') could not be described in terms of the pure algebra. In particular for
every d=2, C(R’) is essentially larger than X2, the set of all finite sums of squares
of polynomials in d indeterminates (cf. [2], [5] and [13]). On the other hand positive-
ness of A, on Zj (read: positive definiteness of @) is not sufficient for ¢ to be a moment
function on R? (cf. [1], [2] and [16]). So the question is what else we have to assume
to get the solution of the multiparameter moment problem on V. Some answers
to the question have been found in the case of ¥ being compact (cf. [3], [4], [6], [19]
and [20]).

If V is a (real) algebraic set induced by a polynomial p, then each moment
function ¢ on V satisfies the following condition

(A) Aqvl(p) =0,

where (p) is the principal ideal of p. Recently in [18] Szafraniec and the author,
inspired by [14], distinguished a few classes of algebraic sets on which moment func-
tions could be completely characterized by positive definiteness and condition (A).
In the present paper we show, among other things, that this is not the case for an
arbitrary (real) algebraic curve in R2. Using the terminology from [2] we can say
that there are positive definite functions ¢: N2—~R which are neither strictly pos-
itive definite nor moment functions. To achieve this fact, we consider another con-
dition

(B) Aq)II(V) = 0.
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where I(V') is the ideal of polynomials vanishing on V. It turns out that conditions (A)
and (B) are equivalent for all functions ¢: N*~R if and only if I(V)=(p). Un-
fortunately we do not know if there exist an algebraic set ¥ of type B, which is not
of type A4, where “V of type 4 (resp. “V of type B”) means that all positive definite
functions @: N’~R satisfying (A) (resp. (B)) are moment functions on V.

2. Necessary conditions of type A and B

Let #,=R[X,, ..., X;] be the ring of all polynomials in 4 indeterminates
X1, ..., X; with real coefficients and let 2, , be the vector space of all polynomials
from 2, of degree less or equal to k¥ (k=0, 1, ...). X3 stands for the convex cone
of all finite sums of squares of elements of #,. Denote by Z* the vector space of all
linear functionals on a real vector space Z. The space of all real valued functions
on N* can be identified with £ via one-to-one linear correspondence @< 4,
determined by

o) = A, (X{ ... Xje), i= (i, ..., I))EN,

where N={0, 1, ...}.

Let V be a closed subset of R?, the real d-dimensional Euclidean space. A func-
tion ¢: N?~R is said to be a V-moment function if there is a positive Borel measure
i on R such that

f lxlidu(x) <es, €N
and
o) = [ _Xdu(x), iENC.

Denote by M (V) the class of all ¥-moment functions. Due to Haviland (cf. [11]
and [12]), e M(V) if and only if A,{(f)=0 for every f€#, which is non-negative
on V. It is clear that each ¥-moment function ¢: N‘—R is positive definite, i.e.
A, (f)=0 for every feX%. Denoting by P(N?) the class of all positive definite func-
tions on N% we can write M(V)SMR*)Z P(N?) for every d=1. It is well-known
that P(N)=M(R) and that M(R?) is a proper subset of P(NY) for any d=2
(cf. [2]).

Recall that a subset ¥ of R? is said to be (real) algebraic set, if there exists
pE€P, such that V=V (p):={xcR?: p(x)=0}. In such a case we say that V is
induced by p.

All algebraic sets we consider in this paper are assumed to be properly included
in R (the empty set is not excluded).

The ideal of all polynomials from £, vanishing on ¥ will be denoted by I(V'). As
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usual (f) stands for the principal ideal generated by f in 2, (all facts concerning
algebraic sets we need in this paper can be found in [5] and [10]).

The following result presents some necessary conditions for ¢: N9—~R to be
a moment function on an algebraic set ¥ in RY.

Proposition 2.1. Let V be an algebraic set in R® induced by pc 2. If p€ M(RY),
then the following conditions are equivalent

(A) for every fe(p), 4,(f)=0,
(B) for every fcI(V), A,(f)=0.
M) ocM(V).

Proof. The implications (M)=(B) and (B)=>(A) are obvious. If 4,(f)=0 for
fe(p), then f re |[P(O)Pdu(x)=A,(p*)=0, which means that the closed support
of the measure u is contained in V.

A question of characterization of algebraic sets for which conditions (A) and
(B) are equivalent has a simple algebraic solution which is more carefuily investigated
in Section 3.

Proposition 2.2. Let V be an algebraic set in R? induced by a polynomial p¢ 2.
Then conditions (A) and (B) are equivalent for all functions ¢: N*—~R if and only if
IV)=(p).

Proof. Assume that conditions (A) and (B) are equivalent for every function
@: N'—~R. This means that each functional A€#} vanishing on (p) vanishes on
I(V'). Suppose for a moment that there is f,cI(V )\(p). Since (p) is a linear sub-
space of Z,, there exists a functional A€ 2 vanishing on (p) and not vanishing at
fo. This leads to contradiction.

Notice that there are infinite bounded algebraic curves ¥ in R? induced by
polynomials p€ %, for which conditions (A) and (B) are equivalent within P(N2),
though I(V)\(p)=0.

Example 2.1. Consider the polynomial p=(X?+X7)(XZ+XZ—1). Then the
algebraic curve V=V (p) in R? has the irreducible algebraic component {(0, 0)}
and, by Proposition 3.4, I(V)\(p)=0. It follows from Proposition 5.1 that if
@c P(N?) satisfies (A), then €M (V) and consequently ¢ satisfies (B).
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3. When I(V)=(p)?

In this section we present some necessary and sufficient conditions for an alge-
braic set V=V (p) in R? to satisfy equality I(¥)=(p). To begin with consider
the case of p being irreducible. Notice that then equality I(}V')=(p) implies alge-
braic irreducibility of ¥ (cf. [10], Proposition 1.1) but not conversely.

Theorem 3.1. ([5], Théoréme 4.5.1). If V is an algebraic set in R’ induced by
an irreducible polynomial pc 2,, then the following conditions are equivalent
(i) the ideal (p) is real,
i) I1(V)=(p), )
(iii) there are i€{l, ...,d) and xcV such that 5; ()0,
(iv) there are x,y€R? such that p(x)p(y)<O0,

(v) dim (V(p))=d—1.

The following proposition enables us to reduce a question of when equality
I(V)=(p) holds to lower dimensional case.

Proposition 3.2. If V is an algebraic set in R* (d=2) induced by an irreducible
polynomial pc P, then I(V)=(p) ifand only if either I(V)n Py_1=(0) or pcP;_,
and 1(V;y(p))=p- Psr, where Vy1(p):={xERI: p(x)=0}.

Proof. Suppose that I(V)=(p). If there exists a nonzero f in I(V)nP;_4,
then p divides f and consequently pc#,_,. Therefore I(V;_1(p))=p-%;—,, which
proves the “only if” part of the conclusion.

To prove the “if” part of the conclusion assume that p€ #,_, and I(V;_,(p))=
p- % Take fcl(V). Since fcan always be written as the sum Z'};o h;- X§ with
hi€ #;_, and because V=V¥,_,(p)XR, we get h;c1(V,-1(p))=p- P-, for every
Jj=0, ..., k. Thus fe(p).

Suppose now that I(¥)n #,_,=(0). Let g be a nonzero polynomial in I(V)
such that deg, g=n:=min {deg, h: h€I(V), h=0} (deg, h is the degree of heZ,
with respect to the indeterminate X,). Since I(V)n 2,_,=(0), it must be n=1. We
show that deg, p=n. Applying a division algorithm ([21], Theorem1.17.9) to
polynomials p and g in &,_,[X,], we get ¢, r¢ %, and an integer k=1 such that
deg, r<n and @ p=qg+r, where ac P,_, is the leading coefficient of g in Z,_,[X,].
This implies that rcI(V). Since deg, r<n, r must be the zero polynomial. Thus
a* p=qg. Since p is prime and deg,, a"=0<degxd g, p divides g and consequently,
n=deg, p.

Take now a nonzero fin I(V). It follows from the previous paragraph that
deg, f=n. Applying again a division algorithm to polynomials f and p in Z,_,[X,],
we get g, r€ #; and an integer k=1 such that degxd r<n and b*f=gp+r, where
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be 2, ; is the leading coefficient of p in #,_,[X,]. This implies that r€/(V). Since
deg, r<n, r must be the zero polynomial. Thus b* f=qp. Since p is prime and
deg, b=0<deg, p, p divides f and consequently f€(p).

Let ¥ be an algebraic set in R induced by the product p;...p, of irreducible
polynomials in £,. We say that the product p,...p, is V-irredundant if no p; is
superfluous in the representation V=V {(p,...p,). It is well-known that any alge-
braic set ¥ in R* is induced by some V-irredundant product of polynomials.

Proposition 3.3. Let V be an algebraic set in R? induced by a V-irredundant
product p=p,..p,cP;. Then I(V)=(p) if and only if I1(V(p))=(p;) for every
Jj=1, .., k.

Proof. Only the case V=0 needs a justification. The “if” part follows from
the fact that p,, ..., p, are pairwise relatively prime.
To prove the “only if” part, suppose that I(V)=(p), I(V(pl));é(pl) and

k=2. Take fin I(V(p))\(py). Then fp,...p.cI(V)=(p). Thus fp,...p,=4p;...px
with some g€ #,. Consequently f¢(p,), which leads to contradiction.

Proposition 3.4. Let V' be an algebraic set in R? induced by a V-irredundant
product p=p,...p,€P, and let V,, ...,V, be the irreducible algebraic components
of V. Then the following conditions are equivalent

@) IV)=(p),
(1) for every j=1,...,k, V(p)) is infinite,
(i) for every j=1, ..., m, V; is infinite.
Moreover if I(V)=(p), then m=k and {V;,...V,}={¥(py), .... V(pI}-

Proof. Without loss of generality we can assume that V0. Since each V;
is induced by an irreducible polynomial ¢;€%,, the product g=g;...q, is V-ir-
redundant. It follows from Proposition 3.2 (also from Corollaries 1.1 and 1.2 in
[10]) that for every irreducible polynomial r€#,, ¥ (r) is infinite; if and only if
I(V(r))=(r). Thus (i)e(ii), due to Proposition 3.3.

If I(V)=(p), then, by Proposition3.3, I(V(p;))=(p) for all j. Thus
V{(p1)s ..., V(p,) are infinite irreducible components of V. Consequently {V, ..., ¥,}=
{V(py), ..., V(pn)}, which shows (i)=>(iii).

Conversely if all ¥} are infinite, then (again by Proposition 3.3) we have I(V)=
I(V(9))=(g). Since pcI(V'), we conclude that g divides p and, because both products
Pi---px and ¢q...q, are V-irredundant, (q)=(p). Thus I(V)=(p).

1 The last-mentioned statement is also true for algebraic sets in R? for any d=2.
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4. Characterizations of algebraic sets of type 4 and B

Motivated by Proposition 2.1 we say that an algebraic set ¥ in R? induced by
a polynomial p€ 2, is of type A (resp. B) if each positive definite function ¢: N*~R
which satisfies condition (A) (resp. (B)) is a ¥-moment function. It is obvious that
each algebraic set of type A is automatically of type B. However we do not know
whether the converse implication is true in general. Also we do not know whether
the statement “V is of type A” is independent of the choice of p€ £, inducing V.

In this section we present necessary and sufficient conditions of algebraic and
topological nature for ¥ to be of type A (resp. B). To begin with fix some notations.
Let # be a set of real valued functions on a given subset ¥ of R? and let Z be a
linear subspace of #,. Denote by # * the set of all non-negative elements of F
and by II, the quotient linear mapping from #; onto the quotient linear space
2,/%. Notice that (2,/Z)* is linearly isomorphic to the space {A€Z2}: A|,=0}
via one-to-one correspondence E«A determined by A=Ecll,. Put II,:=1II;y,
and Z,|V:=2,/I(V). Writing (Z,]V)*, we regard Z,|V as the ring of restric-
tions of polynomials to the set V. More generally (2,/%)* is understood as the set
of all I, (f) such that IT,(f)c(Z,)|V)*. It is clear that II,(ZH)CSI(Z))S
(Z,/%)*. However the last-mentioned inclusion could not be replaced by equality
even for Z=I(V).

Example 4.1. Let d=2 and p=X,(X,—X}). We show that
Iy (X)E(ZV )Ny (Z5)-

Suppose that there exists f€ #; such that IT,(Xy)=II,(f). Since I(V)=(p) (use
Proposition 3.4), f—X,=h-.p for some he#,. Thus x;(1+(x;—xDh(x,, x,))=0
for x;, x,€R. In particular, substituting x, for —x2, we get x2(1—2xth(x;, —x2))=0
for x,=0. This in turn implies that 1=2x*h(x,, —x?) for x,#0, which leads to
contradiction.

A locally convex topology T on a vector space # is said to be admissible if all
linear functionals on s are t-continuous. It is well-known ([15], Theorem 3.12)
that if % is a convex subset of #, then the closure € of € in any admissible topology
on S is equal to its o (s, #*)-closure. Notice that for each vector subspace &
of I(V), the convex cone (#,/Z)* is closed in any admissible topology on #,/%.
This follows from the fact that for every z¢V, the linear mapping which sends
Il (f) into f(z) is well defined on £,/%Z.

Lemma 4.1, Let V be an algebraic set in RY induced by pc P, and let X be a
vector subspace of I(V') such that Rp*SZ. If € is a convex cone such that IT, (23S
CS(PYX)*, then (PX)t =% if and only if the following condition holds
(1) for every functional E¢(P,XY*, which is positive on €, there is a positive Borel
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measure p on R® such that

4.1) E(e(f) = [ fdn, fePu.
Here the closure refers to any admissible topology on P,/%Z.

Proof. To show the “only if” part, assume that (2,/Z)*=%. Take a functional
Ec¢(P,4%)* which is positive on €. Since = is continuous in any admissible topology
on #,/%, we get that = is positive on (Z,/Z)*. Thus s(nz(f));o for every
f€#, which is non-negative on V. Consequently, by the Haviland criterion, the
functional Zofl, is represented by a measure u via (4.1).

To show the “if” part, suppose that (i) holds and there exists g€#; such that
M, ()E(PYZ)*\%. Then, by the Hahn—Banach theorem ([15], Theorem 3.4),
there exists a linear functional E€(2,/Z)* such that

4.2) E(z(2) <0 = E(h), he%.

It follows from (i) that the functional ZolIl, is represented by a measure u via
(4.1). Since IT,(p?)=0, we get [ p*du=Z(l1,(p%)=0. This implies that the
measure y is supported by V. On the other hand T, (g)<(ZV)*, so E(,(g))=
f v £du=0, which contradicts a part of condition (4.2).

Proposition 4.2. Let V be an algebraic set in R? induced by pcP, and let &
be a vector subspace of 1(V') such that Rp*SZ. Then I, (P]) is dense in (Py/Z)*
in any admissible topology on P,|%.

Proof. 1t follows from the Haviland criterion on R? that condition (i) of
Lemma 4.1 is satisfied for €:=1II,(#}), which completes the proof.

Now we can characterize algebraic sets of type A and B.

Theorem 4.3. An algebraic set V in R induced by pc?P, is of type A (resp. B) if
and only if one of the following two conditions holds with Z=(p) (resp. Z=I(V'))

() ()" = (29,

(i) Hz(2F) € Ox(2),
where the closure refers to any admissible topology on P,%.

Proof. 1t follows from Proposition 4.2 that conditions (i) and (ii) are equiv-
alent. Noting that V is of type A (resp. B) if and only if the convex cone €:=1I,,(Z})
(resp. ¥:=I1,(Z3) satisfies condition (i) of Lemma 4.1, we infer the other part of
the conclusion directly from Lemma 4.1.

It is worthwhile to notice that both characterizations of algebraic sets of type A
appearing in Theorem 4.3 remain true replacing the vector space Z=(p) by any
other one such that Rp?S XS (p).
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In all characterizations of algebraic sets of type A and of type B, offered by
Theorem 4.3, the knowledge of the closure of the set I1,(2%) is required. So it is
of special interest to know whether the cone IT,(Z3) is closed. This question is
especially important for Z=I(V'). In Sections 5 and 6 we answer it in the affirmative
for some algebraic curves in R% Unfortunately we have not been able to answer
the question in its full generality.

We finish this section with the following useful observation.

Proposition 4.4. Let T be an affine isomorphism of R and let pcP?,. Then
V(p) is of type A (resp. B) if and only if V(poT) is of type A (resp.B).

Proof. The proof follows from the fact that the mapping @;: #y—~2,; defined
by @1(f)=foT, fc #,, is aring isomorphism such that ®;(£3)=Z235, &, ((p)=(poT)
and ®:(I(V(p))=I1(V(poT)).

5. Examples of algebraic sets of type A

In this section we present examples of algebraic curves in R? of type A. We
begin with bounded ones. In [3] Berg and Maserick consider the following question:
Let p€2; be such that {p=0} is compact. Is it true that ¢: N°>R is a
(Q) moment function on {p=0} if and only if ¢ and p(E)¢ are positive definite,
where p(E)o(n)=A4,(p-X"), neN°.
Notice that if the question (Q) is answered in the affirmative, then the set V(p)
is of type A. Indeed if ¢ is a positive definite function satisfying (A), then p(E)¢=0
is positive definite and, consequently @€ M ({p=0}). It follows from Proposition 2.1
that €M (V'), which means that V is of type A.
In particular using Theorem 5 in [6], which answers the problem (Q) in the
affirmative for a class of polynomials, we get

Proposition 5.1. Let V be an algebraic curve in R? induced by pcP,. If the
homogeneous part of p of the highest degree is strictly negative on R*\ {0}, then
V is of type A.

Now we can pass to unbounded algebraic curves in R? of parabolic and hyper-

bolic type. The case of parabolic ones has been treated in another way in [18].

Proposition 5.2, Let V be an algebraic curve in R? induced by a polynomial
p=Xo—q(Xy) (resp. p=Xq(X))—1), where qcP, (resp. g€ Z\{0}). Then V
is of type A.

Proof. In virtue of Theorem 4.3 it is enough to show that in both cases I(V)=
(p) and (Z|V)*=1I1,(2%). The first equality follows from Proposition 3.4 and the
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fact that polynomials X,—q(X;) and X,-q(X;)—1 are irreducible in &,. To prove
the other one take g€(Z,|V)* of the form g=II,(f), where f€%,. In the case
p=X,—q(Xy), we have h:=f(X,, q(X;))€ ;. Consequently, by Lemma 6.2.1 in
[2], there are polynomials h,, h,¢ #, such that h=h?+hZ. This implies that
g=IIy, (K} +h3)eI, (£3). Consider now the polynomial p=2X,-q(X;)—1. Then one
can find k€N and a polynomial r€#, such that r(i)=q(A)*f(1, ¢(2)?) for
AERN\V(g). Since f(4,q(2)"1)=0 for AcR\V(g) and V(q) is finite, we have
r€ #'. Thus, again by Lemma 6.2.1 in [2], there are two polynomials ry, r,€ #,
such that r=r}+r}. Define new polynomials h,, h,¢ #, by h;:=r; Xy for j=1,2.
Then it is easy to see that g=IT, (h}+h3)c T, (22).

The union of two arbitrary real lines in R? gives another example of an alge-
braic set of type A.

Proposition 5.3. Let V be an algebraic curve in R? induced by a polynomial
P=D1DPs,» Where p, and p, are polynomials of degree 1 in P,. Then V is of type A.

Proof. Assume that V(p,)=V(p,). Since I(V)=(p) (use Proposition 3.4),
the conclusion of Proposition 5.3 will follow from Theorem 4.3 provided we show
that (Z|V)*=II,(Z%). To prove this take g€(ZV)* of the form g=I,(f),
where fc #,. First we consider the case when the lines V' (p,) and V(p,) are parallel.
Without loss of generality we may assume that p,=X, and p,=X,—1 (use Propo-
sition 4.4). Since f(X;,0) and f(X;,1) belong to #', there are polynomials
Fois Fogs Fi1s F12€ Py such that f(X;, 0)=r2 +r2, and f(X;, )=r} +7r3,. Define new
polynomials hy, ho€ Zy by hij(X;, Xp)=ro;(X))-(1—Xp)+r;(X) - X, j=1,2. Then
it is casy to see that g=IT,(f)=I,(h2+hDcII, (Z3).

Consider now the other case when the lines ¥(p,) and V(p,) are not
parallel. Without loss of generality we may assume that p,=2X; and p,=JX,
(use again Proposition 4.4). Since f(X;,0)€ 2" and f(0, X,)€ %", there are poly-
nomials uy, uy, wy, wo€ 2, of the form uw;=3" _ a;, X" and w;=2"_oBm X"
(/=1,2) such that f(X;,0)=ul+u; and f(0, X;)=w2+wi. Define two sequences
{Emtm—0 and {C,}n_, of vectorsin R2 by &, =(0t, %2m) @0d {p=(Bim> Bam)- Then
&, 0=20" 0 (Shri=m G S X" and 0, X)=3 o (Zisi=m > W) X
where (-, —) stands for the canonical inner product of R2. Since £(0, 0)=(&,, &y)=
{Co, Loy, there exists a unitary operator T on R? such that T{,=¢,. Define poly-
nomials r, 7€ 2, by r=3"_ vmX" (j=1,2), where T(,=1ms Yam)- Since
s CY=(TC, TL) for all k, I, we have f(0, X)=1" (Sks1=m Tles TQY) X"=
ri+ry and u;(0)=r;(0) (j=1,2). Define new polynomials h,,h,€%, by h;=
u;j(X)+r;(Xy)—u;(0) (j=1,2). Then one can check that

g = I, (f) = I, (i +K)e My (7).
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Assume now that V(p,)=V(p,). Then, again by Proposition 4.4, we may
assume (without loss of generality) that p=X2 To show that V'(X}) is of type A,
take @€ P(N?) satisfying (A) with p=XZ Then, applying the Cauchy—Schwarz
inequality to the sesquilinear form %X #,3(f, g)—~A,(f-gER, we get

0= A4,(f- Xo)* = A, (f)4,(X3) =0, feP,.

Thus ¢ satisfies (A) with p=JX,. Since the algebraic set V' (X,) is of type A (use
Proposition 5.2), we get oc M (V).
In Section 6 we show that there exist a polynomial p€#, of degree 3 such

that V(p) is not of type A. Below we prove that each algebraic curve in R? induced
by a polynomial of degree less than or equal to 2 is of type A.

Theorem 5.4. Each algebraic curve V in R? induced by a polynomial p€ P, of
degree less than or equal to 2 is of type A.

Proof. Basing on the affine classification of algebraic plane curves of order 2
and using Proposition 4.4 one can show that it is enough to consider the following
eight cases: (i) p=X7+X;—1 (a circle), (ii) p=2X,X;—1 (a hyperbola), (iii) p=
X,—X? (a parabola), (iv) p=p,p,, where p, and p, are polynomials of degree 1
and V(p)#V(p,) (a sum of two distinct real lines), (v) p=2X? (a real line), (vi)
p=X, (arealline), (vii) p=X?+ X2 (a one point set) and (viii) p=1+0a, X7 +0, X3,
where oy, %,=0 (the empty set). It follows from Propositions 5.1, 5.2 and 5.3
that V'(p) is of type A in either of the first seven cases.

Assume now that p is as in (viii) and take @< P(N?) satisfying (A). Since ¢
18 positive definite we have

0=A,(1) = A,(1 +, X} +2,X3) = 0.
This and the Cauchy—Schwarz inequality imply that
0= A,(f) = 4,(f?)4,(1) = 0, feZ,.

Consequently ¢=0¢ M(¥'), which completes the proof.

6. Algebraic curves which are not of type B

This section deals with the following question.

Do there exist algebraic sets in R? which are not of type B?

It turns out that the answer is in the negative for d=1 and in the affirmative
for every d=2. More precisely, each algebraic set in R is of type A (this follows
from equality P(N)=M (R) and Proposition 2.1). On the other hand the algebraic
set V in R? induced by a polynomial p=JX, is not of type B. Indeed if we take
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any function yeP(N)ONM(R?) (cf. [1], [16], [2] and [8]), then the function
¢@: N3->R defined by

(i'k)—{o if i,jéeN and k=0
PO =y, /) if i,jeN and k=0
belongs to P(N*)\M (V') and has property (B).
The case d=2 needs more attention. We start with some indispensable lemmas.

Lemma 6.1. Let V be an algebraic curve in R? induced by a polynomial p€P,
of the form p=2X,-q, where q¢ P,. Assume that (0, 0)€V(q), Iy, (X)E(ZIV (@)1,
I(V(q))z(q) and polynomials X, and q are relatively prime. Then I(V)=(p) and
Iy (X)E(ZV )™\ (25).

Proof. Since I(V(g))=(gq) and polynomials X, and ¢ are relatively prime,
we have I(V)=(p). Suppose that there exist polynomials f£,, ..., f,€ %, such that
HV(X2)=HV(2';'=1fj2). Since I(V)=(p), there exists a polynomial h€#, such that

6.1) St fR-Xy =X, q-h

This implies that >7_, f;(X;, 0)*=0. Thus f;(X,,0)=0 for all j and consequently,
there are polynomials g,,..., g,6%, such that f;=X,-g; for all j. It follows from
(6.1) that X,(> , g})—1=¢-h, which contradicts our assumption ¢(0,0)=0.

To show that IT,(X,)€(Z,|V)* take (x;, x)¢V =V (X,-q). Then either x,=0
or (x,,X)€V(q). The latter implies that x,=0, because Ty, (X)E(ZlV (9))*.
This completes the proof.

In the next lemma we show that IT,(Z3) is closed for some algebraic curves
in R2

Lemma 6.2. Let V be an algebraic curve in R? induced by a polynomial pe 2,
of the form p=X,(X,—r), where r¢ P . Then I1,(ZY) is closed in the finest locally
convex topology on P,|V.

Proof. (In the proof we use some arguments from [1] and [2].) Since for r€R,
(PJV)*=11,(2%) (see proofs of Propositions 5.2 and 5.3), we may assume that r
is nonconstant. Set % :=IT,(%,,). Notice that dim Z, << and P,V =), Z.
Thus, in virtue of Lemma 6.3.3 in [2], we have only to prove that for every k€N,
Z,n I, (Z3) is closed in the canonical topology on %,. We split the proof of this
fact into a few parts.

Step 1. For each g€II, (X3), there are polynomials a;, b;c?, j=1, ..., n, such
that g=2;=1 Hy(an2+bj)2.
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Take fc#,. Applying division algorithm to polynomials f and p in 2,[X,),
we get g, b€ ?, and heP, such that f=hp+aX,+b. Thus I, (f)=II,(aX,+Db),
which implies conclusion of Step 1.

Step 2. If g=27_, II,(a; X;+b,)*C%,, where a;,b;¢P,, then
max {deg (a;), deg (b;)} = 271k -deg(r),
where deg (a) stands for the degree of acP?,.
Let g=II,(f) with some fc2, ;. Then we have
(6.2) deg (b,) = 27" deg (3, bj) = 27" deg (f(X1,0)) = 277k.
To prove the other part of conclusion of Step 2, notice that
(6.3) deg (@nr+b,) = 27 deg (3"_, (a;r+b;))
= 2-tdeg (f(X;, r(XY)) = 2"'k-deg(r), m=1,..n.
If deg(a,r)=deg(b,), then, by (6.2), we have
deg (a,,) = deg (b,) = 27 k-deg(r).
If deg(a,r)>deg(b,), then (6.3) implies
deg(a,) = deg(a,r) = deg(a,r+b,) =2 tk-deg(r), m=1,..,n
which finishes the proof of Step 2.

Step 3. Let 1:=k-deg (r)+2 and »:=dim (Z)). If g€Z,nII,(Z}), then there
exist a;, b;cP, such that g= 2,':1 Iy (a; X, + b))

It follows from Step 1 that the function g can be written as the sum
-1 Oy(a; X, +b;)* with the smallest number of summands. Step 2 implies that
y(a; X, +b;*€Z, for j=1,..,n. Suppose that n=>dim(%Z). Then there are
%, ..., %€R such that >7_ a;IT,(a;X,+b;*=0. Rearranging, if necessary, we
may assume that |o|=la,l=...=[a,|. Thus g=2’;;} Hy(de2+l~7j)2, where 4;=
a; V1—aja, o, and b, =b;V1—a;/a,. This contradicts minimality of n.

Step 4. Let w:=deg (r)1 andlet 4,, ..., 2,1 be distinct real numbers. Then the
topology ty on %, of pointwise convergence on the set Q={(1,0), ..., (2p11, 0Oyu
{(31>7(2)s ...s (Ags1s (A s1))} coincides with the canonical topology on %, for
every m=i1.

It is enough to show that 7, is a Hausdorff topology on %,,. Take f¢2,,,
such that f(x)=0 for each x€Q. Then f(4;,0)=0 and f(4;, r(2;))=0 for every
Jj=1, .., 0+1. Since deg (f(X;,0))=m=w and deg (f(X,, r(Xy))=m-deg(r)=w
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(compare with (6.3)), we get f(X;,0)=0 and f(X;, r(X;))=0, which precisely
means that IT, (f)=0.

Now we show that %, nII,(22) is closed in the canonical topology on %.
Take a sequence {g,}i_,S%Z;,n I, (22 converging in %, to heZ,. By Step 3,
each g, can be written in the form g,=3" | g%,, where g;,=IIy(a;X;+b;,) and
4y, b€ 2. Let Q be as in Step 4. Then the sequence {g,(x)};~, is bounded for
every x€ Q. Consequently, the sequence {g;,(x)};—; is bounded for all j=1, ..., %
and x€Q. Passing to subsequences, if necessary, we may assume that {g;,(x)}:,
is convergent in R for all j and x€Q. Since, by Steps 2 and 4, each {g;,},—;, is a
Cauchy sequence in the complete space %,/5p» there exist functions Ay, ..., h€ %,y
such that each {g%}=, converges pointwise on V to K:. Thus the sequence
{€n}:>., converges pointwise on V to 2 -1 h}. Consequently, h:Z};lh?EHy(Zg).
This completes the proof.

The following theorem, which is a simple consequence of Lemma 6.1, Lemma 6.2
and Theorem 4.3, shows that the sum of a real line and a parabolic curve in R?
is not of type B. Thus unions of algebraic curves of type B need not be of type B.

Theorem 6.3. Let V be an algebraic curve in R? induced by a polynomial pc2?,
of the form p=X,(X,—r), where r¢ ?,. If r¢ P}, r=0 and V(r)=0, then V is
not of type B.

Notice that none of the assumptions we have imposed on the polynomial
in Theorem 6.3 could be omitted. Appropriate examples can be obtained with help
of Proposition 5.3.

Some arguments of this section can be used to obtain similar results for some
other algebraic plane curves. Below we state only the simplest one.

Theorem 6.4. Let V be an algebraic curve in R? induced by a polynomial p€%,
of the form p=X,(X,—r)(X;—s), where r,s€P,. If r,scP}, rs=0, deg(r)#
deg (s) and V(rs)=@, then V is not of type B.

7. Applications

To begin with, consider one parameter complex moment problem. The general
observation is that any answer to 2-parameter real moment problem has an implica-
tion in solving one parameter complex moment problem. In particular Proposi-
tion 5.2 and Theorem 5.4 answer in the affirmative the complex moment problem
studied in [18] for algebraic curves in R? of parabolic and hyperbolic type as well
as for those of order 2. On the other hand Theorem 6.3 leads to the negative answer
to the problem for an unbounded algebraic curve in R2,
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Proposition 7.1. There exists a function : N*—~C satisfying the following three
conditions
(1) ¥ is not a complex moment function,
(ii) for any function p: N2—~C of finite support
Zt,.i Zk,l'/j(l+1’1+k)g(l:j)g(k> I) = 0,
(iii) for all k,IEN

YGB+k D+ Y24k, 1+D+20pQ+k, D+ 2k, 2+1)
= y(L+k, 2+ D+ Uk, 3+D+4ip(1+k, 141

Proof. Let p=X,(X,—X}). It follows from Theorem 6.3 that there exists
@€ P(NON\M(R?) such that A, ,,=0. Define a function ¥: N*-~C by

y(mn) =30 >0 [7;] [’IZ] im*(—iy~lo(k+1, m+n—(k+1), m,neN.

Then y satisfies conditions (i), (ii) and (iii).

It is well-known (cf. [9]) that operator theory could be applied to solve moment
problems. Below the reverse influence is indicated.

Proposition 7.2. Let # be a complex Hilbert space, ¢ — a vector in # and
(A4, BY — a pair of (algebraically) commuting symmetric operators in # with common
invariant domain 9= {f(A, B)¢: f€ClX,, X,]}. Suppose that either of the following
two conditions holds
(i) q(A)B is the identity operator on @ for some g€,
(i) p(4,B)=0 for some pc P \{0} of degree less than or equal to 2.
Then the operator A-+iB is subnormal i.e. it has a normal extension in some Hilbert
space H 2.

Proof. Suppose that (i) holds. Define a function ¢: N2-~R by ¢(j, k)=
(A'B*¢, &) for j keN. Then @€P(N?) and A4,,,=0, where p=X;-q(X)—1.
Thus, by Proposition 5.2, ¢ is a moment function on V(p). It follows from Theo-
rem 5 in [9] that there is a pair (4, B) of commuting self-adjoint operators in
some Hilbert space # 2 such that 4 and B extend 4 and B, respectively. There-
fore the operator A+iB is normal and extends A4+7B. Similarly, using Theo-
rem 5.4, we can prove that (ii) implies subnormality of A+-iB.

Contrary to Proposition 5.2 and Theorem 5.4, Theorem 6.3 leads to examples
of formally normal operators with pathological properties. A sample of such an
operator is contained in the following proposition (compare with Proposition 7.1).
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Proposition 7.3. There exists a formally normal operator S in a complex Hilbert
space # such that
(i) the domain 2(S) of S is invariant for S and S*,
(1) 2(S)={f(S, S*)¢: feC[Xy, X,]} for some E€2(S),
(iii) S3+.S28*+2iS24-2iS*2C SS*2+ §*3+4iSS*

and

@iv) S is not subnormal.

Notice that the well-known examples of formally normal operators S fulfilling
conditions (i) and (iv) of Proposition 7.3 (cf. [7] and [17]) do not satisfy condition
(iii). It seems that they do not satisfy the equation f(S, $*)=0 for any nonzero f
in C[X;, X;).

The author wishes to express his gratitude to the referee for several helpful com-
ments concerning the paper.
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* The problem (Q) has been solved by K. Schmiidgen in [22]. In particular his result
implies that each compact algebraic set in R? is of type A (compare with Proposition 5.1).



