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FIXED POINT THEOREMS AND CHARACTERIZATIONS
OF METRIC COMPLETENESS

TOMONARI SUZUKI — WATARU TAKAHASHI

1. Introduction

Let X be a metric space with metric d. A mapping T from X into itself is
called contractive if there exists a real number r € [0,1) such that d(Tz,Ty) <
rd(z,y) for every z,y € X. It is well know that if X is a complete metric space,
then every contractive mapping from X into itself has a unique fixed point in X.
However, we exhibit a metric space X such that X is not complete and every
contractive mapping from X into itself has a fixed point in X; see Section 4.
On the other hand, in [1], Caristi proved the following theorem: Let X be a
complete metric space and let ¢ : X — (—o00,00) be a lower semicontinuous
function, bounded from below. Let T': X — X be a mapping satisfying

d(z,Tz) < p(x) — ¢p(Tx)

for every x € X. Then T has a fixed point in X. Later, characterizations of
metric completeness have been discussed by Weston [8], Takahashi [7], Park and
Kang [6] and others. For example, Park and Kang [6] proved the following: Let
X be a metric space. Then X is complete if and only if for every selfmap 7" of
X with a uniformly continuous function ¢ : X — [0, 00) such that

d(z,Tx) < ¢(z) — ¢(Tx)
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for every x € X, T has a fixed point in X. Recently, Kada, Suzuki and Takahashi
[4] introduced the concept of w-distance on a metric space X (see Section 2) and
improved Caristi’s fixed point theorem [1], Ekeland’s variational principle [3],
and the nonconvex minimization theorem according to Takahashi [7].

In this paper, using the concept of w-distance, we first establish fixed point
theorems for set-valued mappings on complete metric spaces which are connected
with Nadler’s fixed point theorem [5] and Edelstein’s fixed point theorem [2].
Next, we give characterizations of metric completeness. One of them is as follows:
A convex subset D of a normed linear space is complete if and only if every
contractive mapping from D into itself has a fixed point in D.

2. Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R
the set of real numbers. Let X be a metric space with metric d. Then a function
p:X x X — [0,00) is called a w-distance on X if the following are satisfied:

(1) p(z,2) <p(z,y) + p(y, 2) for any z,y,z € X;

(2) for any x € X, p(x,-) : X — [0,00) is lower semicontinuous;

(3) for any £ > 0, there exists § > 0 such that p(z,z) < ¢ and p(z,y) < ¢
imply d(z,y) <e.

The metric d is a w-distance on X. Some other examples of w-distances are
given in [4]. We have the following lemmas regarding w-distance.

LEMMA 1. Let X be a metric space with metric d, let p be a w-distance on
X, and let q be a function from X x X into [0,00) satisfying (1), (2) in the
definition of w-distance. Suppose that q(x,y) > p(x,y) for every x,y € X. Then
q is also a w-distance on X . In particular, if q satisfies (1), (2) in the definition
of w-distance and q(x,y) > d(x,y) for every x,y € X, then q is a w-distance
on X.

PROOF. We show that ¢ satisfies (3). Let e > 0. Since p is a w-distance,
there exists a positive number § such that p(z,2) < ¢ and p(z,y) < ¢ imply
d(z,y) <e. Then ¢(z,2) <6 and q(z,y) < ¢ imply d(z,y) < e. O

LEMMA 2. Let F be a bounded and closed subset of a metric space X. As-
sume that F' contains at least two points and ¢ is a constant with ¢ > 6(F), where
0(F) is the diameter of F. Then the function p: X x X — [0,00) defined by

| d(xy) ifwyeF,
ple.y) = c ife g F orygF,

18 a w-distance on X.
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PRrROOF. If x,y,z € F, we have

p(z,2) = d(z,2) < d(z,y) +d(y, 2) = p(z,y) + p(y, 2)-

In the other case, we have

p(z,2) <c <plx,y) +py, 2).

Let x € X. If a > ¢, we have {y € X : p(z,y) < a}=X. Leta<ec. fz € F,
then p(z,y) < o implies y € F. So, we have

{lye X :p(x,y) <a}={ye X :d(z,y) <a}NF.

If z ¢ F, we have {y € X : p(z,y) < a} = 0. In each case, the set {y € X :
p(z,y) < a} is closed. Therefore p(x, -) : X — [0,00) is lower semicontinuous.
Let € > 0. Then there exists ng € N such that 0 < e/ng < ¢. Let § = ¢/(2ny).
Then p(z,2z) < § and p(z,y) < ¢ imply z,y,z € F. So, we have

e
(x,y) = (x7z) + (yVZ) p(z,x) +p(2,y) - 2710 + 2710 ny c

Let ¢ € (0,00]. A metric space X with metric d is called e-chainable [2] if
for every x,y € X there exists a finite sequence {ug, u1,...,ur} in X such that
ug = z, up =y and d(u;,u;q41) < e for i = 0,1,...,k — 1. Such a sequence is
called an e-chain in X linking = and y.

LEMMA 3. Let ¢ € (0,00] and let X be an e-chainable metric space with
metric d. Then the function p: X x X — [0,00) defined by

k—1
p(z,y) = inf { Z d(ui, wig1) : {uo, u1, ..., uk} is an e-chain linking x and y}
i=0

18 a w-distance on X.

PrOOF. Note that p is well-defined because X is e-chainable. Let x,y,z € X
and let 7 > 0 be arbitrary. Then there exist e-chains {ug, u1,...,ur} linking x
and y and {vg,v1,..., v} linking y and z such that

k—1 -1

Zd(uz‘, uiy1) < p(z,y) +n and Zd(vz‘, viy1) < p(y,z) + 1.
=0 =0

Since {ug, u1, ..., Uk, V1,V2, ..., v} is an e-chain linking « and z, we have

k -1

plw,2) <> d(ug, uin) + Y d(viviga) < p(,y) + p(y, 2) + 2.
i=0

|
—

Il
=

i
Since n > 0 is arbitrary, we have p(z, z) < p(x,y) + p(y, 2).

Let us prove (2). Let z,y € X and let {y,} be a sequence in X with y,, — y.
Choose ng € N such that d(y,y,) < € for every n > ng. Let n > 0 be arbitrary
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and let n > ng. Then there exists an e-chain {ug, u1,...,ux} linking 2 and y,
such that

N

—1
d(uisuiv1) < p(x,yn) + 0.

Il
=)

i

Since d(y, yn) < €, {ug, u1,-..,ur,y} is an e-chain linking = and y. So, we have

k—1
p(z,y) < ) d(ui, 1) + d(Yn, y) < 2@ Y0) + 0+ d(Yn, y)

i

Il
o

and hence
p(z,y) < liminf p(z, yn) + 7.
n—oo
Since n > 0 is arbitrary, we have

p(z,y) < liminf p(z, yn).

n—oo

This implies that p(z, -) is lower semicontinuous. Since p(z,y) > d(z,y) for every
z,y € X, by Lemma 1, p is a w-distance. O

The following lemma was proved in [4].

LEMMA 4 ([4]). Let X be a metric space with metric d and let p be a w-
distance on X. Let {x,} and {yn} be sequences in X, let {a,} and {B.} be
sequences in [0,00) converging to 0, and let x,y,z € X. Then the following
hold:

(1) if p(zn,y) < ap and p(xn,z) < By for any n € N, then y = z; in
particular, if p(z,y) =0 and p(x,2z) =0, then y = z;

(2) if p(xn,yn) < an and p(xy,, 2) < By, for anyn € N, then {y,} converges
to z;

(3) if p(zp, xm) < ay for any n,m € N with m > n, then {z,} is a Cauchy
sequence;

(4) if p(y, zn) < ap for any n € N, then {x,} is a Cauchy sequence.

3. Fixed point theorems

Let X be a metric space with metric d. A set-valued mapping 7" from X into
itself is called weakly contractive or p-contractive if there exist a w-distance p on
X and r € [0,1) such that for any z1,22 € X and y; € Tx; there is yo € Tz
with p(y1,y2) < rp(z1, z2).

THEOREM 1. Let X be a complete metric space and let T be a set-valued
p-contractive mapping from X into itself such that for any x € X, Tx is a
nonempty closed subset of X. Then there exists xo € X such that zo € Txg and
p(x0,70) = 0.
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PRrROOF. Let p be a w-distance on X and let r € [0,1) be such that for any
1,29 € X and y; € Tz, there exists yo € Txy with p(y1,y2) < rp(x1,z2).
Fix ug € X and uy; € Tup. Then there exists ug € Tuy such that p(ui,us) <
rp(ug,ur). Thus, we have a sequence {u,} in X such that w,; € Tu, and
P(Un, py1) < rp(Up—1,uy,) for every n € N. For any n € N, we have

p(unu un+1) S Tp(unflu un) S TQp(unf%unfl) S o S Tnp(’“*Oaul)
and hence, for any n,m € N with m > n,

P(Uny Um) < P(Uns Ung1) + P(Unt1, Uny2) + -+ p(Um—1, Um)

IA

" p(uo, ur) + " rp(ug, ur) + -+ 7™ p(ug, ur)
,,,n
1—r

IN

p(UO, Ul)-

By Lemma 4, {u,} is a Cauchy sequence. Hence {u,} converges to a point vy €
X. Fix n € N. Since {uy,} converges to vy and p(u,, -) is lower semicontinuous,

we have

Tn

(*) p(UmUo) < liminfp(unaum) <

m— 00 1—’{‘

p(uo, U1)~

By hypothesis, we also have w,, € Tvg such that p(u,,w,) < rp(u,—1,v9). So,
for any n € N,

,rTL

1—r

p(tn, wn) < rp(tn-1,v0) < p(uo, u1).

By Lemma 4, {w,} converges to vg. Since Ty is closed, we have vy € Tvg. For
such wvg, there exists v1 € Ty such that p(vg,v1) < rp(ve,ve). Thus, we also
have a sequence {v,} in X such that v,41 € Tv, and p(vo, vpt1) < rp(vo, vn)
for every n € N. So, we have

p(vo,vn) < rp(vo, vp-1) < ... < 7"p(vo, Vo).

By Lemma 4, {v,} is a Cauchy sequence. Hence {v,} converges to a point
xg € X. Since p(vp, -) is lower semicontinuous, p(vg, xo) < liminf,, . p(vo,vy)
< 0 and hence p(vg, xg) = 0. Then, for any n € N,

n

1—1r

P(Un, o) < p(un,vo) + p(vo, o) < p(uo, u1).

So, using (*) and Lemma 4, we obtain vy = x¢ and hence p(vg, vg) = 0. O

Let X be a metric space with metric d and let T' be a mapping from X into
itself. Then T is called weakly contractive or p-contractive if there exist a w-
distance p on X and r € [0,1) such that p(Tz, Ty) < rp(z,y) for every z,y € X.
In the case of p = d, T is called contractive.
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THEOREM 2. Let X be a complete metric space. If a mapping T from X
into itself is p-contractive, then T has a unique fixed point vy € X. Further the
xo satisfies p(xg,xo) = 0.

PROOF. Let p be a w-distance and let r € [0,1) be such that p(Tz, Ty) <
rp(x,y) for every xz,y € X. Then from Theorem 1, there exists ¢ € X with
Txzo = zp and p(xg,z0) = 0. If yo = T'yo, then

p(z0,90) = p(T'z0, Tyo) < rp(T0, Yo)
and hence p(zg,y0) = 0. So, by p(zo,x0) = 0 and Lemma 4, we have 2o = yo.O

Using Theorem 1, we will prove a fixed point theorem which generalizes
Nadler’s fixed point theorem for set-valued mappings and Edelstein’s fixed point
theorem on an e-chainable metric space. Before proving it, we give some defi-
nitions and notations. Let X be a metric space with metric d. For z € X and
A C X, set d(z, A) = inf{d(z,y) : y € A}. Denote by CB(X) the class of all
nonempty bounded closed subsets of X. Let H be the Hausdorff metric with
respect to d, i.e.,

H(A, B) = max{sup d(u, B), sup d(v, A) }
u€A vEB
for every A, B € CB(X). Let € € (0,00]. A mapping T from X into CB(X) is
said to be (e, o)-uniformly locally contractive [2] if there exists o € [0,1) such
that H(Tx,Ty) < od(x,y) for every x,y € X with d(x,y) < e. In particular, T
is said to be contractive when € = co.

THEOREM 3. Let ¢ € (0,00] and let X be a complete and e-chainable metric
space with metric d. Suppose that a mapping T from X into CB(X) is (g,0)-
uniformly locally contractive. Then there exists xo € X with xg € Txy.

PROOF. Define a function p from X x X into [0, c0) as follows:

k—1
p(z,y) = inf { Zd(ui, wiy1) : {uo,u1,...,ug} is an e-chain linking  and y}.
i=0
From Lemma 3, p is a w-distance on X. We prove that T is p-contractive.
Choose a real number r such that o < r < 1. Let z1,20 € X, y; € Txy and
7 > 0. Then there exists an e-chain {ug, u1,...,u} linking 21 and z such that
k—1
D d(us, uig) < pls, w2) + 1.

1=

Put vg = y1. Since T'is (g, o)-uniformly locally contractive, there exists v; € Tuy
such that
d(vo,v1) < rd(ug,ur) < re <e.
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In a similar way, we define an e-chain {vg, vy, ..., v;} linking y; and vy, such that
v; € Tu; for every i =0,1,...,k and

d(vi,vi+1) S Td(ui,UiJrl) <€

forevery i = 0,1,...,k— 1. Putting yo = vy, since ys € Txo and {vg,vy,...,vx}
is an e-chain linking y; and y., we have
k—1 k—1
p(y1,y2) < Y d(vi,vi41) < Z rd(us, uiv1) < rp(xy, x2) +rn < rp(e, x2) + 1.
i=0 =0

Since n > 0 is arbitrary, we have p(y1,y2) < rp(z1,22). So, T is a p-contractive
set-valued mapping from X into itself. Theorem 1 now gives the desired result.(]

As direct consequences of Theorem 3, we obtain the following.

CoOROLLARY 1 (Nadler [5]). Let X be a complete metric space and let T be
a contractive set-valued mapping from X into CB(X). Then there exists xg € X
with To € Txg.

PrROOF. We may assume that there exists o € [0, 1) such that H(Tz, Ty) <
od(z,y) for every x,y € X. Since T is (00, 0)-uniformly locally contractive and
X is co-chainable, using Theorem 3, we obtain the desired result. O

COROLLARY 2 (Edelstein [2]). Let ¢ € (0,00] and let X be a complete and
e-chainable metric space with metric d. Suppose that a mapping T from X into
itself is (e, 0)-uniformly locally contractive. Then T has a unique fixved point.

4. Characterizations of metric completeness

In this section, we discuss characterizations of metric completeness. We first
give the following example.

ExAMPLE. Define subsets of R2 as follows:

A, ={(t,t/n):t€ (0,1]} foreveryneN, S= U A, U{0}.
neN
Then S is not complete and every continuous mapping on S has a fixed point
in S.

PROOF. It is clear that S is not complete. Let T be a continuous mapping
from S into itself. If 70 = 0, then 0 is a fixed point of T'. Assume that 70 € A;
for some j € N and define a mapping U on A; U {0} as follows:

Ty if Tx € Ay,
Ux =
0 ifTz¢gA;
Then U is continuous. In fact, let {z,,} be a sequence in A;U{0} which converges
to xg. Then {Tz,} converges to Txg. If Ty € A;, then {Uz,} also converges
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to Txg = Uxy. Otherwise {Ux,} converges to 0 and Uzy = 0. Hence U is
continuous. On the other hand, A; U {0} is compact and convex. So, U has a
fixed point zy in A; U {0}. It is clear that zp # 0 and 2 is a fixed point of T.0

Motivated by this example, we obtain the following.

THEOREM 4. Let X be a metric space. Then X is complete if and only if
every weakly contractive mapping from X into itself has a fized point in X.

PrOOF. Since the “only if” part is proved in Theorem 2, we need only prove
the “if” part. Assume that X is not complete. Then there exists a sequence {z,,}
in X which is Cauchy and does not converge. So, we have lim,,, o, d(zy, ;) > 0
for any n € N and also lim,,— oo lim,— oo d(Zp, T ) = 0. Then, for any ¢ > 0, we
can choose a subsequence {z,,} C {x,} such that, for any i € N,

lim d(zp,,zm) >c im d(zn, ,,Tm)

m—00 m— 00

and hence

lim d(2n,, 2n,) > c im d(zn,,,,Tn;).
J—00 J—00

So, we may assume that there exists a sequence {z, } in X satisfying the following
conditions:

(1) {,} is Cauchy;
(2) {x,} does not converge;
(3) limy,— o0 d(@;, Tp) > 3limy, 00 d(x41, Tp) for any ¢ € N.

Put ' = {z, : n € N}. Then F is bounded and closed. So, the function
p: X x X —[0,00) defined by

d(z,y) ifz,y€F,
p(z,y) = .
20(F) ifagFory¢geF,

is a w-distance on X by Lemma 2. Further, p(x,y) = p(y, ) for any z,y € X.
Define a mapping T from X into itself as follows:

T if x ¢F7
Tx =
Ti+1 if z = ZT;.

Then it is clear that T has no fixed point in X. To complete the proof, it is
sufficient to show that T is p-contractive. If z &€ F or y € F', then

P(Ta, Tg) < 8(F) = 5 -28(F) = (o) < 5p(a.).
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Let z,y € F. Then, without loss of generality, we may assume that * = x;,y = x;
and ¢ < j. We have

d(z;, ;) > lim d(x;, z,) — lim d(zj,z,)

> lim d(z;,z,) — lim d(x;11,2n)

n—oo

> 2 lim d(i41,%n).
On the other hand,

d(£i+1,l‘j+1) S lim d(.%‘i_H,.Tn)—F lim d(xj_H,a:n)
n—oo n—oo

< lim d(l’i_H,l’n) + lim d(JCH_Q,JCn)

T n—oo

< = lim d(zi41,zn).

n—oo

Therefore we have

4 .
p(Tz, Ty) = p(T;, Tx;) = d(it1,j41) < 3 Jm d(Tiy1,2n)

IN

2 2 2

N | =

4
3

THEOREM 5. Let X be a normed linear space and let D be a convex subset
of X. Then D is complete if and only if every contractive mapping from D into
itself has a fized point in D.

Before proving Theorem 5, we need two lemmas.

LEMMA 5. Let X be a normed linear space and let D be a convexr subset of
X with 0 € D, where D is the closure of D. Then for any x € D\ {0}, there
exists y € D such that 2||y|| = ||z|| and ||z — y|| < 2|jz] — 2|y

PrOOF. Let z € D\ {0}. Then, since 0 € D, we obtain an element z € D
with ||z]] < ||z||/3. So, there exist y € D and t € [0,1] such that y = tz+ (1 —t)z
and [ly] = |l2]} /2. From

Bl £
0= gl < ezl + (= p)lal] < 150 + (1= D)al)

we have 1/2 < t/3 + (1 —¢) and hence ¢t < 3/4. Then we obtain
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3 3 3
lz =yl =tz 2l < Zllz =2l < Ll + 7 =]

3 1
< gzl + Zllzll =Nzl = llll + (=]l = 2llyll) = 2l = 2]yl O

LEMMA 6. Let X be a normed linear space and let D be a convex subset of
X with 0 € D\ D. Then there exist a sequence {v,} in D and a mapping w
from (0,00) into D satisfying the following conditions:
(1) flenll = ux1/27~" for every n € N;
(2) w(||vnll) = v, for every n € N;
(3) |lw(s) —w(t)|| < 2|s —t| for every s,t € (0,00);
(4) lw@)|| <t for every t € (0,00).
PrROOF. Let v; € D. Then from v; # 0 and Lemma 5 there exists vo € D
such that 2||ve|| = ||v1|| and ||vy — ve|| < 2||v1|| — 2||v2]]. Thus, we can find a
sequence {v,} in D such that

1
lvall = o=z lloall - and Jlop—1 = vall < 2fon—1ll = 2fjval|

Note that ||v,|| — 0 and ||vp41]| < ||vn]| for every n € N. Define a mapping w
from (0, 00) into D as follows:

U1 if ||U1|| < t,

( ) — t— ||U71+1H ||U71H -1

Un + Unt1 I lopga || <t < floal
lonll = llonaall ™ Nlonll = longa ! !

for some n € N.

Then it is clear that w(||v,||) = v, for every n € N. We shall show (3). In fact,
if [Ju1]] < s <'t, it is obvious that ||w(t) — w(s)|| < 2(t — s) and if |Jvpp1|| < s <
t < ||lvn|| for some n € N, we have

t—s

[[on]] = llon]

[w(s) —w®)| = [on = vnpa || < 2(t = 5).
Further, if [|[vm11]] < s < ||[vm]] < |lon]l < t < ||vp-1]| for some m,n € N with
m > n > 1, where |lvg|| = 0o, we have

[w(s) —w(®)]| <llw(s) = w(llvm [

m—1

+ Z [w(lfvitall) = w([[o: DIl + llw({[onl]) = w@)]

m—1

<2([[vmll = 8) + Y 2(lwill = llviea])) + 20 = Joal)) = 2(t - 9).

i=n
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We shall show (4). In fact, if ||v1]| < ¢, it is obvious that ||w(t)]] = |jv1]] < t.
And if [|[up41]] <t < ||vy] for some n € N, we have
t = lonpl [[onl| — ¢
[l < = = lonll + === l[vn | = £. [
o]l = lonsalI70 Mol = longall "

PRrROOF OF THEOREM 5. Since the “only if” part is well known, we need only
prove the “if” part. Suppose that D is not complete. We denote the completion
of X by X and the closure of D in X by D. Since D is not complete, we obtain
Zy € D \ D. Since D — z is convex in X and the closure of D — zp in X includes
0, there exists a mapping w from (0, 00) into D — zg satisfying (3) and (4) of
Lemma 6. Now, define a mapping T from D into itself as follows:

T(z) = w<|x—4,zo> 4+ z9 for every z € D.

Then we have, for any x,y € D,

|z — 2ol |y — 2ol
Tx — Tyl = I~ 20 _ o ( 200
-7yl = o120 —u (1

lz =zl lly—2ll| _ 1
<2 — < —|lx —yl|.
<ol 22 < Slle -yl
Further, we have, for every « € D,
T —z T —z
Tz — 2| = ||w llz = zoll §u<||xfzo||.
4 4
So, T has no fixed point in D. O

As a direct consequence of Theorem 5, we obtain the following.

COROLLARY 3. Let X be a normed linear space. Then X is a Banach space
if and only if every contractive mapping from X into itself has a fixed point in X.
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