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EXISTENCE THEORY
FOR SINGLE AND MULTIPLE SOLUTIONS
TO SINGULAR BOUNDARY VALUE PROBLEMS
FOR SECOND ORDER IMPULSIVE
DIFFERENTIAL EQUATIONS

L1 Zu — XIAONING LIN — DAQING JIANG

ABSTRACT. In this paper we present some new existence results for singular
boundary value problems for second order impulsive differential equations.
Our nonlinearity may be singular in its dependent variable.

1. Introduction

This paper is devoted to study the existence of multiple positive solutions
for the singular Dirichlet boundary value problem with impulse effects
y'+aq)f(t,y) =0,  fort#t, te€(0,1),
(1.1) =AY 1=, = Ie(y(ty)), fork=1,... ,m,
y(0) =0, y(1)=0.
Here, let 0 <t < ... < t,;, < 1 be given, where f(¢,y)€C((0,1)x(0,00), (0,00)),
and nonlinearity f may be singular at y = 0; ¢ may be singular at ¢ =
and/or t = 1; Ij:[0,00) — [0,00) is continuous and nondecreasing; Ay'|i—t, =
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Y (tr +0) — ¢/ (tr, — 0), where 3/ (tx + 0) (respectively, y’(tx — 0)) denote the right
limit (respectively, left limit) of ¢/(¢) at t = tx.

In recent years, boundary problems of second-order differential equations
with impulses have been studied extensively in the literature (see for instance [1],
[3], [5]-[8], [11]-[13] and their references), there are two most common techniques
to approach this problem: (1) the method of lower and upper solutions with
monotone iterative technique has been used (see [5]-[7]); (2) Krasnoselskil’s fixed
point theorem in a cone has been used (see [1], [7]). The existence of positive
solutions of problem (1.1) for the case of nonsingular has been studied by [13],
by employing a cone index theory.

For the case of I, =0, k = 1,... ,m, problem (1.1) is related to two points
boundary value problem of ODE. Agarwal and O’Regan [2] have applied a fixed
point index theorem in cones to establish the existence of multiple positive so-
lutions to singular problem (1.1).

Motivated by the work above, in this paper we shall extend the results of [2]
to second order impulsive differential equations.

First, we present an existence principle for the nonsingular boundary value
problem which will be needed in Section 2. We use Schauder’s fixed point the-
orem and a nonlinear alternative of Leray—Schauder type to obtain a general
existence principle for the Dirichlet boundary value problem for second order
impulsive differential equations

y'+ f(t,y) =0 for t # ty, t € (0,1),
(1.2) =AY |i=t, = I (y(ty)) fork=1,...,m,

y(0)=a, y(1)=0.
Let J =[0,1], PC[J, R] = {y: J — RJy(t) is continuous, y'(t; +0) and 3/ (tx — 0)
are existence, and y'(tx) = y'(tx — 0)}, then PC[J, R] is a Banach space with
|y|0 = SuptE[O,l] |y(t)| Let J/ = (Oal)a JO = (07 1)/{t17 atm}a JO = (07t1]7
Jl = (t17t2] s 7Jm71 = (tm717tm]7 Jm = (tmu 1)

If y € PC[J, R](C?[J°, R] satisfies all of the equations of (1.2), we call y is

a solution of (1.2).

THEOREM 1.1. Suppose the following two conditions are satisfied:

(1.3) f:JxR— R s continuous,
(1.4) I;:R— R is continuous.
(a) Assume
for each r >0 there exists h, € L}, .(J')
(1.5) with [, (1 = t)h, () dt < oo
such that |y| < r implies | f(t,y)| < hy(t) fort e J
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holds. In addition suppose there is a constant M > |a|+|b|, independent
of \, with

(1.6) lylo= sup |y(t)| # M
t€0,1]

for any solution y € PC[J, R](C?[J°, R] to
y' +Af(t,y) =0 forte JO,
(1.7)x =AY 1=, = Mp(y(tr)) fork=1,... ,m,
y(0) =a, y(1) =0,

for each A € (0,1). Then (1.2) has a solution y with |ylo < M.
(b) Assume

(1.8) { there exists h € L (J') with fol t(1 —t)h(t)dt < oo

such that |f(t,y)| < h(t) fort € J' andy € R
holds. Then (1.2) has a solution.

PROOF. (a) We begin by showing that solving (1.7), is equivalent to finding
a solution y € PC[J, R]( C?[J°, R] to

(1.9)x y(t) =a(1— t)+bt+>\/ G(t,s) f(s,y(s ))ds—i—)\ZGt te) Tn(y(tr)),

k=1

where G(t, s) is Green’s function to the Dirichlet boundary value problem —z” =
0, (0) = z(1) = 0, and

Gl s) (I—-t)s for0<s<t<1,
,8) 1=
(I—-s)t for0<t<s<l.

To see this notice if y € PC[J, R](C?[J°, R] satisfies (1.9), then it is easy to
see (since (1.6) holds; see [9], [10]) that v’ € L[J;], and note for ¢t € J° we have

y'(t) = —a—i—b—)\/o s f(s,y(s))ds

—|-/\/ (1—=39) f(s,y(s))ds+ A Z ttk I (y(ti))-
0<tr<1
Now we prove that if y € PC[J, R](C?[J°, R] satisfy (1.9)y, then y is a solution
of (1.7)x. Since G"(t,t;) =0, t # tg, so
y'(t) = =Xtf(ty(t) — M1 - 1) f(ty(t) = =Af(t.y(t), teJ°

and

Y (trk+0) =y (tr —0) = NGi(tx +0,tx) — Gi(tr — 0, 1)) 1 (y(tr)) = =Mk (y(tr)).
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Integrate y'(t) from 0 to xz(z € (0,¢1)) and interchange the order of the
integration to get

| vwa= [ a = vw -0
:a(l—x)—i—bx—i—)\/ G(z,s)f(s,y(s))ds
0

+A DGl te) I(y(tr)) — y(0).
k=1

/z y’(t)dt:/m(—a+b+/\ Gty ) f(s,(s)) ds

0 0 0

+ A Z Gy(t,te) I (y(tx))

k=1

=—axr+br+ A / [G(z,s) — G(0,8)]f(s,y(s))ds
0
£ 3 (G ) — GO, )] Tu(y(t)
k=1

1 m
=—az+br+A\ /0 G(z,5)f(s,y(s))ds + X > _ Gl t) L(y(t)),

k=1
so y(0) = a. Similarly integrate y'(¢) from z (x € (tm,1)) to 1 and interchange
the order of integration to get y(1) = b. Thus if y € PC[J, RJNC?[J°, R] satisfies
(1.9)x then y is a solution of (1.7),.
Define the operator N:C10,1] — C[0,1] by

1 m
(110) Ny(0) = a(t=0)+ 0+ [ Gltos) fls.u(s) ds + Y Gt ) Tulwlta)
0 k=1
Then (1.9), is equivalent to the fixed point problem
(1.11), y=1—-XNp+ANy, wherep=a(l—1t)+0bt.

Set U = {u € C[0,1] : |ulo < M}. We will show N:U — C][0,1] is uniformly
bounded, equicontinuous and continuous on [0, 1]. Without loss of generality, we
assume that a =0, b = 0.

(112) |(Ny)(1)] =| / G(t,5)F(s,y(s) ds + 3 Gt 1) Iu(y(t))]

k=1

< [ G s.ts)lds + Y Gt o) Tuluer)
0 k=1

1 m
§/ G(Ls)hM(s)ds—i—ZG(t,tk)o sup |Ix(z)| =Y (),
0 k=1

|| <M
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€ [0, 1], where Y (¢) is the solution of following equations

Y"+hy(t)=0 for t € JO,
(1.13) —AY'|i=t, = sup |Ix(z)|, fork=1,...,m,
|zl <M

Y(0)=0, Y(1)=0,

we have Y € PC[J, R](C?[J° R]. So N is uniformly bounded on [0,1]. Noting
the facts that Y(0) = Y (1) = 0 and the continuity of Y (¢) on [0,1], we have from
(1.12) that for any € > 0, one can find a §; > 0 such that 0 < §; < 1/8 and
t1,. .. ytm € (61,1 — 81), we have

(1.14) (Ny)(1)] < g te 0,26, UL — 26, 1]

We also have

(1.15) |<Ny>’<t>|=\ / Gy(t,$)f(s,y(s)) ds + 3 Gy(t,te) Tu(y(ti))
k=1

1
< / (1= 8)| (s, (s))| ds + / o F(5,(s))| ds
+ (U=t ey (t) + Dt Tu(y(tr)))|

t<tg trp<t

1 1-0;
g/ (1—s)hM(s)ds+/ shag(s) ds
51 0
+ sup |Ip(z)| =L,
2o,

ted,1—01),t#tk, k=1,... mandift=t; (k=1,...,m), thus

[(Ny)'(tk + 0)| < [(Ny)'(te = 0) + sup [Ix(x)] < L+ sup |Ix(z)],
lz|<M lz|<M

which is also bounded. So (Ny)'(t) is bounded on [d1,1 — &;] i.e.
(1.16) |(Ny) (t)] < L, telé,1—0d1].

Let 0 = /2L, then for t,s € [01,1 — §1], |t — s| < Ja, we have
(1.17) (N)(t) = (Ny)(s)| < LIt —s| < 5.

Define 6 = min{dy, d2}, then by using (1.14), (1.17), we obtain that
(1.18) [(Ny)(t) — (Ny)(s)| <e, forsel0,1], |t—s| <.

This shows that {(Ny)(¢) : y € U} is equicontinuous on [0, 1]. We can obtain the
continuity of N in a similar way above. In fact, if y,,,y € U and |y, — ylo — 0
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as n — 00, then we have
(1.19)  [(Nyn)(t) — (Ny)(?)]

<2[/ G(t, s)hn(s)ds+ Yy Gt tg) - sup |Ip(z)|]| =2Y(¢)
0 k=1

le|<M

for t € [0,1]. Noting the facts that Y (0) = Y (1) = 0 and the continuity of Y (¢)
on [0, 1], then for 0 < é; < 1/8 we have

(1.20) |(Nya)(t) = (Ny)() <e, t€[0,6:]U[1—61,1]
On the other hand, from the continuity of f, one has
(1.21) |(Nyn)(t) — (Ny)(t)] — 0, t€[d1,1—0d1] asn — oco.

This together with (1.20) implies that |(Ny,)(t) — (Ny)(t)|lo — 0 as n — oo.
Therefore, N:U — (10, 1] is completely continuous.

Now the nonlinear alternative of Leray—Schauder type (see [10]) guarantees
that N has a fixed point i.e. (1.9), has a solution.

(b) Solving (1.2) is equivalent to the fixed point problem y = Ny where N
is as in (1.10). It is easy to see that N:C[0, 1] — C]0, 1] is continuous and com-
pact (since (1.8) holds). The result follows from Schauder’s fixed point theorem
(see [10]). O

2. Singular boundary value problems

LemMmA 2.1 ([4])). S € PC|[J,R] is a relative compact set if and only if
for each function of S is uniform bounded on J and equicontinuous on every
Jk(k:O,... ,m).

Consider the Dirichlet boundary value problem

y' +q(t)f(t,y) =0  forte J°,
(2.1) —AY 1=, = I(y(tx)) fork=1,...,m,

y(0) =0, y(1)=0.
Here the nonlinearity f may be singular at y = 0 and ¢ may be singular at t = 0
and/or t = 1; I;:[0,00) — [0,00) is continuous and nondecreasing. We begin
by showing that (2.1) has a PC[J, R] N C?[J°, R] solution. To do so, we first
establish, via Theorem 1.1, the existence of a PC[J, R] N C?[J°, R] solution, for
each sufficiently large n, to the “modified” problem

y' +q(t)f(t,y) =0 for t € J°,

(2.2)" =AY it = Li(y(tr)

) fork=1,...,m,
y(0) =1/n, y(1)=1/n.
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To show that (2.1) has a solution we let n — oo; the key idea in this step is the
Arzela—Ascoli theorem.

THEOREM 2.2. Suppose the following conditions are satisfied:

1
(2.3) qeC(0,1), ¢>0 onJ and / t(1—t)q(t)dt < oo
0

(2.4) f:d x(0,00) — (0,00) is continuous.

0 < f(t,y) < g(y) + h(y) on J x(0,00)

with g > 0 continuous and nonincreasing on (0, 00),

(2.5)

h > 0 continuous on [0, 00),

and h/g nondecreasing on (0, 00)

for each constant H > 0 there exists a function Y
(2.6) continuous on J and positive on J'

such that f(t,u) > (t) on J x (0, H]
and
(2.7) there exists r > 0 with " du > kzz:l o + bo{l + h(T)}

o 9(u) 29(r) g(r)

hold; here

(2.8) bo = max{2/01/2t(1 — )q(t) dt, 2/1;2t(1 — q(®) dt}.

Then (2.1) has a solution y € PC[J, RJNC?[J°, R] withy > 0 on J' and |y|o < r.

PrOOF. Choose € > 0, € < r, with

m

Ik(’l’)
) h(r)
(29) /sg<u>> 29(7) +b°{1+g<r>}'

Let ng € {1,2,...} be chosen so that 1/ng < £/2 and let Ny = {ng,no+1,...}.
To show (2.2)", n € Ny, has a solution we examine

Y +q(t)Falty) =0 for t € JO,
(2.10)" —Ay' 1=, = Tk(y(tk)) fork=1,...,m,
y(0) =1/n, y(1)=1/n,

(6 ) = ft,u) for u > 1/n, AN I (u) for u >0,
nltw) = f(t,1/n) for u < 1/n, b(w) = I.(0) for u < 0.
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To show (2.10)™ has a solution for each n € Ny we will apply Theorem 1.1.
Consider the family of problems

Y+ M) F,(t,y) =0 for t € JO,
(2.11)% “AY =, = Mi(y(ty)) fork=1,...,m,

y(0)=1/n, y(1)=1/n forn € Ny,
where 0 < A < 1. Let y be a solution of (2.11)%, thus by (1.9), we obtain

1 ! - ~
— 2+ A [ Gl Falsy() ds £ XY Gt ) Ty(tn),
0 k=1

then

Since 3" < 0 on J°, there exists 7, with y(7,,) = max,e(o,11{y(t)}, and y/'(7,,—0) >
0, ¥'(1, +0) < 0. Since y"” <0 (t € J°), then 3/ is nonincreasing on J. Suppose
t1,...,t, are the impulsive points in (0, 7,). Then we have

Y (t) >y (1, —0) >0, € (tp,Tn),
AY'le=t, = = Mp(y(tp)) < 0.

So
y'(tp) =y (tp — 0) 23/ (tp +0) > ¢/ (10 — 0) > 0.
Similarly 3'(t) > 0 on Jo, ... ,Jp—1, so y'(t) > 0 on (0,7,). Similarly 3/(t) <0
on (1p,1).
For = € J°, we have

(2.12) () < g(y(x»{l T

Integrate from ¢ (t < 7,,) to 7, to obtain

( (=0 =y (t+0)= 3 Ay)ie tk><g( (t)){1+W}/tan(x)dm,

hy(a))
g(y(a:))} (=)

t<tn<Tn g(y(tn))
so we have
S+ <y -0+ 3 Ly(t) +g<y<t>>{1 n m} / " y(a) d.

t<tp<tn
Since y' (7, +0) — 4 (70 — 0) = —Ix(y(7n)), s0
Y (t+0) <y' (7o +0) + I(y(7n))

S fk<y<tk>>+g<y(t>>{1+’M} /;"qmdx

t<tp<Tn (y(T"
- h(y(ma)) 1 [™
2 O e AL
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and then integrate from 0 to 7,, to obtain

o du M) e
A o T R e I AL
and so
y(Tn)  du k; I (y(n))
e [ <y
7n)) —z)q(x)de
sl B [T e )
Similarly if we integrate (2.12) from 7, to t (¢ > 7,) and then from 7, to 1 we
obtain
CONPY 2 Tkly(m))
e [T <a-m S
h(y(mn)) 1 ! 2(1 — o) a(z) de
+{1+ g(y(Tn))}Tn /rn 1 Ja(@)d
Now (2.13) and (2.14) imply
> Lu(y(r)

y(Tn)
[ i o Mtz
e 9w T 29(y(ma)) 9(y(mn))
This together with (2.9) implies |y|g # . Then Theorem 1.1 implies that (2.10)™
has a solution y,, with |y,|o < 7. In fact (as above),

1
ﬁgyn(t)<r for t € J.

Next we obtain a sharper lower bound on y,,, namely we will show that there
exists a constant k > 0, independent of n, with

(2.15) Yn(t) > kt(1—t) forte .

To see this notice (2.6) guarantees the existence of a function 1, (¢) continuous
on J and positive on J’ with f(t,u) > ¢,.(t) for (t,u) € J' x (0,7]. Now, using
the Green’s function representation for the solution of (2.10)™, we have

_ % +/ G(t,2) q(z) f (2, ya(@)) dz + > Gt 1) Ilya(tr)
0 k=1

and so

(2.16) MO / G(t, 7) a(x) ¥ (x) d = @, (1)
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Now it is easy to check (as in Theorem 1.1) that
1
©,0) = [ Glt.a)ala)un(z) ds

0
zt(l—t)/o Gla, ) g(2)n(z) dz > (1 — £)[®, o

on J, let k = |®,|o > 0, then (2.15) is true.
Next we will show

(2.17) {Yn}nen, is a bounded, equicontinuous family on J.

Returning to (2.12) (with y replaced by y,) we have

(2.18) o) < glm@) {1+ 20 L ate) fora e

Now since y// < 0 on J° and y, > 1/n on J, as discussing as from (2.11)}-
(2.12), we know there exists 7, € J' with y/, > 0 on (0,7,) and y, <0 on (75, 1).
Integrate (2.18) from ¢ (t < 7,) to 7,, to obtain

m

> 1i(r)
Yn(t+0) _ i h(r) ™ 2 da
219 i < S i e
On the other hand integrate (2.18) from 7, to ¢ (t > 7,,) to obtain
5 () :
-0 _ & Y [
(220 S < U ) o

We now claim that there exists ag and a; with ag > 0, a1 < 1, ag < a1 with

(2.21) ap < inf{r, :n € No} <sup{rm, :n € No} < a;.

REMARK 2.3. Here 7, (as before) is the unique point in (0, 1) with y,,(7,) =
maxyeo,1]{¥n ()}

We now show inf{7, : n € Nyo} > 0. If this is not true then there is a subse-
quence S of Ny with 7, — 0 as n — oo in S. Now integrate (2.19) from 0 to 7,
to obtain

m

(2.22) /O " gc(lz) < T "'X—:;(I:)(T) + {1 + ZE:; } /0 " zq(x) dr + /O " %

for n € S. Since 7, — 0 as n — oo in S, we have from (2.22) that y,(7,) — 0 as

n — oo in S. However since the maximum of y,, on J occurs at 7,, we have y,, — 0
as n — oo in S. This contradicts (2.15). Consequently inf{r, : n € Ny} > 0.



SINGULAR BOUNDARY VALUE PROBLEMS 181

A similar argument shows sup{7, : n € Ny} < 1. Let ap and a1 be chosen as
in (2.21). Now (2.19)—(2.21) imply

m

> 1i(r)

Wl = MO 0 e
(2:23) o) = g0 +{1+g<r>} (1) forie

where

max{t,a1 }
v(t) = / q(x)dx.

min{¢,a0}

It is easy to see that v € L1[J]. Let B:[0,00) — [0, 00) be defined by

B(z):/ozg(fz).

Note B is an increasing map from [0, 00) onto [0,00) (notice B(oo) = oo since
g > 0 is nonincreasing on (0,00)) with B continuous on [0,a] for any a > 0.
Notice

(2.24) {B(yn)}nen, Iis a bounded, equicontinuous family on J.

The equicontinuity follows from (here ¢,s € J)
/ " d(yn (@) ‘
s 9(yn(2))

{2}

This inequality, the uniform continuity of B~! on [0, B(r)], and

[Yn(t) = yn(s)] = |B™H(B(yn(t) = B~ (B(yn(s)))|

now establishes (2.17).

The Arzela—Ascoli Theorem guarantees the existence of a subsequence N of
Ny and a function y € PC[J, R] N C?[J°, R] with y,, converging uniformly on .J
to y as n — oo through N. Also y(0) = y(1) =0, |y|o < r and y(¢) > kt(1 —¢t)
for t € J. In particular y > 0 on J'. Fix ¢ € (0,¢1), then y,, (n € N) satisfies the
integral equation

) =n(5) 4 (5) (- 5)+ [ - n0w s mieas

for z € (0,t1). Notice that {y},(t1/2)}, n € N, is a bounded sequence since ks(1—
$) < yn(s) < r for s € J'. Thus {y),(t1/2)}nen has a convergent subsequence;
S0 {yn(t) }nen is relative compact on (0,¢1). For convenience, let {y/,(t1/2)}nen
denote this subsequence also let rg € R be its limit and let n — oo through N

[B(yn(t)) — B(yn(s))| =

in: Ii(r)

k=1
|

g(r)

ey
~|t—s
2
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(we note here that f is uniformly continuous on compact subsets of [min(t1/2,t),
max(t1/2,t)] x (0,7]) to obtain

v =o(3)+role-5)+ [ f/z(s — 1) als) f(5,y(s)) ds.

We can do this argument for each t € (0,¢1) and so y”(¢) + q(t) f(¢t,y(t)) = 0 for
t e (0,t).
Similarly, we can obtain the same results in (t1,t2), (t2,t3), ... , (tm, 1).
Finally it is easy to see that |y|o < r (note if |y|o = r then following essentially
the argument from (2.12)—(2.14) will yield a contradiction). O

Next we establish the existence of two nonnegative solutions to the singular
second order Dirichlet problem

y"'(t) +a(®)g(y(t)) + h(y(t)] =0 forte o,
(2.25) =AY 1=, = Tx(y(tx)) fork=1,...,m,

y(0) = y(1) = 0;
here our nonlinear term g + h may be singular at y = 0. First we state the fixed
point result.

THEOREM 2.4 ([1]). Let E = (E,||-||) be a Banach space, K C E a cone and
let || - || be increasing with respect to K. Also r, R are constants with 0 < r < R.
Suppose A:Qr N K — K (here Qp = {x € E : ||z|| < R}) is a continuous,
compact map and assume the following conditions hold:

(2.26) z# MNA(z) forAe[0,1) and x € 0gdy N K
and
(2.27) |Az| > ||z|| forxz € OgQrN K.

Then A has a fized point in KN {zx € E:r < |z|| < R}.

REMARK 2.5. In Theorem 2.4 if (2.26) and (2.27) are replaced by

(2.28) r#ANA(z) for Ae€0,1) and x € OgQrN K
and
(2.29) |Az| > ||| for x € O, N K.

then A has a fixed point in KN{z € F:r < |z| < R}.
medskip Now E = (PC[J, B], |-|o) (here [ulo = sup,¢(o 1) [u(?)], u € PC[J, R])
will be our Banach space and

(2.30) K={yePC[J,R]:y(t) >0, teJand y(t) > t(1 —¢)|ylo on J}.
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From Theorem 2.2 we have immediately the following existence result for
(2.25).

THEOREM 2.6. Suppose the following conditions are satisfied:

1
(2.31)  ¢qeC(0,1), ¢>0 onJ and / t(1 —t)q(t) dt < oo,
0

(2.32) g >0 s continuous and nonincreasing on (0, 00),

(2.33)  h >0 continuous on [0,00) with h/g nondecreasing on (0, c0)

and

" du kzl Ii(r) h(r)
2.34 there exists r > 0 with / > = +0b {1 + };
(234 o 9w 29 U T e
here

1/2 1
(2.35) by = max {2/0 t(1 —t)q(¢)dt, 2/1/2 t(1—t)q(t) dt}.

Then (2.25) has a solution y € PC[J,R] N C?[J°, R] with y > 0 on J' and
lylo <.

PROOF. The result follows from Theorem 2.2 with f(¢,u) = g(u) + h(u).
Notice (2.6) is clearly satisfied with g (t) = g(H). O

THEOREM 2.7. Assume (2.31)—(2.34) hold. Choose a € (0,1/2) and fix it
and suppose there exists R > r with

(2.36) R < g(R){l + h(“(l_“)R)} / T o8 als) ds

g9(a(l —a)R)
+3 " Glo ti)Ik(tr(1 — ti)R);
k=1
here 0 < o <1 s such that
l—a l—a
(2.37) / G(o,8)q(s)ds = sup / G(t,s)q(s)ds
a te(0,1] Ja

and
1—-t)s for0<s<t,
G(t,s) = ( Js for0<s<
(I—=s)t fort<s<l.
Then (2.25) has a solution y € PC[0,1] N C?[J° R] with y > 0 on J' and
r<lylo < R.

ProOOF. To show the existence of the solution described in the statement of
Theorem 2.10 we will apply Theorem 2.4. First however choose ¢ > 0 and € < r
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with

m

Iy (r)
Tdu T { h(r)}

2.38 / > +bps 14+ —= .

(2:35) w2 U )

Let ng € {1,2,...} be chosen so that (1/ng) < (¢/2) and (1/n9) < a(l —a)R

and let Ny = {ng,no + 1,...}. We first show that

y'(t) +q(t) [g(y(t)) + h(y(t)] =0 for t € JO,
(2.39)" —AY'|i=t, = Ii(y(tx)) fork=1,...,m,
y(0) =y(1) =1/n,

has a solution y,, for each n € Ny with y,,(t) > 1/n on J and r < |y,|o < R. To
show (2.39)™ has such a solution for each n € Ny, we will look at

y"(t) +a(t) [g"(y(8) + h(y(t)] =0 for t € J°,
(2.40)" —AY |i—t, = In(y(ts)) fork=1,...,m,
y(0) =y(1) =1/n,

. g(u) for u > 1/n, ~ I (u) for u >0,
g (u) = T (u) =
g(1/n), for 0 <wu<1/n. I;(0) for uw < 0.
REMARK 2.8. Notice ¢*(u) < g(u) for u > 0.
Fix n € Nyg. Let E = (PC[J, R, | |o) and
(241) K={ue PC[J,R]:u(t) >0, t € J and u(t) > t(1 —t)|ulo on J}.
Clearly K is a cone of E. Let A: K — PC[J, R] be defined by

1 m ~
(2.42) Ay(t) = l+/O G(t,)q(s) [9 (y(s)) +R(y(s))] ds+ Y Gt t) Te(y(tr))-

n
k=1

A standard argument implies A: K — PC|J, R] is continuous and completely
continuous. Next we show A: K — K. If u € K then clearly Au(t) > 0 for
t € J. Also notice that

1
Ay(o) > 11 =0) [ (1= 5)a(o)lg"wl) + hu(s))] ds

+1(1—t) Zm: te(1 = ti) I (y(tr))
k=1
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and

(1= Olvlo <0 -0 1+ [ s(1= a)lg* o) + (s ds

+ (1= ) T(y(th))]
k=1
so Ay(t) > t(1 — t)|Aylo and
(Au)’(t) <0 on J,
Au(0) = Au(l) = 1/n.

Consequently Au € K so A: K — K. Let Q3 = {u € PC[J,R] : |ulop < r} and
Oy ={u € PC[J,R] : |u|lp < R}. We first show

(2.43) y#AAy for A€ [0,1) and y € K N9QYy.

Suppose this is false i.e. suppose there exists y € K N 9Q; and A € [0,1) with
y = A Ay. We can assume A\ # 0. Now since y = X\ Ay we have

y' () + Aq()lg* (y(®) + hy()] =0 for t € J°,
(2.44) =AY |1=t,, = Mi(y(tr)) fork=1,... ,m,

y(0) = y(1) = 1/n.
Since 3" < 0 on J? and there exists to € J' with y(to) = maxyep,1{y(t)} and
Yy (to —0) >0, y'(to +0) < 0. As the same way as in Theorem 2.4, 3/(¢) > 0 on
(0,tp) and y'(t) < 0 on (to,1) and y > (1/n) on J and y(to) = |ylo = r (note
y € KN 9IQy). Also notice

9" (y(t) + h(y(t)) < g(y(t)) + h(y(t)) forte J'

since g is nonincreasing on (0, 00). For z € J° we have

(2.45) (@) < sty {1+ 20 o)

Integrate from ¢ (¢t < tg) to to to obtain

"(t+0) < m[(r)+ (y(t))q 14+ —= ’ (z)dx
y ;k 9(y { }/t q

and then integrate from 0 to tg to obtain

m

N . 1i(r) -
/1/n ;(iu) : tokig(r) + {1 + Zgri}/o wq(z) d.
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Consequently
SPAL ,
" du =1 h(r) 0
R e o S AL
and so
. 5 () "
(2.46) / g‘éz) <t ’“:;(T) + {1 + ZE:;} : —1to /0 w(1 - x) q(x) da.
Similarly if we integrate (2.45) from tg to t (t > to) and then from tp to 1 we
obtain
S 1i(r) 1
S L — h(r) ] 1 (1 — ) q(z) dx
e [ g s0-wSe— {1 fal [ et -
Now (2.46) an ( 7) imply
OPAL

IN

" du k=1 { h(T)}
2.48 / +bps 1+
(249 C ot = 2 U )
where by is as defined in (2.35). This contradicts (2.38) and consequently (2.43)

is true.
Next we show

(2.49) [Aylo > |ylo for y € K NINs.
To see this let y € K N 003 so |ylo = R. Also since y(t) is satisfied

y(t) 2 t(1 —t)|ylo = t(L —t)R, for € J.
Also for s € [a,1 — a] we have

9" (y(s)) + hly(s)) = g(y(s)) + h(y(s))

since y(s) > a(1 —a) R > (1/ng) for s € [a,1 — a]. Note in particular that
(2.50) y(s) € [a(l—a)R, R] forse€a,1—al.
With o as defined in (2.37) we have using (2.50) and (2.36),

= / G(o,5) q(s) [g"(y(s)) + hly(s)] ds + > Glo, te) I (y(tr))

k=1

> / Glo.5)a(s) [9"(y(s)) + h(y(s))ds + Y Gloyte) I (tr(1 — 1) R)

k=1

_ / h G(o,5) q(s) g(y(s)) {1 * %Eg; } ds
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m

+ ) Gloti) In(tr(1 — ti)R)
k=1
>g(R) {1 + M} / B G(o, ) q(s)ds
+ iG(U, ) Ik (te(1 = ty)R) > R = [y|o,
k=1

and so |Aylo > |ylo. Hence (2.49) is true.

Now Theorem 2.4 implies A has a fixed point y, € K N (2 \ Q) ie. r <
|ynlo < R. In fact |yn|o > r (note if |y,|o = r then following essentially the same
argument from (2.45)—(2.48) will yield a contradiction). Consequently (2.40)™
(and also (2.39)") has a solution y,, € PC[J, R] N C?[J° R], y, € K, with

(2.51) %g%ﬁ)mwelr<wb§R

and (note y, € K)

(2.52) yn(t) > t(1 —t)r forte J.

Next we will show

(2.53) {Yn}tnen, is a bounded, equicontinuous family on .J.

Returning to (2.45) (with y replaced by y,,) we have

(2.54) —yr(z) < g(yn(x)){l + Z((g} q(z) for z € JO.

Now since y// < 0 on J% and y, > = on J. As discussing as in Theorem 2.2,
there exists 7, € J' with y/, > 0on (0,7,,) and y,, < 0 on (7,, 1). Integrate (2.54)
from ¢ (¢t < 7,) to 7, to obtain

m

I(R)
Lt+0) WY [
o) = 9(R) +{1+9<R>}/t a(@) e

On the other hand integrate (2.54) from 7, to ¢ (t > 7,) to obtain

(2.55)

S Iu(R) t
) MR [
(2:56) s = o®) +{1+9<R>}/ﬂlq”d'

We now claim that there exists ag and a; with ag > 0, a1 < 1, ag < a1 with
(2.57) ag < inf{r, : m € No} < sup{m, :n € No} < ay.

REMARK 2.9. Here 7, (as before) is the unique point in (0, 1) with y,,(7,) =
maxqefo, 1] {yn(t)}-
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We now show inf{r, : n € No} > 0. If this is not true then there is a
subsequence S of Ny with 7,, — 0 as n — oo in S. Now integrate (2.55) from 0
to 7, to obtain

m

Yn(Tn) du kzz:ljk(R) h(R) Tn 1/n du
sy [ S cn B [ B Mg [

for n € S. Since 7, — 0 as n — oo in 5, we have from (2.58) that y,(7,) — 0

as n — oo in S. However since the maximum of y, on J occurs at 7,, we have
Yn — 0 in PC[J,R] as n — oo in S. This contradicts (2.52). Consequently
inf{r, : n € No} > 0. A similar argument shows sup{7, : n € No} < 1. Let ag
and a; be chosen as in (2.57). Now (2.55)—(2.57) imply

m

> I(R)
o MR,
@59 ) S a® +{”g<R>} () forteJ

where

max{t,as }
u(t) = / q(z)dx.

min{¢,a0}

It is easy to see that v € L1[J]. Let B:[0,00) — [0,00) be defined by

(z>_/ozgf(lz).

Note B is an increasing map from [0, 00) onto [0,00) (notice B(oo) = oo since

S

g > 0 is nonincreasing on (0,00)) with B continuous on [0,a] for any a > 0.
Notice

(2.60) {B(yn)}nen, is a bounded, equicontinuous family on J.

The equicontinuity follows from (here ¢, s € J)
Bl () - Blnlo] =| [ 5208

i Ii(R) {

B 1+zgg}’/§tv(aj)d9&.

This inequality, the uniform continuity of B=* on [0, B(R)], and

[Yn(t) = yn(s)] = |B~H(B(ya(t)) — B~ (B(yn(s)))|

now establishes (2.53).

The Arzela—Ascoli Theorem guarantees the existence of a subsequence N of
Np and a function y € PC[J, RjNC?[J°, R] with y,, converging uniformly on .J to
y asn — oo through N. Also y(0) =y(1) =0, r < |ylo < Rand y(t) > t(1 —t)r
for ¢t € J. In particular y > 0 on J'.

|t — s
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In the same way as in Theorem 2.2, we can prove y”(t) + q(¢) [g(y(¢)) +
h(y(t))] = 0 for t € J°. Finally, it is easy to see that |y|o > r (note if |y|o = r
then following essentially the argument from (2.45)—(2.48) will yield a contradic-
tion). O

THEOREM 2.10. Assume (2.31)—(2.34) and (2.36) hold. Then (2.25) has
two solutions y1,y2 € PC[J,R] N C%*[J° R] with y1 > 0, y» > 0 on J' and
yilo <7 < ly2lo < R.

ProOOF. The existence of y; follows from Theorem 2.6 and the existence of
yo follows from Theorem 2.2. O

ExXAMPLE 2.11. Consider the singular boundary value problem for second
order impulsive differential equation:

"4 (44 +1)=0 for t € JO
a+1(y +y” +1) or ,

(2.61) —AY|i=t, = cxy(tr), fork=1,...,m, ¢t >0,
y(0)=y(1)=0, a>0, B>1.

Suppose 0 < Y7 ¢ < (1/a+1), then (2.61) has two solutions yi,y» €
PC[J, RN C?[J° R] with y1 >0, y2 >0 on J" and |y1]o0 < 1 < |y2]o-

To see this we will apply Theorem 2.10 with ¢ = (1/a+ 1), g(u) = v~ and
h(u) = uP + 1. Clearly (2.31)—(2.33) hold. Also note

2 1/2 2 1 1
by = _c t(l—t)dt, —— | tQ—t)dtb = —— .
0 max{a+1/0 (1=tydt, == 1/2( ) } 6(a+1)

Consequently (2.34) holds (with r = 1) since

" du 1 & r
I I _
/0 g(u)  2g(r Z K(r) a+1 2T kT

9 )kzl _ k=1
h(r) (1+ roth 4 po)
{” g<r>}
1 1 &
(a+1) 2 kz::lck
- 3
11
o (a+1) 2(+1) 1 > by,

3 6(a+1)
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Finally note (since § > 1), take a = 1/4, that

[R _ i G(o,ti) I (ti(1 — tk:)R)} 9(31@%)

A ’“g_(lR)g(?;?) +g(R)h<31§)
[R - iG(a, te)ertr (1 — tk)R] <136R> —a

k=1

lim
R—oo o 3R B 1 3 s
ORI ON

3[1 - i Glo t)etu(l — tk)] <136>a

= lim k=1 =
R0 3\’ 16\ ’
“R) +1+ (%
16 3R
so there exists R > 1 with (2.36) holding. The result now follows from Theo-
rem 2.10.
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