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A DEFORMATION LEMMA WITH AN APPLICATION
TO A MEAN FIELD EQUATION

MARCELLO LuUCIA

ABSTRACT. Given a Hilbert space (H, (-, -)), A an interval of R and K €
CH1(H,R) whose gradient is a compact mapping, we consider a family of
functionals of the type:

I\ u) = %(u,u) —AK(u), (A u)€AXH.

Though the Palais—Smale condition may fail under just these assumptions,
we present a deformation lemma to detect critical points. As a corollary,
if I(X, -) has a “mountain pass geometry” for some X € A, we deduce the
existence of a sequence A\, — 2\ for which each I(Mn, -) has a critical point.
To illustrate such results, we consider the problem:

Uu

fAu:)\< © T), u € H(Q),

Joe* 7ﬁ

where © CC R? and T belongs to the dual H~! of H}(Q). It is known
that the associated energy functional does not satisfy the Palais—Smale
condition. Nevertheless, we can prove existence of multiple solutions under
some smallness condition on ||T" — 1||;;—1, where 1 denotes the constant
function identically equal to 1 in the domain.
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1. Introduction

Consider a Hilbert space (H, (-, -)) whose associated norm will be denoted
by | - |. It is well-known that if I € C*1(H,R) does not have any Palais—Smale
sequence in the set {u € H :a < I(u) < b} (a < b), namely a sequence u,, € H
satisfying:

(L.1) DI ll-+ =0, I(un) € [a,b],

then {u € H : I(u) < a} is a deformation retract of {u € H : I(u) < b}. This
classical “Deformation Lemma” can be obtained by considering the gradient
vector flow of the functional I (see [30]). Such a result can be used to derive
existence of critical point if one knows that the functional satisfies the so-called
Palais-Smale condition ((PS)-condition for short), i.e. that any sequence (1.1)
admits a convergent subsequence.

Based on this classical deformation lemma, the arguments of Ambrosetti and
Rabinowitz in [1] show that if I exhibits a “mountain pass geometry”, one may
find two level sets which cannot be deformed one to the other by deformation
retract. Hence in such a case we deduce that the functional I admits a sequence
satisfying (1.1) for some values a, b. If furthermore the (PS)-condition is satisfied,
then one obtains a critical point @ for the functional I with I(@) € [a,b]. This
is their famous “Mountain Pass Theorem” which gives a simple as well as useful
criteria to prove existence of critical points. But this compactness assumption
of Palais—Smale could be a serious restriction to apply this theorem and since
then a lot of works has been undertaken to handle such a difficulty.

The aim of the present paper is to investigate a way of overcoming the pos-
sible failure of the (PS)-condition for functionals which are of the form:

1
(1.2) I\ u) = §<u,u> —AK(u), (Au)€eAxH,
where A is an interval of (0,00) and K is such that
(1.3) K € CY'(H,R) with VK:H — H compact.

Here the gradient V is defined with respect to the inner product (-, -) and by
“compact” we mean that VK (u,) admits a subsequence converging in the strong
topology of H for any bounded sequence u,. Note that the assumptions (1.2)
and (1.3) are not enough to ensure the (PS)-condition. Hence the classical flow
defined by the vector-field —V, I(A, u) is not completely appropriate to derive a
deformation lemma. To overcome this problem, we shall modify this usual flow
by following an idea of Bahri [3]. We will then be able to prove the following

“Deformation Lemma”:
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PROPOSITION 1.1. Consider a family of functional satisfying (1.2) and (1.3).
Fiz T := I(\, ) for some X € A and consider a,b € R (a < b). Assume that
there are no sequences (A, u,) € A X H satisfying:

(1.4) DI M, un) =0, a<TAn,un) <b, Ap— A Ap <A\
Then {u € H : I(u) < a} is a deformation retract of {u € H : I(u) < b}.

The main idea in the proof of Proposition 1.1 is to find a vector flow along
which I decreases but by keeping also the function K bounded from above. The
seminal idea of such a flow can be found in the works [3] and [4, p. 18-21], where
Bahri used it to handle some specific problems in the contact forms. In [22], we
showed how such a Deformation Lemma can be applied to handle the lack of
compactness of the functional

(1.5) HAQ) =R, ue 1/ Vuf2 — Alog (1/6“).
2 Jo Q[ Jg

In [23] we announced that this approach works in a general Hilbert framework.
In the present paper we shall give a complete and more detailed proof of Proposi-
tion 1.1 and for simplicity we restrict the study to a Hilbert space. But actually
a similar deformation lemma is available for a more general family of functionals
defined on a Banach space. This extension will be presented in a coming work.

Now if more information is available on the geometry of the functional I(}, - ),
one can eventually exhibit two sublevel sets I which are not topologically equiv-
alent. In this case, Proposition 1.1 yields a sequence of critical points satis-

fying (1.4) for some values a < b. This occurs if for example I(\, -) exhibits

¢

a “mountain pass geometry”. In such a case, by applying above Deformation
Lemma, we derive a version of the “Mountain Pass Theorem” which in its simpler

form reads as follows:

PROPOSITION 1.2. Let I(A, -) be a family of functionals satisfying (1.2),
(1.3). Assume that for some X € A, I := I(\, -) has a strict local minimizer hg
and that there exists hy € H with |hy| > |ho| such that I(hy) < I(hg). Consider
the set of paths T := {v € C([0,1],H) : v(0) = ho, (1) = h1}, and define the
min-maz value ¢ := infcp max;e(o,1){I(7(t))}. Then, for eache € (0,¢—1(ho)),
there exists a sequence (An,un) € A X H satisfying

{ DI M\, un) =0, A €(0,0), Ay — A,

(1.6)
c—e<I(Ap,up) <c+e.

Conclusion similar to (1.6) has been obtained previously by Struwe. For
example, consider a family of functionals I()\, -) exhibiting a mountain-pass
geometry (for each A € A) whose associated min-max value c¢(A) is monotone in .
Then, Struwe pointed out that this monotonicity can be exploited to construct
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bounded Palais—Smale sequences for a subset D C A of full measure. This has
been applied successfully among others in [31] and [12] to prove existence of
critical points for functionals of the type (1.5). A more general setting to apply
Struwe’s trick has been given by Jeanjean—Toland in [14], where it has been
noted among other that the monotonicity is not necessary.

Our approach and results differ in several points from these works. Firstly, in
Proposition 1.2 we assume the mountain pass geometry to hold only at a single
value A. Furthermore, while the strategy of Struwe or its extension done in [14]
rely on some fine properties of functions, here we will combine the Deformation
Lemma stated in Proposition 1.1 with the arguments of [1] used in their classical
Mountain Pass Theorem. In particular, the conclusion (1.6) includes also an es-
timate of the energy of the critical points. Note moreover that in the application
it is enough to derive existence of a critical points for a dense set of values of the
parameter instead of a set of full measure.

To illustrate how above results can be applied, we shall investigate the set of
critical points of the following functional:

JO, ) HE@) — B,
(1.7) - %/Q Vul? - )\{ log (é/ﬂe") - TST)}

where 2 CC R?, \ a real number and T € H~" (the topological dual of H}(Q)).
Based on the Moser—Trudinger inequality (see [27]), the functional (1.7) is of
class C*° and its critical points are weak solutions to the non-local semilinear
problem:

(1.8) —Au= A(fje - |£|) ue HL(Q).

The study of equations involving exponential nonlinearity goes back to Liou-
ville ([21]), who gave a representation of the solutions of —Au = e* on simply-
connected domain of R2. This type of PDE is geometrically meaningful since
it is related to the problem of prescribing the Gauss curvature which has given
rise to the Nirenberg Problem on the sphere [27] or Kazdan—Warner problem
for compact Riemannian surface [16]. Similar problems arise also in statistical
mechanics and we refer to [18] for a more detailed discussion. For example, in
thermal equilibrium at a given temperature 3~! and chemical potential pq,, the
spatial density u of a perfect gas contained in Q C R? satisfies the Poisson—
Boltzmann equation: —Au = 2reflter—ul More recently, by considering the
mean-field thermodynamic limit of a two-dimensional system with logarithmic
singular pair interactions, Caglioti et al. [8] and independently Kiessling [17]
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have been led to Problem (1.8) with 7' = 0:

(1.9) —Au = u € Hy(Q).

PR
Joe
Problem (1.8) with a constant but non-zero source term appears when consid-
ering the thermal equilibrium of a two-dimensional plasma confined by a mag-
netic field in a cylinder (see for example [29]). But considering more general
distribution in the right-hand side of (1.8) is of relevance in connection with
some Chern-Simons-Higgs model, where Dirac measures are coming into play

(see [33)).

When A < 0, existence and uniqueness of critical points for (1.7) follows
easily. Hence we shall focus on the more interesting case A > 0. In one dimension,
namely if 2 is an interval (a, b), the continuous injection H}((a,b)) — L*((a,b))
shows readily that the functional J(), - ) admits a global minimizer for any A € R.
In dimension 2, the situation is more complex. For A < 8, as in [8] and [17]
where the case T' = 0 was considered, the Moser—Trudinger inequality shows that
J(A, ) has a global minimizer. Several works have been devoted to understand
the structure of the critical points beyond 87. When the domain is a ball, the
Pohozaev identity shows that problem (1.9) has no solutions for A > 8r. For non-
simply connected smooth domain, existence for (1.9) in the range (8, 167) has
been established by Ding et al. [12] via variational method. When the domain
and T are of class C?, topological arguments are also available. Indeed by
applying results obtained by Y.-Y. Li [20] and later completed by Chen—Lin [10],
[11], the total Leray—Schauder degree of the set of solutions for problem (1.8) can
be calculated in terms of the Euler characteristic of the domain 2 for each \ #
8tN (N € Z*). Though these regularity assumptions allow to derive striking
existence results for a wide class of T" and of domains, they can be sometimes too
restrictive. Furthermore, in some situations, the only knowledge of the degree
does not give any information. This occurs for example if in problem (1.8), u =0
is a trivial solution. In such a case, a further analysis is needed to capture the
eventual non-trivial solutions. In [24] we did this by showing that on any domain
the associated functional has a mountain pass geometry when the parameter
belongs to a certain interval A = (87, «) (always non-empty). This structure
was exploited to derive existence of a non-trivial critical point for each A € A.

In the present paper, we shall extend the existence results obtained in [24] by
considering a general T' € H~!. With this aim, we need to introduce the space:

(1.10) L[(Q):{(pEHl(Q):/ngz()and(p—ceHé(Q) for somecER},
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and define
\V4 2
(1.11) Ay = inf{fﬂﬁl :@EL{(Q)\{O}}.
Jov
Let us emphasize that A1|Q| > 87 (see [24], [13]). We also introduce the following
function
(1.12) ATy =T, Tpc H}Q).

The result of existence that we will prove is the following:

PROPOSITION 1.3. Let  CC R2?, \g < A1|Q| and consider the family of
functionals J(\, -) defined by (1.7). Then the following hold.

(a) There exist €9,09 > 0 (depending on Ao and the geometry of Q) such
that J(A, +) has a local minimizer my with J(A,my) < 0 whenever

(1.13) Q7T — 1)lg-1 <eo and X € (No— b0, o),

where 1 denotes the function identically equal to 1 on the domain Q;
(b) Assume Ao € (87, A1|Q2]) and the linear form T satisfies (1.13). Then
we can find a dense subset D C (Ag — dg, Ao] N (87, Ao] such that J(A, -)
has two critical points for each A\ € D.
(c) If \o = 8, assume T satisfies (1.13) and furthermore (Tp)~ & LS. ().
Then, there exists a dense subset D C (8w — ¢, 87| such that J(A, -)
has two critical points for each A\ € D.

The last statement is of particular interest. Indeed, when € is a simply-
connected domain of class C?* and T' € C%*(Q) with T' > 0, a careful inspection
of the arguments of Suzuki [31] and Chang et al. [9] shows that Problem (1.8)
has a unique solution whenever A < 87. The third statement of Proposition 1.3
points out that a similar uniqueness result cannot hold in full generality when
T has a negative part. For simplicity we have stated our multiplicity result by
assuming Ty to be unbounded from below, but this condition can be refined. The
main point is that under this hypothesis, we can easily prove that the functional
has a mountain pass geometry at A\ = 87 without making further assumptions
on the domain. Let us also emphasize that in this result we shall not need any
information on J(A, -) for A\ < 8.

The paper is organized as follows. In Section 2, we prove the Deformation
Lemma given in Proposition 1.1. This result is applied in Section 3 to prove
a version of the “Mountain Pass Theorem” slightly more general than the one
stated in Proposition 1.2. In Section 4, we introduce a family of test functions
that are useful to understand the geometry of the functional (1.7). The study
of the local and global minimizers of the functional (1.7) will be undertaken in
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Section 5. All these results will be applied in Section 6 to complete the proof of
Proposition 1.3.

2. A Deformation Lemma

Throughout this section, we shall work in a Hilbert space (H,{-, -)) and
consider a family of functional satisfying (1.2) and (1.3). We first introduce a
definition:

DEFINITION 2.1. Given two sets A C B C 'H, we say that A is a deformation
retract of B if there exists a map 7:[0,1] x H — H satisfying
(a) 7 is continuous;
(b) n(t,uo) = up for all (¢,ug) € [0,1] x 4;
(c) fort =1, n(l, -) maps B on A.

The two following Lemma will be useful:

LEMMA 2.2. Let (X,,,Y,) € HxH and set Z,, := —{|Y,|X,, + | X, |V} We
have:

(a) (X, Zn) <0 and (Y, Zyn) < 0;

(b) If inf,en|Yn| > 0 and (X, Z,) — 0, then (Z,/|Yx]) — 0.

PRrROOF. A straightforward calculation gives
(2.1) (X, Zn) = = [Xn[{|Xal[Ya] + (X0, Vo) },

and the Cauchy—Schwarz inequality shows that the right handside of (2.1) is
non-positive.

For the second statement of the lemma, we note that
1Z? = 2| X[ Yo [{(I Xnl[Yal + (X, Ya)} = —2Yal (X, Z0),

where we have used (2.1) in the last equality. Therefore, we deduce that

2
2 X, Zn)
= Do, 0
Y|

Zn,
i
LEMMA 2.3. Assume (1.2) and (1.3) hold. Let (A, un) € AXH be a sequence
satisfying
(a) Dyl (M, up) — 0 strongly in H™*;
(b) sup,en{An, I(An, un), K(u,)} < co.
Then, up to a subsequence, (A, un)— (X w) strongly in Rx H and DuI(X, u)=0.

PROOF. Since ), is bounded and

1
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we have up to a subsequence that

(2.2) An — A and  u, — @ weakly in H.

On the other hand, since Dy, I(\, u,,) — 0 (strongly), we get

(2.3) (VI (Anyun), ) — 0, for all p € H.

In particular, by choosing u, — @ as a test function in (2.3), we get

(2.4) [, — U+ Wy — T 4+ A (VE (U), upn — ) — 0.

The assumption that VK is compact together with (2.2) and (2.4) imply that

|uy, — u| — 0. O
We can now prove the Deformation Lemma as stated in the introduction.

PRrROOF OF PROPOSITION 1.1. Let us introduce the following subsets of H :

T :={ucH:I(u) <a}, I°:={uecH:I(u)<b},
TZ::{ueHzaST(u)Sb}.

By assumption there exists € > 0 such that

(2.5) DuI(M\u) #0, forall (A\u) € [A—e A x ..

Under this hypothesis, we are going to construct a flow which deforms I® on I¢
by keeping K bounded along the flow-line. To do this let Z € C%'(H,H) be
defined by:

(2.6) Z(u) :== —{|[VK (w)| VI(u) + |VI(u)| VK (u)},
and choose w. € C*°(R) such that
0<w: <1, w({)=0 forall(<e, we(¢) =1 forall ¢ > 2e.

Consider then the local flow n = n(t,up) defined by the Cauchy problem:

where w. (|VI(u)|/|VK (u)]) is understood to be equal to 1 when VK (u) = 0.
Roughly speaking, if K is constant in a subset of the Hilbert space, the flow

(2.7)

(2.7) is just the classical flow of “steepest descent.” While if K varies, then the
vector-field Z(u) comes into play and modify the trajectory given by the classical
gradient flow. The main properties that we shall prove are:

(a) Along a flow-line, I is strictly decreasing and K may increase but not
“too much”;

(b) Given ug € I°, we have n(t,ug) € I* at some t = t(ug);

(c) We may associate to the flow (2.7) a deformation retract of I® on I¢.
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Let us first make a simple observation. By setting

i)

wi=n(tu),  We(t) = CUa(IVK(U)

a straightforward calculation shows that

28)  LTon(, w)lt) = ~ 5.0V +(VI(), Z(w),

(29) SR on(- u0)l(t) = ~ B(0)(VK (), V() + (VK (w), Z(u).
Using (2.8) and Lemma 2.2, we see that

(2.10) LT ol ue))(t) < —5. ()| VI(u)2 < 0,

dt

namely I decreases along the flow-line.
To go further, we need to study K (n(t,uo)) and |n(t, ug)| when n(t,ug) € I%.

Claim 1. The variation of K along a flow-line can be estimated by the
variation of I as follows:

d 1d
. <= )

(211) S o uo)l(t) < == ST on(- w))(t)
Indeed, if u := n(t, ug) is such that

[VI(u)|

T <&,

VK (u)
then (2.9) and Lemma 2.2 show that

d

(2.12) B on(-,uo)l(t) = (VK (u), Z(u)) < 0.
Assume now that u := n(t, ug) is such that

IVI(u)]
2.13 =
21 VRG]

Then (2.9), Lemma 2.2, Cauchy—Schwarz inequality and (2.13) imply that

(214)  IK on(- uo))(1) B0 VK (]| VT(u)

=) VT < 250V T(w)
From (2.14) together with (2.10), we get
d 1d
(215) LK on(- uo)() < — ST on( - uo)l(r).

Note that the right hand-side of (2.15) is non-negative (by (2.10)) while the
relation (2.12) is non-positive. Hence, we deduce that (2.11) holds at any ¢ (for
which n( -, ug) is defined).
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Claim 2. Given ug € H, there exists a constant C' := C(a,b,ug) > 0 such

that
K (10, 1)), [1(t0, )] < Cla,by o), whenever n(ug, ) € T,
By integrating (2.11), we obtain:
b— -
(2.16) K(n(t,uo)) < K(up) + Ta whenever 7(t, ug) € IZ.
Hence, whenever 7(t, up) belongs to TZ, we see by using (2.16) that
1 _

(217) 5 |77<t’ UO)P < )‘K(n(ta UO)) +b < C(aa ba Uo, 5)'
So the second claim follows. In particular we see also that t — 7(t, ug) is globally
defined.

Claim 3. There exists a constant ¢ := ¢(a, b, ug,€) > 0 such that

d - -

(2.18) a[[ on(-,up)] < —c® <0 whenever 5(t,ug) € IZ.

Let us fixed ug € I” in (2.7). Assume the existence of a sequence ¢, > 0 such
that

(2.19) Ll on( u)tn) =0, nltn,u0) €T,

Set uy, := n(tn, up) and note that K(u,) < C (by Claim 2). By recalling (2.8),
(VI(uy), Z(un)) <0 (Lemma 2.2), we get
VI (un)| > 2 7
we| =——5 | |[VI(un)|* — 0 and (VI(uy), Z(u,)) — 0.
<|VK(un)|

Hence, we have two possibilities:

(2.20) IVI(un)| =0
or

[VI(un)] T
(2.21) = — <2 and (VI(uy),Z(u,))— 0.

VK (un)|
In the first case, Lemma 2.3 (applied with \,, = ) implies that u,, — u strongly.
In particular VI(7) = 0 and @ € I2. This contradicts our initial assump-
tion (2.5).

Let us consider the second case (2.21). Since (VI(uy), Z(u,)) — 0, Lem-
ma 2.2 implies
(V1 (un)|
VK (un)|
By setting v, := (|VI(u,)])/(]VK (uy,)|) (which converges to some v < 2¢), we
obtain

V() + VK (u,) — 0.

Dyl (X = Y, un) — 0 (strongly),  I(X —n, un), K (u,) < C.
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Lemma 2.3 (applied with A, = A — 7,) shows again that u,, converges strongly
to some u € 1% with D,I(\ —~,u) = 0. This contradicts our initial assump-
tion (2.5). Therefore (2.19) is impossible, which concludes the proof of (2.18).

Claim 4. I* is a deformation retract of I°.
Given ug € I°, we deduce from Claim 2 that
T(n(t,ug)) < —c®t + I(ug).
Hence, there is a t such that I(n(¢,ug)) < a. It is then meaningful to define
b (o) inf{t >0:I(n(t,ug)) € I*} if I(ug) > a,
o(ug) == _
’ 0 if I(ug) < a.
Consider now the mapping
n:00,1] x H—"H,  (s,u0) — n(sta(uo), uo)-

Then, classical result on ODE shows that 77 is continuous. On the other hand
the conditions (b) and (c) of Definition 2.1 can be easily verified. Therefore, 77
is a deformation retract of I® on I%. O

Let us emphasize that the assumptions (1.2) and (1.3) can be relaxed. In
particular an extension to Banach spaces is also possible and will be discussed in
another work. But for the model example we have in mind, namely the functional
(1.7), the framework that we have chosen is quite sufficient.

3. A Mountain Pass Theorem

Based on the Deformation Lemma we have proved in previous section, we

can derive the following version of the mountain pass Theorem:

THEOREM 3.1. Let I(), -) satisfy (1.2), (1.3). Assume that for some I :=

I(X, ), there exist ho,hw € H and po > 0 with the properties:
|h1 = ho| > po,
{ @ :=max{I(hg),1(h1)} < B :=inf|,_pg=p, {1 ()}
By setting T := {vy € C([0,1], H) : v(0) = ho, v(1) = h1}, let us define:

(3.2) e:= inf max {I(v()} (2 5).

(3.1)

Then, for each € € (0,C—@), there exists a sequence (A, un) € A X H satisfying
{ DI M\, un) =0, A, €[0,0), A — A,

(3.3)
c—e<I(Ap,uy) <CHe.

PRrROOF. If the Palais—Smale condition would hold, the arguments of [1] show
that the minmax value ¢ defined by (3.2) is a critical value for the functional
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I. Without this compactness condition, these same arguments combined with
the deformation lemma stated in Theorem 1.1 give a slightly different conclu-
sion. More precisely, we first note that the assumption |hy — ho| > p implies
¢ > a. Assume now there is no sequence (A,,u,) satisfying (3.3). Then, by
Proposition 1.1, I¢7¢ is a deformation retract of I°T¢ through a continuous map
n:[0,1] x H — H where

I i={u:I(u) <é+e} and I°°:={u:l(u)<c—c}

Notice that hg,h; € I°¢. Hence for each v € T and t € [0, 1], the deformed

curve
1:(0,1] = H, s = n(t,y(s)),
is still in the set I'. Consider now any o € I' having the property
(3.4) { Yo(s) € I for all s € [0,1],
I(yo(s)) € (¢ —¢,c4+¢) for some s € [0,1],

(such curve exists by the definition of the minmax value ¢). Then, we have

inf I < I(n(t, for all t € [0, 1].
inf max, (v(S)LSIQ[gg] (n(t,70(s))) for a [0,1]

But at ¢t = 1, the right hand-side is less than ¢ — e due to (3.4) and the fact that
71 is a deformation retract. A contradiction with the definition of ¢. Hence, the
property (3.3) must hold. O

The aim of the remaining paper will be to apply these general results to the
family of functionals (1.7). By using the Moser—Trudinger inequality (see [27]),
one check easily that the functionals J(A, -) fulfills the assumptions (1.2) and

(1.3) by setting 1 T(u)
K (u) = log (M/Qeu) BT

In order to apply the above mountain pass Theorem, we need first to understand
the geometry of each J(A, -). We shall proceed as follows:

(a) introduce a family of test functions,
(b) study the existence of global and local minimizers.

4. Liouville equation

For each a € ), denoting by d, the Dirac measure at the point a, the Green
function is defined as the function G(a, - ):z — G(a, z) solving:

—-A,G(a, ) =0, in , G(a,-)=0 on 09.

Its singular part is given by I'(a,z) = (1/(27))log(1/|x — a|) and its regular part
is the unique function H(a, - ):x — H/(a,z) satisfying

A;H(a,-)=0 inQ, H(a,z) =T(a,z) on oN.
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Therefore, with above definitions, we have G(a,z) = T'(a,z) — H(a, x).

Inspired by the approach of Bahri-Coron to handle semilinear equation in-
volving Sobolev critical exponent (see [5]), we consider for each (a, 1) € Q2x[1, 00)
the family of functions:

82

4.1 Sa,u(z) =1 € R?
( ) ”u(.')f) 0og (1 + /1/2‘15 . a|2)2 x
which are solutions of the “Liouville equation”:

(4.2) —Au=e" inR? / e < oo.
R2

Consider the “projection on H}(Q)” 84, of d,,,, defined by
(4.3) AQap) = A0ay);  dapu € H ().

These functions d,,,, will be used to study the geometry of the functional (1.7).
For this purpose, we need several estimates on J,,, and Sa,u as 4 — oo. In [22],
in order to study the Palais—Smale property, such estimates have been derived
for a € Q fixed. But in the next section, we shall allow the point a to move
inside €2. Hence in the present paper we will be more precise and take into
consideration both variables (a,u) in our remainders. We first emphasize the
following property of the functions (4.1):

2
1 !
44 +log () =8ar —2log (1+ 55—
(44) dau() Og(8> 8nl(a,) Og( u2|x—al2>’

2
p(z — a) r—a 1
(4.5) (Vaba,u)(@) 1+ 12z — af? |z — af? +O(,u2|x—a|3>

— 87V, T(a,) + O (1) .

12z —
The estimates on 6, , we will use are collected in the following proposition:

PROPOSITION 4.1. Let Q CC R? be a domain of class C1, (a,p) € Qx[2,00)
and set § :=8,,,. Given f € C*(Q), we have

(4.6) Afe5:8wf(a)+Af(a)O(l(f2M> +o<:2 /(99 &)

Furthermore,

8Pr 1 dx
4.7 P— " 2240 7/ _ ilp>1
.7 /Qe w1 12 Jranq [z — al*® for all p21,

and by setting U(s) = slogs (s > 0), we have

2 1 1
4.8 / ed{é—Hog (N)} = 167 log 2—167r—|—0</ U (—— dx).
(48) Q 8 a 1? Jr2\o (|33 - a|4)
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PROOF. The definition of § and the Green’s identity imply

/Qfe‘sz—/QfA<5+log2</§)> 2
() (o ()% )

Hence, by plugging in this identity the relations (4.4) and (4.5), we obtain

(4.9) /Qfe‘sz —87r/QF(a,~)Af+8ﬁ/m{r(a,.)gi_fargi')}

1
+2/10g<1+2 2)Af
o 2z — ]
1 of 1 1
-2 1 14— —=4+0 — — .
Agog(_%MWaP>6v+ <u%égza3>

By the Green’s representation formula, we have

(4.10) f(a):—/QI’(a, -)Af+/m {r(a, .)%_ aFg‘V")},

and by considering a ball centered at a of radius 2diam (), we check easily that:

1 B log

So using (4.10), (4.11) in (4.9), we finally get
log 1 1
fe® =8nf(a +Af(a)0< >+0</ )
/Q ) I 1 Joo |§ —af®
which is the relation (4.6).
To prove (4.7), a straightforward calculation shows that
o dt 8P1
pé _ ]P _ 2p—2
/Rze ”/o @ p-1"

/ ePd = / 8 ! < ﬁ/ ;7
R2\Q R2\Q P Jpa\q |z — al*?

(T 2l — Py
and so (4.7) follows.
To prove (4.8), we first note that

2

(4.12) / 65{5 +log (“)} = 167 log 1i — 167

o 8
To estimate the remainder, we shall prove (by setting ¥(s) = slog s)

2 2
1
w9 el ) oL ()
R2\Q 1+ p?lz —al R2\Q |z — al

Let

2
Q= R2\Q: —F >4l
e frem e i )
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Since the function W is negative on the interval (0,1) and increasing on (1, c0),
we get

2 2 1 1
o el o)< L ()
R2\Q 1+ p?lz — af? o, \|lz—al* R2\Q |z — al

In order to estimate from below the integral in (4.13), we set M := 2/(1 +2¢'/?)
and define:

2
Qg = R2\Q:—H M
2 {1.6 \ 1—|—M2|$—CL‘2 € (07 )}7
(4.15) )
Qs = R2\Q:— M M.
v={eemnn: ol s e}

For p?2 > 2, we check easily that

1
<lr—af* < — -2, z€Qs.

1 1
61/2§M—§§|x—a|2, T € o, i ,

1
2
Hence, since ¥ is decreasing on (0,e1), we get

112 2 1 1
wo) [l ) = [ e( ) 2 Lo ()
W0 ) T =ar ) 2 o, o= ) 2 7 e \e=ap

Finally, since |Q3] = O(1), we obtain

p ?
4.17 vyl|l—
(4.17) A; q1+ﬁm—a2>

> 04| min ﬁﬂﬁ}zc{éﬂﬂw+(:l).

s€(0,00) |.17 - a’|4

From (4.14), (4.16) and (4.17), we obtain (4.13), which completes the proof of
the estimate (4.8). O

By using the Green’s representation formula, we can estimate the projection
84,y as follows:

PROPOSITION 4.2. Let Q cC R? be a domain of class C'. Given a € ,
consider § == 8,,, defined by (4.3). Then,

2
(4.18) 5(z) = 8(z) + log (*;) — 87H(a,z) + R(a, 1, ),

where the remainder R(a, p, - ) is given by:

2
(4.19) R(a, p, ) := — /SQ log (1 + 1) g—(j(x,f) dg.

p2|€ — al?

PrOOF. The function h := § — 0 + log(u?/8) satisfies

1

T+ 2l = a2

Ah=0 1inQ, h = log on 0f.
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Therefore, by using the Green’s function G of 2, we have:

7 ut oG
)= = [ 08 ot gy, O

- 1 p2le —al? \* G

“/m{log € ap T8 (Hus—l) }aﬂv@dé
1 206G

:87TH(04739)+/6910g <1+M) a(l',f)dg,

and so (4.18) follows. O

When the domain is of class C%®, the function

u(x) = /8 0C 1.6 de

o Ov
is in L*°(£2). So for such domains, Proposition 4.2 yields:
2
< p 1 d§
4.20 6=5+log<>—87rH(a,-)+O</ )
( ) 8 1? Joq 1€ — al?
In particular, since [, |Vé|? = [,de’, we deduce from (4.20) together with

Proposition 4.1 the following estimate:

(4.21) / |Vo|? =167 log u* — 167 — (87)*H (a, a)
Q

1 1 1 dx
+o</ \p+7dz+—/ )
w2 R2\Q (\x - a|4) 12 Joq v — al?

Furthermore, we also get

(422)  log ( /Q 65) " log (‘;) tlog ( /Q esﬂHweé)
1 dg
+O<u2 /asz s—a|2>

= log(p?) + log(r) — 87 H(a, a)

1
+ 87 H(a,0) { |V, H(a, a)|20( O;”)

1 de 1 de
+O(#2/¢99 £—a|3>} +O<u2 /m s—a|2>‘

Hence consider a C%® domain Q and K CC Q. Then, whenever a € K, estimates
(4.21) together with (4.22) yield

(2.23) J(\,6) = (87 — X) log pi® + @H(a, a)

~ 1
— 81 — 8w log (|7TQ|> +T(0) +O( 052/1).
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In order to use these functions ¢ without making any assumption on the
boundary, we shall several times proceed as follows. Take a C?* domain QcQ
and consider in this domain the projection 8, := 04, , of the function dq,,,
defined by (4.1):

—AJ, = dann 5, € HL().
Extend then d,, in the Hg(Q)-function:

- Sapu(z) ifze,
(4.24) dapu(x) = ~
0 ifzeQ\Q.

But note that if the boundary 9 is of class C%“, the consideration of the
open set Q and of d, ,, is useless. In such a case, it is sufficient to consider the
projection of d, , in €.

5. Existence of minimizers

5.1. Global minimizers. When 7" = 0, it is well-known that as a con-
sequence of the Moser-Trudinger inequality (see [27]), the functional J(A, -)
defined by (1.7) is bounded from below if and only if A < 87. In the presence of
the linear form 7', we have the following:

PROPOSITION 5.1. Let Q CcC R2. Consider the functionals J(X, -) given
by (1.7) and Ty defined by (1.12).

(a) The functional J(X, -) admits a minimizer for each \ < 8w;
(b) If (To)~ € L>(Q), then J(8x, -) is bounded from below;
) If (To)~ & L2.(2), then J(87, ) is unbounded from below. More pre-

(C loc
cisely, there exists a sequence of functions 84, , defined by (4.24) such

that

(5.1) lim ||Vgawu” =00 and lim J(SW,SGWH) = —o0;
pH—00 H—00
(d) If A > 8w, then the family of functions ga,# (for some fized a € Qc Q)
defined by (4.24) satisfies:

(5.2) Mli_}rr;oHVga’HH =00 and lim J(\8,,) = —oc.

=00

PRrROOF. (a) As in [8], [17], the Moser-Trudinger inequality implies that the
functional (1.7) is sequentially lower-semicontinuous for any A and coercive when
A < 87 (with respect to the weak topology). So the existence of a minimizer for
each A < 87 follows.
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(b) For each A < 8, consider a minimizer u, given by Proposition 5.1. Note
that by using Tp as a test function in the equation (1.8) satisfied by uy, we get

euxr A
5. To=\| —— Ty — = To|?
(5.3) /wa 0 /Qerux 0 IQI/le ol
B A
> =A(To) " |loo — @HVToH%

Therefore, the infimum of J(J, -) can be estimated as follows

1 9 1 us )\/
(5.4) J(/\,uA)—2/Q|Vu>\\ Alog(m/ge )+|Q QVTOVuA
3 J, 7o v (g [
>— Vuy|® = Alog | — | ™
2 Q| A €2 Ja

A2 ( - IIV%H%)
— 2 1T) |l + .

The Moser—Trudinger inequality shows that the right hand-side of (5.4) is uni-

formly bounded from below as A — 8. The conclusion of the second statement
follows then easily.

(c¢) By assumption, there exists a ball B CC  such that (Tp)~ ¢ L>®(B).
Since C§°(€2) is dense in H§(€2), for each y > 1 we can choose ¢, € C§°(£2) such
that

1
(5.5) IV(en = To)ll2 < ek

Note that given R > 0, the set B = {¢ € L*(Q) : ¢l < R} is closed in
L?(Q2) (since strong convergence in L?(2) implies a.e. pointwise convergence, see
Theorem IV.9 in [6]). In particular, the set {¢,:y > 1} cannot be bounded in
L>(B). Hence along a sequence a, € B, we must have

(5.6) pula,) — —oo0, a, —peEB.

Take a C%* domain  such that B CC Q C Q, and consider the functions
8, = da, . defined by (4.24). In order to apply the estimates of Section 4, we
note that:

w=pl oy diam(B) . for all (b,2) € B x (R2\ ),

5.7 7
(57) |z =0 = dist (OB, 09) ~

where p is defined in (5.6) and Cp is a finite constant since dist(9B, 9) > 0.
Consider now the Green function G of the domain 2 and its regular part H.
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Using (5.7) and applying (4.23) in the domain Q with A = 87, we get

(5.8) J(sw,SH):%/ﬁwm—Alog (@/ﬁ&)
() e 52

- (8;)23(%,%) 8 — 87 log (IQ) + 0(1052“) - ?ZIT(S)'

By considering the trace of Tj on Q and applying Green’s Theorem, we have:

(5.9) 7(G,) = / VI,V3, / 17, 20u 4 / Tyeb
S o Ov a

db,
= [ G+ [@-ene+ [oen.

By differentiating (4.18) with respect to the variable z, using (4.5) and the
fact that 99 is of class C*?®, we obtain:
08 oG 1 dé¢ ~
5.10 —(z) =8r—(a,x +O( / ) for all z € 092.
(G100 5y =87, D O o = ap

Therefore, by taking into account (5.7), the boundary integral in (5.9) can be

written as
(5.11) / Toaai 877/8§T0(§)8G(;5’£) df—i—O(:Q).
By applying (5.5), (4.7) and (5.7), we get
612 [ [Tl < IV - el =0, )
The last integral in (5.9) can be estimated using (4.6) with (5.7) leading to:
(5.13) /ﬁ(pue‘s“ = 8mp,(a,) + O(lcfZ“).

By plugging in (5.8) the relation (5.9) together with the estimates (5.11) to
(5.14), and reminding that a, converges to an interior point of €2, we get

(5.14) J(87T,gu) = 8rp,(a,) + O(1).

Hence letting i — oo in (5.14) and using (5.6), we deduce that J(87T,gu) tends
to —oo, and furthermore gwt is unbounded in H}(Q) by (4.21).

(d) Choose Q of class C22 in Q, a € Q and the functions ga,u defined in (4.24).
On the one hand, (4.21) shows that ga,u is unbounded in Hg(£2). Furthermore,
by applying (4.23) and using |T'(u)| < ||T||||Vul|2, we deduce that

(5.15) J(A0a) < (87 — ) log p® + O(1) + O(y/log pi2).
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Hence, for each A > 87, we have J()\,ga’#) — —00 as [t — 00. O

Under the assumption of the statement (b) of Proposition 5.1, the test func-
tions (4.24) together with the estimates (4.21) and (4.23) show that the func-
tional J(8, ) is never coercive for the weak topology of H (). So existence
of global minimizer for this critical value becomes more subtle. When 7" = 0,
and ) simply-connected, a condition on the domain ensuring the existence of a
minimizer has been obtained in the work of Chang and al. [9].

5.2. Existence of local minimizers. Let us prove first that under a small-
ness condition on 7, the functional J(\, -) admits a local minimizer. To this
end, besides the eigenvalue Ay := A;(Q) defined by (1.11), we shall introduce
the following constant:

(5.16) S = inf{ m!Q’ o eUR)\ {0}},

where the space U(Q2) is defined by (1.10). Before stating our first existence
result, we need:
LEMMA 5.2.

(a) For any Q CC R?, we have 87 < A1]Q].
(b) For each A < A1|Q|, consider the function w := w(A,Q, -) defined by:

A\t A 2
1 = (1o 2 )2 T g2,t7/(8m) '
(5.17) w(t) ( A1|Q|>2 S’3|Q|1/2t e , t>0
Then, sup,so{w(t)} > 0 and there exists Ry > 0 (unique) such that

(5.18) w(Ro) = sup{w(t)}.

t>0

PRrROOF. The fact that 87 < A;|2| has been proved in [24] and a more de-
tailed discussion can be found in [13]. To prove the existence of Ry, we just note
that

AN 1
/ . _ L " . —
w'(0) = <1 A19|) 5> 0, w"’ <0, t%w(t) 00.

Moreover, this maximum is strictly positive and depends only on the parameter
A and the geometry of the domain (actually the constants A; and 5). g

The motivation of introducing the function (5.17) will become clear from the
proof of the following proposition:

PROPOSITION 5.3 (A local minimizer). Let A < A1|QY| and consider the con-
stants Ry, w(Ry) (depending only on X\, Q) given by (5.18). Assume

(5.19) Q7T = 1 -1 < A w(Ro).
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Then, in the ball B(0, Ry) C H}(Q) we have
(5.20) J(A,0)=0 and J(\u)>0 forall|ul| = Rp.
In particular, J(X, -) has a local minimizer my € B(0, Ry) such that

J()\,m)\) <0.

PROOF. Denoting by @ := (1/|2]) [, u, we have
(5.21) J(hu) = 1/ V(u— )2 — Alog (1/ e[“_"]) + 2 - 1))
' ’ 2 Jo 2] Jo €
A
=Q(u) — AR(u) + ﬁ(T —1)(uw),
where we have set

Q(u)Z;{ Q|V(u—u)|2_|;‘2|/ﬂ[u_u]2}7

R(u) = log (|1Q|/Qe[“”}> - ﬁ /Q[u — )%

On the on hand, by the definition of Ay (see (1.11)), we have

1 A 9
(5.22) Q)2 3 (1 g ) IVull

Let us estimate R(u). Setting w := u—u and using the inequality log(1+2x) < z,

AR N At

o= L} (]

By using the Moser—Trudinger inequality, we know that

we have:

1
(5.23) @/ e < Cqel VwlIZ/6m)  for all w € U,
Q

and by using a result of [25], we note that the best constant Cq in above in-
equality is given by Cn = 1. Furthermore, from the definition of the constant S
(see (5.16)), we have:

| V|3 el Velz/8m)

1
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Hence from (5.21), (5.22) and (5.24), we obtain:

A Va2 A 2 [Vull2/
2 > 1— _ ul|3/(8m)
(5 5) J(/\vu) —HVUHQ{( A1|Q|> 2 S3|Q‘1/2”Vu”2€
A
AT =1y
|Q||| -1 Vull2

A
— 19 ul{ (1 9ull) = T = s},
where w is the function defined by (5.17). Hence, the assumption (5.19) together
with (5.25) imply the property (5.20).
Now, classical arguments show the existence of a local minimizer m) €
B(0, Ry) for J(A, ). More precisely, let u, be a minimizing sequence:

JN\ uy) — inf{J(\,u):u € B(0,Rg)}, u, € B(0,Ryp).

Since u,, is bounded, it converges to some my € B(0, R) in the week topology of
H{ (). Recalling that the mapping Hj(Q) — R, u — [, e* is weekly continuous
(see [2]), and the same holds for T, we get J(A\, u,) > J(A,my). Therefore

J(A,my) =inf{J(\,u):u € B(0,R)}.

Since J(A,my) < J(A,0) = 0 and J(A, ) is strictly positive on 9B(0, Ry)
by (5.20), we get myx € B(0,Rp) (namely m) cannot be on the boundary).
So my is a local minimizer of J(A, -). O

Since A1]€2] > 87 (see Lemma 5.2), above Proposition can also be applied
when the parameter is equal to 87. For example, let Q be a disk of radius R. If
T = 0, the Pohozaev identity shows that the problem (1.8) has no solutions for
A > 8m. But let us choose for example T to be defined by the L!-function:

{1 if e < |z| < R,

(5.26) Tle) = -1 if |z] <e.

Then, for & small enough, Proposition 5.3 applies and shows that problem (1.8)
has a solution when A = 8.

6. Multiplicity for a mean field equation

It is known that the Palais-Smale condition for the functional (1.7) fails at
each value A = 87N (for each N € N), while this compactness condition is not
well understood for the other values of the parameter. Based on our previous
results, we will nevertheless be able to prove existence of critical points that are

not minimizers.

PROOF OF PROPOSITION 1.3. (a) By applying Proposition 5.3, we derive
easily for each A € (A9 — dp, Ag] the existence of a local minimizer my which has
the property J(\, my) < 0.
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(b) Consider X € (8m,A1]Q2). By using (5.20) and (5.2), we see that the
assumptions (3.1) are satisfied in the Hilbert space H{ () with

I:=J\ ), hg=0, and h;:= ga# (with p large enough),

namely J(A, - ) has a mountain pass geometry. By defining ¢ as in (3.2), we note
that ¢ > 0. Hence, Theorem 3.1 gives a sequence (A, u,) € (0,\] x H}(£2) such
that

DyJ(Anyun) =0, Ay — X, J(An,up) > 0.

Hence for n large enough (to ensure A, € (Ao — dp, Ag]) we have
J()\mm/\n) <0< J(/\mun)7

and therefore my, # uy,.
(c) By using (5.201) and (5.1), the same proof of statement (b) allows to
conclude. O

REMARK 6.1. (a) Note that in dimension two any point has H!-capacity
zero. Therefore, given a € Q and ¢, M > 0, it is always possible to find a
function f € C§°(€2) such that:

(6.1) IAfllg-1 <& and f(a) < —M.

So one check easily the existence of a linear form T satisfying the assumptions
of Proposition 1.3.

(b) Instead of assuming Ty to be unbounded from below, it is enough to have
an assumption on Ty which ensures the infimum of J(87, -) to be strictly less
then the energy of the local minimizer. This can be investigate by considering
again the projections 0 := ga,u as defined in (4.3). After some calculations one
sees that the minima of the following function come into play:

Q—R, a—4rH(a,a)+ To(a).

Let us now give a result about existence of radially symmetric critical points
when the domain is a ball. Consider the following spaces of radial functions:

(6.2) L™(Q) := {u € L*(Q) : uradial}, HF*(Q) := Hy(Q) N L™(Q).

The orthogonal of H?(Q) in H}(Q), with respect to the inner product defined
by (u,v) — [, Vu- Vv, will be denoted by Hg™(€2). We say that '€ H™' is
radial if T'(§) = 0 whenever £ € HJ™(Q).

PROPOSITION 6.2. Let Q = B(0, R) be a ball. Assume Mg € (8w, A1]Q|) and
T be a radial linear form satisfying (1.13). Then we can find a dense subset
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D C (Ao — do, Mo] N (8, o] such that J(A, -) has two radially symmetric critical
points for each A\ € D.

PRrROOF. Let J™(A, -) be the restriction of J(A, -) to H{*(2). Then we check
easily that the conclusion of Proposition 5.3 holds for J™(A, -) in an interval
(Mo — 0, Ao]. Then we can follow the proof of Proposition 1.3, but by working
now in the Hilbert space HE*(€2). Therefore given A € (Ao — o, Ao] N (87, Ag], we
deduce the existence of u,,m, € H*(2) such that

Dqua(Anamn) = Du']ra()\nyun) = 0> )\n - X7 >\n < X,
T Ay ttn) > 0> T (Ap,my).

At this step (un, my) are two different critical points of J*(A,, ). But well-
known arguments show that if ug is a critical point of J**(J, -), than ug is also
a critical point of J(A, -). Indeed we have

(6.3) / Vg VE™ = \ / U ern A peny, for all €0 € HIMQ),
Q o Joeuo 12

Decompose now & € H}(Q) uniquely as & = £ + €27, On one hand T(§) =
T (&™) (by assumption). On the other hand, since e¥0 € L™(Q2) one can prove
that [, e"0&"™ = 0. Hence, we deduce readily that the identity (6.3) keeps
holding for any test function & € H}(Q). O

REMARK 6.3. When the domain is an annulus A and T is radial, existence
of radial critical points for the functional J(\, ) are easier to derive. Indeed, the
continuous injection H{*(A) — L*°(A) implies readily that J(A, -) restricted to

H{?(A) has a minimizer for any A € R.

Our results give existence of two solutions for D C A. If furthermore some
a priori estimates are known on the set of solutions we have constructed, then
standard arguments will show that this multiplicity result keeps holding for any
value A € D. If for example 9Q and Ty := ALN(T) are of class C?¢, the
arguments of Ma-Wei [26], Brezis—Merle [7], Li-Shafrir [19] imply that the set of
solutions to Problem (1.8) for A belonging to some compact interval of (0,00) \
{87N : N € N} is bounded in norm L*°(£2). In this case our existence results
proved in this section hold on a full interval E removed from the eventual value
8TN contained in E. If furthermore T° > 0, the refined blow-up analysis of
Chen-Lin ([10, Theorem 6.2]) shows that actually the result of multiplicity hold
on the full interval E (even at the possible value 87N contained in E).

REFERENCES

[1] A. AMBROSETTI AND P. H. RABINOWITZ, Dual variational methods in critical points
theory and applications, J. Funct. Anal. 14 (1973), 349-381.



(2]
(3]

[4]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

24]

A DEFORMATION LEMMA WITH AN APPLICATION TO A MEAN FIELD EQUATION 137

T. AUBIN, Nonlinear analysis on manifolds. Monge—Ampére equation,, Springer—Verlag,
Berlin, 1982.

A. BAHRI, Un probléme variationnel sans compacité dans la géométrie de contact, C.
R. Acad. Sci. Paris Sér. I Math. 299 (1984), no. 15, 757-760.

, Pseudo-orbits of contact forms, Pitman Research Notes in Mathematics Series,
vol. 173, Longman Scientific & Technical, Harlow, 1988.

A. BAHRI AND J.-M. CORON, On a nonlinear elliptic equation involving the critical
Sobolev exponent: the effect of the topolgy of the domain, Comm. Pure Appl. Math. 41
(1988), 253-294.

H. BREzIs, Analyse fonctionnelle. Théorie et applications, Masson, Paris, 1983.

H. BrEzis AND F. MERLE, Uniform estimates and blow-up behavior for solutions of
—Au = V(z)exp(u) in two dimensions, Comm. Partial Differential Equations 16 (1991),
1223-1253.

E. Cacriorl, P. L. Lions, C. MARCHIORO AND M. PULVIRENTI, A special class of sta-
tionary flows for two-dimensional Fuler equations: a statistical mechanics description,
Comm. Math. Phys. 143 (1992), 501-525.

S.-Y. A. CHANG, C.-C. CHEN AND C.-S. LIN, Eztremal functions for a mean field
equation in two dimension, Lecture on Partial Differential Equations, in honor of Louis
Nirenberg’s 75th birthday, Chapter 4,, International Press, 2003.

C.-C. CHEN AND C.-S. LIN, Sharp estimates for solutions of multi-bubbles in compact
Riemann surfaces, Comm. Pure Appl. Math. 55 (2002), no. 6, 728-771.

, Topological degree for a mean field equation on Riemann surfaces, Comm. Pure
Appl. Math. 56 (2003), no. 12, 1667-1727.

W. Ding, J. JosT, J. L1 AND G. WANG, The differential equation Au = 8t — 8whe
on a compact Riemann surface, Asian J. Math. 1 (1997), 230-248.

A. GRECO AND M. Lucia, Laplacian eigenvalues for mean zero functions with constant
Dirichlet data, Forum Math. (to appear).

L. JEANJEAN AND J. F. TOLAND, Bounded Palais—Smale mountain-pass sequences, C.
R. Acad. Sci. Paris Sér. I Math. 327 (1998), no. 1, 23-28.

B. KAwoHL, Rearrangements and convezity of level sets in PDE, Lecture Notes in Math-
ematics, vol. 1150, Springer-Verlag, 1985.

J. L. KAzDAN AND F. W. WARNER, Curvature functions for compact 2-manifolds, Ann.
of Math (2) 99 (1974), 14-47.

M. K.-H. KIESSLING, Statistical mechanics of classical particles with logarithmic inter-
actions, Comm. Pure Appl. Math. 46 (1993), 27-56.

, Statistical mechanics approach to some problems in conformal geometry. Sta-
tistical mechanics: from rigorous results to applications, Phys. A 279 (2000), 353-368.

Y. Y. L1 AND I. SHAFRIR, Blow-up analysis for solutions of —Au =V exp(u) in dimen-
ston two, Indiana Univ. Math. J. 43 (1994), 1255-1270.

Y.-Y. L1, Harnack type inequality: the method of moving planes, Comm. Math. Phys.
200 (1999), 421-444.

J. LIOUVILLE, Sur ’équation auz différences partielles d?log \/(dudv) £ \/(2a%) = 0,
J. de Math. 18 (1953), 71-72.

M. Lucia, A Deformation Lemma for a Moser—Trudinger type functional, Nonlinear
Anal. 63 (2005), 282-299.

, A Mountain Pass Theorem without Palais—Smale condition, C. R. Acad. Sci.
Paris Ser. I Math. 341 (2005), 287-291.

, A blowing-up branch of solutions for a mean field equation, Calc. Var. Partial
Differential Equations 26 (2006), 313-330.




138
[25]
[26]
[27]
28]

29]

(30]
(31]
(31]

(33]

M. Lucia

M. LuciA AND L. ZHANG, A priori estimates and uniqueness for some mean field equa-
tions, J. Differential Equations 217 (2005), 154-178.

L. MA AND J.-C. WE1, Convergence for a Liouville equation, Comment. Math. Helv.
76 (2001), 506-514.

J. MOSER, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20
(1970/71), 1077-1092.

T. RicCIARDI AND G. TARANTELLO, On a periodic boundary value problem with expo-
nential nonlinearities, Differential Integral Equations 11 (1998), 745-753.

R. A. SMITH AND T. M. O’NEIL, Nonazisymmetric thermal equilibria of a cylindrically
bounded guiding center plasma or discrete vortex system, Phys. Fluids B 2 (1990), no. 12,
2961-2975.

M. STRUWE, Variational Methods. Applications to Nonlinear Partial Differential Equa-
tions and Hamiltonian Systems, 3rd ed., Springer—Verlag, Berlin, 2000.

M. STRUWE AND G. TARANTELLO, On multivortex solutions in Chern-Simons Gauge
theory, Boll. Un. Mat. Ital. B (8) 1 (1998), 109-121.

T. Suzuki, Global analysis for a two-dimensional elliptic eigenvalue problem with the
ezponential nonlinearity, Ann. Inst. H. Poincaré Anal. Non Linéaire 9 (1992), 367-397.

G. TARANTELLO, Multiple condensate solutions for the Chern—Simons—Higgs theory,
J. Math. Phys. 37 (1996), 3769-3796.

Manuscript received July 6, 2006

MARCELLO Lucia
Universitat zu Koln
Mathematisches Institut
Weyertal 86-90

50931 Koln, GERMANY

E-mail address: mlucia@math.uni-koeln.de

TMNA : VoLUME 30 — 2007 — N° 1



