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Introduction

Suppose that G/K is a noncompact Riemannian symmetric space and that G
has an Iwasawa decomposition G=KAN. The Abel transform F of a bi-K-invariant
function fon G is the Weyl group invariant function on the Lie algebra of 4 defined by

Fi(H)= e'?(H)fN flexp (H)n)dn, HE¢a.

Gangolli has shown that fi>F, is an isomorphism *C{(G)*="CZ(a). In this
paper we describe the inverse of the Abel transform in the case when G=SU(p, q).
The main ingredients are as follows.

Firstly, it is known that the Abel transform relates the spherical transform on G
and the Euclidean space Fourier transform on A in the following manner:

spherical

K C:, ( G) g _transform %9’(0*)

Abel Fourier
transform transform

YCx(a)

Hence, a function fe¥C(G)* is equal to the inverse spherical transform of
Z.(F;). In the case of SU(p, q) there is an explicit formula for the spherical func-
tions, due to Berezin and Karpelevich, and so one can write out an explicit formula
for the inverse spherical transform. This involves a product of inverse Jacobi trans-
forms, one for each of the dim (4) variables describing coordinates in a*, applied to
the Fourier transform of a [],.; (93—87) F;. Here §; means partial differentiation
with respect to the i** coordinate on a. The final step uses a result of Koornwinder,

* Dedicated to the memory of Irving Glicksberg.
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which states that an inverse Jacobi transform is a composition of fractional integral
operators following the one-dimensional Fourier transform applied to even func-
tions, Our formula states that if f€*CZ(G)* then fis a fixed function multiplied
with a product of compositions of fractional integral operators (in each of dim (4)
variables) applied to

Hi<j(al2'-3i2)Ff'

We obtain a similar inversion formula for the Radon transform (in the sense of
Helgason) acting on S(U(p)X U(g))-invariant functions on M, ,(C). As an appli-
cation of this latter formula we demonstrate a local regularity property for
S(U(p)x U(q))-invariant Fourier transforms on M, ,(C), when g=p=>1 or
g=p=1, and exhibit some sets of nonsynthesis for the algebra of Fourier transforms
on M, (C).

1. Preliminaries

Let G denote a connected noncompact semisimple Lie group with finite centre
and with a fixed Iwasawa decomposition G=KAN. Furthermore, denote by a the
Lie algebra of 4 and H: G—-a the Iwasawa projection. Fix a Weyl chamber a,
in a and let R* be the corresponding set of positive restricted roots. The multipli-
city of € R* is written m(e) and we set ¢=(1/2) >, g+ m(a)a. The Weyl group
is denoted by w. The Lie algebra of G has the Cartan decomposition I@p and we
equip p with the inner product (.|.) coming from the Killing form. In particular,
functionals A€a* are viewed as elements of p* which take the value of zero on the
orthogonal complement of a in p. For each a¢ R* fix H,€a so that (H,|H)=a(H)
for all H¢a. The vector field determined by H, is denoted by 9,. The Lebesgue
measure on a and a* is normalized so that the Fourier transform

FofO) = [ fX)e ™M aX, VfeF (@), Ia’,
has as its inverse

Fle) = [ gD di, VgeS@), Xea.

Then normalize the Haar measures on 4, N, K and G in the usual manner, see
[16], section 8.1.3.
For each Aca* there is the zonal spherical function

(1) 0:(x) = [ eW-aWeR gk, Vx€G,
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and the generalized Bessel function
)] ¥,(X) = fK eHAIMX) gk Xep.

The properties of these functions are described in [3, 7 and 11].
The spherical transform is defined by

fd = [, f@e:x7dx, VfE*C.(OF,
and the Abel or horospherical transform is
Fy(H) = e2® fN fexp(H).n)dn, VfeXC,(G)X, Hea.

It is known that f-F, defines an isomorphism between *¥CZ(G)X and “C7 (a),
and that
3 F) = F(FPA), VfEEC2 (G, Aca™.

See [7] for details. For each H€a let vy be the probability measure on a defined by
ja fdvy = fK f(H(exp (H).k))dk, YfeC,(a).

It follows from a theorem of Kostant that the support of vy is the closed convex
hull of w - A. In addition,[6],if H is regular in a then vy is absolutely continuous with
respect to Lebesgue measure.. Equation (1) shows that

@ @i (exp (H)) = Fo(e Cvy)(—4), Vica™
Let C denote the function on a* which vields the inverse spherical transform [7],
®) @ =l [ JBei0IC@)2dA

The function B(4)=|C(4)|~? is smooth and of polynomial growth on a*, so that
F. B is a well-defined tempered distribution on a, see [5], section 3.8.

Combining equations (3), (4) and (5) we see that if H¢a™ and fc*Co(G)*
then

flexp () = o]~ [ Fo(F) (D) Fale V) (- DP(D) i
= |w|~1F; x(e~%vg)" * (F4 *B)(0).

The convolution is well-defined since (e~°vy) has compact support. Note that

B(—D=B).
6. Lemma. The inverse of the Abel transform is given by

f(eXP (H)) = ||~ (F,, (e_avu)*(g'—a—lﬁ»
Sor all F€¥C?(a) and Hc€a.
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Theorem 3.5 in [10] summarizes this inversion when G has only one conjugacy
class of Cartan subgroups. See also [1] for the case of SL(3,R) and [9] for some
calculations of #,7'B. In the next section we will explicate Lemma 6 for G=SU(p, q)
and K=S(U(p)Xx U(q)).

It is possible to make a similar remark concerning the Radon transform on p,
as defined on p. 306 of [11]. First, let G, denote the Cartan motion group KXp
and q the orthogonal complement of a in p. Translates of q by elements of G, are
called planes in p. If f€C.(p) and £ is a plane in p then the value of the Radon
transform of f at & is

@)= [, f)ar,
where dY is Lebesgue measure on ¢, From [11] we know that if f¢*C2 (p) then
™ Joy= [ fOO¥_1(X)dX = F(Hf(- +a)(2).

This is analogous to (3). Here H—~Zf(H+4q) is an element of *C(a). It is well-
known that the inverse spherical transform for (G, K) is given by

®) S = o] [ FOYVH) [T, cp WEH)™ dA,
for all f¥€C7(p) and Hea.

For each Hca let 5 be the probability measure on a with support co (w - H)
and Fourier transform ¥_,(H). Furthermore, let B(A)=|[T.cr+A(H)"®|.

9. Lemma. If fc*C>(p) and Hca then
S(H) = (Rf (- +0), ng* Fs 'B).

In the rank 1 case the K-invariant functions on p are just radial functions and
this formula becomes a special case of results in 1.4 of [8]. As with the Abel transform,
we will explicate Lemma 9 when K=S(U(p)xU(g)) and p=M, ,(C), the space
of pXgq complex matrices.

II. The case G=SU(p, q)

In this section we fix g=p=1 and let G=SU(p,q). We use the Iwasawa
decomposition described in [12], so that K=S(U(p)XU(q)), k=g—p=0,

Opxp t§0p,<k

a= Ht= t . t=diag(t1, veey tp), tl’ aeey tpER >
........... % q
kap
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a, = exp (Hy), and

o ) el

Fix the Weyl chamber a,={H,: ,>t,>...>1,>0} and identify a* with R? via
MH) = 25 25t

The Weyl group w is the semidirect product of &,, acting as permutations
t>(tys --s typy)» and {E1}7 acting via t—(g 1, ..., ¢,¢,) with g=:+1. Each
function f€®CZ (a) is even as a function of each particular coordinate and invariant
under all permutations of coordinates. The positive restricted roots, in the notation
of [12], p. 71, are a;, 20; (1=j=p) and o;+a; (1=i=p).

We abbreviate d;=9, for 1=j=p. For each #€R let (see (2.2) in [13])

A o() = (€ —e™)+ (e e,
For teR? set

o(Hy) = ]];'=1 Ay0(2)

w(ag) = 2"C=D/2 [T, _(cosh (21;) —cosh (2¢))).

and

Note that if (s,&)éw then
10) o (ag, ) = sign (s)w (ay)-

The integrand in equation (8) involves [J, . g+ A(H)™®, which in this case is equal
to

(1D const ([ 1< A2 =) II]_, A

In order to describe the zonal spherical functions and generalized Bessel func-
tions we must recall some special functions. For each A€R and t=0 the Jacobi
function of index (k, 0) is equal to

PO (f) = oF, ((k+1+14)/2, (k+1—iA)/2; k+1; —(sinh 2)?).

Furthermore, set
28+1r((iA)/2) T (1 +i4)/2)
(T((k+1+i4)/2) ’

as in (2.6) of [13]. It is known [15] that if  A20 and ¢=0 then

Ck,O(A) =

(12) Jim oED (t/N) = const. (AD)~*J(AD),

where J,, is the classical Bessel function and the constant depends only on k. Let

F(8)=5""T1,(s).
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The formulae of Berezin and Karpelivich [2] state that if A€a* is such that (11)
is not zero then

13) ¢ (a) = const. det (@ ? (1)) =i, j=p/{w(ad)- IT,_,, A —23)}
and
(14) ¥, (Hy) = const. det (£ (Xt D =i, j=o/ IT, ., {( —12) (A —22)}

forall Hea,. Equation (13) is proved in[12] and equation (14) follows from (12),
(13), and [4).

Now suppose that feXC=(G)* and that A is a regular element of a*. Then, the
spherical transform of f is given by

(15)
I, (03 ~32)f(0) = const. [ f(a)o(ar) det (0% " ENIT ], Ao (t)dtr .. dt,.

The right-hand side of (15) is the sum over all permutations s€&, of integrals
16) f f@dw(a)sign() [T}, {0% 2 (t5) Ao (s} dty . dt,
= [ f@yo(@) IT5_, {6%; )40 (t)} a1y .. d1,,
the left-hand side of (15) is equal to
an Fo(Il ;3 —0DF, (A

In (16) the integrand is invariant under the action of {£1}* and anti-invariant under
the action of S,. Let us set

C,={H¢€a:t;=0, j=1,...,p}.

Then the integral (16) is 2P times the integral
(18) [ f@)o@) IT5, 6% 4ot} dty...dt,.

To proceed from here we need the results of Koornwinder [13] on the Jacobi trans-
form. For positive real numbers y and ¢ and g a compactly supported smooth func-
tion on C, set

(Wi@)H) =T @ [ [ gH)X
X [T5_,{(cosh (os;) —cosh (at;))*~a sinh (65))}ds, ... ds,.
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Furthermore, for ¢ as above, n=0,1,2, ..., and p>—n let

(Wa@)(H) = 1y T (u+m)=? [~ f:( :ﬂ;xc—ofl;wg(m)]x

X II7_, {(cosh (os)) —cosh (61))**"~ o sinh (os))}ds, ... ds,.

These are p-fold tensor products of the operators #;” in [13]. Combining (18) with
(3.7) and (3.12) of [13] we see that if fe*CT(G)* and A€a* then

(19) f(A) = const. fc W}o W3 ((foexp).(woexp))(HY [T5_, cos (4;t) dty ... dt,.

Rewriting equation (17), taking into account its invariance under {+1}?, f(A) is also
equal to

(20) const. [ (], @3~ F)HYT,_, cos (A1) dty ... dt,.

We can invert the cosine transform one variable at a time and similarly the transforms
we.
"

21. Theorem. For G, K, and a, as above and fc*C2(G)X, the Abel transform
F; satisfies

11, ;@ —7) F;(H,) = const. Wyo W} 5((foexp) .(woexp)) (Hy)
Jor all Hga, . Furthermore, the inverse Abel transform is
Slag = const. w(a) ™ Wi p0WL ([T, _, (85 —0) Fy)(H)
Jor all Hga, .

This last formula can be thought of as a higher rank version of section V.2.4 in
[8]. We now turn our attention to Radon transform in Lemma 9. We know that if
f€XC (p) and A is a regular element of a* then

I, (3 =2%).70) = const. [ ) SHY [T, _; (13— 3) det (£, (A1) X

XI5, ||+ dey ... dt

-
Let us write
8 = [T,_,(—15).
Arguing as for equation (16) above, we rewrite this as
Fo(ll 1o @2 =D RS (- +a))(M)

= const. fc+ SHYO® TP, (£t |7} dr, .. dt,,.
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Using (5.5) of [13] this becomes

const. fc IT"_, cos (,ljsj)f:° f:o FAHYOOX[TT_, ((F—sD— P 4)X
Xdty...dtyds,...ds,.

22. Theorem. For G, K, a, and p as above and for every fc*C2(p) the Radon
transform Rf satisfies
Hi<j (312_312)‘%f(Ht +q)

= const.f:’ ftmf(Hs)()(s) II7_, (s5F— 1D} CBs) ds, ... ds,;
forallHeta,

Fix f as in the statement of the theorem. We know that t—f(H,) is a smooth
function of (t,, ..., #,) and so we can view the integral in the theorem as a p-fold
tensor product of Weyl fractional integrals. The inversion formulae for these are well
known, see [13].

23. Corollary. For G, K, a, and p as above and fc*Co(p),
SEHYO® =const. [~ ... [“{I]_, 70 [T, O} 0D Rf (Hxt )} X

X ]I;=1 {xm(xrzn_t;zn)_l/z} dxl...dxp;
for all HEa, .

3. Local regularity for K-invariant Fourier transforms

Maintain the notation of section 2 and identify p and p* using the Killing form.
Let &, denote the Fourier transform acting on L*(p), normalized by the same require-
ments as in section 1. We are interested in the properties of % (*L'(p)), the sub-
algebra of K-invariant elements of the Fourier algebra of p. For each g€ L'(p) set
I Z,&llay=gll1. In particular, if f€C.(p) is K-invariant and an element of %L (p)
then

1flaw = o7 | Z(BFC +0) D] [T, - REHDI™ d2.

24. Lemma. Let fc¢C (p)nF,(*L'(p)). Then the distributional derivative
(IT,cr+07®) Rf(-+0q) is an element of F,'(L*(a*)) and

P |17, ¢, 97 AfH+0)] = const. |/ Law-

Recall that Zf(- +q) is an element of ®C(a) whenever f¢*C, (p). Now fix a compact
K-invariant subset ECp and ¢<¢XC>(p) such that ¢(X)=1 for all X€E. For
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every fe#,(XL'(p)) we can apply Lemma 24 to the function ¢.f. Furthermore,
arguing as on p. 54 of [14], we see that if n is an integer valued function on R* with

0=n(e) =m(n), VaeR*
then there is a constant ¢=0, depending only on w, E, and ¢ such that

@5) SUD | 1T, 5 (0N H+0)| = ¢+ 1fac

for all feZ,(*L*(p)).
We can feed these estimates into the equation in Corollary 23, and observe that
—@@[dy)W (DY) =H,-1(8)(¥) = #,(— &) ),
in the notation of (3.9) of [13].

26. Theorem. Let K, p, and a.,. be as above and suppose that g=p=1org=p=1.
For all fe&,(*L*(p)) the distributional derivative

(I} 0 11, ;07 ~0D) - f(HY)

is a continuous function on a,. Furthermore, for each w-invariant compact subset E,
contained properly in the set of regular elements of a, there is a constant c;=0 such
that

53 |17 0t [T, @3 =00 (HO] = Cs* Lo

27. Corollary. For q=p=>1 or g=p=1 consider the action of K=S(U(p)X
U(q)) on M, (C) given by (‘g g) +X=AXB*. Then every regular K-orbit is not a
set of synthesis for the Fourier algebra of M, ,(C).

This is proved in the same manner as Theorem 4.3 in [14]. See the references
cited in [14] for details concerning spectral synthesis for & L'(R").
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Note added in proof. In a recent paper “The Fourier transform of Harish—

Chandra’s ¢c-function and inversion of the Abel transform™, R. J. Beerends describes
Z.(B) for arbitrary noncompact G/K.



