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A DEFORMATION THEOREM
AND SOME CRITICAL POINT RESULTS
FOR NON-DIFFERENTIABLE FUNCTIONS

SALVATORE A. MARANO — DUMITRU MOTREANU

ABSTRACT. A deformation lemma for functionals which are the sum of
a locally Lipschitz continuous function and of a concave, proper and upper
semicontinuous function is established. Some critical point theorems are
then deduced and an application to a class of elliptic variational-hemiva-
riational inequalities is presented.

Introduction

It is by now well known that the Mountain Pass Theorem of Ambrosetti and
Rabinowitz [2, Theorem 2.1] employs fruitfully in the study of various questions
concerning differential equations. This result basically applies to each case when
the solutions of the problem under consideration can be regarded as critical
points of a continuously differentiable real-valued functional f on a Banach space
(X, - I), with the following property:

(f) there exist xg,x1 € X, r >0, a € R such that |1 — xo|| > r and
max{ f(zo), f(z1)} <a < f(x) for all x € OB(xo,r),
where 0B (zo,7) ={x € X : ||z — xo|| = r}.
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An additional compactness condition of Palais—Smale type then ensures that
f possesses a critical value ¢ > a. Intuitively, this critical value occurs because
zo and x1 are low points on either side of the “mountain ring” 9B(zg,r), so
that between them there must be a lowest critical point, or “mountain pass”.
Now, the question whether the conclusion is still true when the “mountain ring”
separating zo and x; has “zero altitude”, namely in (f) one merely has

max{ f(zo), f(z1)} <a < f(z) for all x € IB(xo,7),

spontaneously arises. Complete and satisfactory results in this direction have
been obtained by Pucci and Serrin ([13, Theorem 1]), Rabinowitz ([15, Theorem
2.13]), Ghoussoub and Preiss ([9, Theorem 1.bis]), and, as regards the more
general framework of linkings, Du ([7, Theorem 2.1]).

However, chiefly because of the regularity hypothesis on f, several problems
one meets in important concrete situations cannot be treated directly through
the Mountain Pass Theorem. As an example, let us mention both variational
inequalities and elliptic equations with discontinuous nonlinearities. Indeed, con-
cerning the first case the indicator function of some convex closed subset of X
must appear in the expression of f, while in the second case f turns out locally
Lipschitz continuous at most.

Starting from the seminal papers by Chang ([4]) and Szulkin ([17]), a version
of the Mountain Pass Theorem which works for functions f: X — ]—o0, 0]
fulfilling the structure assumption

(Hy) f = ®+a, where ®: X — R is locally Lipschitz continuous while o: X —
|—00, 0] is convex, proper, besides lower semicontinuous,

has recently been established; see [10, Theorem 3.2]. Critical points of f are
defined as solutions to the problem

(%) Find u € X such that ®°(u;z — u) + a(x) — a(u) >0 for all x € X,

®O(u; 2 — u) being the generalized directional derivative [5, p. 25] of ® at the
point u along the direction  — u. The standard Palais—Smale condition becomes
here:

(PS)f.e If {un} is a sequence in X satisfying f(un) — ¢, c € R, and

OO (up;z — up) + () — aluy) > —enllz —un|| foralneN, € X,

where €, — 07, then {u,} possesses a convergent subsequence.

When ® € C'(X,R), problem () reduces to a classical variational inequality,
and the relevant critical point theory as well as meaningful applications are
developed in [17]. If @ = 0 then () coincides with the problem treated by Chang
([4]), which also exploits the abstract results to study elliptic equations having
discontinuous nonlinearities. Finally, when both ® € C!'(X,R) and a = 0,
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problem () simplifies to the Euler equation ®(u) = 0, and the theory is by now
classical; vide for instance [1], [14].

Regarding this new setting, it makes sense — like before — to ask whether
the standard strict inequality appearing in Theorem 3.2 of [10] can be weak-
ened to allow also equality. A partial answer, namely for « = 0, is already
known; see [11, Theorem 2.1]. The present paper continues such investigation
by treating the general case. To do this, we first establish a deformation lemma
(Theorem 2.1 below) for the function —f, which includes both [7, Lemma 2.1]
and [11, Theorem 1.1]. From a technical point of view, it represents the most
difficult part of the work and is presented in Section 2. After that, in Sec-
tion 3, a version of [10, Theorem 3.2] where “less than or equal to” takes the
place of “less than” is established (see Theorem 3.1) and some classical results
(as the Mountain Pass Theorem) are reformulated in our framework. Finally,
Section 4 contains an application (Theorem 4.1) to a class of elliptic variational-
hemivariational inequalities in the sense of Panagiotopoulos ([12]). Let us point
out that variational-hemivariational inequalities arise in the modelling of impor-
tant mechanical and engineering problems, like for instance the behaviour of an
adhesive material in the direction orthogonal to the interface.

1. Preliminaries

Let (X,] - ||) be a real Banach space. If V' is a subset of X, we write int(V)
for the interior of V, V for the closure of V, 9V for the boundary of V. When
V' is nonempty, = € X, and 6 > 0, we define B(z,d) = {z € X : ||z — z|| < ¢} as
well as

Bs = B(0,9), Bs = B(0,06),
d(z, V) Hellf/ |z —z||, Ns(V) ={z€ X :d(zV) <}

Given z,z € X, the symbol [z, z] indicates the line segment joining x to z, i.e.
[2,2) ={(1 =)z +tz: t € [0,1]}.

We denote by X* the dual space of X, while (-, -) stands for the duality pairing
between X* and X. A function ®: X — R is called locally Lipschitz continuous
when to every z € X there correspond a neighbourhood V, of x and a constant
L, > 0 such that

|®(2) — D(w)| < Ly||z —wl| for all z,w € V.

If 7,2 € X, we write ®°(x; 2) for the generalized directional derivative of ® at
the point z along the direction z, namely

O(w+tz) — <I>(w)‘

®%(z;2) = limsup
w—x, t—0t t
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It is known ([5, Proposition 2.1.1]) that ®° is upper semicontinuous on X x X.
The generalized gradient of the function ® in x, denoted by 9®(z), is the set

00(x) = {z* € X*: (z%,2) < ®%(a;2) for all z € X}.

Proposition 2.1.2 of [5] ensures that 0®(z) turns out nonempty, convex, in ad-
dition to weak* compact.

Let X be reflexive and let a: X — ]—o00, 0] be convex, proper and lower
semicontinuous. The function « is continuous on int(D,,), where

D,={zre X :alx) <},

vide for instance [6, Exercise 1, p. 296]. If da(z) indicates the sub-differential
of a at the point z € X while Dy, = {x € X : da(x) # 0} then Theorem 23.5
in the same reference gives int(D,,) = int(Dgs,). Moreover, one has

PROPOSITION 1.1. Suppose z € int(D,). Then for every x, — x in X and
every z, € da(x,), n € N, there exist z* € da(x) as well as a subsequence {2 }
of {z},} satisfying z; — z* in X*.

PROOF. Recall that the multifunction do:int(Dp,) — 2% takes convex
weakly closed values, is locally bounded, and upper semicontinuous with respect
to the strong topology of X and the weak one in X*; see [6, Section 23]. Hence,
by the assumptions, {z%} turns out bounded. Since X is reflexive, we can find
asubsequence {z } of {z}} such that 2% — 2* in X*. The upper semicontinuity
of O then implies z* € do(z). O

Finally, if h: X — [—00, 0] and a € R, we write

he={z e X:h(z)<a}, h*={zreX:a<h(x)}

2. A deformation result

Let (X,]| - ||) be a real reflexive Banach space and let g be a function on X
fulfilling the structural hypothesis:

(Hy) g =Y+3, where ¥: X — R is locally Lipschitz continuous while 8: X —
[—00, 00[ is concave, proper and upper semicontinuous.

We say that u € X is a critical point of g when
VO (u;u — ) 4 B(u) — B(z) >0 forall z € X.
Given a real number c, write
K.(g) ={u e X : g(u) = ¢, uis a critical point of g}.
We denote by Dg the set {z € X : B(x) > —oo} while
0B(x) = ~0(~B)(x), =€ X.
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The following assumption will be posited in the sequel.

(g) A and B are two nonempty closed subsets of X such that
ANB=0, ACg¢°, BCyg, Kcl9)nB=0.

Moreover, there exists g > 0 satisfying N, (B) C int(Dg).

REMARK 2.1. Because of Proposition 1.1, the conditions x € N, (B), z, —
rin X, 2} € 9f(zn), n € N, yield a subsequence {2 } of {2} weakly converging
in X* to some point z* € 95(z).

We shall also suppose that the function g complies with the next Palais—
Smale condition around B at the level c:

(PS)g,B,c Each sequence {z,,} C X such that d(zn,B) — 0, g(z,) — ¢, and
VO (zp;2, — ) + Blwy) — B(x) > —enlln — || forallneN, € X,
where e, — 07, possesses a convergent subsequence.

LEMMA 2.2. Let (Hy), (g), and (PS)gy.B,c be fulfilled. Then there exist &1 €
10,60, ¢ > 0 such that for every x € N, (B) N g N geye,, x* € 0V(x),
z* € 908(x) one has ||z* + z*||x~ > 0.

PRroOF. If the conclusion were false one could construct three sequences
{z,,} € X, {z}},{#:} C X* having the following properties:

(2.1) d(xn, B) — 0,

(22) 9(xn) — ¢,

(2.3) xy € 0¥(x,) and z; € 00(x,) forallneN,
(2.4)

NN N

27, + 2pllx+ — 0.
From (2.3) we obtain easily
(25) (w0 w0 — ) + Blen) — A) =~ + 25l x- o — ol

for all n € N, z € X. Setting ¢,, = ||z}, + 2| x- and using (PS)y .. as well
as (2.1), (2.2), (2.4), inequality (2.5) produces z,, — w in X for some u € X,
where a subsequence is considered when necessary. Since ¥° and 3 are upper

semicontinuous, this forces
(2.6) VO (u;u — ) 4+ B(u) — B(z) >0 forallz € X,

namely u is a critical point of g. By (2.1) and (g) we then infer u € int(Dg).
Thus S(x,) — B(u), which leads to u € K.(g) on account of (2.2). However, via
(2.1) we also have u € B, against assumption (g). O
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LEMMA 2.3. Suppose the function g satisfies (Hy), (g), and (PS)g,B,c while
€1, o are as in Lemma 2.2. Then to every x € N, (B) N g° ' N geye, there
corresponds a point £, € X such that

(2.7) 1€zl =1, ("4 2",&) >0 forallz® € 0¥(z), 2" € 90(x).

PrROOF. Fix # € N, (B) N g° ' N gete, C Dgp. Since 0¥(z) and 05(z)
are nonempty and convex, the same holds for 0¥ (x) 4+ 93(z). Let us show that
this set is also closed. Pick {z%} C 9¥(x) and {2z} C 95(x) complying with
xf + z5 — u* in X*. The reflexivity of X as well as Proposition 2.1.2 in [5]
yield 2* € 0¥ (x) such that, taking a subsequence if necessary, x — x*. Hence,
zr — u* —z*. The choice of {2} clearly forces u* —x* € 96(z), from which the
assertion follows.

Next observe that, by Lemma 2.1, 0 ¢ 9% (z) + 98(x). Through Corol-
lary II1.20 in [3] we thus obtain u* € 0¥ (x), v* € 96(z) fulfilling

Bs« N (0% (z) +98(x)) =0, where §* = ||u* +v*||x~.

Now, the Hahn-Banach Theorem [3,Theorem I.6] provides a point &, € X with
the properties ||€;]| = 1 and, whenever z* € 0¥(z), z* € 903(x),

(" + 2%, &) > (w*, &) for all w* € Bys.

Since

lu” +v*|lxe = [lu” +v"||x- [l = max{(w", &) : w” € Bs-},

the above inequality and Lemma 2.1 lead to
(" +2,&) > ||[u" +v"||x+ >0 forall z* € 0¥(x), 2" € 9F(x),
as claimed. g

LEMMA 2.4. Let (Hy), (g), (PS)g,B,c be satisfied and let €1, o be like in
Lemma 2.2. Then for every x € N, (B) N g° ' N gete, there exists 6, > 0 such
that

e > 2

where &, is given by Lemma 2.3.

for all z* € 0V ('), z* € 9B(2"), ', 2" € B(x,d,),

PRrROOF. If the conclusion were false we could find z € N, (B)Ng“ ' Ngete,,
{zl },{«l'} € X, and {x}},{z:} C X* fulfilling the following conditions:

(2.8) z, —x, z €0V¥(x)) forallneN,
(2.9) zn —x, z €0p(z)) forallneN,
(2.10) (@ + 25, 6) < 2 for all n € N.

-2
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Due to the reflexivity of X and (2.8), Proposition 2.1.2 in [5] yields z* € X*
such that z;; — z* in X*, where a subsequence is considered when necessary,
while Proposition 2.1.5 of the same reference forces z* € 0¥(z). From (2.10) we
thus get
(2.11) limsup(z’, £,) < g —(2*,&,).
Now, exploiting (2.9) and Remark 2.1 provides z* € 93(z) and a subsequence
{2 } of {2} which comply with

<Z*7 £x> = TLILH;O<Z:" ) £x>

By (2.11) it implies (z* + z*,&;) < 0/2, against (2.7). O

The next deformation theorem represents the main result of this section. It
extends [7, Lemma 1.1] and [11, Theorem 1.1] to the framework of the present

paper.
THEOREM 2.5. Assume the function g satisfies (Hy), (g), (PS)g,B,c and the
set Ney (B)YNGe ' NGete,, with g1 like in Lemma 2.1, is closed. Then there exist
€ > 0 and a homeomorphism n: X — X having the following properties:
(a) n(x) =z for every x € A,
(b) n(B) € ge—e-

PrOOF. The family of balls B = {B(x,d;):x € N, (B)N g ' N Ggete, }
constructed through Lemma 2.4 represents an open covering of N, (B)Ng® 1 N
Jetey- Since, by [8, Theorem VIII.2.4], this set is paracompact, B possesses an
open locally finite refinement V = {V; : i € I'}. Moreover, to each ¢ € I there
corresponds §; € X such that [|§;]| = 1 as well as

(2.12) (x* +2%,&) > % for all z* € 0¥ ('), 2* € 9B(a"), o', 2" € V;.

Shrink V to an open locally finite covering W = {W; : ¢ € I} fulfilling cI(W;) C V;
for every i € I (vide [8, Theorems VIII.2.2 and VIL.6.1]) and write

di(z) =d(z, X \W;), zelX.

Evidently, d; is Lipschitz continuous while d;(z) = 0 means = € X \ W;. Thus,
defining

di(lll) .

W=\ |W;, piz)==—"— forallzeW, icl,
iELJI ' ' Zje[ dj (CL‘)

we obtain a family of locally Lipschitz continuous functions p;: W — [0,1], ¢ € I,

with the following properties:

suppp; =cl(W;) CV; foralliel, Zpl(:r) =1 forallz e W.
i€l



146 S. A. MARANO D. MOTREANU

Now, let 8: W — X be given by

0(x) = pi(x)&, weW.
iel
Clearly, 6 is locally Lipschitz continuous and ||f(x)|| < 1 in W. Put, for every
reX,

{ —10(z) fxeW,
(2.13) O(z) =

0 otherwise.

The function ©: X — X turns out locally Lipschitz continuous as well. To see
this, we simply note that the set U;crsupp p; is closed, which comes from the local
finiteness of V, while ©(x) = 0 in X \ U;ersupp p;. Moreover, one has ||O(z)|| <
ey for all x € X. Hence, the basic existence-uniqueness theorem for ordinary
differential equations in Banach spaces provides a function v € C°(R x X, X)
satisfying

dry(t, )

(2.14) — = O(v(t,x)), ~(0,z) =z forall (t,2) € R x X.

Next, define B; = v([0,1] x B). If € B then

t t

Iyt z) —z|| = ‘ / WdTH = H/ O(y(r,x))dr|| <e; foralltel0,1],
0 dr 0

namely

Let us verify that the set By is closed. To this end, pick a sequence {y,} C B
converging to some y € X. Since y, = v(tn,xn) with (t,,z,) € [0,1] x B,
by possibly taking a subsequence we can suppose t, — ¢ in [0,1]. Write z, =
~¥(t, zy,), n € N, and observe that

t

n d n

1y — 2nl = H/ ,y(zl’x)dTH <epltp, —t| forallneN.
t T

Therefore, z, — y. Through the properties of v we thus achieve

Ty = ’Y(_tv Zn) - ’7(_75) y)

Setting @ = y(—t,y) one has z, — z, the point x lies in B because B is closed,
while y = y(¢,z) € v([0, 1] x B) = By, which represents the desired conclusion.

Our next goal is to show that

(2.16) for all z € B the function t — g(v(t,x)) turns out decreasing on [0, 1].
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Obviously, the claim will be proved once we see that to each z¢ € B, ty € [0, 1]
it corresponds dg > 0 fulfilling

(2.17) Q(W(t”o)i - fmto’xo)) <0 forallte0,1]N B(to, )\ {to}-
—to

So, fix (to, o) € [0,1] x B. If y(to,20) & |UJ;c; supp p; then one can easily find
do > 0 such that

~v(t, zo) & U supp p; for all ¢ € [0,1] N B(to, do).
iel
It implies ©(y(t,20)) = 0 and hence (¢, zo) = ¥(to, zo) in [0,1] N B(to, do), from

which (2.17) follows at once. Suppose now (o, zo) € J;c;supp p;. Since the
family {supp p; : i € I} is locally finite, there exists ' > 0 satisfying

supp p; N B(y(to, z0),d8") # 0

for a finite number of ¢ € I, say 41,... ,i,. Consequently,
#@ ifi € {il,... ,ip},
(2.18) supp p; N B(7(to, z0), ") .
= otherwise.
Let 47, ... , i, be the elements in {iy, ... ,4,} such that y(to, 7o) € supp pi, when-
ever j =1,...,q. One clearly has
~(to, o) € supp py forall j =1,...,q,
(2.19) g

d; = d((to, x0),supp p;) > 0 for all i € {ir,... ,ip} \ {i1,... ,ig}
Pick 6" €]0, [ with the following properties:
6" <y forallie {ir,... ip} \{#,... iy},
B(y(to,z0),0") C Vi forallj=1,....,q.
Thanks to (2.18) and (2.19) we get

0 foralliel\{i'h...,i;},

supp p; N B(y(to, o), 6") =
i CVy forallj=1,... ¢

B(v(to, xo),6")

Finally, choose dp > 0 such that

(2.20)

(2.21) v(t, ) € B(y(to,1o),8"”) for all t € [0,1] N B(tg, o).

Let t € [0,1] N B(tg, d0) \ {to}. Suppose t > tg. Since xy € B, inclusion (2.15)
and assumption (g) force

’}/(7'7 1‘0) S Nel (B) - Da@ for all T € [to,t}.
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Exploiting Theorem 2.3.7 in [5] as well as the definition of 98 we have, for
suitable z € [y(to, z0), (¢, zo)], ™ € O¥(x), and z* € IB(y(to, x0)),

(2.22)  g(v(t,z0)) — g(y(to, w0)) < (@ + 2%, (t, 20) — (o, o))
= <x* +Z*’/t Ch(;_xo)d7> :/t (" + 2%, 0(y(1,20))) dT.

On account of (2.21), (2.20) it results
O(y(r,x0)) = —€1 Zm (1,20)) 3_ for all 7 € [to, t].

Bearing in mind that x,w(to,xo) € VZ-;,, j=1,...,q, inequality (2.12) can be
applied and we obtain

q

* * 10 E10
(2.23) (x* + 2%, 0(v(r1,20)) —7 Eﬁ y(T, 30)) = — =
for every 7 € [to,t]. Hence, by (2.22),

g(f}/(tax )) 79(’7(15 y L )) €10
0 t_to 0,40 S 77 <0.

Now, suppose t < tg. Gathering (2.22), with ¢ty and ¢ exchanged, and (2.23)
yields

g(v(to, z0)) — g(v(t, 20)) < /t 0(»"5* +25,0(y(7,20))) dr < ——=(to — 1),

which leads to the conclusion (as for ¢ > tg) once more. Thus (2.17) is completely
achieved.
We next claim that

(2.24) ANB; =0.

Indeed, if (2.24) were false one could find (to,x¢) € ]0,1] x B fulfilling y(to, zo)
€ A. Because of assumption (g) and (2.16) this easily implies

(2.25) g(y(t,xz0)) = ¢ for all t € [0, tg].

Hence, due to (2.15), y(t,20) € Ne, (B) N g% N geye, for all ¢t € [0,¢0] and, in
particular, y(to, zo) € J;c; supp pi. Arguing as before gives g > 0 such that

g(v(t,xo)i - f(v(to,xo)) < _517" for all ¢ € [0,1] N B(to,do) \ {to}-
— o

Through (2.25) we then obtain, whenever t € |t — do, to[ N [0, 1],

9(y(to, 93023 - f(V(t’ %0)) (to —t) + g(v(t, z0))
10

—T(to—t)+0<c

g(v(to, z0)) =

IN
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which contradicts (2.25) written for ¢ = .
Note that from (2.24) it follows d(z, A) + d(z, B1) > 0 at each point x € X.
Let A1 = {z € X : (1(x) < 1/2}, where
d(x, A)
“) = T A+ de By

z € X.

Since the function (; is evidently continuous, the set A; turns out closed. More-
over, one has A C int (A4;) as well as A; N By = (. Putting

d(x,Al)

((z) = d(x, Ar) £ d(z, By) forall z € X

provides a locally Lipschitz continuous function ¢: X — [0, 1] such that
(2.26) a =0, Clp =1.

Thanks to the properties of © the function A: X — X given by

(2.27) Alz) =((z)B(x), ze€X,

comes bounded and locally Lipschitz continuous. Indicate with y:R x X — X
the solution of the Cauchy problem

dx(t,x
KD _ Ay, x(0.2) =
and define
(2.28) eE=¢; min{%,l}, n(x) = x(1,z) forall x € X.

Classical results concerning ordinary differential equations in Banach spaces en-
sure that 7: X — X is a homeomorphism. If x € A then z € int(A;) and,
because of (2.26), A = 0 on some neighbourhood of . This implies immediately
n(z) = x, thus showing assertion (a).

Finally, the proof is accomplished once we verify (b). Suppose on the contrary
that there exists xy € B satisfying

(2.29) g(n(xg)) > c—e.
Through (2.27) and (2.26) we obtain
A(y(t, o)) = O(y(t,0)) for all ¢ € [0,1],

from which it follows, bearing in mind (2.14),

dﬂY(t :EO)
dt

By uniqueness we thus have

=A(y(t,m0)) in[0,1], ~(0,z0) = xo.

(2.30) ~v(t, zo) = x(t, o) for all ¢t € [0,1].
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Fix to € [0, 1]. Since 2o € B, (2.29), (2.28), (2.30), (2.16), and (g) lead to

C—€<g(7(t,$0)):g(X(t7l‘0)) <cte, te [Oa 1]7

while gathering (2.27) and (2.13) together yields

td
[5e]-
0 dT

for all ¢ € [0,1]. Therefore,

<egt<e

/ " Alx(r.20)) dr

Ie(t, o) — o] = \

'y(t’ zo) = X(t7330) c N51 (B) N 96761 N Getey for all t € [O, 1]

Using the compactness of [0, 1] and the fact that W is a locally finite covering of
N¢, (B)Ng° ®' N goqe, we can find a decomposition 0 =ty <t; < ... <tp_1 <
t, =1 of [0, 1] such that to every j € {1,... ,p} there corresponds a finite family
I; C I for which

[Y(tj—1,%0),v(tj,z0)] € W; Csuppp; C V;,
’y(T, .1'0) e W; forall T e [tjfl,tj]

whenever ¢ € I;. By [5, Theorem 2.3.7] and the definition of 08 there exist
z; € [y(tj—1,20), (5, 20)l, ¥ € 0¥(z;), and 2} € 9B(y(tj-1,70)) fulfilling

g(v(tj,20)) — g(v(tj-1,70)) < (2] + 27,7(tj, 20) — Y(tj-1,70))
t; t;
Id T, T J * *
- <g;j + z]*,/ % d7'> = / (7 +25,0(v(1,20))) dT.
tj—1 T ti—1
Due to (2.13) this inequality becomes
9(v(tj,20)) — 9((tj-1,20)) < —€1 Z (xF +27,&) / pi(V(7,20)) dr.
i€l tj—1
Now, since xj,v(tj—1,20) € V; for all i € I;, using (2.12) we get
€10 €10
9(v(tj,20)) — 9(v(tj-1,20)) < *1*/ > pi(y(7,20)) :*17(1? —tj-1).
tj—1 i€l
Hence, as j was arbitrary,

10

9(v(1,20)) — 9(7(0,20)) = Y _ [9(7(t;,70)) — g(7(t;j—1,0))] < —5

Jj=1

Taking account of (2.28), (2.30), and (g) one finally has

9(n(@0)) <~ +glwo) Se e,

which contradicts (2.29). The proof is thus complete. O
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3. Existence of critical points

In this section we establish a version of the minimax principle by Motreanu
and Panagiotopoulos ([10, Theorem 3.2]) where the usual strict inequality is
weakened to allow also equality; see Theorem 3.1 below. It can be considered as
a further contribution to the study initiated in [7] for the smooth case and then
continued in [11] regarding the locally Lipschitz continuous setting. Classical
results on the same subject are those by Pucci and Serrin ([13, Theorem 1]),
Rabinowitz ([15, Theorem 2.13]), Ghoussoub and Preiss ([9, Theorem 1.bis]).

The next definition of linking is adopted here; vide [10, Definition 3.3]. Let
(X, |I-1]) be areal reflexive Banach space, let Q be a compact topological manifold
in X with nonempty boundary (according to [16, p. 297]) 9Q, and let S be a
nonempty closed subset of X. Write

I'={yeC%Q,X) :7]ag = idlag}-
We say that @ links with S provided 9Q NS = @) and for every v € T one has

¥(@Q)N S # (. Now, let f be a function on X fulfilling the structure hypothesis
(Hy) f = ®+a, where &: X — R is locally Lipschitz continuous while a: X —

|—00, 0] is convez, proper and lower semicontinuous.

A critical point of f is a point u € X at which
O (u;z —u) + a(r) —afu) >0 forall z € X.
Given a real number ¢, we put
K.(f)={ue X: f(u) =c, uis a critical point of f}.

The Palais—Smale condition around the set S at the level ¢ takes the form

(PS)t,s,c Each sequence {x,} C X such that d(z,,S) — 0, f(z,) — ¢, and
O (zp;2 —2n) + () — alzn) > —enllz, — x| forailneN, x€ X,

where g, — 07, possesses a convergent subsequence.

(PS) t,c will denote the above condition without the request d(x,,,S) — 0.

THEOREM 3.1. Suppose QQ and S link while the function f satisfies the fol-
lowing assumptions in addition to (Hy).

() sup,eq f(2) < oo.
(f2) 9Q C f, and S C f* for some a € R.
(f3) Setting

c=inf sup f(z)
7€l 2eq(Q)

either (PS)s.c or (PS)f.s.c holds according to whether ¢ > a or ¢ = a.
Further, there exists eg > 0 such that



152 S. A. MARANO D. MOTREANU

(f3.1) Ne,(S) Cint(D,), and
(fs.2) the set N5(S) N f° N feys, 6 €]0, &0, is closed.
Then one has
(i1) c>a,
(iz) Kc(f)\0Q # 0, and
(i3) K.(f)NS #0if c=a.

ProOF. We first note that ¢ < oo because the function v = id|g lies in T’
while (f1) gives sup,c,(qg) f(2) < oo. Let us show (i1). Since @ is linking with 5,
for every v € T there exists € @ such that y(x) € S. Thanks to (f2) this forces
SUp,e () f(2) > a. As v was arbitrary, we actually have

c=inf sup f(z)>a.
el zev(Q)

When ¢ > a, by (f2) again, it results K.(f) \ 0Q = K.(f). The same technique
used to establish Theorem 3.2 of [10] ensures that K (f) # 0, which yields (i)
and completes the proof. So, let ¢ = a. The conclusion will be achieved once we
verify (i3), because 9Q NS = (. Suppose on the contrary that K.(f) NS =0
and define A = 0Q, B =S, g = —f. Then, bearing in mind the assumptions,
the function g fulfils condition (PS), 5,—. while

AnNB=0, ACg“ BCg. K.(99nB=0.
Observe that for any § > 0 we have
Ns(B) N f7° N fers = Ns(B) N g™ Ngcys.

Consequently, by (f3), both g and —c satisfy all the hypotheses of Theorem 2.1.
Thus, there exist € > 0 as well as a homeomorphism 7: X — X such that

(3.1) n(z)=a forallz €0Q, c+e< f(n(z)) forallzeS.

Exploiting the definition of ¢ produces, for some ~. € T,

(3-2) fOe(r) <ete, ze@.

Since Q links with S while 7! oy, € T' we can find a point z. in @ fulfilling
N7 (ve(ze)) € S. So, due to (3.1) and (3.2),

cte < fnn (1:(22)))) = f(re(ze)) < e+,
which is clearly impossible. O

REMARK 3.2. When a = 0 the preceding result gives Theorem 2.1 by Motre-
anu and Varga ([11]), but with the above-mentioned definition of linking. To see
this we simply note that, in view of [10, Proposition 3.1], the Palais—Smale con-
dition around S at the level ¢ adopted in [11] implies our (PS)y ..
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Several classical results can be reformulated in the framework of the present
paper through Theorem 3.1. As an example we state here the following versions
of the Mountain Pass Theorem ([2, Theorem 2.1]) and the Saddle Point Theorem
([14, Theorem 4.6]).

THEOREM 3.3. Let f be like in (Hy). Suppose that
(f1) there exist x1 € X, r > 0, and a € R satisfying ||z1|| > r in addition to

max{f(0), f(z1)} <a < f(z) forall x € dB,,

(fs) assumption (f3) of Theorem 3.1 holds with Q = [0,x1], S = 0B,.
Then ¢ > a and K.(f)\ {0,21} # 0.

THEOREM 3.4. Let X =V @ E, where V # {0} is finite dimensional. If

(fg) there are two real numbers r > 0 and a such that

sup f(r) <oo, OVNB,)Cf, ECFf
zeVNB,

(fr) hypothesis (f3) of Theorem 3.1 holds for S = E,
then ¢ > a and K (f) # 0.

4. An application

In this section we exploit Theorem 3.1 to solve an elliptic variational-hemi-
variational inequality in the sense of Panagiotopoulos (see [12]).

Let Q be a nonempty, bounded, open subset of the real Euclidean N-space
(RN,|-]), N > 3, having a smooth boundary 99 and let H}(2) be the closure
of C§° () with respect to the norm

fulls= ([ wxn?dz)w.

Denote by 2* the critical exponent for the Sobolev embedding H}(Q) C LP(Q).
Recall that 2* = 2N /(N — 2), if p € [1,2*] then there exists a constant ¢, > 0
fulfilling ||u|zr(0) < ¢pllul| for all w € H(Q), and the embedding is compact
whenever p € [1,2*[; see for instance Proposition B.7 in [14].

Now, let {\,} be the sequence of eigenvalues of the operator —A in HJ (),
with 0 < A1 < ... < A, < ..., and let {p,} be a corresponding sequence of
eigenfunctions normalized as follows:

I?

lenll® = 1= Aall@nllizq)y nEN,

4.1
(4.1) /QVgom(m) -V (z)dx = /Qcpm(ac)cpn(x) dr =0 provided m # n.

If j,k: Q x R — R satisfy the conditions

(a1) j,k are measurable with respect to each variable separately, and
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(ag) there exist ¢ >0, p € [1,2*[ such that
max{|j(x, t)], [k(z, )|} < e(L+ [HP~Y)  for all (z,t) € Q xR,

then the functions J, K: Q2 x R — R given by

3 3
J(z,f):/o jlx,t)dt, K(a:,f):/o kE(x,t)dt, (z,§) € Q xR,

turn out well defined, J(-,¢), K(-,&) are measurable, while J(z, -), K(z, -)
are locally Lipschitz continuous. So it makes sense to consider their generalized
directional derivatives J?, KO with respect to the variable &.

Let ¢ be a positive integer such that Ay < Ag41 and let X € [Ag, Ag41]. Setting

V =span{p1,... ¢4}, W =span{e1,...,¢q Pgt+1}

one clearly has H}(Q) =V & Rpg1 @ W, Consequently, each u € Hj(€2) can
be written as u = uy + ug + uz where u; € V, us € Rpg41, uz € wt.
We will also assume that

(ag) J(z,&) < (1/2)(\/Ag — D)M1&2 for all (z,€) € Q x R,
(a) K(2,€) = ~(1/2)(1 = \Agp1)Ags26 for all (z,€) € @ x R.

Given a positive real number 79 and a convex closed subset U of HE(Q)
fulfilling
(4.2) Wao{ueWh: |ul| <r}CU,

we have the following elliptic variational-hemivariational inequality problem:
(P) Findu € U, u=wuy + us + us, such that

A
Ag+1

- / Vui(x) - V(v —uq)(z) doe — / Vug(x) - V(vy — ug)(z) de
Q Q

- / Vus(x) - V(vs —us)(z) de + )\/ u(z)(v —u)(x) dz
Q Q
< / J0(un (2); 01 (2) — 1 (2)) iz + / KO (us(x); vs(x) — us(x)) da

forallveU, v=wv +vy+vs.

THEOREM 4.1. Suppose (a1)—(as) hold. Then (P) possesses a montrivial
solution u € By, N VL.
PrOOF. Pick X = H}(Q2) and define

B(u) = 5(ul? = Ml @) + [ I (@) da

1

A
(1—)|u2||2+/K(x,u3(at))dx,
2 Ag+1 0
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for u € H}(2). Owing to (ag) the function ®: H}(2) — R turns out locally
Lipschitz continuous. Moreover, if for any u € H{(2) we put

0 whenwueU,
a(u) =

oo otherwise,

then hypothesis (Hy) is satisfied. Now, write
Q:(Vmgp)@[07p<pq+l]a SZaBTQVla

where r € |0, o[ while p > r. In view of [1, Lemma 4.1] (vide also [14, Proposi-
tion 5.9]) the compact topological manifold @ links with the closed set S. Since,
by (4.2),

(4.3) QCwWcU,

we also have f|g = ®|g, which evidently implies (fi).

Let us next verify assumption (f2) for a = 0. Each u € W can be written as
u = u1 + uy where u; = Zgzl tigi, U2 = tg41Pg+1, t1,--- ,tg+1 € R. Through
(4.3), (4.1), and (a3) we obtain

(4.4)  f(u) =®(u)

Q
+
=
—_
I

N =

1 A
t7 —|—/QJ(x,u1(:r))dx— 2(1 - )tiﬂ

Ag+1

©
Il
—

, > >
N—— N——

1/ A
LA ) zq:itQ
2\ X\ Rt
2 < A o
o<
PG

17 =1

©
I
—

o~
[

<

IN IN
N~ N
= 1=
7N /D N
|
>

—_
|
| >
N———

«
Il
-

DN | =

7N
—
|
|

for all w € W. Hence, on account of (4.3), 9Q C fo. Taking now u € V* it
results u = ug + ug, where us = 441041, Ug = Zfiqw tigis tgr1, tgt2, .- € R.
Thanks to (as) and (4.1) we thus achieve

f@)z@@):% i (1-3)@?—;(1— AA >t3+1+/QK(x,u3(as))dx

i=q+1

oo

1 A
> 1— = |2 —=
_22( >\z‘>tL 2

1=q+2

)Aq+2|u3||%z<m

—_
7 N\
—
|

>
T >
S
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i=q+ i=q+2 7"
1. & ( 1 1)
>\ ——\2>0

2 2 s )t

for all u € V+. Since S C V= this forces S C f°, and (f,) follows.
It is worth noting that f(tp,+1) = 0 whenever t@,41 € U, as an elementary
computation shows. Therefore,

0 = min f(u) = gelggf(U) =a.

Let us finally verify hypothesis (f3). By virtue of the linking property, the
inclusion S C f°, and (4.4) one has

0<inf sup f(z) <sup f(z) <0,
1€l 2e4(Q) v€Q

namely ¢ = a = 0. Consequently, our first task will be to prove (PS)y s. Pick
a sequence {u,} C X such that d(u,,S) — 0, f(u,) — 0, and

(4.5)  %(up;v —up) + a(v) — alu,) > —ep|lv —uy| foralln €N, v € X,

where €, — 07. Evidently, {u,} turns out bounded because so is the set S.
Thus, passing to a subsequence if necessary, we may suppose u, — u in X,
Up — w in L2(Q), up(x) — u(x) at almost all z € Q. Inequality (4.5) can be
equivalently written as

(4.6) uy €U, @ (up;v —up) > —gpllv —uy| forallneN, vel.

Since U is convex and closed, we get v € U. Exploiting (4.6) with v = u and
taking account of formula (2) at p. 77 in [5] yields

/QVun(x) -Vu(zr) de — )\/Qun(x) (u(x) - un(x)> dx

_<1_

AiA) /QV“M(I)'VUQ(I) dm+/QJ3(Un,1($);U1($)—un,l(m))dx

+/QK8(Un73($);U3(9€) — Up 3(z)) dx

) [ Voo de

for n € N, where u,, = w1 + up,2 + Up,3 while u = u; + ug + uz. By the upper

> —ep||lun — ul| +/ |V, (z)? doe — (1 A
Q )‘q+1

semicontinuity of J¢ and K? we then achieve

A . A
ull? (1 - )||u2|2 > limsup [||un||2 - (1 - ) |un,2||2].
>\q+1 n—00 >\q+1
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As R,y is finite dimensional and {u, 2} C Ryg11, the condition w, o — uso
in Reyy41 actually means u,, o — u2 in Ryyy1. Hence, the preceding inequality
immediately leads to u, — uw in X, i.e. (PS)f g, holds. Observe next that

SCWao{ueWh:|ul|<r}CU
because 0 < r < 9. Choosing any ¢ € |0, r¢ — r[ produces
{ue€ H}(Q): d(u,S) <e} CU.
Thus, (f3.1) is satisfied whenever g9 < €. Since for every d € ]0,¢e¢[ it results
Ns(S)Nfe 2N foys = Ns(S)N{z €U :c—6 < ®(x) < c+ 6},

we see at once that assertion (f3 ) turns out true too.
Now, Theorem 3.1 can be applied, and we obtain a point v € 0B, NV + such
that
% (u;v — u) + a(v) — a(u) >0 for all v € Hy(Q).
The choice of a forces both u € U and ®°(u;v — u) > 0 provided v € U. Using
formula (2) at p. 77 in [5] we realize that the function u is a nontrivial solution
to problem (P). O

REMARK 4.2. The above proof ensures that if r € |0, rg[ then there exists
a solution of (P) lying in B, N VL. Therefore, this problem really possesses
infinitely many nontrivial solutions inside B,, N V*.
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