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CONLEY INDEX CONTINUATION
AND THIN DOMAIN PROBLEMS

MARIA C. CARBINATTO — KRZYSZTOF P. RYBAKOWSKI

ABSTRACT. Given € > 0 and a bounded Lipschitz domain Q in RM x RN
let Q¢ := {(z,ey) | (z,y) € Q} be the e-squeezed domain. Consider the
reaction-diffusion equation

(E.) ut = Au+ f(u)

on ¢ with Neumann boundary condition. Here f is an appropriate non-
linearity such that (E.) generates a (local) semiflow 7= on H(Q.). It was
proved by Prizzi and Rybakowski (J. Differential Equations, to appear),
generalizing some previous results of Hale and Raugel, that there are a
closed subspace H () of H!(Q), a closed subspace L2(Q) of L?(Q2) and a
sectorial operator Ag on L2(Q) such that the semiflow 7o defined on H1(Q)
by the abstract equation R
i+ Aou = f(u)

is the limit of the semiflows 7 as ¢ — 0.

In this paper we prove a singular Conley index continuation princi-
ple stating that every isolated invariant set Ko of mp can be continued to
a nearby family K. of isolated invariant sets of #. with the same Con-
ley index. We present various applications of this result to problems like
connection lifting or resonance bifurcation.
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1. Introduction

Let M and N be positive integers and 2 be an arbitrary nonempty smooth
bounded domain in RM x RY. Write (x,y) for a generic point of RM x R,
Given € > 0 squeeze () by the factor € in the y-direction to obtain the squeezed
domain .. More precisely, let 7. : RM x RN — RM x RN, (z,y) — (z,ey),
be the squeezing operator and define Q. := {(x,ey) | (z,y) € Q}. Consider the
following reaction-diffusion equation on €).:

(E) Ut :Au+f(u)7 t>0a (I,y)GQE,
: Op.u =0, t>0, (z,y) € 09,

where v, is the exterior normal vector field on 9Q. and f : R — R is a C'-
nonlinearity of appropriate polynomial growth which ensures that (E.) generates
a (local) semiflow 7. on H'(€2.).

If f is dissipative in the sense that

limsup f(s)/s < —dy for some 6y > 0
|s]—o00
then the semiflow 7. possesses a global attractor KE.

As € — 0 the thin domain 2. degenerates to an M-dimensional open set.
One may therefore ask what happens in the limit to the family (7:)c>o of semi-
flows and to the family (JZE)DO of attractors. Is there a limit semiflow and a
corresponding limit attractor?

This problem was first considered by Hale and Raugel in [21] for the case
when N = 1, U is a bounded domain in RM and the domain € is the ordinate
set of a smooth positive function g defined on clU, i.e.

Q={(z,y) |z€eUand 0 <y < g(x)}.

The authors prove that, in this case, there exists a limit semiflow 7y, which is
defined by the Neumann boundary value problem

M
Uy :(l/g)Z(guwz)$1+f(u)7 t>07 $€U7

i=1

dyu =0, t>0, ze€dU.

(HRo)

Moreover, if f is dissipative, then 7y has a global attractor .,Zo and, in some
sense, the family (Kg)gzo is upper-semicontinuous at € = 0.

Hale and Raugel also prove that one can modify the nonlinearity f in such
a way that each modified semiflow 7. possesses an invariant C!-manifold ./T/l/E of
some fixed dimension v which includes the attractor A, of the original semiflow
Te. The semiflows 7. and 7. coincide on the attractor .ZE and, as ¢ — 0, the
reduced flow on MVE converges in the C''-sense to the reduced flow on Mvo.
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If the domain  is not the ordinate set of some function (e.g. if 2 has holes
or different horizontal branches) then an equation of the form (HRg) cannot be
a limiting equation for the family (Es), € > 0. Nevertheless, as it was proved
by Prizzi and Rybakowski in [33] the family 7., € > 0 still has a limit semiflow.
Moreover, if f is dissipative then there exists a limit global attractor and the
upper-semicontinuity result continues to hold.

In order to describe the main results of [33] we first transfer the family (E.)
to boundary value problems on the fixed domain 2. More explicitly, we use the
linear isomorphism ®. : H*(Q.) — HY(Q), u — w o T, to transform problem

(E.) to the equivalent problem
(E.) up = Agu+ (1/e?)Ayu+ f(u), t>0, (z,y) €Q,
: vi - Vau+ (1/e*)vp - Vyu=0, t>0, (z,y) € 0.

Here, v = (v1,12) is the exterior normal vector field on 9.
Note that equation (E;) can be written in the abstract form

U+ Acu = f(u)

where f : H'Y(Q) — L?(Q) is the Nemitskif operator generated by the function
f and A. is the linear operator defined by

1
Acu=-Agu— S Ayu € L*(Q)
€
1
for u € H?*(Q) with vy - V,u + —v2 - Vyu =0 on o5
€
Equation (E.) defines a semiflow m. on H'(£2) which is conjugated to 7. via the
isomorphism ®.. Therefore, whatever property we prove about the transformed
semiflow 7. translates into a corresponding property about the original semiflow
., and vice versa. In particular, if f is dissipative then m. has the global
attractor A, := ®.(A.), consisting of the orbits of all full bounded solutions
of (E.).
The operator A. is, in the usual way, induced by the following bilinear form

1
ac(u,v) = / <Vmu -Vgv+ ?Vyu . Vyv) drdy, wu,ve HY(Q).
Q
Notice that, for every fixed ¢ > 0 and u € H*({), the formula

Jule = (ac(u,w) + [ulf2(q)) "/
defines a norm on H'(f2) which is equivalent to | - |1 (). However, |ul. — oo as
e — 0" whenever Vyu # 0 in L*(Q).
In fact, we see that for u € H(Q)
/ Vau-Vyudrdy if Vyu =0,
lim ac(u,u) = Q

+ .
€0 { 00 otherwise.
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Thus the family a.(u,u), € > 0, of real numbers has a finite limit (as e — 0) if
and only if u € H!(Q), where we define

HX(Q):={ue H(Q)| V,u=0}.

S

This is a closed linear subspace of H!(2).
The corresponding limit bilinear form is given by the formula:

ag(u,v) := / Vou-Vevdrdy for u,v € HX Q).
Q

The form ag uniquely determines a densely defined selfadjoint linear operator
Aot D(Ag) € HNQ) — LA(Q)
by the usual formula
ao(u,v) = (Aou,v)r2(q), foru e D(Ap) and v € H!(Q).

Here, L2(Q) is the closure of H!(Q) in the L?-norm, so L?(2) is a closed linear
subspace of L?(12).

It follows that the Nemitskil operator f maps the space H!(€2) into L2(€).
Consequently the abstract parabolic equation

(Eo) i = —Aou + f(u)
defines a semiflow 7y on the space H!(Q). This is the limit semiflow of the
family m.. In the ordinate set case considered by Hale and Raugel, equation
(Ep) reduces to their equation (HRg) stated above. For a large class of two-
dimensional domains (called nicely decomposed) equation (Ep) is equivalent to a
parabolic equation defined on a finite one-dimensional graph. For general higher
dimensional domains and M > 2 it does not seem possible to give a more explicit
expression for equation (Ep). Nevertheless, many qualitative properties of the
limit semiflow 7y may be deduced from the abstract equation (Ep).

For example, if f is dissipative then the semiflow my has a global attractor
A and the family of attractors (A.).>o is upper-semicontinuous at € = 0. More
precisely, we have the following result:

THEOREM (Upper semicontinuity of attractors [33, Theorem 5.10]). The
family of attractors (Ac)eepo,1] is upper-semicontinuous at ¢ = 0 with respect
to the family | - |- of norms, i.e.

lim sup inf |u—v|.=0.
e—0+ uEA, vEAg

Notice that each attractor A. for € > 0 is a compact isolated m.-invariant set
with Conley index h(m., A.) = £°. Therefore the above theorem implies that
the invariant set Ay can be continued to a family of invariant sets with the same
Conley index.
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We will prove in this paper that the latter statement holds true for an arbi-
trary isolated invariant set of the limit semiflow:

THEOREM (Conley index continuation theorem). Let Ko C H!(Q) be a com-
pact isolated invariant set of the limit semiflow mg. Then there is an g > 0 and
for each £ € ]0,e0] there is a compact isolated invariant set K. C H(Q) of
the semiflow m. such that h(m., K.) = h(mo, Ko) and the family (K:)ccjo,e] 5
upper-semicontinuous at € = 0 with respect to the family | - | of norms, i.e.

lim sup inf |u—v|. =0.
e—=01 ye K, vEKD

Note that in this theorem the function f need not be dissipative and it may
depend not only on u but also on ¢, x, ¥y and Vu. For a precise statement see
Theorem 3.5 and its Corollary 3.7 in Section 3 below.

The reader should notice that our Conley index continuation Theorem 3.5 is
not a direct consequence of the classical continuation principle in Conley index
theory. In fact, we are dealing here with a singular perturbation problem and the
limiting semiflow (unlike in the regular perturbation case) lives in the Banach
space H!(Q) which is different from the Banach space H'(f2) on which the
approximating semiflows are defined. Thus, although the proof of Theorem 3.5
follows the lines of the classical Conley continuation principle for admissible
semiflows (as given in [37], [39]) several new ideas are required to cope with the
present, more difficult situation (see Section 3 and the Appendix for details).

For the proof of Theorem 3.5 we need some convergence results, as € — 0,
of the semiflows 7. and the linear semigroups generated by the operators A..
These results, presented in Section 2, strengthen and extend the convergence
results previously obtained in [33].

In Section 4 we present various applications of Theorem 3.5. First we show
in Subsection 4.1 that, under appropriate assumptions, an orbit oy connecting
equilibria ug and v of the limit semiflow 7o can be continued, for all € > 0 small
enough, to a “nearby” family o. of orbits connecting ‘nearby’ equilibria u. and
ul of ..

This is then applied to a specific connection problem in parabolic equations
on an interval, considered by Fiedler and Rocha [14].

We then prove that, generically in the domain, the family of the j-th eigen-
values A.; of the operators A. is strictly monotone decreasing in € > 0, for
j > 2 (Subsection 4.2). Using this, together with Theorem 3.5 and the Conley
index product formula we obtain, under suitable resonance hypotheses for the
limit semiflow 7y, the existence of nontrivial equilibria of 7. bifurcating from
the trivial equilibrium 0 of 7y (Subsection 4.3). Finally, we show that these res-
onance hypotheses are satisfied for very simple two-dimensional domains (Sub-
section 4.3).
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After the completion of this work we became aware of the preprint [25] of Q.
Huang, in which the author proves an analogue of our Theorem 3.5 for ordinate
set domains with g = 1, i.e. domains Q of the type = U x |0, 1[, where U is a
bounded domain in R™ with M =1 or 2. The corresponding squeezed domain
. is then of the form Q. = U x ]0,¢[. (See Theorem 6.1 in [25].) In the case
M =1 such domains are just rectangles.

The author obtains his result as an application of an abstract Conley index
continuation theorem (see Theorem A in [25]). One could use that theorem,
together with the convergence results established in Section 2 of the present paper
and some additional estimates to give an alternative proof of our Theorem 3.5.

On the other hand, our proof of Theorem 3.5 uses only some general proper-
ties of the family 7. of semiflows and the family Q. of projectors (cf. Section 2
and the Appendix below). By abstracting these properties one can establish
a Conley index continuation result which is more general than Theorem A of
[25]. In fact, we can replace the compactness condition (C) of [25] by a weaker
admissibility assumption of the type introduced in [37]. Details are given in the
paper [7]. Let us only remark here that this more general abstract result, unlike
the results of [25], can be applied to singular perturbation problems for semi-
flows generated by damped wave equations (cf. [20], [22], [8]), neutral functional
differential equations or infinite delay equations. The solution operators of such
semiflows are not compact and yet the admissibility condition is satisfied.

Let us also remark that it is possible to formulate a general continuation
principle for the Conley connection matrix in singular perturbation problems.
See the forthcoming paper [9] for details.

For more results on the squeezed domain problems see the paper [34], which,
among other things, contains an existence theorem for inertial manifolds con-
taining the attractors A, of 7., improving and generalizing to arbitrary domains
the results of Hale and Raugel mentioned above. Some other papers on thin
domain problems are contained in the References, although the list is far from
being complete.

The Reference section also lists a few papers on the theory and applications
of various versions of the Conley index.

2. Squeezed domains

In this section we will prove various convergence results for linear semigroups
and nonlinear semiflows generated by reaction-diffusion equations on squeezed
domains. These results, of interest in their own right, play an essential role in
establishing the Conley index continuation principle of Section 3.

Let us first recall some definitions and basic results about squeezed domains
proved in [33], [34], referring the reader to those papers and to the paper [21] of
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Hale and Raugel for more details on the subject. In this paper all vector spaces
are over the real numbers.

DEFINITION 2.1. Let H be a vector space and V be a linear subspace of H.
Let a: V xV — R be a bilinear form on V and b : H x H — R be a bilinear
formon H. If A e R, u € V' \ {0} satisty

a(u,v) = Xb(u,v) forallveV

then we say that X is an eigenvalue of the pair (a,b) and u is an eigenvector of
the pair (a,b), corresponding to A. The dimension of the span of all eigenvectors
of (a, b) corresponding to A is called the multiplicity of X. If the set of eigenvalues
of (a,b) is countably infinite, contains a smallest element and if each eigenvalue
has finite multiplicity then the repeated sequence of the eigenvalues of (a,b) is
the uniquely determined nondecreasing sequence (\,,),en Which contains exactly
the eigenvalues of (a, ) and the number of occurrences of each eigenvalue in this
sequence is equal to its multiplicity.

Given a and b as above define R = R(a,b) to be the set of all pairs (u,w) €
V x H such that a(u,v) = b(w,v) for all v € V. We call R the operator relation
generated by the pair (a,b). If R is the graph of a mapping A : D(A) — H, then
this map is called the operator generated by the pair (a,b).

The following properties are obvious:

PropPOSITION 2.2. Let H, V, a, b and R be as in Definition 2.1. Then R is
a linear subspace of V. x H. Moreover, (A, u) is an eigenvalue-eigenvector pair
of (a,b) if and only if N\ € R, u € V, u # 0 and (u, \u) € R. Thus if R is the
graph of a map A, then A is linear and (\,u) is an eigenvalue-eigenvector pair
of (a,b) if and only if (\,u) is an eigenvalue-eigenvector pair of A.

The following proposition is well-known:

PROPOSITION 2.3. Let V', H be two infinite dimensional Hilbert spaces. Sup-
pose V. C H with compact inclusion, and V is dense in H. Let || -| and |- |
denote the norms of V. and H respectively, and b be the inner product of H.
Let a : V xV — R be a symmetric bilinear form on V. Assume that there are
constants d, C, « € R, a > 0, such that, for all u, v eV,

la(u, v)| < Cllullllvll,  alu,w) > allul]® — dlul®.

Then the set of eigenvalues of (a,b) is countably infinite, it has a smallest element
and each eigenvalue has finite multiplicity. Let (A\,)nen be the repeated sequence
of the eigenvalues of (a,b). Then the following properties are satisfied:

(1) There exists an H-orthogonal sequence (un)nen such that for every k €
N, uy is an eigenvector of (a,b) corresponding to .
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(2) Whenever (un)nen is an H-orthogonal sequence such that for every k €
N, uy is an eigenvector of (a,b) corresponding to A, then (up)nen s
H-complete. Moreover, the space V' is characterized in the following
way:

V:{veH

S Al (0, )l < oo}.
n=1

Moreover, the operator relation generated by (a,b) is the graph of a linear self-

adjoint operator A on (H, (-, -)) with compact resolvent.

Let Q be an arbitrary nonempty bounded domain in RM™ x RY with Lipschitz
boundary and let € > 0 be arbitrary. Write (x,y) for a generic point of RM x RV,
As in the Introduction, let 7. : R™ x RV — RM x RN, (z,y) — (x,ey), be
the squeezing operator and Q. := T.(Q2) be the squeezed domain. Define the

symmetric bilinear forms

a.: HY(Q.) x HY(Q.) = R

by
e (u,v) == / Vu-Vvdzdy
Qe
and
a. : HY(Q) x H'(Q) — R
by

1
as(u,v) := / <Vzu Vv + a—vau : Vyv> dz dy.
Q

Note that the assignment
P.:ur—uol;

restricts to linear isomorphisms L?(Q.) — L?(Q2) and H(Q.) — H ().
Let b. be the scalar product (-, -)z2(q.) and let b be the scalar product
(s )2 B
It follows that a pair (A, u) is an eigenvalue-eigenvector pair of (a., b.) if and
only if the pair (A, ®.u) is an eigenvalue-eigenvector pair of (ar,b). The linear
operators A, (respectively, A.) generated by (’ds,gs) (respectively, (ae, b)) satisty
the following properties:
(1) D(A6> = (I)E(D(ge»’ "
(2) A (D.u) = D (Acu) for u € D(A,).
Proposition 2.3 implies that there exists a nondecreasing sequence (Ac j, We ;) jen
of eigenvalue-eigenvector pairs of (ae,b) such that (w. ;)jen is a complete or-
thonormal system on L?(£2). Moreover, A\. 1 = 0 and A, ; > 0 for all £ > 0 and
j > 2. For convenience we set A, g := —o0.
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Now define the “limit” space H!(2) by
HX Q) ={ue HY(Q) | V,u=0}.

Note that H!() is a closed linear subspace of H(f2). It can be proved that
HL(Q) has infinite dimension.
Let us also define the space L2(€2) to be the closure of the set H!(£2) in L?().
It follows that L2(Q) is a Hilbert space under the scalar product of L?().
Now let ag : H}(Q) x H}(Q2) — R be the “limit” bilinear form defined by

ap(u,v) :== / Vu-Vudrdy = / Veu - Vyvdx dy.
Q Q
The bilinear form ag on H!(Q) together with the scalar product
bo(u, v) = (u,v)p2() = / wwdrdy on L*(Q)
Q

satisfy the hypotheses of Proposition 2.3. Proposition 2.3 implies that there
exists a nondecreasing sequence (Ao j, wo ;) en of eigenvalue-eigenvector pairs of
(ag,bo) such that (wp ;)jen is a complete orthonormal system on L?(f2). More-
over, Ao,1 = 0 and Ag; > 0 for all j > 2. For convenience we set A\ o := —o0.

Denote by Ag the operator generated by the pair (ag, bo).

Let us now recall the concept of a semiflow:

Let X be a topological space, let D be an open subset of [0,00[ x X and
m: D — X be a continuous map. We write znt := 7(t,z) for (¢t,z) € D. The
map 7 is called a local semiflow on X if the following properties are satisfied:

(1) For every z € X there is a number w, = w7 € ]0, 0o such that (¢,z) € D
if and only if 0 <t < wy.

(2) 20 =z for all x € X.

(3) If (t,x) € D and (s,znt) € D then (t + s,z) € D and

xm(t + s) = (xwt)7s.

If w, = oo for every x € X, then 7 is called a global semiflow on X.

Let J be an arbitrary interval in R. A map o : J — X is called a solution
of wif for all ¢ € J and s € [0, 00| for which ¢ + s € J , it follows that o(¢)7s is
defined and o(t)ws = o(t+s). If 0 € J and 0(0) = z, we say that o is a solution
through x. If J = R (respectively, J = |—00,0]), then o is called a full solution
(respectively, full left solution) relative to .

Let m and 7’ be local semiflows on the topological space X and Y be an
arbitrary subset of X. We say that = and 7’ coincide on Y if whenever J is an
interval in R and ¢ : J — Y is a map then o is a solution of 7 if and only if ¢ is
a solution of 7’.
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Now let X and X’ be topological spaces and let m (respectively, ©') be a
local semiflow on X (respectively, on X’). We say that the map ® : X — X’
conjugates m with 7' if ® is a homeomorphism and o : J — X is a solution of 7
if and only if ® oo : J — X’ is a solution of «’.

EXAMPLE 2.4. Let X be a Banach space and A be a sectorial operator in
X generating the family X”, 3 > 0, of fractional power spaces. Fix an a € [0, 1]
and suppose U is an open set in X“ and f : U — X is a locally Lipschitzian
map. The equation
i=—Au+ f(u)
defines, in the usual way, a local semiflow m4 y on X . (see [24] or [39]). If f is
globally Lipschitzian on U, then 74 ; is a global semiflow.

ExaMPLE 2.5. Let A and U be as in the Example 2.4. Moreover, let f :
U — X and f' : U — X be locally Lipschitzian maps. If Y is a subset of U
and f(u) = f'(u) on Y, then w4 s coincides with w4 s on Y. This easily follows
from the definition of the solution of parabolic equations (see [24] or [39]).

For every ¢ > 0 the operator A. (respectively, A.) is sectorial on X = L?(Q)
(respectively, on X = L?(Q.)) and the corresponding fractional power space
X% with a = 1/2 satisfies X* = H1(Q) (respectively, X* = H(Q.)). If
fo: HY(Q) — L2(Q) (respectively, f. : H(Q.) — L2(%)) is a locally Lips-
chitzian map we thus obtain the corresponding local semiflow 7.y = ma_ 1.
(respectively, T_7 =m3 7) on H'(Q) (respectively, on H'(£2.)). Note that,
given a locally Lipschitzian map f. : H'(2.) — L?(Q.), the map ®.(u) = uoT.
introduced above conjugates the semiflow 7_ 7 with the semiflow 7. s, where
fe = @EOJ?;O(I)E_l. _

Now let g. : Q. x Rx RM x RV — R be a given function and f. := g. be the
Nemitskii operator generated by g., i.e. for u : 2. — R set

ﬁ(u)(m,y) = g:((z,y),u(z,y), Voulz,y), Vyu(z,y)) for (z,y) € Q..
Suppose f. restricts to a locally Lipschitzian map from HY(Q.) to L3(€). Then
the map f. := ®. o f. o ®. 7! is clearly given by

1
1) ) ) = e (0 20),uo,0). Vo), Sl
for u € H'(Q) and (z,y) € Q.

Now note that the “limit” operator Ag is sectorial on X = L2(2) and the
corresponding fractional power space X with a = 1/2 satisfies X* = H(Q). If
fo: HY () — L2(Q) is a locally Lipschitzian map we thus obtain the correspond-
ing local semiflow 7o, 1= T4, 5, on H} (). Again, if fo is globally Lipschitzian,
then mg ¢, is a global semiflow.
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From now on, unless otherwise specified, we will work in a fixed bounded
domain  and will often write || g1 for |-|g1(q) and |-[z2 for |-]12(q). Moreover,
we will write (u,v) to denote the scalar product in L?().

For every € > 0 one can define on H!(Q) the norm

lule == (ac(u,u) + \U|%2(sz))l/2~

This norm is equivalent to | - |g1(q) for every fixed e > 0, but |ul. — oo as
e — 07 whenever Vyu # 0 in L?(2). Note that |u|. = |u|g1 (), whenever € >0
and u € H(Q). Tt is easily seen that for every u € H(Q)

o0

ul2 = Z(Ae,j + 1) [(u, we ;) 20 |-

i=1
Moreover, for every u € HL(Q),

ul) = (Ao + DI, wo ) L2l
j=1

oo

The following concept will play a crucial in the convergence results estab-
lished below.

DEFINITION 2.6. Given gg with 0 < g9 < 1 we say that the family (f:)cc(0,<,)
of maps satisfies hypothesis (A1) if the following properties are satisfied:

(1) fo: HY(2) — L2(Q) for every ¢ € ]0,¢0] and fy : H}(Q) — L%(Q).
(2) lim._o+ |f-(u) — fo(u)|r2 = 0 for every u € HL ().
(3) For every M € [0, 00| there is an L € [0, co[ such that
|fe(u) = fe(v)|z2 < Llu—wvle
for € €]0,e0] and u, v € H(Q) satisfying |ul., |v]c < M. Moreover,
[fo(u) = fo(v)[r2 < Llu— v|m
for u, v € HX(Q) satisfying |u| g1, |v|g < M.

We say that (f:)eeo,c,) satisfies hypothesis (A2) if the following properties are
satisfied:

(1) fo: HY(Q) — L*(Q) for every € € ]0,¢¢] and fo: H1(Q) — L2(Q).
(2) lim._g+ |fo(u) — fo(u)|r2z = 0 for every u € HL().
(3) There is an L € [0, oo such that

|fe(u) = fe(v)lre < Llu—vl:
for € €]0,&0] and all u, v € H(Q). Moreover,

| fo(u) = fo(v)[r2 < Llu —v|m
for all u, v e H(Q).
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The following proposition shows how we can obtain, in applications, families
of maps satisfying hypothesis (Al):

PROPOSITION 2.7. Suppose the domain ) satisfies the following condition:
(2) L2(Q) = {u € L*(Q) | V,u = 0}.

Let G :RxRM xRN x Rx RM x RN = R, (g,2,9,£,1,¢) — Gle,z,y,&,1,(),
be a C-function for which there are constants 3, v and C € [0, o[ such that for
all (g,2,9,6,1,0) € R x RM x RN x R x RM x RY the following estimates are
satisfied:

(1) 10-G(e.z,y,&m,0) < C(L+ [€]°),
(2) [VyG(e,2,9,6m,0] < C(L+[¢),
(3) [0:G(e, 2y, &m, Q) < C(A+[E]),
(4) [VoG(e, 2y, 61,0+ [VcGle, 2y, 6,m,0) < C.
Ifn:= M+ N > 2 then we also assume that 3 < 2*/2 and v < (2*/2) — 1, where
2% :=2n/(n —2).

For € > 0 define the function g : Q. x Rx RM x RN — R by

9-((z,9),&,n,¢) = G(e,z,y,&m,¢)  for (z,y),6,1,() € Qe x R x RM x RY.

Then the Nemitskii operator fg := g. defined by the function g. is a well-defined
map from HY(Q.) to L%(Q.). Define fo : H (Q) — L2(Q) by f. = ®.o food ..
More specifically, f. is given by (1). Furthermore, for u € HX(Q) define fo(u) :
Q—R by

Then fo(u) € L2(Q) and the family (f-)ceo,e,) Satisfies hypothesis (Al).

PROOF. Since H!(f2) is continuously contained in L7(Q2) where o € [1, 00|
forn =2 and o € [1,2*] for n > 2, it follows by an application of the mean-value
theorem and Hélder inequality, using estimates (1)—(4) above, that f.(H(2)) C
L?(Q) for € > 0 and conditions (2) and (3) in the definition of hypothesis (A1)
are satisfied. Let u € HL(Q) be arbitrary and v := fo(u). Then an application
of Theorem 2.5 in [33] implies that V,v = 0. Now condition (2) implies that
v € L2(2). This shows that hypothesis (A1) is satisfied. The proof is complete.l]

REMARK 2.8. (1) Condition (2) is satisfied for domains 2 with connected
vertical sections, i.e. domains such that the set

Qr ={y| (z,y) € Q}

is connected for all z € RM. In fact in such cases functions u € L?(Q) with V,u =
0 are actually functions depending only on the variables z. By appropriately
regularizing these functions with respect to these variables we can prove that
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u € L2(2). Obvious details are omitted. In particular, condition (2) is satisfied
for domains € considered by Hale and Raugel. Condition (2) is also satisfied for
nicely decomposed domains. This follows from results in [34].

(2) If the function G is independent of the variables n and ¢, then condi-
tion (2) is superfluous. In fact, the proof that fo(HL(2)) C L2(f) is, in that
case, accomplished by a simple modification of the proof of Theorem 5.3 in [33].

(3) Without changing the proof we may relax the growth conditions (1)—
(3) in Proposition 2.7. In fact, we may allow factors involving certain positive
powers of |n| and |¢|. We do not give a precise statement here since our main
interest is in functions G which do not depend on the variables n and ¢, so that
the resulting semiflows 7. s are gradient-like.

Condition (A1) is stronger than condition (A2). However, in many cases,
one can modify a given family of maps satisfying (A1) in such a way as to obtain
a family satisfying (A2) and so that both families coincide on a given bounded
set. This is made more precise in the following result, which is obtained by a
simple calculation, using Example 2.5.

PROPOSITION 2.9. Let 0 < g9 < 1 and (f:)eeo,c,] Satisfy hypothesis (Al).
Let Y be the open ball in HY(QY) at zero with radius r > 0. Choose a smooth
function h : R — R such that

hs) = { 1 ifls| <,

0 if|s| > 2r.
For every ¢ € 10,0 define the map f.: HY () — L*(Q) by

fe(w) = h(lul:) f= (u).
Moreover, define f: HY(Q) — L*(Q) by

folw) = h(lul ) fo(u).

Then the family (fl)ecjo,e,] Satisfies hypothesis (A2). Moreover, f.(u) = fl(u)
for e € ]0,e0] and u € Y. Besides, fo(u) = fi(u) foru € Y N HX(Q). Con-
sequently, the local semiflows m.y. and m. s coincide on Y. := {u € H'(Q) |
lule < r} fore €]0,20] and on Y N HL(Q) for e =0.

We can now state our first convergence result.

THEOREM 2.10. Let (€y)nen and (tn)nen be arbitrary sequences of positive
numbers convergent to zero. Let ug € HX () and (up)nen be a sequence in
HY(Q) such that

|y, — ugle, — 0 asn — oo.
Then

—tn A

le iy, — ugle, — 0 asn — oco.
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PROOF. Given v € HY(Q), t > 0 and € > 0 we have

o0 o0

e o2 = > (A + Dle v, we )2 =) (e70) (A + D)l (v, we )]
j=1 j=1

Since A. ; > 0, it follows that |e~*4=v|. < |v|.. Hence we obtain

—tn A —tn A

Uy — Ugle, < ‘eit"AE" (un —uo)le, + e
A

le g — Ugle,

< up — ugle, + e e ug — ugle,, -

Thus we only have to prove that

—tn A

le nug — ugle, — 0 asn — oo.

Let > 0 be arbitrary. It follows that

[wol3 =Y (Noj + 1)l{uo, wo ;) I* < oo.
j=1
Hence there is a k € N such that
do = Z()\O’j + ].)|<U()7’LU07]'>|2 < 9.
j=k

Let P, : L?(Q2) — L?(Q) be the L?-orthogonal projection onto the span of the

vectors {we, 1,...,We, k—1}. Then

oo
Juol3re = [uol? =Y (Ae,.j + Dl{uo, we, ;) = en + d,
j=1
where
k—1 (%)
n =Y (eny + Do, we, ;) and  dy =D (Ae, j + 1l(uo, e, 5)]*.
j=1 j=k

Theorem 3.3 in [33] implies that for an appropriate choice of the eigenvectors

(wo,j)jen
k—1
cn = > (Ao,j+ Dl{uo,wo)]> =i co as n — oo.
j=1
Consequently, for n — oo, d,, — |u0|§{1 — cg = dg < 6. Thus there is an ng such
that 0 < d,, < 9§ for n > ng. Now

o0
et Ay —ugl2, = (e — 12, + Dl {uo, we, ) = ¢, + d,
j=1
where
k—1
¢ = (e7tAend —1)% (A, 5+ D)l {uo, we,, 5)|

j=1
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and
oo

dy = DNt =170+ D)o, we, )
j=k

Now Theorem 3.3 in [33] implies that ¢, A, ; — 0- Ao ; as n — 00, so, again by
Theorem 3.3 in [33], ¢}, — 0 as n — 00, so there is an ny > ng such that ¢, < &
for n > ny. Furthermore, (e~t2*eni —1)2 < 1 s0

dy, < Z()‘sn,j + 1)‘<“0awsmj>|2 =d, <.
j=k

tn A

Therefore [e~tnAenug — ug|2, < 26 for n > ny. Since 6 is arbitrary, the theorem

is proved. O

REMARK 2.11. Let (g,)nen and (¢, )nen be arbitrary sequences of positive
numbers convergent to zero. Let ug € L2(Q) and (u,,)nen be a sequence in L?(£2)
converging to ug in L?(Q2). Then

A

le~trAen gy, —uglp2 — 0 as n — oco.

The proof of this assertion is completely analogous to (and easier than) the proof
of Theorem 2.10.

For the rest of this section let g > 0 and (f:)cco,c,] satisfy hypothesis (A2).
Write 7. for 7 . .

Before stating our next convergence result let us note that there is a positive
real constant C; such that for all e > 0, r > 0 and u € L*(Q)

(3) le™ ). < (Crr Y2 4 1) |ul .
Moreover, for all u € L%(Q),
(4) le™ o). < (Crr Y2 4 1) |ul .

We will need these estimates in the proofs to follow.

We can now state our second convergence theorem.

THEOREM 2.12. Let (gy)nen and (t,)nen be arbitrary sequences of positive
numbers convergent to zero. Moreover, letug € H}(Q) and (up)nen be a sequence
in HY(Q) such that

|, — ugle, = 0 asn — oo.
Then

|tnTe, tn — uwole, = 0 asn — oo.
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ProOOF. We may assume that ¢, < 1 for all n € N. For every ¢ € ]0,1] we
have

t
UpTe,t — Ug = ey + / e (17 en (fe, (unme,s) — fe, (uo)) ds
0

t
+ / 67(t75)A€" fEn (Uo) ds — ug-
0

Therefore the estimate (3) implies that
t
[un e t —ugle, <|e tenuy,|., + / CLL((t — 8) 72 + 1) |upme, s — ugle, ds
0

t
4 / Col(t — )72 4 D)| o, (o) 2 ds + ol
0

By hypothesis (A2) we have that the sequence f;, (ug), n € N, is bounded in
L?(9). Since the sequence (|uy|e, )nen is bounded there is a positive real constant
C such that for all n € N and every ¢ € ]0, 1]

t
[tn e, t — ugle, < Ca+ Co / (t — 8) Y upme, s — uole, ds.
0
Thus an application of Henry’s Inequality ([24, Lemma 7.1.1]) implies that

t
|tn e, t — ugle, < Co + C’g/ p(t — s)ds,
0

where

n=1 F(nﬂ)
with 8 := 1/2. The function p : ]0, 00[ — ]0, 00 is well defined and continuous

,0(55) — Z (CQF(ﬁ))nxnﬁfl

on ]0, 00[ and it satisfies the estimate
plz) < Cox™ Y24 Cy  for z €]0,1],

where C3 is a constant. It follows that there is a constant M such that for all
n € N and every ¢ € |0, 1]

[upme, t — ugle, < M.
It follows that for all n € N and every s with 0 < s <1

‘fEn (unﬁens)‘ﬂ < |f5n (Unwens) — Jfen (uo)|L2 + |f5n (uo)|L2
< LM + |fe, (uo)|rz < Ca

for some constant C4. Since

tn
—tn A —(tn—s)A
Un T, tn — Ug = € n U, — Ug + / e (tn=s)Aey, fe, (unme, s) ds
0
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we conclude that
tn
|Un7T€ntn - u0|€n < |6_tnAE" Un — U0|€n + C5/ (tn - S)_1/2 ds
0

for some constant C's. Now an application of Theorem 2.10 completes the proof
of the theorem. O

REMARK 2.13. Let (g,)nen and (¢,)nen be arbitrary sequences of positive

numbers convergent to zero. Let ug € L2(Q) and (u,,)nen be a sequence in L2(9)
converging to ug in L*(Q2). Then

[UnTe, tn — Uol2() — 0 asn — oo.

The proof of this assertion is analogous to (and easier than) the proof of Theo-
rem 2.12.

We can also state the following generalization of Theorem 5.1 in [33].

THEOREM 2.14. Let (e,)nen be an arbitrary sequence of positive numbers
convergent to zero. Moreover, let t € 10,00[ and (tn)nen be a sequence in ]0, 00|
converging to t. Finally, let ug € HX(Q) and (un)nen be a sequence in H' ()
such that

|, — uglrz2 = 0 asn — oo.
Then

|tn e, tn — womotle, — 0 asn — oo.

PrROOF. We modify the initial part of proof of Theorem 5.1 in [33] and
) An = A€7L7 A= A07
T 1= Te,, ™ := mp and u := ug. Let b € [0,00[ be arbitrary with ¢, € ]0,b],

therefore use the notation of that proof: write |-|, := |-

n €N, and t € ]0,b]. For every t € [0,b] we have, by the variation-of-constants
formula,

—Ant —At

UpTpt —unt =€ Uy — € U

N / LA ([ (unns) — fo. (ums)) ds
0

t
+ / (e A=) ¢ (ums) — e~ A=) fo (ums)) ds.
0
Define the function g, : [0,b] x [0,b] — R as follows: if 0 < s < ¢ then set
gnlt,s) = e~ I [ (ums) — e A7) fo(ums)|,

and set g, (t,s) = 0 otherwise. The function g, restricted to the set of (s,t) with
0 < s < t is continuous. Thus g, is measurable on [0,b] x [0,b]. By Fubini’s
theorem the function

lt)= [ " gt 5) ds = [ sute0ras
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is a.e. defined and measurable on [0,b]. Set
an(t) == e~ A, — e 4|, + c,(t) for t €]0,b]

and a,(0) := 0. It follows that a,, is measurable on [0, b]. Using the estimates (3)
and (4) we obtain

|gn(t,s)] < 2C5(Cy(t —s)"Y24+1) for0<s <t

where

Cy := max{ sup sup |f., (ums)|r2, sup |fo(ums)|pz2}.
s€[0,b] nEN s€[0,b]

Note that, by hypothesis (A2),

|[fen (ums)| L2 < |fe, (ums) = fe, (W)| L2 +| [z, (w)| L2 < Llums—uln+[fe, (u)[2 < M

for some constant M < oo, independent of n € N and s € [0,b]. Similarly, we
may assume that

|folurs)|pz < M for s €[0,b].
This shows that Cy < oco.

The remaining part of the proof is now almost identical to the corresponding
part of the proof of Theorem 5.1 in [33] and so we omit it here. O

We thus obtain the following corollary.

COROLLARY 2.15. Let (e,)nen be an arbitrary sequence of positive numbers
convergent to zero. Moreover let t € [0,00[ and (tn)nen be a sequence in [0, 00|
converging to t. Finally, let ug € HX(Q) and (up)nen be a sequence in H ()
such that

|, — ugle, — 0 asn — .

Then

|tn e, tn — womotle, — 0 asn — oo.

PRrROOF. We may assume, of course, that all numbers ¢,, are positive. If t = 0,
then the assertion follows from Theorem 2.12. If ¢ > 0, the assertion follows from
Theorem 2.14. g

We also need the following

PROPOSITION 2.16. Let (e,)nen be an arbitrary sequence of positive numbers
convergent to zero. Moreover, let (t,)nen be a sequence in [0, 00] converging to
00. For everyn € N let 0y, : [y, 0] — HY(Q) be a solution of mr, . Assume that
there is a C € [0, 00[ such that

lon(t)]e, < C  foralln € N and t € [—t,,0].
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Then there exists a subsequence of (0, )nen, denoted by the same symbol (o1 )nen,
and there is a full left solution o : |—00,0] — H(Q) of o, such that for every
t €]—00,0],
lon(t) —o(t)]e, = 0 asn — oo.

REMARK 2.17. Note that for every t € |—o0, 0], there is some ng with —t,, <
t for all m > ny, so the sequence (o, (t)) is well defined for n > ny.

ProoOF. The proof of this result is completely analogous to that of Corol-
lary 5.2 in [33]. We therefore omit the details. O

Note that, for every fixed e > 0, the space H!(Q) is a Hilbert space under
the scalar product

(u,v)e := ac(u,v) + (u,v), wu,v € H(Q).

Since H!(Q) is a closed subspace of H*(£2), there is a map Q. : H*(2) — H(Q)
which is the orthogonal projector onto H2 () with respect to the scalar product
(-, +)e. This projector will play a crucial role in the sequel. Note that, for every
u € HY(Q),

ul2 = |Qeul2 + |(I — Qc)ul?,
where, as usual, I is the identity map on H((Q).

REMARK 2.18. If © is a product domain, i.e. if Q = U x V with U ¢ RM
and V C RY, and if x denotes the measure of V then, as it is easily proved, the
projector Q. has the explicit form

(Qeu)(z) = %/ u(z,y)dy foru € H'(Q) and x € U,
1%

i.e. Q. is the mean-value operator with respect to the variable y € V. No such
explicit form of Q. is known for general domains €.

DEFINITION 2.19. Given a subset V of H(2), n > 0 and € > 0, define the
“inflated” subsets |V, and [V]., of H'(Q) as follows:

Wiew ={ue H(Q)| Qeu €V and |(I — Q-)ule < n},
V]em :={ue H(Q) | Qu eV and |(I — Q.)ul. < n}.
LEMMA 2.20. Let V be a subset of H(Y). Then for everye >0 and n >0

cle Ve =1[clV],.

PROOF. Since [clV]., is closed in H'(£2), we obtain cl. |V[., C [clV].,.
Conversely, let u € [c1V]. ,. This implies that Q.u € clV and |(I — Q.)u|. < 7.
Therefore there exists a sequence (wy, )nen, Wy € V, such that

|wn, — Qculgr — 0 as n — oo.
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Define
2p = (I — QE)nL—Hu and v, 1= wy, + 2.

It is clear that v, € |V, and |v, —u|. — 0 for n — co. The lemma is proved.(]

The following result is an immediate consequence of Proposition 2.16 and
the proof of Corollary 5.2 in [33].

LEMMA 2.21. Let S be a closed bounded set in HX(Q2), n > 0 and (,)nen
be a sequence of positive numbers converging to zero. For every n € N let oy, :
Jn — [Sle, n be a solution of m.,. If J, = R for every n € N (respectively, if
Jn = [~tn,0], n € N, where t, — 00), then there is a subsequence of (opn)nen,
again denoted by (op)nen and there is a solution o : R — S (respectively, o :
]—00,0] — S) of mp such that for every t € R (respectively, every t € |—oc0, 0])

lon(t) —a(t)|e, =0 asn— oo

50 |Qe, 0n(t) —o(t)|gr — 0 and |(I — Qe,,)on(t)|e, — 0 as n — oo.

3. A Conley index continuation theorem

In this section, we will state our basic Conley index continuation theorem for
thin domain problems. The proof of this theorem will be given in the Appendix.

We will first review some basic definitions and results concerning the Conley
index theory for semiflows defined on a metric space. The reader is referred to
[37] or [39] for the proofs of several of the results stated below and for further
details on the subject.

Given a topological space Z and an arbitrary set Y, we define the quotient
space Z/Y as follows: fix an arbitrary p ¢ Z. Define the set Z/Y as

ZJY = (Z\Y)U{p}

and the map q: Z — Z/Y as

q(z) =

{z ifzeZ\Y,

p otherwise.

We commonly write [z] instead of ¢(z). We also write [Y] instead of p.

Call a subset V of Z/Y open in Z/Y if and only if ¢~(V) is open in Z.
This defines a (quotient) topology on Z/Y. Note that if Y N Z # ), then ¢ is a
(surjective) identification map. If YNZ =0, then Z/Y = ZU{p} and V C Z/Y
is open in Z/Y if and only if V N Z is open in Z.

For the rest of this section, unless specified otherwise, let X be a metric space
and let 7 be a local semiflow on X.
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Suppose that Y is a subset of X. We define the following subsets of X:

AT (YY) ={ue X |ur[0,w,[ C Y},

AZ(Y) :={u € X | there exists a solution o : |—00,0] — X
through « with o(]—o00,0]) C Y},

A (Y) =AL(Y)NAZ(Y).

A subset Y of X is called invariant (positively invariant, negatively invariant)
relative to m if Y = A, (Y) (respectively, Y = AX(Y), Y = A (Y)).

Let N be a closed subset of X such that K := A, (N) is closed and K C Int N.
Then N is called an isolating neighbourhood of K relative to m and K is called
an isolated invariant set relative to .

Let B C X be a closed set and u € 9B. The point u is called a strict egress
(respectively strict ingress, respectively bounce-off) of B, if for every solution
o : [=61,82] — X through u, with §; > 0 and d2 > 0, the following properties
hold:

(1) There exists an €5 € ]0, d[ such that o(t) € B (respectively o(t) € Int B,
o(t) & B), for t €]0,¢e9].

(2) If 61 > 0, then there exists an ¢; € 0,01 such that o(¢) € IntB
(respectively, o(t) & B, o(t) € B), for t € [—e1,0].

The set of all strict egress points (respectively strict ingress, bounce-off) of
the closed set B will be denoted by B¢ (respectively, B*, B’). A closed set
B C X is called an isolating block, if 9B = B¢ U B* U B® and B~ := B°U B is
closed.

Let IV be a closed subset of X. Then N is called strongly w-admissible if the
following properties are satisfied:

(1) Whenever unt € N for all ¢t € [0,w,[ then w,, = co.

(2) Whenever (uy,)nen is a sequence in X and (¢, )nen is a sequence in [0, oo
such that t,, — oo as n — oo and u,7[0,t,] C N for all n € N, then the
sequence (u,mty,)nen of endpoints has a convergent subsequence.

THEOREM 3.1. Let K be an isolated m-invariant set and N be a strongly
m-admissible isolating neighbourhood of K. Then there exists an open set V' such
that B := clV is an isolating block such that K CV C B C N and 0V = 9B.

PROOF. By Theorem 5.1 in Chapter 1 of [39] there exists an isolating block
B’ such that K C Int B C B' C N. Set V :=Int B’ and B := clV. It is easily
verified that B := clV is an isolating block such that K C V C B C N and
oV = dB. O
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Let N, Y be subsets of X such that Y C N. The set Y is called V-positively
invariant relative to m, if whenever v € X, ¢ > 0 are such that uw[0,¢] C N and
u €Y, then ur[0,f] C Y.

DEFINITION 3.2. Let IV be a closed set in X and N7 and N be closed subsets
of N. The pair (N7, No) is called a pseudo-index pair in N if:
(1) Ny and N3 are N-positively invariant,
(2) whenever u € Ny and unty € N for some ty € [0, 00[, then there exists
at’ €[0,to] such that un[0,¢] C N and unt’ € Ns.
A pseudo index pair (N1, N3) in N is called an index pair in N if A (N) is closed
and Ar(N) C Int (N7 \ Na).

If B is an isolating block with A;(B) closed, then (B, B~) is an index pair
in B.

Let K be an isolated invariant set, N be a strongly m-admissible isolating
neighbourhood of K and (N7, N2) be an index pair in N. Then the homotopy
type of the pointed space (N; /N2, [N2]) depends only on the semiflow 7 and the
isolated invariant set K (see Theorem 10.1 in [39]). The Conley index, h(m, K),
of the isolated invariant set K with respect to 7 is defined to be the homotopy
type of (N1/Na, [Na]).

REMARK 3.3. If N is a strongly m-admissible isolating neighbourhood rela-
tive to 7, we will sometimes write h(m, N) to denote h(m, A;(N)). This will not
lead to confusion.

The following result is obvious.

PROPOSITION 3.4. Let w and ©' be local semiflows on the metric space X.
Let Y be a subset of X on which © and 7' coincide. Suppose N is closed in
X and N CY. Then Ar(N) = A (N). Moreover, N is a strongly admissible
isolating neighbourhood relative to w if and only if N is a strongly admissible
isolating neighbourhood relative to ©' and in this case

h(m,N) = h(x',N).
We can now state the main result of this section.

THEOREM 3.5. Let g9 > 0 and (f:)ec(o,c,) be a family of maps satisfying
hypothesis (Al). Let N be a bounded isolating neighbourhood for my s,. Then for
every nn > 0 there exists an €° = €°(n) > 0 such that for every e € ]0,&°] the set
[Nle,, is a strongly admissible isolating neighbourhood relative to 7. ;. and

(5) h(me f., [Nlen) = h(mo, fo, V).

Theorem 3.5 can also be reworded in terms of the semiflows 7_ 7 generated
by the original reaction-diffusion equations on the squeezed domains €)..
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THEOREM 3.6. Let g9 > 0 and (f:)ccjo,e,) be a family of maps satisfying
hypothesis (A1). Fore > 0 define f- : H(Q.) — L2(Q.) by f- := ®. o f.0®,.
Let N be a bounded isolating neighbourhood for my s,. Then, for every n > 0,
there exists an € = €°(n) > 0 such that, for every e € ]0,&°], the set &~ ([N]..,)
is a strongly admissible isolating neighbourhood relative to %s,f@ and

h(%s7ﬁ ’ (I)E_l([N]E,’V])) = h(ﬂ-O,fo ) N)

PROOF. The isomorphism ®. conjugates the local semiflow %E’ 7. to the local
semiflow 7¢ ;.. Thus whenever S is a strongly admissible isolating neighbourhood
with respect to 7, y_, then ®_~1(9) is a strongly admissible isolating neighbour-
hood with respect to 7?57 7 and

h(ﬂ-&fs ’ S) = h(%g,}; ) cI)E_l(S))'
Now Theorem 3.5 completes the proof. O

Theorem 3.5 yields the following corollary, which was stated, somewhat less
precisely, in the Introduction.

COROLLARY 3.7. For every n > 0 the family (K. )ec[o,cc(n) of invariant
sets, where K., = Az ([Nley), € € ]10,e°(n)], and Ko, = Ko := Ay, (N), is
upper semicontinuous at € = 0 with respect to the family |- |c of norms. In other
words,

lim sup inf |u—wv|.=0.
e—0T1 uEKI:m veKy ‘ |€

PrOOF. If the corollary is not true, then there are numbers n and g > 0, a
sequence £, — 0% and a sequence u,, € K., ,, n € N, such that

vlenigo |un, —v]e > B.

For every n € Nlet 0, : R — [N]., , be a solution of 7., with 0,,(0) = u,,. Using
Lemma 2.21 we may assume that whenever ¢ € R, then |0, (¢t) — o(t)|c,, — 0 as
n — oo, where o0 : R — N is a solution of my. In particular, |u, — v|e, — 0
as n — oo where v := ¢(0) € K. This is a contradiction, which proves the
corollary. O

Theorem 3.5 will be proved in the Appendix. In the next section we discuss a
few applications of this result. More applications will be given in a forthcoming
publication.

4. Applications

4.1. Connection lifting. Until further notice assume that ¢y > 0 and that
(fe)eeo,e0) 18 @ family of maps satisfying hypothesis (A1). Write 7. := 7.y,
for € € [0,¢0]. Using Theorem 3.5 we will show in this subsection that, under
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certain hypotheses, heteroclinic orbits of the limit semiflow 7y can be “lifted” to
the semiflows 7. and thus, by conjugacy, to the corresponding semiflows 7. on
the squeezed domains €., for ¢ > 0 small. We first treat an abstract problem
and then apply the results obtained to an equation considered by Fiedler and
Rocha.

PROPOSITION 4.1. Suppose that the local semiflow my is gradient-like with
respect to a Liapunov function Vo : HY(Q) — R. Assume also that N, N’ and
N" are bounded isolating neighbourhoods with respect to mg with N' N N" = (),
N'UN" C N and there are points u' and u” such that Vy(u') > Vo(u"), {u'} =
Ao (N') and {u"} = Ay (N"). Finally, assume that

(6) h(TF(),N) #h(ﬂ'o,N/)\/h(’/To,N”)

and there are no equilibria of my lying in N\ (N'UN"). Then there is a solution
o0: R — N of mp with {uv'} = a(op) and {v'} = w(oy).

REMARK 4.2. Recall that, given a metric space X and an arbitrary map
o : R — X, the a-limit set a(o) (respectively, the w-limit set w(o)) of o is
defined as the set of all points € X for which there is a sequence (¢, )nen in
R with ¢, — —oo (respectively, ¢, — o0) as n — oo such that o(t,) — = as

n — 0.

PROOF. From (6) we see that there is a solution oy : R — N of 7y with
oo(R) ¢ N’ UN". Since mg is gradient-like, it follows that «(cg) and w(oyp) are
nonempty sets of equilibria of 9. Our assumptions imply that the only equilibria
of g lying in N are v/ and v”. In particular, o is a nonconstant solution, so Vj
is strictly decreasing along oy. This concludes the proof. O

Using Theorem 3.5 we can, in some sense, “lift” the connection oy to the
semiflows 7., for € > 0 small.

THEOREM 4.3. Assume the hypotheses of Proposition 4.1. In addition, sup-
pose that for some g9 > 0 and every ¢ € ]0,¢&¢] the local semiflow m. is gradient-
like with respect to a Liapunov function V. : H*(Q) — R. Assume that whenever
en — 0T, (Un)nen is a sequence in H'(Q) and |u,, — ugl., — as n — oo, where
ug € HL(Q), then V., (u,) — Vo(ug) as n — oo. Then, for every n > 0, there is
an €" > 0 such that for every e € ]0,e"] there exists a solution 0. : R — [N].,
of me such that aoe) C [N']e,y and w(oe) C [N"]e .

PROOF. Choose numbers y; and 7, such that Vp(u”) < y1 < 72 < Vp(u').
Given n > 0, Theorem 3.5 implies that there is an 7 > 0 such that for € € ]0,&"]
h(me, [N]e) = h(mo, N),

(7) h('ﬂ'ea [N/]s,n) = h('/TOv N/)v
h(7T57 [N//]E,n) = h(ﬂ-Ov NN),
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and as a consequence there exists a solution o. : R — [N]&77 of m. such that
0:(0) € [N\ (NVUN")]e.n.

An application of Proposition 2.16 shows that we may also assume that for
€ €]0,&"] there are no equilibria of 7. lying in [N\ (N U N")]. . This implies
that

a(o:) Uw(o:) C [N']ey U N,

and so
afo:) Uw(o:) C Awa([Nl]E,n U [N”]E,n) = Aﬂ'a([N/]Ean) U Awa([NH]E,n)

for € €]0,e"). The latter equality follows since N’ and N” are disjoint.
Using Proposition 2.16 again we may assume that

Ve(ul) <y <2 < Ve(ul)

whenever ¢ € 10,¢"], u. € A ([N'].) and u’ € A, ([N"].,). By the same
token, we may assume that for every ¢ € |0,e"] there is a t. such that v, <
Ve(oe(te)) < v2. We also have

Ve(ul) < Ve(oe(te)) < Ve(ul)

whenever ¢ € ]0,¢"], u. € a(o.) and u” € w(o.). Thus whenever ¢ € |0,¢"] and
u. € a(o.) then for every u? € A ([N"].,) we obtain that

Ve(ul) <m < Ve(o(te)) < V(ul)

sou. ¢ Ar ([N"]z,). Hence a(o.) C Ax ([N']s,). Similarly we prove that
w(o:) C Ar ([N"]c ). .

Assuming hyperbolicity, we can refine the results of Theorem 4.3. To this
end, we need the following result.

PROPOSITION 4.4. Assume that for every e € [0,e0] the map f. is Fréchet
differentiable. Moreover, suppose that, whenever ug, v € HX(Q), e, — 0 as
n — 00 and (up)nen is a sequence in HY(Q) with |u, — uple, — 0 as n — oo,
then

|Df., (un)v — Dfo(ug)v|rz — 0 asn — oo.
Let ug be a hyperbolic equilibrium of mg and N be a bounded isolating neighbour-
hood of {ug}. Then for every n > 0 there is an 1 = £1(n), 0 < &1 < &o, such
that for every e € 10,e1] there is only a finite number of equilibria of m. in the
set [N]en, and all of them are hyperbolic.

PROOF. In view of Proposition 2.9 it is not restrictive to assume that the
family (f:)cejo,c,] satisfies hypothesis (A2). Let 7 > 0 be arbitrary. We claim
that for € > 0 small, every equilibrium of 7. in the set [N]., is hyperbolic. If
the claim is not true, then we obtain a strictly decreasing sequence &,, — 0% and
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a sequence u, € [N]., n, n € N, such that u, is a nonhyperbolic equilibrium of
e, - 1t follows that for every n € N there is a v, € D(A;, ) with |v,|c, =1 and

Ac, vy = Dfe, (un)vp.

For ¢ € [0,&0] define F. := Df.(uy) if there is an n € N with ¢ = ¢,, and set
F. := Df.(up) otherwise. Since |u, — ugl, — 0 as n — oo it follows that
the family (FL)ce[o,c,) satisfies hypothesis (A2). Since 0, (t) = v, is a solution
of m., r.for every n € N, we may use Proposition 2.16 and assume, taking
a subsequence if necessary, that |v, — vgl., — 0 as n — oo, where vy is an
equilibrium of g p,. It follows that |vg|pg1 = 1 and

Agvo = D fo(uo)vo.

Thus ug is not hyperbolic, a contradiction, proving our claim. Since for € > 0
small, every equilibrium of 7. in the set [NV]. ,, is hyperbolic and since the largest
me-invariant set in [N]., is compact, it follows that there can be only a finite
number of equilibria in [N]. ,. This proves the proposition. g

Combining Theorem 4.3 and Proposition 4.4 we arrive at the following

COROLLARY 4.5. Assume the hypotheses of Theorem 4.3. In addition, sup-
pose that for every e € [0,g9] the map f- is Fréchet differentiable and that

|Df5n (un)v - DfO(UO)U‘Iﬂ —0 asn— o0

whenever ug, v € HY(Q), &, — 07 as n — 0o and (up)nen is a sequence in
HY(Q) with |u, — uole, — 0 as n — oco. Finally, assume that the equilibria v
and v are hyperbolic. Under these assumptions, for every n > 0 there is an
e > 0 such that for every e € ]0,"] there exists a solution o. : R — [N]. , and
hyperbolic equilibria u. € [N']., and u! € [N"]., of mc such that {u.} = a(o.)
and {ull} = w(o.).

For the rest of this subsection suppose that M =1 so 2 C R x RY and let
P :R x RY — R be the projection onto the first coordinate. Define J := P(().
Suppose also that Q has connected vertical sections, i.e. that for every x € J the
z-section

Q= {y eRY | (2,9) € Q}

is connected.

For every x € J let p(x) > 0 be the N-dimensional Lebesgue measure of the
vertical section €2,,. Define the space

Hy,:={v|v:J— Rand p"/?v € L*(J)}.

This is a Hilbert space under the scalar product (u,v)p, = / Jpuvdz.
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Furthermore, define the space
V,:={ve H,|v eLi.(J)and p/?v € L?(J)}.

This is a Hilbert space under the scalar product (u, v)y, = fJ puv dx—l—fJ pu'v’ dx.
If p and 1/p are bounded on .J, then H, is isomorphic to L?(J) and V, is
isomorphic to H'(J). An obvious modification of the proof of Proposition 3.6
in [34] shows that a function u : Q — R lies in L%(Q) if and only if there is
a function @ : J — R such that u(z,y) = u(z) a.e. in Q and p'/?u € L?(J).
The assignment u +— u defines an isomorphism @ : L?(Q) — H,. Moreover,
D(H () =V, and ®|p1(q) is an isomorphism of H () onto V.

A modification of the proof of Theorem 6.6 in [33] yields a characterization
of the operator Ag. In fact, u € D(Ag) C HX(Q) and Agu = w € L?(Q) if and
only if, defining @ := ®(u) € V, and w := ®(w) € H,, we have that

(1) The distributional derivative (p@’)’ of p@’ is an Li .(J)-function with
(i) = —p,
(2) (pu')(x) =0 for z € J.

Assume that p(z) > ¢ > 0on J and p € C3(clJ). It follows that u € D(Ay)
and Agu = w if and only if the functions @ := ®(u) and w := ®(w) are such that
u € H3(Q), u'(x) =0 for x € 8J and w = —u" — p't’ /p a.e. in J.

Let f: RxR xRN xR — R, (¢,2,y,u) — f(e,z,y,u) be a function of
class C? for which there are constants 3, v and C' € [0, 00[ such that for all
(e,z,y,u) € R x R x RN x R the following estimates are satisfied:

(1) 10-f(e,9, )| < CC1+[ul),
() (937,29, < O+ [ul?),
3) 10uf(e,2,y,u)| < C(1+ |u]7),
(4) 10:0uf (e, 2, y,u)| < C(1+ [ul?),
(5) [Vyouf(e,z,y,u)] < C(1+ [ul?),
(6) 10u0uf (e, z,y,u)| < C(1 + [ul7).
If n:= M+ 1> 2, we also assume that § < 2*/2 and v < (2*/2) — 1, where
2*:=2n/(n—2).
Given ¢ > 0 and a function u :  — R define the function fe(u) :Q — R by

ﬁ(u)(x,y) = f(E,IE,Ey,U(I,y)) for (l‘,y) € Q.

LEMMA 4.6. The following conditions are satisfied:
(1) Ifu € HY(), then f-(u) € L%().
(2) The family (f:)ecjo,1) of maps satisfies hypothesis (Al).
(3) For every e € [0,1] the map f- is Fréchet differentiable and

|Df;n (Un)v — Dﬁ)(uo)v\p —0 asn— oo
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whenever ug, v € HY(Q), e, — 07 asn — 0o and (up)nen s a sequence
in HY(Q) with |u, — uole, — 0 as n — oc.

PRrROOF. Assertions (1) and (2) follows from Proposition 2.7. The proof of
that proposition, using the estimates on 9.0, f, V,0,f and 0,0, f yields asser-
tion (3). O

Define the function F: R x R x RY x R — R by
F(e,x,y,s) ::/ f(e,z,y,7)dr for (,z,y,5) € R x R x RN x R.
0

An easy calculation shows that for every ¢ > 0 the semiflow 7. = m_ 7. is
gradient-like with respect to the Liapunov function V; : H(Q) — R defined by

Ve(u) :== (1/2)ac(u,u) — /QF(E,;E,Ey,u(x,y))d:cdy for u € H'(Q).

Moreover, the semiflow 7o := i is gradient-like with respect to the Liapunov
function Vp : H}(Q2) — R defined by

Vo(u) := (1/2)ao(u,u) — /Q F(0,2,0,u(z,y))drdy foruc HX(Q).

It is easily seen that whenever &, — 0, (uy)nen is a sequence in H*(£2) and
[t — ugle, — as m — oo, where ug € H(Q), then V., (u,) — Vo(ug) as n — oo.

Furthermore, it is clear that the isomorphism ®| H1() conjugates the semiflow
my to the semiflow 7y generated by the following scalar semilinear parabolic
equation with Neumann boundary conditions:

Up = Ugy + Pz /p+ f(0,2,0,7), t>0, x€J
uy =0, t>0, ze€dJ

(8)

Therefore Proposition 3.2 in Chapter 2 of [39] implies that a set N is a strongly
admissible isolating neighbourhood with respect to mq if and only if N = ®(N)
is a strongly admissible isolating neighbourhood with respect to 7y, and, in this
case, Az, (N) = ®(Ay, (N)) and h(mg, Ary (N)) = h(To, Az, (N)).

Notice that the equation (8) satisfies the hypotheses of [14].

Therefore, we obtain the following result.

THEOREM 4.7. Let p and [ satisfy the above hypotheses. Assume u' and
W' are hyperbolic equilibria for the equation (8) such that h(%o, {U'}) = 2i@)
and h(%o, {0"}) = S with i(W) = i(@") + 1. Moreover, assume that the
connections from u' to u” are not blocked in the sense of [14].

Under these assumptions there exist bounded isolating neighbourhoods N, N’
and N with respect to mo with N'NN" =0, N'UN" C N such that {®~1 ()} =
Ar (N') and {®71(@")} = A (N"). Furthermore for every n > 0 there is an
e > 0 such that for every € € ]0,"] there exists a solution o. : R — [N]., and
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hyperbolic equilibria u. € [N']. , and u! € [N"].,, of mc such that {u.} = a(o.)
and {ul} = w(oe).

PrROOF. Lemma 1.7 in [14] and the remarks preceding the statement of this
theorem imply that the hypotheses of Proposition 4.1 hold. Note that the con-
ditions of Theorem 4.3 are also satisfied. Therefore the result follows from
Lemma 4.6and Corollary 4.5.

4.2. Monotonicity. Now recall that, given € > 0, we denote by (Ac ;) en
the repeated sequence of eigenvalues of the operator A..

As it was proved in [33], for every j € N the family (\;;)e>0 is monotone
decreasing and converges to Ag j. Note that, A. 1 = 0. On the other hand, if j >
2, then, as we will prove now, the family (\c j)c>0 is strictly monotone decreasing
in many cases. We begin with the following result, which gives a necessary
and sufficient condition for strict monotonicity of a given family (A ;)e>0 of

eigenvalues:

THEOREM 4.8.

(1) Suppose that there is a j € N and there are numbers 0 < eo < €1, such
that Ae, j = Ae,.j. Then there is a w € HY (), w # 0, such that

(9) (Vw, Vo) = Mw,v)  for allv € HY(Q),

where A = X, ;.

(2) Conwersely, if there exist a A € R and a w € HX(Q), w # 0 such that
(9) is satisfied, then there is a unique v € N with A = Ao, < Agriy1-
Furthermore, there is an g > 0 with the property that

Aer =X foralle € ]0,e0].

PRrROOF. Assume the hypothesis of the first part of the theorem. Let E be
the (j-dimensional) subspace of H*({) spanned by the vectors we, x, k =1, ...,
7. Then, by the min-max principle,

max e\t ¥ (u, u)

A
ueB\{0} (u,u)

€1,] <

Hence there is a w € E, (w,w) = 1, such that
1 1
2= 62) (Vyw, Vyw).

)\Elxj < ag (w7w) = e, (’U),’U}) - (
€2 1

Now

J
Qey (w’ w) = Z )‘82,k| <w7 w€2,k>|2'
k=1
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We also have _
J
Aeaj = Aeyj{w, w) = Aey Z ‘<w7w627k>‘2'
k=1

Since A., ; = A¢, ; we obtain

J J
1 1
)‘Ez,j Z ‘<wvw62,k>‘2 < Z /\62,k|<w7w82,k>|2 - (62 - EQ) <vyw7 va}),
k=1 k=1 2 1
i.e.
J 11
T T e O )
k=1 2 1
Since the left-hand side of this inequality is nonnegative while the right-hand side
is nonpositive, both sides must be equal to zero. This implies, on the one hand,
that (Vyw, V,w) = 0so w € H(Q) and, on the other hand, that (w,w., ) = 0,

whenever A, j — Az, x > 0. Thus w lies in the eigenspace of the eigenvalue A
(with respect to the pair (a.,,b)). In other words, for all v € H(Q),

1
(Vw, Vv) = (V,w, V,u) = (Vew, Veu) + 8—2<Vyw,vyv> = Mw,v).
2

This proves the first part of the theorem. Now assume the hypothesis of the
second part of the theorem. Since w € H(Q) it follows that for every & > 0

ac(w,v) = (Vw, Vo) = Mw,v) for all v € H'(Q).

Thus for every € > 0 the number A is an eigenvalue of the operator A.. In
particular, let » € N be the largest number with A = Ao . Then A, < Aor41
so there exists an g9 > 0 such that A = Ao, < A 41 for € € ]0,0]. This implies
that, for every e € ]0,¢0], we have that A\ . = A, since otherwise

)\577« <A< )\5,7«4’_1
S0 A is not an eigenvalue of A., a contradiction. The theorem is proved. O

The following result implies that, for j > 2, strict monotonicity of all the
families (Ac j)e>0 is an open dense (and so generic) property with respect to
Cl-perturbations of the boundary of .

THEOREM 4.9. Suppose that there is a nonempty open set J in RM and there
are disjoint open sets U and U’ in RM x RN such that QN (J x RN) =U UU’,

and for every x € J, the vertical section

U, :== {y | (l‘,y) € U}

is nonempty and connected. For x € J let p(x) > 0 be the N-dimensional
Lebesgue measure of the vertical section U,. Assume thatp € C1(J) and Vp % 0.
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Then for every j € N with j > 2 the family (X ;)eso is strictly monotone
decreasing.

PROOF. If the theorem is not true, then, by Theorem 4.8, there is a A € R,
A#0and aw € HX(Q), w # 0, such that

(Vw, Vo) = Mw,v) for all v € H'(Q).

By the usual regularity theory it follows that w is real analytic on € and
Aw(z,y) = —w(z,y) for all (x,y) € Q. Since w € H(Q) it follows that
Vyw(z,y) = 0 for all (z,y) € Q. Since U, is connected for all = € J it follows
that there is a function w : J — R with @w(x) = w(z,y) for all (z,y) € U. This
immediately implies that w is real analytic on J and

(10) A, w(r) = = w(x) for x e J.
Now given v € C§°(J) define the function v : Q@ — R by

v(x) if (z,y) €U,

v(z,y) = i

0 otherwise.
Using our assumptions it is easy to prove that v € C*°(Q2) with V,v =0 and
Vo(x) if (z,y) € U,
0 otherwise.

Veo(z,y) = {

Thus v and Vv are bounded on Q and so v € H(Q).
We therefore obtain

(Vw, Vv) = /va -Vodrdy = /Jp(x)V@(x) -Vo(z)dx

__ /J p(2)5(2) AT () dr — /J 5(@)Vp - ViF dz

_ /J p(@)5(2)@(z) dz — / (e)Vp - Vi da.

J
On the other hand,

(Vw, V) = Mw,v) = )\/ wvdzdy = /\/p(x)ﬁ(x)@(x) dx.
U J
This shows that
/ U(x)Vp-Vwdr =0 for all v e C5°(J)
J

SO
Vp-Vw=0 onJ.

Since Vp # 0 it follows that for some nonempty open connected subset J' of J,

Vw(z)=0 on J.
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Hence w is constant on J'. Since A # 0, formula (10) implies that w(z) = 0 on
J' so

w(z,y) =0 for (z,y) € Y :=UN(J xRY).
Since J' is nonempty and U, is nonempty for every x € J, it follows that Q' is
nonempty. Since w is analytic, it follows that w = 0, which is a contradiction.
The theorem is proved. g

4.3. Bifurcation at resonance. For the rest of this subsection, suppose
that M = N =150 Q2 CR xR and let » € N, r > 2, be such that Ao, < Agry1.
Consider the following hypothesis:

(HR) f:R — Ris a function of class C? such that f(0) = 0, f’(0) = Ao, and
there are constants p and C € |0, oo such that

If"(s)] < C(|s|P +1) for all s €R.

The following result is well-known, cf. Theorem 5.3 and Proposition 5.5
in [33]:

LEMMA 4.10. Let f satisfy hypothesis (HR). Then

(1) fowv e L?(Q) whenever v e H ().

(2) The Nemitskii operator f : H*(Q) — L%*(Q) given by f(v) = fow
is well-defined, Lipschitzian on bounded subsets of H'(Q2) and it maps
bounded subsets of H'(Q) into bounded subsets of L*(S2). Moreover,
FUHNQ) € 12(2).

(3) f is Fréchet differentiable and Df(v)(u) = f'(v) - u, for all v and for
all w in HY(Q).

(4) D]? is continuous and Lipschitzian on bounded subsets of H*(S2).

For the rest of this subsection assume hypothesis (HR) and suppose that
(11) HL(Q) C L>=() with continuous inclusion.

This latter property is satisfied, e.g., if €2 is a nicely decomposed domain in the
sense defined in [33].

We write 7. := m_7 for ¢ > 0. Since f(O) = 0, the set Ky = {0} is an
invariant set for 7., for ¢ > 0. We will prove in this subsection that, under
appropriate conditions, there is a family u., of nontrivial equilibria of 7., € > 0
small, bifurcating from the trivial equilibrium 0 of my. The precise statement
is given in Theorem 4.15. Our main tool will be Theorem 3.5 and the Conley
index product formula introduced in [38] or Chapter 2 of [39]. To set up the
framework, define

L:=Ag— Ao, 1.

Recall that (wp ;)jen is a complete orthonormal system on L2(12).
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Define the following linear subspaces of L2(2):
Xy r=span{wo ; | Ao,; = Xo,r},
X, ;:span{wo’j | Ao,j < /\O,r}a
X3 r=clgzspan{wo; [ Ao,j > Ao}

Notice that m := dim X; < oo, m > 1 and dim X5 = r — m. Furthermore,
X1, X5 and X3 are mutually orthogonal and L-invariant subspaces of Li(Q)
Moreover,

(12) L2(Q) = X, © X2 @ X3.

For each ¢ = 1, 2, 3 the restriction of the operator L to X; will be denoted by
L;. Since o(L) = {\— Xo» | A € 0(Ap) }, we have

X € o(Ly) implies that A = 0,

A € o(Lg) implies that A <0,

A € o(Lg) implies that A > 0.

In what follows we will write e; := wgr—m+j, j =1,...,m, so
X, =span{ey, ..., em}.

We will also write g := j?— Ao,rI. Notice that we are in the setting of Theorem 2.1
in Chapter 2 of [39]. Therefore for each i = 1, 2, 3 there exists a neighbourhood V;
of zero in Xil/2 := H1 ()N X; such that an m-dimensional local center manifold
close to zero can be described by a mapping & : V3 — Vo @ V3. Furthermore,
the coordinate representation ¢ of the semiflow 7y on the center manifold is the
flow generated by the ordinary differential equation

(13) i+ Liu = Eig(u+&(u),

where v € V; and E; denotes the projection of L2 onto X; induced by direct
sum described in (12). We have the following result.

PROPOSITION 4.11. Assume hypotheses (HR) and (11). Moreover, suppose
that

(14) f(8) = Xors +as® + B(s),

where k > 2 is a natural number, a € R and B3(s) = O(s**1) as s — 0. Then the
following statements hold:
(1) If a < 0 and k is odd, then the set {0} is an isolated invariant set
relative to ¢ and h(me, {0}) = X°.
(2) If k is even, m = 1 and a(wg ., wo,,) # 0, then the set {0} is an isolated
invariant set relative to m¢ and h(me,{0}) = 0.
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PROOF. Notice that all norms are equivalent on the finite-dimensional space
X1. Write I¥ ;= {1,... ,m}* and let @ = (ay,... , ;) denote a generic element
of I¥ . Recall that

X, =span{ey, ... emn}.
Define the map ¢ : X; — X:}/Q D X§/2 by
o(u) := Z (Uy €y )(Uy €0 ) - - - (U, €0 Y000, . .. k),

acth,

with v(aq,...,ar) € D(Ap) and orthogonal to e; for all ¢ = 1,... ,m to be
determined later. Obviously ¢ is of class C*°. By (11) there are a constant C'
and a dy > 0 such that |¢(u)(z,y)| < Clul¥, for all u € X; and all (z,y) € Q.
Moreover, |B(u(z,y)+ ¢(u)(z,y))| < M|u|]z42'1 for all uw € X7 with |u|rz < §p and
all (z,y) € Q. It follows that

g(u+ ¢(u) = au + By (u),
with |81 (u)|r2 = O(|ult$') as |u|2 — 0. Consequently,
Erg(u+ ¢(u) = a(uF,er)er + -+ alu®, em)en + Bo(u),
with B2(u) = O(|u[i1') as |u|r2 — 0. Define the map A : X; — L2(Q2) by
(15) A(u) := Do(u)[Liu—Erg(ut¢(u))] = Lo(u) +g(u+d(u) — Erg(u+o(u)).

Notice that Lyu = 0. It is a simple task to prove that |D¢(u)[—E1g(u +
o)z = O(|u\’z42'1) as |u|p2z — 0. Therefore

Au) = Z (U, €ay ) (U €y ) - (Uy €0, YR(011, . .., o) + B3(u),
aclk,

where
m
h(ag,...,ar) = —Lv(aq,... ,a) + aeqy ... €0, — az:(ea1 e Caysy i€
=1

and |Bs(u)|2 = O(|u|12'2“) as |u|pz — 0. Now choose v(ay,...,ar) € D(Ap),
orthogonal to e;, for i = 1,... ,m in such a way that h(ay,...,ax) = 0. Since
L = Ay — Ao, the vector v(ay, ... ,ar) with the above property exists and is
unique. With this choice, we have

|Aw)[z2 = O(lulfE).

Therefore, we are in the conditions of Theorem 2.3 in Chapter 2 of [39]. In other
words,

[€(u) = ¢ = O(lul7E").
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Reasoning as above, we see that the reduced equation (13) on the center manifold
becomes:

(16) = Erg(u+&(u) = Big(u+ é(u)) + Ba(u) = aBy(u”) + B5(u),

with |Ba(u)|r2 = O(|u|’f{l) and |Bs(u)|pz = O(\u|lz?f1) as |u|g2 — 0.

Suppose first that a < 0 and k is odd. Consider the positive definite func-
tional V' : X; — R given by V(u) = (u,u)/2. Let ¢t — umet be a solution of me.
Then

SV (umet)lemo = a(B1 (), u) + (B, w) = ok, ) + Huu)

where B5(u) = O(|u|¥?) as |u|zz — 0. There is a constant C' such that
lulp2 < Clu|pr+: for all u € X;.

Therefore there exist positive constants M and § such that whenever |u|r2 < §
then

|86 (w)| < Mlulpelulff' < MC* ful e (u*, w).
Choosing ¢ such that MC*+15 = —a/2 we see that

SV (umet) o < (a/2){u¥ ) <0

if |u|p2 < d and u # 0.

It follows that the closed ball B := {u € X3 | (u,u) < ¢} is an isolating
block for ¢ with B~ = ) and the largest invariant set in B is {0}. Thus
h(me,{0}) = h(me, B) = X% This completes the proof of the first part of the
proposition.

Now assume that k is even, m = 1 and a(wf ., wo,) # 0. Note that e,, =
wo,-. Writing u = ye,, we see that (16) is equivalent to the one-dimensional

equation

§ = aleh, em)y” +7(y),

where v(y) = O(|y|**1) as y — 0. Since k is even and a{e¥,, e,,) # 0 , it is clear
that {0} is an isolated invariant set of the latter equation with Conley index 0.
This proves the second part of the proposition. O

Applying the index-product formula of [38] (or [39]) we thus arrive at the
following

PROPOSITION 4.12. Under each of the alternative hypotheses of Proposi-
tion 4.11 the set Ko = {0} is an isolated invariant set for my and

Srmm if kois odd and a < 0,
]’L(?T(),KO) =

0 k is even, m =1 and a{w§,., wo,r) # 0.
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The case for which m =1 and a<w’§m7 wo,r) = 0 can be treated as in Section
2.4 of Chapter 2 in [39]. The index depends on the higher order terms in the
expansion of the map f. We only treat a special case.

PROPOSITION 4.13. Assume hypotheses (HR) and (11). Moreover, suppose
that m =1, a(wf ., wo,) =0 and

(17) f(s) = Xors + as® +bs* 1 4 B(s),

where k is an even positive integer, a and b € R are arbitrary and B(s) = O(s*)
as s — 0. Then for all b < 0 with |b| large enough the set {0} is an isolated

invariant set relative to m¢ and
h(re, {0}) = X0,
Consequently, the set {0} is an isolated invariant set relative to my and
h(mo,{0}) = B L
. 1/2 1/2

PrOOF. Note again that e, = wp,. Let ¢ : X1 — X,/ ® X3’" be a map

defined by
() = (u, em)*v + (u, e0)2* L,

where v, w € D(4y), v and w orthogonal to €,,, Lv = aek, +a(ek,, e, )em = aek,
and Lw = akef v — ak(ek,, v)en, + be2F=1 —b(e2F =1 e, )ep,.

Proceeding exactly as in Section 2.4 of Chapter 2 in [39], we see that the
reduced equation on the center manifold is

= Erg(u+&(u) = (u,em)™ " (ak{ep,, v) + blen ™" em))em +(w),

where |y(u)|r2 = O(u|?%) as |u|pz — 0. An equivalent ordinary differential
equation on R reads as follows:

§ = (aken,v) + (e em))y™ !+ (y),

where |v1(y)| = O(|y|**) as |y| — 0. Since (21 e,,) > 0, it follows that

m

ak(ek v) + ble2F=1 e,,) < 0 for b < 0 and |b| large enough. It clearly follows
that in this case the set K¢ := {0} is an isolated invariant set relative to m¢

and its index is 0. An application of the index product formula concludes the
proof. O

PROPOSITION 4.14. For every € > 0 let w. be as above. Suppose that the
family (Aer)eso is strictly monotone decreasing. Then there exists an €1 > 0
such that for all € € ]0,e1], the set {0} is an isolated invariant set relative to m.
and

h(r., {0}) = 3.
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PROOF. Since Ay, < Agr41, our assumption implies that
Aer < Ao < Aeprii
for all € > 0 small enough. This obviously implies the assertion. O
We can now state the main result of this subsection.

THEOREM 4.15. Assume any of the alternative hypotheses of Proposition
4.11 or else assume the hypotheses of Proposition 4.13. Moreover, suppose
that the family (Aer)eso is strictly monotone decreasing. Suppose that Ny is
a bounded isolating neighbourhood of {0} for my. Then for every n > 0 there
exists an 0 < g9 = e0(n), such that, for every e € 10, 0],

Ks,n = Aws ([NO}&TI)

contains a nontrivial equilibrium u. of m. and a nonconstant full solution o. of
e whose w-limit set or a-limit set is equal to {0}. In other words, 0 is connected

to a set of nontrivial equilibria of 7.

Proor. Fix n > 0. By Proposition 4.14, there exists an €; > 0 such that
for all € € ]0,¢1], the set {0} is an isolated invariant set relative to m. and

h(m.,{0}) = X"

Since X" # X7"™ and X" # 0 Theorem 3.5 and Proposition 4.12 (or else Propo-
sition 4.13) implies that

WMre, Ke ) # 5"
so K., # {0} for all ¢ > 0 small enough. Since 7. is gradient-like, we obtain
the existence of a nontrivial equilibrium w.. The existence of the connection

o. follows from the irreducibility of K., (see Lemma 11.4 and Theorem 11.6
in [39]). O

4.4. C-shaped domains. In this subsection we will define a class of very
simple two-dimensional domains, which we call C-shaped, and show that all of
the alternative assumptions of Theorem 4.15 are satisfied for an appropriate
choice of the domain 2 belonging to that class.

DEFINITION 4.16. Let a; and b;, i = 1, 2, 3, be real numbers with a; < 0,
az >0, a3 >0 and 0 < by < by < b3. The C-shaped domain with parameters a;
and b;, 1 =1, 2, 3 is the following set

Q = (]al,ag[ X ]O,bl[) U (]al,O[ X ]0,1)3[) U (]al,ag[ X ]bQ,bgD.

(See Figure 1.) Setting Q5 := Ja1,0[ x ]0,b3], Q2 = ]0,az2[ x 0,01, Q3 :=
10, as[ x ]b2,b3] and Z := {0} x R we obtain a nice decomposition of  in the
sense of [33]. In this case J1 = Ja1,0[, Jo» = ]0,a2] and J3 = ]0,a3], while
p1(x) = b3, p2(x) = by and ps(z) = by — ba.
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For the rest of this section let €2 be a C-shaped domain with parameters a;
and b;, i = 1, 2, 3. Theorem 6.6 in [33] provides conditions for a pair (A, u) to
be an eigenvalue-eigenvector pair of the operator Ag on Q. In fact, (A, u) is an
eigenvalue-eigenvector pair of Ay if and only if uw #Z 0 and there exist absolutely
continuous functions u; : J; — R, I =1, 2, 3 and a null set S in R x R such that
whenever [ = 1, 2, 3, then u(z,y) = w(z) for (z,y) € U\ S, w,uj € L*(J;) and
the following properties hold:

(1) uf ==X, l =1, 2, 3, in the sense of distributions.

(2) The limits: u;(0) := lim,_,o wi(x), I = 1, 2, 3, exist and u1(0) = u2(0) =
u3(0).

(3) The limits: uj(a;) := limg_.q, uj(z) and uj(0) := lim,_ouj(z), I =1, 2,
3, exist and v} (a1) = uh(az) = uh(asz) = 0 while bsu)(0) = bub(0) +
(b3 — b2)us(0).

Notice that condition 1 is equivalent to
w(z) = ajcos VAz + fysinvVaze, 1=1,2,3, =€ J,

where o; and F;, [ = 1, 2, 3, are arbitrary real numbers. By a simple calculation
we thus obtain the following

PROPOSITION 4.17. A pair (A, u) is an eigenvalue-eigenvector pair of Ag if
and only if u # 0 and there exist functions u; : Jy — R, 1 =1, 2, 3, real numbers
a and B, 1 =1,2,3, and a null set S in R x R such that whenever I = 1,2,3
then u(x,y) = wi(x) for all (z,y) € Y\ S and following conditions hold

(18) w(x) = acosVAz + BsinvVaz, 1=1,2,3, z € J,
(19) b3VABL = b1VAB + (b3 — ba)VABs,
(20) —aVAsinaVA+ BV A cosavVA =0, 1=1,2,3



CONLEY INDEX CONTINUATION AND THIN DOMAIN PROBLEMS 239

REMARK 4.18. Proposition 4.17 immediately implies that A = 0 is a simple
eigenvalue of Ag. Now let A > 0 be an arbitrary eigenvalue of Ag. If sina;vA =0
for I =1,2,3, then 5; =0 for [ = 1,2,3 by condition (20), so by condition (18)
X is a simple eigenvalue. If sina;vA # 0 for some 4, then o = £3; cot a;v/A
and so conditions (18) and (19) imply that the eigenspace of A is at most two-
dimensional. Thus there are no eigenvalues of Ay of multiplicity higher than

two.
The following result is a strict monotonicity criterion for C-shaped domains.

PROPOSITION 4.19. Let A > 0 be an eigenvalue of Ay and let r € N, r > 2,
be such that A = Ao, < Aor41. Then the following properties are equivalent:
(1) sin(a;vVA) =0 forl=1, 2, 3.
(2) There is an g9 > 0 such that Ae, = X for e € [0,€0].

PROOF. Suppose property 1 holds. Set u(z,y) = u(x) := cosvAz, for
(z,y) € Q. Then u # 0 and so Proposition 4.17 (with @ = 1 and 8, = 0)
implies that the pair (A, u) is an eigenvalue-eigenvector pair of the operator Ag.
In particular we have that u € H!(Q2). The divergence theorem implies that for
every v € H'(Q)

3
(Vu, Vo) = Z/Q o (2)0pv(x,y) da dy

3
72/3 v(@,y)pu(@,y) do(z,y) ;/ u(z)v(z,y) de dy
3

—Z/ mypl(xydaxy—i—)\Z/u v(z,y)dxdy
o0

- Z/@ (@ 9)p1(2, ) do (2, 3) + Alu,0),

where o is the 1-dimensional Hausdorff measure on R? and p;(z,y) is the z-
component of the outer normal vector to 9 at (x,y) € 9. Now p;(z,y) =0
on the horizontal part of 99;, while, by the definition of u, u'(x) = 0 for (z,y)
lying on the vertical part of 9€;. Thus

3

2/891 o' (z)v(x,y)pi(z,y) do(z,y) =0

=1
and so

(Vu, Vv) = Mu,v) for all v € H'(Q).
Now Theorem 4.8 implies property (2).
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Assume, conversely, that property (2) holds. Then Theorem 4.8 implies that
there is a u € H(Q), u # 0, such that

(21) (Vu, Vv) = Mu,v) for all v € H'(Q).

In particular, (A, u) is an eigenvalue-eigenvector pair of Ag. By Proposition 4.17
there exist functions u; : J; — R, real numbers o and 5, [ = 1, 2, 3, and a
null set S in R x R such that whenever | = 1,2,3 then u(z,y) = u;(x) for all
(x,y) €  \ S and conditions (18)—(20) hold. Formula (21) and the divergence
theorem imply that for every v € H'(Q)

Mu,v) = (Vu, Vo) Z/z )0y v(x,y) dx dy

3
= / (@, 9)pi(2,y) do(z,y) Z/ (@)v(z,y) dx dy
=1

w

3 3
= / xypl(xydaxy+)\2/ v(z,y) dz dy
B
- / (@,y)pu(@,y) do(2,y) + Mu, v).
o

This implies that

3
(22) Z/ uy(x)v(z, y)pi(x,y) do(x,y) =0 for all v € H(Q).
1=1 /0%
Letting v in (22) be the restriction to  of an arbitrary nonnegative test function
on R? whose support is included in the horizontal strip R x )by, by[ and which
is nontrivial on {0} x by, by[ we see that u(0) = 0, i.e. S1vV/A =0, so B = 0.
Similarly, we prove that 82 = 83 = 0. Hence a # 0 and so condition (20) implies
that sin(a;v/A) = 0 for I = 1,2,3. The proposition is proved. d

The following result shows that, by choosing the parameters a; and b;,
i =1,2,3, appropriately, we can satisfy all the alternative hypotheses of Theo-
rem 4.15.

PROPOSITION 4.15. Suppose that by =1 for 1l =1,2,3 and let A be an arbi-
trary real number.

(1) If —a1 = a2 = az =: a and cos av'X =0, then X is a double eigenvalue
of Ay, whose eigenspace is formed by all functions u for which there are
constants B2, B3 € R such that:

(1.1) u(z,y) = (1/3)(B2 + B3) sin vV Az a.e. on Q,
(1.2) u(z,y) = BysinvVAz a.e. on Q, 1 =2,3.
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(2) If —a; = ay =: a, cosav/A = 0 and cosazVA # 0, then X is a simple
eigenvalue of Ay, whose eigenspace is formed by all functions u for which
there is a constant B3 € R such that:

(2.1) u(z,y) = (1/3)B2sin vV Az a.e. on Q1
(2.2) u(z,y) = BosinvVAz a.e. on Qy,
(2.3) u(xz,y) =0 a.e. on Q3.

If e is an arbitrary eigenfunction of X and k € N is even, then

(23) (¥ e) = /Qekﬂ(ac,y) dx dy # 0.

(3) If ay = a3 =: a, cosav/A = 0 and cosa;vV\ # 0, then X is a simple
eigenvalue of Ay, whose eigenspace is formed by all functions u for
which there is a constant B2 € R such that:

(3.1) u(z,y) =0 a.e. on Oy,
(3.2) u(z,y) = BosinVAz a.e. on N,
(3.3) u(z,y) = —BasinvVAz a.e. on Qs,

If e is an arbitrary eigenfunction of A and k € N is even, then
(24) (¥ e) = / e (z,y) dx dy = 0.
Q

In all the above cases, if r is such that A = Ao » < Agr41 then the family (Ac r)e>o0
is strictly monotone decreasing, so, in particular, A. , < X for all € > 0.

ProoOF. Consider the first case. If u is any function satisfying properties
(1.1) and (1.2) then conditions (18)—(20) of Proposition 4.17 are satisfied with
a=0and 8; = (1/3)(82 + B3), so, by that proposition, A is an eigenvalue of Ag
and u lies in its eigenspace.

Now consider the second case. Suppose first that A is an eigenvalue of Ag
and let u be a corresponding eigenvector. Then u is determined by constants «
and G, | = 1,2,3, so that conditions (18)—(20) of Proposition 4.17 hold. Since
cosav/X = 0, we conclude that o = 0 and since cosazv/A # 0 we also conclude
that B3 = 0. Thus u must necessarily satisfy properties (2.1)—(2.3), so A is
a simple eigenvalue. On the other hand, letti u # 0 be an arbitrary function
satisfying these properties, we conclude from Proposition 4.17 that (A, u) is an
eigenvalue-eigenvector pair of Ag. Thus A is, indeed, a simple eigenvalue of Ajp.
Formula (23) is obtained by a simple integration.

The third case is proved in the same way.

The last statement of the proposition is a consequence of Proposition 4.19.
The proposition is proved. O
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5. Appendix

In this section we prove Theorem 3.5. In view of Proposition 2.9 it is not
restrictive to assume that the family (f:).c[o,c,) satisfies hypothesis (A2). Write
me i=mg s for all € € [0, ).

We need a number of preliminary results.

PROPOSITION 5.1. For all sufficiently small e > 0 the set [N]. , is a strongly
e -admissible isolating neighbourhood for ..

PrOOF. Theorem 4.4 in [39] implies that [N]. , is a strongly m.-admissible
set for every 7 > 0 and € > 0. Suppose that there are an n > 0 and a sequence
(en)nen of positive numbers converging to zero such that for each n € N the set
[N, . is not an isolating neighbourhood for 7.,. Then for each n € N there
exists a solution o, : R — H'(Q) of 7., such that

oa(R) C [N, and 0,(0) € d[N]., ..

By Lemma 2.21 there exists a subsequence of (0,)nen denoted again by
(0n)nen such that for every t € R

(25) |Qe, on(t) —ot)|gr — 0 and |(I - Qc,)on(t)]e, — 0

as n — oo, where 0 : R — N is a solution of my. Setting ¢ = 0 in (25), we
conclude that |(I — Qe, )on(0)|e, < n and so Q.,0,(0) € ON for all n large
enough. This implies that o(0) € N, a contradiction to the fact that N is an
isolating neighbourhood for my. The proposition is proved. O

Assume now that Ko := A (N) = 0. We claim that K. ,, := A_([N].,) =0
for every n > 0 and all sufficiently small € > 0. Otherwise, we find an n > 0 and
a sequence (g, )nen, of positive numbers converging to zero such that for each
n €N,

K., n#0.

Let 05, : R — [N]., » be a full solution of 7.,. Lemma 2.21 implies that there
exists a solution o : R — N of my. Since Ky is the empty set, we obtain a
contradiction. This proves our claim.

Thus Theorem 3.5 holds if Ko = (). Therefore let us assume from now on
that Ky # (). We shall prove Theorem 3.5 by appropriately modifying the proof
of the usual Conley index continuation theorem as given in [37] or [39].

Assume that Ky # ) is an isolated invariant set of mg. By Theorem 3.1, we
may choose an open set Uy in H1(Q) such that Ny := cl Uy is an isolating block
for mg and such that K C Uy C Ny C N and 0Uy = ONy.
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Let « : [0,00[ — [1,2[ be a monotone increasing C°°-diffeomorphism. Let
st : Ng — RU{oo} be given by

sT(u) := sup{t > 0 | ump[0,t] C No},
#: Uy — RU {oo} by
tT(u) := sup{t > 0 | um[0,#] C Uy} >0
and F : H}(Q) — [0,1] defined by
F(u) := min{1, d(u, Az, (No))},

where d(u, A; (No)) is the distance (in H}()) of the point w from the set
AL (Np). Finally, we define g~ : Ng — R as follows:

g (u) = sup{at) Flumot) | ¢ € [0, 5% (w)],
if sT(u) < oo and t € [0, 00[, if s (u) = co}.
Whenever (u,)nen is a sequence in Ny with ¢~ (u,) — 0 as n — oo, then,

by admissibility, there is a subsequence of (u,)nen converging to an element of
AL (No). Given a > 0, b > 0 define

V(a,b) :={ueUy|g (u) <a, t"(u) > b}.

Note that V'(a,b) is open in H}(Q), Ko C V(a,b) and admissibility implies that
we can choose ag > 0 and by > 0 such that clV(ag,by) C Up.
Given a > 0,5 >0, ¢ > 0 and a > 0 define

Veala,b) :==1V(a,b)c.q-

LEMMA 5.2. Fiz positive numbers a, b, a, §, n and M such that a < ag and
b>by. Then

K(e,n,a,b) := Ay _([clV(a,b)]cry) C Vea(d, M)
for all sufficiently small e > 0.

PRrOOF. If the lemma is not true then there are positive numbers a, b, «,
d, n and M such that a < ag and b > by and a sequence (g,,)nen of positive
numbers converging to zero such that for all n € N

K(en,n,a,b) ¢ Ve, (5, M).

For each n € N, there is a solution o, : R — [clV(a, b)), , of 7., with ¢,,(0) &
Ve, ,«(8,M). By Lemma 2.21 there exists a subsequence of (o,,)neny which we
will denote again by (04, )nen and there exists a solution o : R — clV (a,b) C Ny
of my such that for every t € R,

(26) Qe (on(t) —o(®)|gr =0 and (I - Qc,)(on(t))e, — 0
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asn — 0o. Thus o(R) C Ky and |(I —Qe,,)(0,(0))]c, < a for all n large enough.
Since V(§, M) is open in H!() it follows that Q., (0,(0)) € V(4, M) for all
n large enough. In other words, ¢,(0) € V. (5, M) for all n large enough, a
contradiction proving the lemma. O

Let € > 0 and v > 0 be arbitrary. Given u € |Up]c,, define
t:')y(u) ==sup{t > 0 | um.[0,t] C |Up[e} > 0.

LEMMA 5.3. Fizv > 0. Let e, > 0, up, € |Uple, s n € N, and u € Uy be
such that e, — 0 and |u, —ule, — 0 as n — co. Then

tjn,u(un) —tT(u) asn — oo.

PROOF. Let C € ]0,00[ be such that t*(u) < C. Since umgt™ (u) € OUy =
ONy and Ny is an isolating block for g, there exists an s € R with C' > s > ¢ (u)
such that umgs € Ny. By Corollary 2.15 we have |u,7., s — umgs|., — 0 and so
|Qe,, (unme, s) —umps|g1 — 0 as n — oo. This implies that Q. (u,7e,s) & No,
80 Un e, s & [Nole,,» and therefore t  (u,) < s < C for n large enough.

Now let t*(u) > C' > 0. Then um[0,C] C Uy. We claim that u,m.,[0,C] C
1Uole,, v for all n large enough. Suppose that this is not true. Then we may
assume that, for every n € N, u,m. [0,C] ¢ ]Uple, ., and so there exists a
t, € [0,C] such that u,me, t,, & |Uole, - Again we can assume that there exists
at € [0,C] such that ¢, — ¢ as n — oco. Now Corollary 2.15 implies that
|n e, tn — umot|e, — 0 as n — oo. Thus |Qe, (unme, tn) — umgt|gr — 0 and
(I — Qe,)(unme, tn)le, — 0 asn — oco. It follows that Q., (unme, t,) € Uy and
(I —Q:,)(unme, tn)le, < v for all n large enough.

This shows that u,m. t, € |Uple, . for all large n, contradicting the choice
of the sequence (t,)nen. This proves our claim, which, in turn, implies that
tt ,(u,) > C for all sufficiently large n. The lemma is proved. O

DEFINITION 5.4. Fix positive real numbers M, M’, 8, v, n, p, a and b. For
all positive numbers €, a and § define the following subsets of H!(Q):

Ni(a,0,¢) := [clV(a,b)]eyNele{v | Fu e V. o(6, M) and t >0

such that urn.[0,t] C |Upl. g and un.t = v},
Ni(a,d,e)N{u € Uple | t:l,(u) <M'},

[{ue Uy | tH(u) <5M}NclV(a,b)ley,,

{u €lUole,y | tF,(u) <4AM} N Ni(a,6,¢),

HueUs |t (u ) <3M}PNcdV(e, M)ea,

={u € Uo[e.a | t2a(u) < 2M} Nl Ve, (6, M).

No(a, 0,

) =
E(e) =
(6 a,0) :
) =

) :

E(e, 0,9
C(e,p,a,
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REMARK 5.5. If @« < 3, a« <7, § < a and M > b then clearly V ,(6, M) C
Ni(e,d,¢). Moreover, if a < ag, b > by and n < v then [c1V(a,b)]., C Ul
and whenever v lies in K(e,n,a,b), the largest invariant set in [clV(a,b)]c n,
then, by the definition of ¢}, we have t1,(v) = oc. In particular, K(e,7,a,b) N
No(a,d,e) = 0.

PROPOSITION 5.6. Assume that M > b, M’ > b, a < ag, b > by and
n<v<p.

(1) For all sufficiently small positive o, 6 and €:
(a) (N1(e,9,€), Na(e, 9, ¢€)) is a pseudo-index pair in [clV (a,b)]c.y,,
(b) the following inclusions are satisfied:

E(e,0,8) € C(e,,8) C E(e).
(2) For every a > 0 and all sufficiently small positive p, 6 and

C(e,p,a,0) C E(e,,9).

PROOF. Proceeding exactly as in the proof of Lemma 12.5 in [39] we see
that the sets Nj(a,d,¢) and Na(a,d,¢) are closed in H'(2) and [c1V (a,b)]c. .-
positively invariant relative to 7..

Suppose that part 1 of the proposition does not hold. Then for some choice
of the constants M, M’, 3, v, n, a and b as above there are sequences (0, )nen,
(an)nen and (,)nen of positive numbers converging to zero and a sequence
(un)nen such that

(27)  up € Ni(an,0n,en) NO:, [l V(a,b)le, n \ No(an,bn,e,) foralln e N

or

(28) Un € Clen, o, 0,) \ E(e,) for all n € N

or

(29) Un € E(n, an,6n) \ Clen, o, 8,) for all n € N.

In the first two cases u,, € Ni(ay,0n,¢€n), so there exist a v, € V;, o, (6n, M)
and a t,, > 0 such that
vn e, [0, tn] C |Uole, 8

and Uy := v, T, b, is such that |u, — Upls, < 27", Since g7 (Qe, vpn) < 0, — 0,
we may assume, taking subsequences if necessary, that |Q. v, — v|g1 — 0 for
some v € A (No). Since |(I — Q.,,)vnle, — 0, it follows that |v, —v|., — 0.

We claim that there is a subsequence of (v,7., tn)nen, denoted again by
(UnTe, tn)nen, and there is a v € A (No) such that

|UpTe, tn —Ule, — 0 asn — oo.
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First assume that the sequence (t,)nen is bounded. By taking subsequences,
if necessary, we may assume that there exists a t € [0, 00[ such that ¢, — t as
n — o0o. It follows from Corollary 2.15 that

|Un e, tn — vmot|e, — 0 asn — oo.
Since A, (No) is an No-positively invariant set relative to 7o, it follows that
v = vmgt € A;O (No)

If (tn)nen is unbounded then we may assume that ¢, — oo as n — oo. Let
ot [~tn, 0] — H(Q) be a solution through v, ., t, relative to 7., given by

on(8) = vpme, (tn +8), for every s € [—t,,0].

By Lemma 2.21 there exist a subsequence of (04, )nen, denoted again by (o, )nen,

and a solution o : ]—00,0] — HL(Q) of my lying in Ny such that for each s €
]7OO>0],
(30) lon(s) — o (8)|e, = 0 asn — oc.

Let v :=0(0) € A, (No). Letting s = 0 in (30), we obtain
|UnTe, tn — Ule, — 0 asn — oo.

This completes the proof of our claim.
It follows that |u, — v]., — 0 and so |u, — V|, — 0 as n — co. Thus

(31) |(I —Q¢, )unle, <n and |(I—Qe, )unle, <v for all nlarge enough.

Moreover, since u,, € [c1V(a,b)], , we also have Q. u, € clV(a,b) C Uy. Thus
Uy, € JUple,,,» for all n large enough and so Lemma 5.3 and the continuity of of
t* imply that tF ,(u,) — t1(?) and tH(Q., u,) — t*(?) as n — oo.

Suppose that (27) holds. Then relations (27) and (31) imply that Q. u, €
0clV (a,b) C Uy, for all n large enough and so v € dclV(a,b) C Uy. Since
tt (u,) > M’ for all n we also conclude that t*(v) > M’ > b. Since g~ (v) =
0 < a, we see that v € V(a,b). However V(a,b) NdclV(a,b) = 0. This contra-
diction proves part (1)(a).

Suppose now that (28) holds. Then tf (u,) < 4M for all n and so t*(v) <
4M < 5M. We thus conclude that t7(Q., u,) < 5M for all n large enough.
All this clearly implies that u,, € E (en) for all n large enough, a contradiction
proving the second inclusion in (1)(b).

Finally assume that (29) holds. Therefore for all n € N

(32) Q- un €{ucUy|tT(u) <3M}NclV(5,, M)
and |(I — Qc, )unle, < an.
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Hence there exists a v, € V(d,, M) such that |Q., u, — vp|gr < 27". Since
g~ (vn) — 0, we may again assume that there is a v € A (Ng) such that
|vn, — v|g1 — 0 as n — oo. Therefore

|Qc, un, — vt — 0 as n — oo.

Together with (32) this shows that |u, — v|., — 0 as n — oco. For all n large
enough we have g~ (v,) < 8, < a and t*(v,) > M > b so v, € V(a,b). This
implies that v € clV(a,b) C Uy. Since t1(Q.,un) < 3M, the continuity of
t* implies that ¢t*(v) < 3M. Recall that u,, € |Upl, . for all n large enough.
Lemma 5.3 now shows that tjl,(un) — t*(v) as n — oo. Hence we can assume
that t  (u,) < 4M for all n large enough.

Since Ni(an, dn,en) is closed, we obtain from Remark 5.5 and Lemma 2.20
that, for all n large enough,

Up € [V (0, M)e, .an = Cle, |V (dn, M)c, an
= Clan ‘/Evuan (677/7 M) - Nl (a7l7 61’“ En)~

This implies that u,, € c (€ny n,y 0p,). This contradiction completes the proof of
part (1) of the proposition.

If the second part of the proposition is not true then there exist numbers
M > b, a > 0 and sequences of positive numbers (0, )nen, (pn)nen and (€,)nen,
converging to zero and a sequence (u,)nen such that

Uup € C(en, pn,a,0,) and  u, € E(en, @, 0p).

Therefore for every n € N we have u,, € |Uple,, o, t2 ,(un) < 2M and there exists

a vy € Vi, 5, (0n, M) such that |u,, —v,|s, < 27™. Therefore Q., v, € V(d,, M).
Hence for every n € N,

9 (Qc,vn) <6, and tT(Q.,vn) > M

and so there exists a subsequence of (v, )nen, denoted again by (vp)nen, and a
v € AL (No) such that |Q., v, —v|g1 — 0 as n — oo.

Since |(I — Qe,,)vn
Ve, — 0 as n — co. For all n large enough we have Q. v, € V(a,b). Therefore
v € clV(a,b) C Up. Recall that u, € |Up[e, .o. Hence Lemma 5.3 implies that
tr o (un) — tT(v) as n — oo. Therefore t*(v) < 2M. This inequality and
the continuity of t* imply that ¢t7(Q., u,) < 3M for all n large enough. Since
U, € cle, Ve, pn (60, M) = [clV (0, M)]c,, ., it follows that for all n large enough,

.. < pn, we conclude that |v, —v|., — 0 and so |u, —

Qanun S Clv(6n7M) and |(I_ Qan)un‘en <a.

Therefore we have proven that w,, € E(e,,,d,) for all n large enough, a con-
tradiction. The proposition is proved. O
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LEMMA 5.7. Let Ny and Ny be closed subsets in HL(S) such that Ny C Nj.
Then for every € > 0 and n > 0 the pointed spaces N1/No and [Ni)e [ [Nalcn
have the same homotopy type. More precisely, let v. : N1/No — [Nilecn / [Noley
be the inclusion induced map and T, : [Nile, /[Nale,y, — N1/N2 be the map
induced by the projection Q. Then the maps 1. and T. are homotopy inverses

to each other in the category of pointed spaces.

PrOOF. Obviously T, o t. = Iy, /n,. Let H : [Nilc, /[No]ey x [0,1] —
[Ni]c,n / [N2]e,, be the map induced by the function

K [Nl]SJI X [07 1] - [Nl]EJW (v’t) = QEU + (I - QE)(I - t)U.

It is clear that H is a homotopy between Iy, /(n,]..,, and t-oT:. This concludes
the proof. O

We can now complete the proof of Theorem 3.5. Choose positive numbers (3,
v, n and M with M > by and n < v < 8. Now choose positive numbers o’ < 7,
0" < ag and €’ such that for all positive a < o/, § < ¢’ and € < &’ all assertions
of part (1) of Proposition 5.6 hold, where we fix a := ag, b := by and M’ := 4 M.
Now choose positive numbers p/ < o', §” < ¢ and €” < ¢’ such that for all
positive p < p'; § < §” and ¢ < ¢” part (2) of Proposition 5.6 holds, where we
fix a:= o

Notice also that 2M > by, p' < o’ and o’ < 8 (o/ < 1 < v < 3). Therefore
we are able to apply Proposition 5.6 with M and M’ replaced by 2M, n := p/,
v:=a,a:=4¢" b:= M. Thus we obtain positive numbers o/ < p’, 6" < §”
and & < &” such that for all positive a < o/, § < §"” and ¢ < & the pair
(N1 (v, 8,€), Na(av, 6,€)) is a pseudo-index pair in [l V(8" M) -

Here,

Ni(,6,¢) = [V (8", M) Nele{v | T u € Ve o(6,2M) and t >0
such that um[0,t] C Uplc, s and umct = v}

and
Na(a,d,€) = Ni(a,8,8) N {u € Uple.ar | 1], (u) < 2M}.

Fix o := /", § := §" and write p := p’. We now conclude that for € € ]0,"|

Ay = Ny(o,6,¢) C [V (8", M))., C Ag:=[clV (5", M))..o
C Az := Ny(a/,8",¢e) C Ay == [clV (ag, bo)]e.y -
By := No(a,8,¢) C [V (8", M)]e,p N {u € [Uole.ar | 1, (u) < 2M}
=Cl(g,p,a,0") C By := E(g,a’,8")

~ ~

C B3 :=C(g,a,8") = No(o/,8",e) C By := E(e).
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Notice that for each ¢ = 1,2,3,4, B; C A;. Therefore we can consider the
pointed spaces A;/B;. The two sequences of inclusions described above induce
continuous maps

Fl N Al/Bl — 142/.827 F2 N A2/B2 — A3/B3, and Fg N Ag/Bg — A4/B4.
Using Lemma 5.2 let us now choose a positive number ¢ < "’ such that
K({f, 7, a0, bo) - ‘/E,(l/((suﬂ M) N ‘/E,Oz((sv 2M)

for € € ]0,&°]. Then Remark 5.5 implies that (A;, By) and (As, B3) are index
pairs for K(e,7,a0,bp) and it follows from Theorem 9.4 in [39] that 'y o 'y is
an isomorphism in the homotopy category of the pointed spaces. The proof of
Theorem 2.3 in [39] implies that

(clV (8", M),clV (8", M)N{u€ Uy | tT(u) <3M}),
(c1V (ag, bo), el V (ag,bo) N{u € Uy | tT(u) < 5M})

are index pairs for Ky. Now, by Lemma 5.7, we conclude that there exist maps

Ly:cdV(§", M)/(clV (5", M)Nn{u€ Uy |tT(u) <3M}) — As/Bo,
F5 : ClV(ao,bo)/(CIV(ao,bo) N {u € UO | t+(u) S 5M}) — A4/B4,

which are isomorphism in the homotopy category of pointed spaces. Moreover,
Theorem 9.4 in [39] allows us to conclude that I';' o T3 0 Ty o Ty is also an
isomorphism in the same category. Consequently I's o I'y is an isomorphism.
Now Lemma 12.4 in [39] implies that I'y, I'; and I's are all isomorphisms in the
homotopy category of pointed spaces. We conclude that (5) also holds for the
case Ko # (. The proof of Theorem 3.5 is complete. O
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