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Approximation of infinite matrices
by matricial Haar polynomials

Sorina Barza(!), Victor Lie(?) and Nicolae Popa(®)

Abstract. The main goal of this paper is to extend the approximation theorem of contin-
uous functions by Haar polynomials (see Theorem A) to infinite matrices (see Theorem C). The
extension to the matricial framework will be based on the one hand on the remark that periodic
functions which belong to L>°(T) may be one-to-one identified with Toeplitz matrices from B(l2)
(see Theorem 0) and on the other hand on some notions given in the paper. We mention for
instance: ms—a unital commutative subalgebra of [, C(l2) the matricial analogue of the space
of all continuous periodic functions C(T), the matricial Haar polynomials, etc.

In Section 1 we present some results concerning the space ms—a concept important for this
generalization, the proof of the main theorem being given in the second section.

0. Introduction
0.1. The classical form of Haar’s theorem

Let T be the one-dimensional torus identified with the interval [0, 27). Now we
consider the Haar L?(T)-normalized functions hy given by ho(t)=1 for t€T and,
for n=2F+m, k>0, and me{0, ..., 25 -1}, by

2%/2 pe A,

1) ha(t)={ —2%/2 te AlTD
0, te T\AY),
where

Am = §E'27r,2—k 27 ).
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We can now state the following well-known theorem of approximation of con-
tinuous functions on T (i.e. periodic continuous functions on [0,27]) by means of
polynomials with respect to Haar functions (extended by periodicity on R) due to
Haar:

Theorem A. If f is a continuous function on T (i.e. if feC(T)) and ife>0
then there exists a Haar polynomial of degree n=n(e)€N,

n—1
Sa(f)=)_ oxhe, ar€C.
k=0

such that
”f_Sn(f)l|L°°(T) <E.

0.2. Translation of the statement in the matricial framework

Definition 1. Let A=(ay;); j>1 be an infinite matrix. If there is a sequence of
complex numbers (ax)F>° _, such that a;;=a;_; for all i, jEN, then A is called a
Toeplitz matriz.

400

ro? s and the class

For simplicity we can write a Toeplitz matrix as A=(ax)
of all Toeplitz matrices will be denoted by 7.

We write A€ B(l,) if the infinite matrix A represents a bounded linear operator
Ta:ly—la, that is, if Ta(e;)=3 re, ariex for i=1,2. ..., where {e;}[_ constitute the
standard basis in l3. The space B(l) is a Banach space with respect to the usual
operator norm HA“B(zz):SUP;\xn,le Tazxls,-

The following well-known result (see [Zh], Chapter 9.1) as well as the subse-
quent remark constitute the starting point of whole theory presented here.

Theorem 0. A Toeplitz matriz A:(ak)zz‘”_oo belongs to B(l3) if and only
if there exists a unique function fa€L>®(T) whose Fourier coefficients fA(n)z

(1/2x) fOQW fa(t)e~ ™ dt are equal to a,, for all n€Z. Moreover
Al B,y = fallL=(T}-
Remark. In order to develop the theory we find in the previous result two
different “geometric” directions to be followed.

Model 1: Diagonal matriz. For an infinite matrix A=(a,;), and an integer k,
we denote by Ay the matrix whose entries ag’j are given by

o = ik

1, .
J 0, otherwise.
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Then Ay will be called the k' -diagonal matriz associated to A.

In the preceding theorem we remark that there is a one-to-one correspondence
between Ax and f4(k) for A€B(ly) and f4€L(T).

Consequently, we may imagine (Ay)rez, as the “matricial Fourier coeflicients”
associated to the matrix A.

Model 2: Corner matriz. In the sequel we use another notation, more appro-
priate for our aims, for the entries of the matrix A. Namely we put

Al itk kzov l:1327"'7
3) agc:{
a—k1, k<0,1=1,2,..,

and write A sometimes as A=(a});>1 kez-
Let A(l)=(b}€”)kez,m21, where Ie N\ {0}, be the matrix given by

l .
a,, ifm=l,
@) iw={ o )

0, ifm#lL
We call the matrix AY)| the I*"-corner matriz associated to A.

Now, if for any corner matrix A® =(b7*)kez,m>1 We associate a distribution on
T, denoted by f; such that bfc:f'l(k), we get, in case A€TNB(ly), that fi=fa€
L*°(T) for all leN\{0}.

Using the models. (a) The model 1. In this case we recall that Ay plays the
role of the “k** Fourier coefficient of the matrix A”.
It is well known that for each f& L°°(T) whose Fourier coeflicients are a,,, n€Z,
we have
feC(T) if and only if nll)n;o lon(f)=fllL=¢T) =0,

where

ou(f)(t) = i (1— %)akeikt.

k=-—-n

Let us recall the following definition (see [BPP]).
Definition 2. Let A€ B(l3) and

on(A)= ) Ak(l—ﬁ%), n=1,2,..,

k=—n

for neIN\ {0}, the matricial Fejér sum of order n associated to A.
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Then we call a matrix A continuous and we write AeC(ly) if the following
relation holds:
lim [|o,(A)—Allpa,) =0.

n—>00

Obviously C(l3) endowed with the operator norm becomes a Banach space.

Remark 3. The space C(l2) does not depend on the specific choice of an ap-
proximate unit, for instance the Cesaro means from above.

Proof. Indeed, by Theorem 4.2, [BPP], it follows that AcC(lp) if and only if
fA(t)défZ?:”w Are®™t is a B{ly)-valued continuous function. So, reasoning as in
[K], Theorem 2.11, we get that the convolution between an approximate unit and
the matrix A (that is, the Schur product between the Toeplitz matrix associated
with the given approximate unit and the matrix A) converges to A in the B(l)-
norm. [

Theorem 0 allows us to write the formula
[TNB(l2)]" = L>(T),

where by [H]* we denote the image of the space H of matrices by the correspondence
A f A-

Remark 4. For brevity in what follows we write equations like the previous one
in the following manner:

TNB(l,) = L(T),
TNC(ly) = C(T).

(b) Model 2. We can identify the matrix A=(A®);cn- with its sequence of
associated distributions f d-—gf( fi)ien+, writing this fact as
A= As.
By Theorem 0 we have
fg€L>(T) ifandonly if AgeTNB(l2), where fg=(fg,fg,fg,...)
The matrix A=(a;;) is said to be of n-band type if a;; =0 for [i—j|>n.

Having these notions in mind, we introduce a commutative product of infinite
maftrices.
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Definition 5. Let A=Af and B=Ag be two infinite matrices of finite band
type. We introduce now the commutative product (1 given by

AOB £ A,

Remark 6. (1) We mention that in the previous definition we took A=A¢ and
B=Ag to be infinite matrices of finite band type since f and g being trigonometric
polynomials, we may consider the product fg.

{2) This product can be defined also for all matrices A, B€ B{lz), but AOOB
does not belong in general to B(ly) as the reader may easily see.

(3) Of course, if Ag, Ag€TNB(l2) then it follows that Af(0Ag=Ag € TNB(l2).

We conclude the presentation of this model taking into account an important
particular case:

Let a=(al, a?,...) be a sequence of complex numbers and B=A¢ € B(l2), where
f=(f1, f2,...). Taking a as a sequence of constant functions on T, we get, by
Definition 5,

A,0B = Aqg,

where af =(al fi,02 f2,...).

For brevity we denote A,[0B by a®B.

In what follows it will be important to know more about the sequences a
satisfying the condition B€B(l;) = a©Be B(l).

Actually, the entire next section will be devoted to this, but for the moment,
to understand its implications, we will rewrite the operation ® in a different form.

In order to do this let us recall some classical concepts.

Definition 7. Let A and B be infinite matrices. Then
C=Ax+B

is called the Schur product of the matrices A=(a;;) and B=(b;;) if the entries of
C=(ci;) satisfy the relation ¢;;=a;;b;;.

Definition 8. An infinite matrix A is called a Schur multiplier if AxB¢e B(l3)
for all Be B(I2).

The space M(l2) of all Schur multipliers, endowed with the norm

HAllm@,y= sup  ||A*BllB,)

1Bl B(1,) <1

becomes a Banach space.
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We associate to any sequence a=(a!,a?,...), the matrix {a] whose entries [a]}

are equal to o!, for I>1 and keZ.
Then it is clear that

(5) a®B=[a]*B.
Definition 9. Define ms to be the space of all sequences « such that
a®B e B(l;) for all Be B(ls),

or equivalently,
[a] eM (lg)

On ms we consider the norm ||| ms d:ef||[05]||M(,2). Then ms is a unital com-
mutative Banach algebra with respect to the usual multiplication of sequences.

Remark 10. Any constant complex sequence a={q, , ...) belongs to ms.

In order to get an extension of Haar’s theorem we had to find the appropriate
analogues in the matrix context. They are summarized below.

The function case The matrix case
norm || - || g (T) norm || - |[(,)

2 | space C(T) space C(l3)

3 | multiplication of a function by a scalar | multiplication ®

The correspondence given by (3) becomes more transparent if we remark that
for a€C and for feL*°(T), denoting by & the sequence (o, ,...), and by f the
constant sequence (f, f,...), we get that a® Ap=|a|*As=Aa¢.

Denoting by Hy, the Toeplitz matrix associated, like in Theorem 0, to the Haar
function hy, for k=0,1, ..., and by S, (f, o) the sequence (S, (f, ak), Sn(f, k), --.)s
where S,,(f, k)= r_g arhi, for fEC(T), areC, and kc{0,n—1}, we get the
following translation of Theorem A in the Toeplitz matrices setting.

Theorem B. Let A=AseC(l2) be a Toeplitz matriz and let e>0. Then there
s a matrictal polynomial given by

n—1 n—1

As, (f.ar) = Z o Hy = Z o O Hy
k=0 k=0
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such that
A= As,(£,0:) | B12) <&,
where ar=(ag, ok, ...}
Now it is natural to ask ourselves about the existence of a class of matrices
larger than 7C(lz) such that Theorem B still holds.

The aim of our paper is to give an answer to this question. More precisely we
prove the following result.

Theorem C. Let A=(a})i>1, rez be a matriz which belongs to C(ly) such that

all sequences ay % (al)1>1, k€2, belong to ms.
Then, for any >0 there are an n=n,eN\{0} and sequences arcms, k€
<E.

{0, ...,n—1} such that
n—1
”A—Zak@Hk
k=0 B(l2)

It is also worthwhile to mention the following open problem.

Open problem. Does Theorem C still hold if the matriz A satisfies only
condition AcC(l2)? If not, what is the best version of Theorem C?

Acknowledgement. We thank the referee for his advice, which has improved the
presentation of the paper.

1. About the space ms

As we remarked in the previous section (see also the statement of Theorem C)
the space ms plays an important role for our theory and, consequently, it is desirable
to know more facts about it.

In this context, we saw in Remark 10 that any constant sequence belongs
to ms. Our primary goal here is to prove that this algebra is far richer than that;
this richness will quantify the level of extension of the theorem of Haar in the matrix
case, since in the function case, corresponding to Toeplitz matrices, (see Theorem B)
the algebra ms is reduced to exactly the constant sequences.

Here is an outlook for this section:

We give some sufficient conditions for a sequence to belong to ms, following
two complementary ways:

The first one is based on defining a particular algebra pms and showing that
pms is intimately connected with ms. (See Proposition 12.)

As a consequence we derive properties for ms displaying some necessary and
sufficient conditions for a sequence to belong to pms (see Theorem 13); the second
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approach (Theorem 15) is concerned with the structure of ms rather than that
of pms.

For an infinite matrix A=(a;;);>1.;>1, let us define its upper triangular pro-
jection
a;i j, if ¢ < .7 s

Pr(A) ={

0, otherwise.

Definition 11. A sequence b=(b,),>1 belongs to pms if and only if
(6) B (b} = Pr((b)) € M(La).

Then pms endowed with the norm ||b||=]|{b}||as(1,) becomes a Banach algebra with
respect to the usual product of sequences.

Proposition 12. Let b=(b,)n>1 be a sequence of complex numbers. Then
(1) bepms = bems (so pmsCms);
(2} If we write

(b],bg, Y ) = (61,0,63, ,bgn_l, )+(0 bo, 0, by, ..., bon, ),

or equivalently b=b""+b%°, and denoting with b'=(by,bs,...,b2n-1,...) and b?>=
(ba, by, ... ,bon,...), we have b*€pms < b¥cms for ic{1,2} and so if b*cpms,
1€{1,2}, then bems.

Proof. (1) The statement is obvious.
(2) We first show that [b1%)€ M(ly) implies that {b'}€ M(l3) and similarly for

(6.
For, let (8;;)€ B(l;) and remark that

0 0 0 0 O

Buu 0 Bz 0 Bis

o 0 o o0 o0 ..

A¥ | B 0 B2 0 B3 - | e B(ly).

0O 0 0 0 0 ..

Bar 0 B2 0 pBss

Put A*[b!°):=X and, since [b1°)€ M (l,), then X € B(ls).
But
b1611 0 0 0

, | b1Ban B3P O O l
X'=| b8y baBsy bsfBsz O ... € B(l2),
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since || X'|| pa) < X B(2s)-

Now observe that (3;;)*[b]'=X".

For the converse just observe that {b'}€ M(l) implies that Pr([b°!])e M (lz)
and apply (1). O

We pass now to the study of the algebra pms.

Let us introduce a new method to estimate the norm on the space B(lz).

We associate to every sequence z=(z;);>1 from I3(N) the function h(t)=
> ey w;€m e HZ([0,1]), where HZ([0,1]) consists of all functions h: [0, 1] —C from
the Hardy space H? such that fol h(t) dt=0.

If A=(ax;)€B(l2), let us denote by L (t)=3_72, ax;e*"7* € H?([0,1]).

It follows that

) Alse = sup (,;

2\1/2
) <oo (for every s).

/1 Li(t)h(s—t) dt
0

Irll2<1

Theorem 13. Let b=(b,)n>1 be a sequence of complex numbers.
(1) If (in)n>1 s a strictly increasing sequence of natural numbers with i; =0,
define z;, =max;, <k<i,,, |bx|- Then there exists a constant R>0 such that

{0} I ar(ta) = I Bllar) < R o (i )n21llz+ (22, log(in —in))nlloc)-
in)n>1

(2) If bepms then

(3) If (|bk|)k>1 is a decreasing sequence then bepms if and only if |bx|=
O(1/logk).

Proof. (1) Let A€ B(l2) and z€l,(N). It is easy to see, by (7), that

I(BxA)zll3 =" |be|?

k=1

2

/0 Lot (h—Sk_1 (W)(—t) dt| |

where Si(h) is the Fourier partial sum of order & (i.e. if Dy is the Dirichlet kernel,
then Si(h)(t)=(hxDy)(t) is the convolution of h and Dy).
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Therefore, we have
]

/ 1 Li(t)h(~t) dt

2+’/01 Li(H)h(—t) dt

I(BxA)zl5 <2 bl
k=1 -

/0 Lr(t)Sk-1(h)(—t)dt

2 o0
+2[8l1% D
k=1

2
+2/[]1 %[ Alf ) 1R13-

2

oo 1
<2 kz=:1 |bk 2 /0 Li(t)Sk_1(h)(—t)dt

o 1
<2 ([ Lt)Sea (bt
k=1 0

Let (in)n>1 be a strictly increasing sequence of natural numbers such that
11 =0.
Then we have

(8) 161126 < 1(2i, )n1 12

and

> lof?
k=1

2

1
/0 Li()Se_1(h)(—t)dt

=;§k=§j+ e /0 e ®Sea )t dt]
o0 in41 1 2
52(§k§+1"’k'2 [ cxws.. iai-nd )
00 in41 1 2
+2(;k§+l|bk|2 [ extrsa=s - )
< 22 22 (:2::1 /01 Lr(t)S:, (h)(—t)dt 2)
oo int1 1 2
+2n§=:lz?n (kgﬂ/o Lx(t)(Sk-1—S:,)(R)(—t) dt )

Using the formula (7), we get

int1

>

k=i +1

2
<Al B ) IRI3-

/ Li()S;, (h)(—t)dt
0
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On the other hand

int1 1 )
Li(t)(Sk—1—S:,)(R)(—t) dt
k=%:+1 /0 ) ’
int1—in 1 | \
~ Z / Di—1(){[Lrtin *(Siny, —Sin )(R)(—t)e* ™} dt
k=1 0

< sup | Dg-allzion
1<k<int1~in

int1—%n

1
> / D1 ()] [(Lirs, #(Sin s —Ses J(R)) (=) ds
k=1 0

1
SCIogunH—in)(/ sup |Dk_1<s>|ds)
0

1<k<int1—in
tnt1—in

Z (Lt *(Sinpr —Si ) (R

k=1
< CNANB ) (Sinsr = S ) (B I3 108 (Enr1 —in)]*.
Thus, using (8), we get
[(A*B)zlz < Rl All 5ia) Rll2(I1(2ir )1 ll2+ | 2i, 108 (41— in)loo)-

(2) Let BeM(l5).
Taking A€TNB(lz) such that at=1/j for all j€Z\{0} and for all leN\{0}
and ah=0 for all LN, we obtain that Bx A€ B(l3), where

X

Loe

bbb by L

by by by by . i 3

B:=|* & i i and A:= i 1 i
3 2

b, b, b, b,

Letting x;déf(:ck)kzl with
{ 1, ifke{p,...,n+p},
Ty =
0, otherwise,
where p,n€N\ {0} are fixed, we get

n+p
(log(n+1))? " [bx|* < C||(B*A)z|I3 < C(n+1).

k=p
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Thus

1 24P

up (gt ? 5 it
»S1

(3) Let (Jbx|)x>1 be a decreasing sequence. Then by (2) we get |b,|=0(1/logn).
Conversely, defining r=(r,)n>1 with r,=1/log(n+1) for all n>1, we have

Bl a2y = {0 I aree) < ClH{rHIma)-

For ¢, =2" for all n>2 and i, =0, it follows by (1) that z; =ron41~1/n.

Consequently
H( logZ") }<oo.
n>1lloo

I{rHIara) < R{H( )
n>1
That is, BeM(lp). O

Observe that results like Theorem 7.1 or Theorem 8.6 in [B] cannot be applied
in our situation.

Remark 14. From the previous results we deduce that
Io(N) CmsClo(N)

and that {(b,)n>1]|bn]=0(1/logn)}Cms, with proper inclusions.

Now changing the point of view we will obtain another set of sufficient con-
ditions so that b€ms. These results use the estimate on the absolute value of
differences of terms rather than the absolute value of the terms themselves.

Theorem 15. Let b=(b,)n>1 be a sequence of complex numbers.
(1) If sup,», (327 [bj—bn|?)<oo then bems.

(2) 1f 10llzv oo = |brl+3072, [bass —bal <oo then bEms.
Proof. (1) We will use the following result from [B].

Theorem. A matriz M belongs to M(l2) if and only if there exists a P€
B(ly,loo) and Q€ B(ly,12) such that

M=PQ and [[M|rq,) <[IPll2.00ll@l12-

We recall that if Q=(g;jx);>1,k>1 and P=(pjk);>1,%>1 then

1/2 1/2
1@ =sup(lan)  and 1Plaw=sup( T loal?) -
k21\757 §>1

k>1
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Let [b]=By+Cs, where

bl b2 b3 0 bl —b2 bl “b3
bl bg bg 0 0 b2~b3
Bo=|p b, by .| and Go=],

0 0

Clearly By€ M(l2) for any b€l and, since [|Coll1,2=sup, (37—, |B; — b, |2 <
o0, by Bennett’s theorem it follows that Cye M (l5).

(2) If AcM(ly), (Li)kz1, heH?([0,1]), z€l?(N) and hy=hxD; are as before
(7) and defining f(¢)=3_22, b;e*™* (in the sense of distributions) we get that

2

oo 1 1
||([b}*A>x||§:Z / f(t)(ck*hkx—t)dw /O F@(Crx(h—hi))(0)e ™2 k¢ dt

2
9e(8)(Laxh)(=s) ds| +2blI2 I AlG ) 23,

where g¢(s)=35_, (F(k)— f(7)e2™9* = 521 (F(5+1)— F(7)) Ds(s)-

But
2
: (

oo

>

k=1

1
/0 9k (s)(Lx*xh)(—s)ds

Mg TME&

Fo+1)-F0 )
»

Fon=FN(Y (0200 f2)

It

)

[\/]8

R 2
FG+D-FG )|) IRI21AI ),

(

(b1« A)ala §C||A||B<12)llzltz<z lbm—bmnbnoo).

j=1

Il

J

so that

That is [Ble M(ly). O

A continuous version of this result was obtained in [AJPR]. We thank the
referee for pointing out this fact.
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2. Extension of Haar’s theorem

As we announced, this section will be dedicated to proving the generalized Haar
theorem—see Theorem C from the introduction. We will start our exposition by
introducing a vector space E(l2). After that, we will define the notion of generalized
scalar product for matrices which allows us to give a more useful form for E(l3) and
also to see some similarities with the function case.

Remark 16 is needed to identify the constraints of the definition of E(l) and
also to remark some of the difficulties of this theory.

Finally, we define the space C,(l;) and prove that this one admits a Schauder
type basis (see Theorem 18). In this vein Theorem C will follow as a corollary.

Let us consider the vector space given by:

E(ly) = {A:ZakQHk € B(lo) |ax®Hy € B(lo) for all 0<k<n, ne N},
k=0

where ag €loo, and ap® Hg =[a]*Hi with the notation in (5).
We introduce a generalized scalar product of matrices (A, B) for A=A¢ and
B=DBg, where f=(f1, f5,...) and g=(g1, g2, ...), in the following way:

(9) <A,B):(<f1,g1),<f2,g2>,~-‘)-

We say that a family of matrices (®x)xen is an orthonormal system if the
following orthogonality relations hold: (@, ®;)=0€l, for k#l and (P, Pr)=1€l-
for all keN*.

By the orthogonality of the system (Hj)x>1 we deduce that A€ E(lz) implies
A=3"T (A H)OH,€E(l).

Therefore

E{l)= {A=i<A, H)®H,; € B{l2)|(A, H)OH; € B(lp) for [ <n, ’I'LEN\{O}}

=1

Remark 16. (1) There is A€ B(l2) such that (A, H1)€ly, and (A, H))OH, ¢
B(l2).

(2) If 0<p<2 and A€S,, where S, is the Schatten class of order p, (see, for
instance, [Zh] for the definition of a Schatten class) then [(A, Hg)]€ M(l2), which in
turn implies that (A, Hy)® Hx € B(l5) for any ke N\ {0}.

Proof. (1) Let A=A, with afk_lzl, a?*=0 for keN\{0} and al =0, if k#1
and keN\{0}.
Then (A, H1)=(z1,0,z1,0,...)€Ely, where z; is some constant.
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Hence (A, H1)®H,=2iBzx, /7, where

010 3 0 %
-1 0 0 0 0 O
0 0 0 1 0 3%
B=|—-3 0 -1 0 0 0
00 0 0 0 1
- 0 -3 0 -1 0

But, clearly, co=|I~Pr(B)||pa,) <||Bllsq,), where I is the unit for the usual
non-commutative multiplication of infinite matrices.
This result is not surprising, since using Proposition 12 and Theorem 13 we
obtain that
(11,0,x1,0,...)€ms <« 1z;=0.

(2) Let p<2. By [Zh], A€ B(l2) belongs to S, if and only if, for any orthonormal
basis (ex)k>1 in Iz, we have Y727 | || Ae P <oc.
Thus, for A=(ax ;), we get

0 oo p/2 0 =) p/2
Z(Z Iakj|2) <oo and Z(Z |ak]‘|2> < 00.
k=1 \j=1 j=1 k=1
Then, using the Cauchy—Schwarz inequality and the above inequalities, we get
that || (A4, Hk)||§§C||Hk||%(l2)|lA||gp<oo for some constant C>0.
By Remark 14 it follows that [(A, Hx)]€M(l2). The last implication is now
obvious. O

Observe also that there exists A€ B(ly) such that (A, Hy)® Hy€ B(lz), for all
keN, but for some ko€N, we get (A, Hy,)¢ms. Indeed A=Ap=(an)n>1€l0\ms
gives an answer to the above problem for kg=0.

Therefore, in the definition of E(l,), we prefer the weaker condition (A4, H;)®
Hi e B(ly) for all k rather than (A, Hy)€ms for all k.

On the ms-module E(l;) we consider the norm

m
> (A, Hi)0H; < 0.
k=0 B(iz)

Since TNE(l) can be identified with E4([0, 1]), the space of all dyadic step
functions, whose completion with respect to supremum norm is equal to the space
of all countable piecewise continuous functions with discontinuities at dyadic points
of [0, 1], a space denoted by C,([0, 1]), we call C,(l2) the completion of (E(l2),] - |I).

In what follows we will give some known classes of matrices which are embedded
in Cr(lz)

(10) IAll = sup

m<n
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Ezamples. (1) Obviously all Toeplitz matrices associated to functions from
Cr(]0,1)) belong to C,(l2).
(2) The Hilbert-Schmidt matrices A=(a})jez.1>1, with

IAHHS—( > Zla |2> 2<oc

Jj=—0oc I=1

belong to C,.(I2)
We write §(t)=g(—t ) and PI(Z]__oc ™) =377 a;e’™!, where l€Z.
Then by Fubini’s theorem and the Cauchy Schwarz inequality we get

IPr(Sn(ADIIB(,) = su

||9||H2([0 1= 1[ 1

/SflP,g £) dt

2
= su
“9“H2([0 o

<|Alis sup [Pl

”9”1.12({0‘11)31

= || Allfs-

Hence || Allc, 1,) <V2 || Allus.

(3) Let A be a diagonal matrix having as non-zero entries the elements of the
sequence a=(a;);>1€ms. Then AcC.(l2) and [|Al|¢, 1,) <llllms-

The proof is straightforward using the trivial observations that ms is an algebra
with respect to usual multiplication and C,(ly) is an ms-module with la®X]| <

ol msll X Y-

(4 If A= (a )iez,>1 is such that Z]__x
||A||Cr(l2 SZ]:—oo HaJ“ms and A€Cr(l2).

The statement follows easily by (3).

(5) If A is the main diagonal matrix having as non-zero entries the elements a;
with (a;);>1€l, then AcC\( . (Note that (a;);>1 may
not belong to ms.)

/fls (P)(~t) dt

lla{lms <2, wherea]d (a})i>1, then

Proposition 17. If the sequence of matrices (A™),>; is a Cauchy sequence in
E(ly) with respect to the norm || - ||, then (A™. Hy) = Hy. converges to some oy ® Hy
mn this norm. Moreover ap O HeB(ly) and (A", Hy) —nay in

Proof. Step 1. We first prove that

(11) (A, Hi) i, <2||Allpay) for all ke N and A€ B(l).
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If A=Ay¢, where f=(f1, f2,...), and QA is the matrix with entries
a, k=l jEZ,

7

[Q1A1§={0 o

by the Cauchy-Schwarz inequality, it follows that

/2
4, oo = (Uil < sup il = sup (Z |aj|2)

]=—00

<V2 sup ||QiA|ga,) <2l AllBu,)-
leN\{0}

Step 1. Let now (A™),>; be a Cauchy sequence in E(l3). Then, for a fixed
keN, we have that (A", Hy) —ay, as n—oc, in I

Indeed, using (11) and the fact that ||A| gu,) <||All, the statement follows by
Step 1.

Step III. If (A™),>1 is a Cauchy sequence in E(l3), then ((A™, Hy) OHi)n>1 152
Cauchy sequence in E(l,) for all k and hence (A", Hy)® Hy— B¥€C,.(l2), as n— oo,
in the norm || - ||. Thus, by (11) it follows that lim,, . |[(A™, H) —(B¥, Hi}||0c =0,
and by Step II it follows that cx=(B*, Hy).

Step 1IV. If we show that B*=(B*, H\)® H}. then Proposition 17 is proved. But
by Step III we have that (A", Hy)® Hy~» B¥, as n— 00, in B(l3). Then the entries of
the matrices (A", H;)©® H}, converge with respect to n to the corresponding entries
of the matrix B*. By Step I, (A", Hy)— (B*, Hy), as n—oc, in I, hence it follows
that (B* H,)OH, =B*. O

We use Proposition 17 in order to prove the existence of some kind of Schauder
basis in Cy.(l2) given by the sequence (H)k>o0.
More specifically, we have the following result.

Theorem 18. Let AcC,(l3). Then we have the decomposition

A=

Mg

(A, He) © Hy,

k=0

in the norm || - ||-

Proof. Let AcC,(l3). Then there is a Cauchy sequence A™€ E(lz) such that
A=lim,_,,, A". By Proposition 17 we get lim,_ [{A", Hx)® H —ax @ Hi[|=0
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for all k>0. Let £>0. Then there is n. >0 such that for all n>n. and all k>j, we
get

k k k
> (A" H)) < limsup Z(A",H,»)@Hi—Z<A'",1em©Hz
m—o0 ‘i=j

i=j i=j i—J'

(12) + lim lel(A”‘ DOH;—0; OH;|| <e

Using (12) and the orthogonality relations satisfied by the sequence (Hi)k>o0
we find that there exists I such that || Z ; aiOHi||<e for all k>j >l..

Therefore Y o) a; @ H;=BeCr(ly). Taklng j=0 and k>max{k(n),l.}, where
S (An H)©H;=A", in (12), we get that [JA"—Y ") o, 0 H,|| <e for all £>0
and for all n>n,.

Thus A=B=3 .7, a;®H; and, using the orthogonality relations satisfied by
(Hi)k>o0 and the fact that the operator A— (A, H;):Cyr(l2)— 1 is continuous, we
get A=3"°(A, H,)OH;. O

Now we get the extension of Haar’s theorem for matrices.

Corollary 19. Let AcC,(lz). Then A=Y r- (A, Hy)©Hy in the norm of
B(ls).

Of course there exists A€C(l3)\Cr(l2). For instance, A being the diagonal

matrix A; given by the sequence (a,)n>1, where az,_1=1 and as,=0 for all n=
1,2,....

Proof of Theorem C. Let A be an infinite matrix as in Theorem C and let £>0.
Since AeC(l3) there is k€N such that ||ok(A)—A||B(12)<%€. Then by hypothesis
and by Example (4) it follows that or(A)eC,(lz). Consequently, by Theorem 18,
there is a Haar polynomial )|, ! a;®H; such that ||ox(A)— 21—0 a; O H;|| py) <

58 0
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