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ON EXACT TOPOLOGICAL FLOWS

ARTUR SIEMASZKO — JERZY SZYMAKNSKI

ABSTRACT. It is shown that group endomorphisms are exact flows if and
only if they are exact in the measure-theoretic sense and that all flows
which are exact with respect to an invariant measure with full support are
exact. It is also proved that all locally eventually dense (led) flows have
uniformly positive entropy (u.p.e.).

1. Introduction

The concept of an exact topological flow, an analogue of the well known
measure-theoretic concept defined by Rokhlin ([5]), was introduced in [3]. Tt
has been also observed that all locally eventually onto (leo) flows are exact. An
important class of such flows is formed by rational mappings R with deg R > 2
of the Riemann sphere restricted to Julia set (cf. [2]).

In this paper we show that some important classes of topological flows are
exact. Namely, we prove that the group endomorphisms are exact if and only
if they are exact with respect to the Haar measure. Next we show that any
flow exact with respect to an invariant measure with full support is exact. The
existence of exact flows with zero topological entropy has already been observed
in [3]. In Theorem 3 we show that led, and so leo flows have u.p.e.
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2. Results

Let (X, d) be a compact metric space. We denote by C'(X) the algebra of all
real continuous functions on X. Its subalgebra of all constant functions will be
denoted by C.

By CER(X) we denote the set of all closed equivalence relations in X x X.
Let (R,)3° be a sequence of relations from CER(X). We denote by A,, the sub-
algebra of C'(X) consisiting of functions constant on equivalence classes of Ry,
n > 0. Let R denote the smallest closed equivalence relation containing all
R,, n > 0. By Bgr, we denote the o-algebra of Borel sets which are unions of
equivalence classes of R,,.

Let T: X — X be continuous and onto. For the notation and basic properties
concerning topological entropy we refer the reader to [6].

Let us recall (cf. [1]) that an open cover o = (U, V) of X is said to be standard
if U and V are non-dense.

A flow (X,T) has uniformly positive entropy (u.p.e.) if for any standard
cover « of X the entropy h(a,T) is positive.

Now we recall the concept of an exact measure-theoretic flow (cf. [5]).

A measure preserving transformation T of a Lebesgue probability space
(X,B,p) is said to be ezact with respect to y if the o-algebra (2 T "B is
trivial mod p.

Recall (cf. [3]) that a flow (X,T) is said to be ezact if

G (TxT)(A)=X x X.

n=0

It follows from Example 4 (cf. [3]) that the exactness does not imply the exactness
in the measure-theoretic sense.

We say that a flow (X, T) is led (leo) if for any open set U # () there exists
a positive integer n with 77U = X (T"U = X). Clearly any led flow is exact.

LEMMA. If R, € CER(X) and \J,_, Rn is dense in X x X then
] A =C.
n=0

PrROOF. Let f € ()" An, 2,y € X and € > 0 be arbitrary. Let 6 > 0 be
such that |f(u) — f(v)] < /2 for all u,v € X with d(u,v) <.
By the assumption there exist n > 0 and (x5, ys) € Ry, such that d(z,z5) < ¢
and d(y,ys) < d. Since f € A,, we have f(zs5) = f(ys) and so
|f(@) = fF)l < 1f (@) = f@s)| + [f(y) = fys)] <&,

ie. feC. O
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We are not able to decide whether the converse implication is true. Theorem 1
will show that this is the case for group endomorphisms and R, = (T'xT)~"(A),
n > 0.

Notice that the following is true.

REMARK. If ()77, A, =C then Rye = X x X.

PROOF. Suppose there exists (zo,y0) € X x X with (zg,y0) ¢ Reo, i-€. the
equivalence classes [zg], [yo] of R are different. By the Urysohn lemma there
exists a function f € C(X) constant on the equivalence classes of Ry, such that

f(xo) # f(yo).
Let n > 0 be arbitrary. It is clear that f is constant on the equivalence
classes of R,,, i.e. f € A,. Hence f €, A, which gives the result. d

Let G be a compact topological abelian group with dual group G. Let T be
a continuous algebraic endomorphism of G. We denote by T the dual transfor-
mation of G: Tf = foT for f € G.

THEOREM 1. The following conditions are equivalent:

(a) (G,T) is exact,

(b) (G,T) is exact with respect to the Haar measure,

(¢) Ny An =C, where A, is associated with R, = (T x T)"™(A), n > 0.

PRrROOF. (a)<(b) Assume that (G, T) is exact with respect to the Haar mea-
sure. Using Lemma 2 of [4] we know that it is equivalent to the fact that the set
Uo—, T~"{g} is dense in G for all g € G. In particular for the identity element
e € G it implies that the set (J,— (T x T)""{(e,e)} is dense in G x G which
completes the first part of the proof.

Let us now suppose (G, T) is exact. We put R,, = (T x T)"™(A), n > 0.

It follows from the assumption that the set | J;_, R, is dense in G x G. Hence
Lemma gives ()2, A, = C where A,, C C(G) consists of all functions constant
on equivalence classes of R,, n > 0.

Now we want to show that (72, 7"G = {1}.

We have
A, =T Ay =T"C(G), n>0.
Since i, i, .
N T"Gc (N TCG) =) A =C,
n=0 n=0 n=0

we have (7, TG = {1}. Therefore (G,T) is exact with respect to the Haar
measure by Lemma 2 of [4].

(a)<(c) The implication (a)=-(c) follows at once from Lemma. The con-
verse implication is an easy consequence of Remark and the observation that
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Uo—o(T x T)="(A) is an equivalence relation since it is reflexive, symmetric
and a subgroup of G x G. g

In the next theorem we investigate the exactness of flows which are exact
with respect to invariant measures with full support.

THEOREM 2. If (X,T) is exact with respect to an invariant measure with
full support then (X,T) is exact.

PROOF. Suppose (X, T) is not exact, i.e. there exist (zg,y0) € X x X, open
sets U;, Vi, i = 0,1 with (x9,y0) € Uy x V4, Uy C Uy, Vi C Vp, U1 NV; =) and

UO X VO ﬂ U Rn - @
n=0
where R, = (T'x T)""(A), n > 0.
For a given x € X we denote by [z], its equivalence class of R,,.
Let m,: X — X/R,, be the quotient map. We put

gn(x) = inf{d(u,v) : u € 7, [z],, v €T},
ho(x) = inf{d(u,v) : u € 7, [2],, v EVi},

o gn(x) n r
fnlz) = (@) + (D) >0, zeX.

It is clear that for any n > 0 we have 0 < f,, < 1 and the function f,, is constant
on equivalence classes of R,,. Let

f(z) = lim f,(z), z€X

n—oo

and let p be an invariant probability measure with full support.
Since the measurability of f with respect to (),—, B, is obvious, in order
to get our result it is enough to check that f is not constant u-a.e. We put

D={(z,y) € X x X : f(z) # f(W)}-

Because fjy, =0, fjy, =1, we have Uy x Vi C D. Therefore

(nx p)(D) = (px p) (U x Vi) = p(Ur) - p(Va) >0
and so f is not constant p-a.e. O

As we mentioned above exact flows may have zero entropy. Our next goal is
to show that if they are led flows then they have u.p.e.

The proof of the following theorem in the case of leo flows is a result of
a discussion with B. Weiss. E. Glasner observed that its slight modification
allows to extend it to the case of led flows.
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THEOREM 3. If (X,T) is led then it has uniformly positive entropy.

PROOF. Let a = (Up,U;) be a standard cover of X, i.e. Uy # X # Uy, and
let Vo = X\ U; and V; = X \ Up.

By assumption there exists a positive integer N with TV and TNV} dense
in X. It is enough to show that h(T™, ) > 0.

Let n > 1 be arbitrary. First we show that for any n = (n9,... ,7n—1) €
{0,1}™ it holds

(%) Ve NT NV, 0T =Dy, g,

Set Wy = V,,, and notice that, as TNWy is dense in X, W, = TVNWy N Vi, is
dense in V;),. Inductively define

W, =T"WonV,,, Woa=T WiNV,,, ...,
Wit =T Wi NV ooy
Wy =TVW,_oNV,, ..

Choose x,—1 € W,_; and then inductively a sequence {xy} so that x; € Wy
and 2 = TNzp_1, k=n—1,...,0. Then

20 € Vo, NT NV, n...nT~(=DNYy, L,

Since Vo N'V; = 0 we have
n—1 n—1
TV n () T*V, =0
k=0 k=0

for n = Moy« yMn—1) 0 = N4y -+ ,M_1). Now we consider the cover 8 =
(Py, Py) defined by Py = X \ Vp, P, = X \ Vi. Since 3 < a it is enough to show
that h(T™,3) > 0.
To show this we consider the cover \/;L:_O1 T—3N 3. This cover is minimal in
the following sense. If we remove any set from it, it stops being a cover.
Indeed, let n = (no, ... ,Mn—1) € {0,1}". We show that the family
n—1
v=\ T\ (P, NT NP, n..AT"""UNp, 1}
3=0
is not a cover of X.
Let 7= (1o, ... ,Mn—1) where ; =1 —1n;, 0 < i <n—1. It follows from (x)
that Vi NT~ NV, N...nT~(=DNYL £,
Let . € Vs N TNV, n...n T~ DNV Since Vg € Py, Vi C Py we
have

—N —(n—1)N —N —(n—1)N
Ve, NT NV n...nT- =Ny cp, nT VP, n...nT-("VUNp
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We claim that
x ¢ U PynTNp,n..nT7-""HNp,

n—1"

(Mg M —1)F(M05e- m—1)
Suppose that 2 € Py N"T~N Py, N.. .ﬁT‘(”_l)NP,,:H1 for some (g, ... ,nh_1)
# (Mo, ,Nn—1). Hence 1} # n; for some 0 <i <n —1 and so Tz € P, and
TNy € Vm{. This is impossible because Pn; N Vn§ =@ forany 0 < i <n—1.
Therefore «y is not a cover.
By the use of minimality of \/;L;O1 TN 3 we get

n—1 n—1
N( \/ T‘jNﬂ> =#\/ 1T7Ng=2"
j=0 j=0

Hence X
N . 1 iy _iN
h(T™,B) = lim H<\/T J ﬁ) =log2 >0
n—oo n im0
which gives us the desired result. O
REFERENCES

(1] F. BLANCHARD, A disjointness theorem involving topological entropy, Bull. Soc. Math.
France 121 (1993), 465-478.

[2] L. CARLESON AND T. W. GAMELIN, Complex dynamics, Springer—Verlag, New York,
Berlin, Heidelberg, 1993.

[3] B. KAMINSKI, A. SIEMASZKO AND J. SZYMANSKI, On topological flows defined by mono-
tone equivalence relations, Preprint, Torun (2001).

4] K. KRzYZEWSKI, On ezact toral endomorphisms, Monatsh. Math. 116 (1993), 39-47.

[5] V. A. ROKHLIN, Ezact endomorphisms of a Lebesgue space, Izv. Akad. Nauk 22 (1967),
499-530. (Russian)

[6] P. WALTERS, An introduction to Ergodic Theory, Springer—Verlag, New York, Heidel-
berg, Berlin, 1982.

Manuscript received April 8, 2003

ARTUR SIEMASZKO

Faculty of Mathematics and Computer Science
University of Warmia and Mazury

Zoierska 14A

10-561 Olsztyn, POLAND

E-mail address: artur@Quwm.edu.pl

JERZY SZYMASKI
Faculty of Mathematics and Computer Science
Nicholas Copernicus University
Chopina 12/18
87-100 Torunn, POLAND

E-mail address: jerzy@mat.uni.torun.pl
TMNA : VOLUME 21 — 2003 — N°2



