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I f  E and F are complex Banach spaces and U is a non-void open subset 
of E, 9((U; F) denotes the complex vector space of all holomorphic mappings 
from U into F. There are several locally convex topologies which may be con- 
sidered on 9((U; F). Among them some are natural in the sense tha t  they coincide 
with the usual topology on 9g(U; F) for E finite dimensional. This paper presents 
results about the characterization of the relatively compact subsets of 9(~(U; F) 
for one of these topologies. Theorems of Nachbin and Aron appear as special eases 
of these results. 

Let ~ be the family of all continuous mappings ~ from U into R such t h a t  
O <  ~(x) ~ d ( x ,  a U ) = d i s t a n c e  of x to the boundary aU of U. For each ~E 
let ~ ( U )  be the collection of all the finite unions of closed balls /~Q(x) with 
center x E U and radius ~ < ~(x). 9d~(U; F) denotes the complex vector space 
of all the holomorphic mappings from U into F which are bounded over the 
elements of c~(U).  In c)~( U;/v) we consider the topology of uniform convergence 
over the elements of ~ ( U ) .  

P~O]~OSITION 1. Let p be a seminorm defined in 9(~ ( U; F).  The following state- 
ments are equivalent: 

(i) There are c >  0 and B E ~6 ( U) such that 

p(f)  _< c sup {[If(t)H; t E B}  for every f in cX~(U; F).  

(ii) There are c > 0 and B E c~ (U), B k = U i = l  B~i(xi), ei < T*(Xi), 
i =  1, 2, . . ., k, such that 
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p(f )  < c sup {~$=o " -~ " " _ q, l l (n!)  d 7(~,)11, 

for each f in 9{(U;  F). 

i -  L 2 , . . . , k }  

Proof. Let  B of (i) be of the form B ~-LJk=lBQi(Xi), ~i < T(Xi), 
i =  1 , 2 , . . . , k .  I f  t 6 / ~  (x~) and  f 6 9 d ( U ; F ) ,  we have 

/ x .  / x .  

[If(t)l] --< ~,~%o I](n!)-~d~f(x~)(t -- x~)ll <-- ~,,~_o e~ll(nt)-ld~f(x~)ll . 

From this it  is easy to show tha t  (i) implies (ii). 
Le t  B be as in (ii). I f  r >  0 is such tha t  r < z(x~)-- ~, i =  1 , 2 , . . . , k ,  

we have B '  k ~N~(U) and, for f 6 9 { ( U ; F ) ,  = U,=~ B +,(x~) e 

I I ( n ! ) - ~ d T ( x g [ I  < (e ,  + r)  '~ sup  {]lf(t)I]; t e B ' } ,  n = O, ~, . . ., 

via the Cauchy inequalities. Thus 
/ x  

co n l - 1  n n _ _  _ _  ~ . = o ( . )  e,l/d:f(x~)ll < (1 e~(~, 4- r) ~) ~ sup {/If(t)ll; t 6 B'} 

for every f in c)((U; F). From this we get t ha t  (ii) implies (i). 

It is not difficult to see that 

9((U; F)  = U~ecg(~(U; F) .  

On the other hand  9{(U;  F)  is a Fr6chet space if  E is separable. For  fur ther  
details see [1], [2], [3]. Le t  ~t be the locally convex topology in 9((U; F)  which 
is the inductive limit of the topologies of the 9~(U;  F), r 6 ~ .  I t  is easy to see 
t ha t  Tl is f iner t han  the Naehbin topology L). (See [4]). 

Le t  ~0f denote the topology on 9((U; F) of uniform convergence over the 
finite dimensional compact  subsets of U. A subset of 9{(U; F)  is ~0f-bounded if  
and only if  it is locally bounded on U. See [5]. 

PI~OPOSlTIOSr 2. I f  ~ is a subset of 9{(U; F) which is Zof-bounded, then there 
is �9 6 ~ such that V)C is contained and bounded in 9{ (U; F). 

Proof. For  each u in U let z(u) be the supremum of the ~ > 0 such tha t  
is uniformly bounded in B~(u) c U. Since C)C is locally bounded in 

U, 0 < ~(u) < d(u, OU). We prove tha t  

I ~ ( u )  - T(v)I  < IIu - vii (*) 

for all u and v in U. We have two eases: (a) ]1 u - v l I < ~ ( u )  and  
(b) l lu--vl t - ->z(u) .  In  the first  case, if  Ii u - v l l < 0 < z ( u ) ,  we have 
/~o-)l- ~11(v) C B o(u ) and :  0 - Ilu vii __< v(v). I t  follows t h a t  T(u) -- T(v) _< 
ttu --  vii. In  the second case this inequal i ty  holds trivially. I f  we interchange the 
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roles of u and v in the above reasoning we get (*). Thus ~ e % and it is easy 
to see that  this is the z we need for the proof. 

For E separable zl is the bornological topology on 9((U; F) associated to 

T0f. 
Let z~ denote the topology on 9((U; F) of uniform convergence over the 

compact subsets of U of f and all of its differentials. See [4]. 

THEOREM 3. I f  -~ is a ~of-bounded subset of 9((U; F),  then zl and T~ deter- 
mine  the same un i form structure over ~)(~. I n  part icular vt and "r~o i n d u c e  the same 
topology on 9C. 

Proof.  Let p be a zccontinuous seminorm on 9((U; F). Let ~ C ~; be such 
that  ~X is contained and bounded in 9 ( ( U ; F ) .  Thus there are c > 0 and 
B = kJ~lBoi(x~),  ~ < z(x~), i = l,  2 . . . . .  k, such that  

p(f)  < c sup {~Z0 '~ -~ ~ _ o, ll(n!) d7(x,)ll; i = ],  2 , . . . ,  k}  

for each f in 9~(U;F) .  I f  0 < r < v ( x ~ ) ,  i =  1,2 . . . . .  k, then 
B ' =  [.J~=~/~o~+~(Xl) belongs to ~ ( U )  and there is C >  0 such that  

sup {llf(t)ll; t c B'}  < C 

the set 

for every f in ~C. I t  follows that  

{l(nt) 'dT(x,)ll _< C(~o, + ~) " 

for n = O, 1 , . . .  and f in ~ .  Let # >  0 be such that  

c~ sup { ~ , % ,  c~7(~, + r)-"; i = 1, 2 , . . . ,  ~} < 2 1. 

I f  the seminorm q is defined on 9((U; F) by 

q( f )  = c sup {~}20 q~[[(jI) ldJf(x3H; i = 1, 2 . . . . .  k}, 

then q is z~-eontinuous and f E ~ ,  q ( f )  < 2 -1 imply p(f)  _< 1. I t  follows that  
if 0 E cA', Cg is a neighborhood of 0 in the topology of ~Y~ induced by z~ if and 
only if r is a neighborhood of 0 in the topology of [~ induced by ~. Given 
9(- J c 9((U; F) ~rbounded, the set (X ~. --9(~, of the differences between two 
elements of r is zrbounded and contains 0. By the preceding remark the 
neighborhoods of 0 in the topologies of ~X~- ~2)(~ induced by z~ and rl are 
the same. I t  follows that  the uniform structures induced over ~ by ~ and 
T~ are also the same. Denoting by z0 the topology of uniform convergence on all 
compact subsets of U we have: 
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COI~OLLA~Y 4 (Nachbin  [4]). I f  ?~ is a %-bounded subset of c)((U; F), then 
~c~o and ~ determine the same uniform structure over ~S. I n  particular, ~o~ and 
~ induce the same topology on 9~. 

P~OPOSITION 5. A subset ~ of %)((U; F) is Trrelatively compact if, and only 
if, ~ is ~-relatively compact. 

Proof. I f  9r  is %/-bounded,  it  follows t h a t  the  closures of  ~ re la t ive  to ~l 
a n d  ~ coincide (Theorem 3). On the  o ther  hand  these  closures are T0]-bounded 
a n d  ~ and  V~ induce the  same topo logy  on them.  The  resul t  now follows t r ivial ly .  

COI~OLLARY 6 (l~achbin [4]). ;Let ~)C be a subset of 9((U; F). ~)r is ~-relatively 
compact if, and only if, it is ~-relatively compact. 

tlemark. Aron (see [6]) p roved  Theorem 3 and  Propos i t ion  5 for  E separable .  

The  au tho r  was pa r t i a l ly  suppor t ed  b y  F u n d o  NaeionaI  de CiSncia e Tecnologia  
( F I N E P ) ,  Brazil .  
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