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MONOTONE ITERATIVE METHOD FOR INFINITE SYSTEMS
OF PARABOLIC FUNCTIONAL-DIFFERENTIAL EQUATIONS
WITH NONLOCAL INITTAL CONDITIONS

ANNA PUDELKO

ABSTRACT. The nonlocal initial value problem for an infinite system of
parabolic semilinear functional-differential equations is studied. General
operators of parabolic type of second order with variable coefficients are
considered and the system is weakly coupled. We prove a theorem on exis-
tence of a classical solution in the class of continuous bounded functions and
in the class of continuous functions satisfying a certain growth condition.
Partial uniqueness result is obtained as well.

1. Introduction

In this paper we prove theorems on the existence and uniqueness of a clas-
sical solutions to infinite semilinear nonlocal initial-value parabolic functional-
differential problems in the class of continuous, bounded functions and in the
class of functions satisfying a certain growth condition. The author continue
studying of infinite systems of functional-differential equations of parabolic type
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102 A. PUDELKO

(cf. [10], [11]). The result obtained in this paper is a generalization of that re-
ported in [10], namely it extends the previously results in direction of nonlocal
initial condition.

Conditions of this type are considered for example when the precise measure-
ment of the quantity u(zx,0) is imposible and the measurement of the quantity

(L.1) u(0,2) + Y hj(@)g;(x,ulz,)
j=1

can be more precise. Situation like this takes place for instance while measuring
a small amount of diffusing gas with not enough precise instrument. When in
such situation the difussion is observed in time intervals the nonlocal conditions

of the form
1

T2;
9;(z, U|Zj) = Ty, — Thj_ /szl u(z,7)dr,

are considered. As another example can serve the investigating of emission spec-
tra of stars that makes it possible to calculate their temperature. Thus, the prob-
lem of calculating the temperature of star redudes to studying of light impulses
of star that reach the observer in the Earth. Since optical density of medium in
outer space changes in time, the average velocity of light between star and the
observer in the Earth changes in time as well. And in consequence the observer in
the Earth can receive the light impulses u(x, to), hi(z)u(x,t1),. .. , h.(x)u(z, ;)
emitted in diffrent moments of time t, ... , ¢, simultaneously. This leads to the
condition in the form (1.1) with functions g;(z,u|z,) = u(x,t;).

Existence and uniqueness of differential-functional parabolic systems with
these kind of nonlocal conditions in bounded domain were investigated by By-
szewski among others in [3], [4].

To obtain the solution of considered problem monotone iterative method
(cf. [8]) are used. Monotone iterative technique coupled with the method of
sub- and supersolutions, provides an effective mechanism ensuring constructive
existence results for nonlinear problems. The lower and upper functions serve
as bounds for solutions which are improved by a monotone iterative process. In
this process we construct two sequences which approximate the desired solution
uniformly and monotonically. We use some results on differential inequalities to
show that sequences obtained by monotone iteration consist of sub- and super-
solutions, as well as to get their uniform convergence of these sequences.

The first classical initial-boundary value problem for infinite systems of weak-
ly coupled differential-functional equations of parabolic type was dealt with using
the same monotone iterative technique in [2].

This paper is organized as follows. In the next section we formulate the
problem under consideration. In Section 3 necessary notations and definitions are



PARABOLIC SYSTEMS WITH NONLOCAL INITIAL CONDITIONS 103

introduced. We also formulate some general assumptions. Section 4 contains the
theorem on the existence and partial result on uniqueness of bounded solutions.
In the last section we state and prove result analogous to that from Section 4
but for unbounded continuous solutions satisfying a certain growth condition.

2. Problem statement

Let S be an infinite set of indices. Let T > 0 and Q = {(¢,z) : t € (0,T], = €
R™}. Moreover, let tg, k = 1,...,2r be real numbers such that 0 < t; < ... <
to, < T and let Zy := [tag—1,t2x) X R™, where k =1,... ,r

Let B(S) be the space of bounded mappings

£:S3i— ¢ €R such that sup{|¢']:i€ S} < o0

endowed with the supremum norm
1€l B¢s) = sup{|€°] : i € S}.
For every nonempty set X C R™ we denote by Cg(X) the space of mappings
w: X > x — w(x) € B(S), where w(z):S 31— w'(z) €R,

and the functions w’ are continuous in X. For w we use the notation w =
{w'}ics, as well.

Let f = {f"}Vies, ¢ = {¢'}ies, 95 = {9} }ies and hy = {I}}ies, j=1,... 7
be given functions such that

[ xB(S) xCs() — R, ¢":R™ - R,
g;:Rm x Cs(Z;) — R, h;:Rm — R

Let u = {u'};cs, where each ' is an unknown of the variables (¢,z) =

(t,z1,...,Tm), and set
Fio= E—A’ A’:zj%zjlaék(ma o ;bztx c'(t, ).

The purpose of the paper is to find, using the monotone iterative method,
a function u = {u'};ecs such that v’ € C12(Q) and is Hélder continuous with
respect to = uniformly in ¢ and satisfies the following infinite system of weakly
coupled (!) semilinear parabolic nonlocal initial-value problem

(2.1) Filu')(t, ) = fi(t,z,u(t,z),u) for (t,x) € Q, i€ S,

(2.2) u(0, 2 +Zh x)gj(x,u|z;) = o(x) for x € R™,

(!) That is every equation contains all unknown functions and derivatives of only one
unknown function
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where functions f = {fi}ics, ¢ = {¢'}ties, hj = {hé}ies and g; = {gﬁ}ie&
j=1,...r satisfy some assumptions. The function u (as above) is said to be
the solution of the system (2.1)—(2.2).

3. Notations, definitions and assumptions

For any &,€ € B(S) we write £ < £ if £ < £ for all i € S.

Let CBg(X) denote the space of functions w = {w'};cs, such that w €
Cs(X) and each w' is bounded on X. This space, endowed with the supremum
norm

Jwlly = sup{lw'(2)] : o € X, i € S},
is a Banach space.

In space CBg(Q) we define a functional | - |0+ by the formula
lwllo.e := sup{|w’(f,2)| : (f,2) €0, t<t, i€ S}

for w € {w'};es € CBs(Q), t € [0,T7.

In the space C's(€2) the following partial order is introduced: for 2,z € Cs(Q),
and t € [0,7T] the inequality z <' Z means that z(r,z) < Z(7,z) for all z € R™,
T € [0,t].

We notice that the notation f(¢,z,u(t,z),u) means that the functions f°
are the functional of the function u. We consider the functional dependence of
Volterra-type, i.e.

(V) for any (t,z) € Q, u,u € Cs(), i € S the following implication holds

u<'u = fUt,x,ult,x),u) < fi(t,z,ut,x),aq).

This means that the values of the reaction functions fi(¢,z,u(t,x),u), i € S
depend only on the past of history of the process. Therefore, such functionals
can describe delays and deviations or be integrals “over past”. Many interesting
models of this type applied in natural science can be found in [13].

Now, we recall the definitions of subsolutions and supersolutions.

Functions v = {v'}ics, w = {w'}ies such that v',w’ € C12(Q) and are
Holder continuous with respect to x uniformly in ¢ for all ¢ € S and satisfy the
system of parabolic semilinear functional-differential inequalities together with

nonlocal initial inequalities
F(t ) < fi(t,z,o(t 2),0), for (t,z) € 2, i € 5,
v(0,z) + Z hj(x)gj(z,v|z,) < @(xz) for z € R™,
j=1

Filw(t,x) > fi(t,z,w(t, ), w), for (t,z) € Q,i € S,
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w(0, z) —l—Zh (r)gj(z,wlz,) > ¢(x) forxzeR™

are called, respectively, a subsolution and a supersolution for problem (2.1)—(2.2)
in Q.
Throughout the paper we will assume:

(P) the operators F?, i € S are uniformly parabolic in §, i.e. there is u > 0

such that
> a(ta)gs > ny &
Gk=1 j=1

for all (t,2) € Q, £ = (&1,... ,ém) ER™ and i € S.

(H:) the coefficients aék(t,x)7 b;:(tgzc)7 ci(tw), 1 €8, j7k =1,... ;M are
bounded, continuous functions in €2 such that aj,(t,z) = ay;(t, )
and satisfy the following uniform Hélder conditions with exponent «
(0 < a<1)in Q: there exists H > 0 such that

|aji (t, @) = afy (¢, 2')| < H(lw — a'|* + [t = ¢/|*7?),
b5 (t, @) = bj(t,2)| < Hlz — 2’|,
|c'(t,2) = ¢'(t,2')| < Hlw — 2|

for all (¢,z),(t,2') € Q j,k =1,...,m, and i € S, where | - | denotes
the Euclidean norm in R™.

Now, let us recall a theorem on the existence of fundamental solution and its
estimate, whose proof can be found in [6] or [7].

LEMMA 3.1. If assumptions (P) and (H) hold then there exist fundamental
solutions T (t,z; 7, &) of the equations Filu'](t,x) = 0, i € S, and the following

inequalities

* _ 2
Pt gl < clt—r) e (- L), e
hold for some p* < p where pu* depends on p and H whereas ¢ depends on u, «,
T and the character of continuity k. (t,z) in t.

Let us notice that from the proof of this lemma and the above assumptions
on the coefficients of the operators F*, i € S it follows that the constants ¢ and
w* are independent of .

By S we will denote in Section 4 the set of all bounded classical solutions
of problem (2.1)—(2.2) and in Section 5, S will denote the set of all classical
solutions of this problem that satisfy the growth condition of the form

' (t,2)] < Dexp (6(t)]=]).
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For each two functions u,u € S we define an equivalence relation ~ by

formula

Zh )9 (2, u|z,) Zh )gj(x,ulz,) forx e R™, ieS.

By N, (Q) we denote an equivalence class of element u € S.
Before ending this section we introduce the following notation.
For every sufficiently smooth function 3, let v = P[] be the unique solution

of the initial value problem
Filyi(t,z) = fi(t,:c,ﬂ(t,x),ﬂ), for (t,z) € Q, 1 € S,

1
3.1) 7(0,7) = p(x Zh )gj(x, Blz;) for x € R™.

4. Bounded solutions

In this section we construct two sequences of successive approximations as so-
lutions of some linear infinite systems of functional-differential equations. These
sequences converge to a common limit. We prove that this limit is a desired
solution of the equation (2.1) with nonlocal initial condition (2.2).

First, let us formulate the following assumptions.

ASSUMPTIONS 4.1. All components fi(t,z,s,p) of f = {f'}ies are

(Cy) continuous in Q x B(S) x CBs(Q);

(By) uniformly bounded in Q x B(S) x CBg(f);

(Iy) weakly increasing with respect to s and p;
)

(Ly) Lipchitz continuous with respect to s and p: there exists Ly > 0 and

Lo > 0 such that
|fi(tx,8,p) = [1(t,2,5,P)| < Lalls = 3l 5es) + Lallp = Pllos

for (t,z) € Q, 5,5 € B(S), p,p € CBs(Q).
Moreover, for all u € CBg(Q) the functions fi(t,z) = fi(t,z, u(t,z),u),
where (t,z) € Q, i € S are
(Hy) locally Hélder continuous with respect to x uniformly int and the Hélder
constants are independent of the function u.

ASSUMPTIONS 4.2. All components hi(x) of hj = {h}}ics, j=1,... ,r are
(Ch) continuous in R™;

(Bp) uniformly bounded in R™;

(On) hi(xz) <0 for z € R™.
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And all components g;:(:v,p) of g; = {gé}ies, j=1,...,r are
(Cy) continuous in R™ x CBg(Z;);
(By) uniformly bounded in R™ x CBg(Zj);
(Lg) Lipchitz continuous with respect to x and p: there exists Ly > 0 such
that
|95 (2, p) = 9;(%, P)| < Lyg(|Jx — Z[ + [Ip — pllo)
forz,2€Q,p,pe CBs(Z;), j=1,...,r,i€S;
(I4) weakly increasing with respect to p:

p.p € CBs(Z;), p<p in Q] = [gj(z,p) < gj(x,p), © € R™]

j=1...,r,i€eS.

REMARK 4.3. Let the functions f! = fi(t,x,s,p), i € S, satisfy condition
(If) from Assumptions 4.1, g; = gé(x,p), 1€S8,j=1,...,r, satisfy condition
(I4) and (0z) from Assumptions 4.2. Then the operator P is weakly increasing.

PROOF. Let (1,82 € CBg(Q) be such that 8; < By for (t,2) € Q. Let v,
72 be the unique solutions of the initial value problem (3.1) with 8 = (1 and
B = (s, respectively. Conditions (Iy) from Assumptions 4.2 implies

(41) ‘7:1[’}/1 - ")/%](t,l‘) = fi(t7x761(t7x)761) - fi(t,x,ﬂg(t,fb),ﬂg) <0

for (t,x) €, i € S.
By conditions (I;) and (05) from Assumptions 4.2 the following inequality
holds

42)  (n—7)0,2)=- Z hi(@)lg;(, B1lz;) — 9;(x, B2]2;)] <0

for x € R™.
Consequently, using Collorary 1 from [10], we obtain by (4.1) and (4.2)

m(t,z) < y(t,xz) for (t,z) € Q. O

ASSUMPTIONS 4.4. There exists at least one pair vo = vo(t, ), wy = wo(t, )
in CBg(Q) of a subsolution and a supersolution of problem (2.1)—(2.2) in Q which
are Holder continuous in x uniformly with respect to t, vo(t,z) < wo(t,x) for
(t,z) € Q and vo(0, 1) = wy(0, ) for x € R™.

Now, we state and prove the theorem on the existence of solution of problem
(2.1)—(2.2) obtained by a simple iterative method, i.e. starting from the subso-
lution vy and the supersolution wg we define v,, := Plv,_1], w, = Plw,_1],
n=1,2,.... Thus, at each step we have an infinite system of linear functional-
differential equations. The sequence of successive approximations converges to
the desired solution with power speed.
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THEOREM 4.5. Let the conditions (P) and (H;) hold. Suppose that every
component ' of the initial data p = {¢'}ics is a bounded continuous function
on R™. Moreover, let Assumptions 4.1, 4.2 and 4.4 hold. Consider the following

recursive infinite systems of linear equations:

Fob](tm) = f(t, @, vn-1(t,2), vn1),
(44) fi[wi](taw) = fi(t,m,wn_l(t,x),wn_l),

n

for (t,x) € Q, i € S, n=1,2,... with the nonlocal initial conditions of the form

r

(4.5) v (0,2) = — Z hj(x)gj (2, vn-1lz,) + ©(z),
(4.6) wp(0,2) = —Zhj(x)gj(x,wn_ﬂzj) + (),

forx e R™ i€ S, respectively. Then

(a) there exist unique classical bounded solutions v,, and w,, in Q, for n =
1,2,..., of systems (4.3), (4.4) with the nonlocal initial conditions (4.5),
(4.6), respectively;

(b) v, and w,, n=0,1,... are subsolutions and supersolutions for problem
(2.1)-(2.2) in Q;

(¢) we have

(4.7) wvo(t,z) <...<wv,(t,x) <vppi(t,x) <

< wpi1(t,z) Swg(tx) < ... <wg(t,x)

for (t,x) €Q, n=1,2,...;

(d) lim,,— oo [wl (¢, 2) — vE (¢, 2)] = 0 uniformly in Q, i € S;

(e) u(t,x) = lim,_c vn(t, ), where the limit is meant in the uniform sense,
is a classical bounded solution of problem (2.1)-(2.2) in Q. Moreover,
u(t,x) is Holder continuous with respect to x uniformly in t;

(f) in the class of all functions belonging to N, () the function u is the
unique solution of problem (2.1)—(2.2) in Q.

Before the proof of Theorem 4.5 let us stress that similarly as in papers
[3], [4] we obtain only the partial uniqueness result, namely there do not exist
two different solutions of problem (2.1)—(2.2) satisfying the same nonlocal part of
initial condition, i.e. equivalence classes of quotient space S/ .. are single-element.
Unfortunately, we still have not the uniqueness result in space S/ .

PROOF. (a) Starting from vy and wg we define vy, wy as solutions of (4.3),
(4.4) with the nonlocal initial conditions (4.5), (4.6), respectively, i.e. v; =
Plvo], w1 = Plwg]. Observe that the systems in question have the following
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property: the i-th equation depends on the i-th unknown function only, there-
fore since vy, wq satisfy Assumption 4.4, the classical theorems on the existence
and uniqueness of solution of linear parabolic Cauchy problems (cf. [6] or [7]) as-
sert that there exist unique solutions v1,w; € CBg(Q) of the above problems and
v1 and w; are Holder continuous with respect to « uniformly in ¢ (cf. [6]). Next,
we define by induction {v,}, {w,} as solutions of (4.3), (4.4) with the nonlocal
initial conditions (4.5), (4.6), respectively, i.e. v, = Plvn—1], wp = Plwn—1], The
preceding reasoning shows that v,, w, exist and are uniquely defined. More-
over, for each i € S, n = 1,2,..., v¥, w’ are bounded, belong to C12(Q) and
are Holder continuous in z uniformly in ¢.

(b) Using the mathematical induction we show that the functions v, are
subsolutions. wvg is a subsolution by Assumption 4.4. Suppose for a fixed n €
N that v, is a subsolution of (2.1)-(2.2) in Q, i.e. v, satisfies the following
inequalities

Fiil(t,x) < fit,x vn(t x), V) for (t,z) € Q, i € S,

v, (0,2) < Zh x)g;j(x,vnlz;) forz € R™.

From the definition of the operator P it follows that
Fih ]t x) = fit,a vn(t x), V) for (t,x) € Q, i€ S,

Un11(0,2) = p(x Zh x)g;(x,vnlz,) forz € R™.

The function v, — v/, satisfies the assumptions of Corollary 1 from [10], thus
its thesis yields

[V — Vi)t ) <0 for (t,z) € Q,
ie.

vn(t, ) < Plu,](t,x) for (t,x) € Q.
Now, condition (Iy) from Assumptions 4.1 and definition of the operator P im-
plies

fi[v'fz—&-l](t’ .13) - fi(tv €, 'Un-‘rl(t’ 33), Un-l—l)
= f'(t.z, va(t,2),v0) = f(t, 2, Plog](t,2), Plon]) < 0

for all i € S, (t,z) € Q. We conclude that v,y is a subsolution as well. The
proof that the w,, are supersolutions is similar.

(¢) The monotonicity of the sequences {v,}, {w,} is a consequence of the
fact that v,, w, are subsolutions and supersolutions, respectively and definition
of P. To finish the proof of thesis (c) it is enough to show the inequality

(4.8) vn(t, ) < w,(t,z) for (t,z) €Q, n=0,1,...
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By Assumption 4.4 the inequality (4.8) holds for n = 0. Now, assume that for
afixed n e N

(4.9) Vn—1(t, ) <w,_1(t,x) for (t,z) € Q.

Since v, and w,, are subsolutions and supersolutions, respectively, the following
inequalities hold

Follt,z) — fi(t,z,vn(t,x),v,) <0< Frwk](t,x) — fA(t, 2wt 2), w,)

for (t,z) € Q, i € S. Moreover, from (4.5), (4.6), (4.9) and conditions (I,), (0p)
from Assumptions 4.2 we obtain

vn(0,2) —wy (0,2) = =Y hj(@)[g; (@, va-1lz,) = gj(x, wa-1|z,)] <0,
j=1

for x € Q, i € S. Thus, by Proposition 2 from [10],
vp(t, ) < wy(t,z) for (t,z) € Q.

Therefore, by the mathematical induction, (4.8) is true.
(d) Let

(4.10) mt (t,z) == wh (t,x) — v’ (t, ).

Using the mathematical induction we show that

, Ly + Lo)t|™ —
(4.11) my, (t,x) < NOM, n=0,1,..., for (t,z) € Q, i €85,
n!
where Ny = ||wg — vollo. The inequality for m} is obvious. Suppose that the

inequality (4.11) holds for fixed n € NU {0}. The condition (L), yields

]:i[mit-i-l](mx) = fi(tvx’wn(tvx)’ wn) - fi(t,x,vn(t,x), Un)
< Lillma(t, )|l B(s) + Lallmanllo:-

By the definitions of || - [lo,: and || - [[p(s) and the induction assumption both
lmn(t, z)||B(sy and ||mylo,: are estimated by No[(L1 + Lo)t]" /n!. Thus, finally,

Ly + Ly)"tin

fi[meJrl](t,x) < No( in Q.

n!
Moreover, from (4.10), from (4.7) and from the induction assumption

0<ml,(0,z) <ml(0,2) <0 forzeR™ i€S.

Therefore,

mi,1(0,2) =0 forzeR™, i€ S.
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In order to apply the theorem on differential inequalities, consider the comparison
system

(Ly + Lo)"t1en

F'IM; ]t x) = No oy

for (t,2) € Q, i€ S

with the initial condition M} ,(0,z) > 0 for z € R™, i € S. The functions
M} 4 (t,z) = No[(L1 + L2)t]" ! /(n + 1)! are solutions of the comparison prob-
lem. Thus

Fimi )t x) < FUM} ]t 2) for (t,z) €Q, i€ S,

(4.12) _ :
my, 1 1(0,2) <M ,(0,x) forx e R™, 1€ S.

The inequalities (4.12) imply, by Corollary 1 from [10],

(L1 4 Lo)t]"+

e for (t,z) € Q, i € S,

mf’?ﬁ‘rl(t’ .Z‘) < MZJrl(tv .’L‘) = No
and, consequently, by the mathematical induction, (4.11) holds. As a direct
consequence of (4.11) we obtain thesis (d).
(e) First, notice that, from (4.7) and from thesis (d), there exists a continuous
function u = {u'};cs such that

lim [w’ (¢, 2) —u'(t,x)] =0 inQ, i€ S;
(4.13) e , —

lim [v; (t, ) —u'(t,z)] =0 inQ, i€ S;

n—oo
uniformly in Q for all i € S. Moreover, by thesis (a), by (4.13) and by (L)
from Assumptions 4.2 the function u = {u'},cs satisfies the nonlocal initial
condition (2.2). Now, we prove that u satisfies (2.1). It is enough to show
that « fulfills (2.1) in any compact set contained in 2. Consider the cylinder
Dp = {(t,z) : Z;":l x5 < R? 0<t<T}, where R > 0. Let Ty := {(t,2) :
Z;"Zl acf = R? 0 <t < T} and S% stands for the base of Dg, i.e. the set
{(t,x) : X207, 237 < R? t = 0}. Thus, we only need to prove it in Dg for
any R > 0. Due to assumption (If) from Assumptions 4.1 and the inequalities
(4.7) it follows that fi(t,z,v,_1(t, ), v,_1) are uniformly bounded in Dg (with

respect to n). Therefore the solution v, (¢, z) of the linear system
fi[viz}(tx) :fi(t,x,vn_l(t,x),vn_l), i€S

with suitable initial condition is Hélder continuous with exponent o with respect
to x uniformly in ¢, with a constant independent of n (cf. [6]). Consequently,
u(t, x) also satisfies the Holder condition with respect to « uniformly in ¢. Now,
consider the system:

(4.14) Fil2(t,x) = f(t,z,u(t,x),u), for (t,x) € Dg, i €S
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with the conditions
(4.15) z(t,x) = u(t,x) on g,

(4.16) 20.0) = pla) = 3" hy(a)g;(a,ulz,) on Sk

From conditions (Hy) and (Ly) from Assumptions 4.1 and the fact that u(t, x)
is Holder continuous with respect to z, the right hand sides of this system are
continuous in Dy and locally Holder continuous with respect to . Thus, on
the base of the classical existence and uniqueness theorems for linear parabolic
initial-boundary valued problems (cf. [7]) there exists a unique classical solution
z(t, ) of the problem (4.14)-(4.16) in Dg. On the other hand, by condition (Ly)
from Assumptions 4.1 and by (4.13)
lim fi(t,x, vp_1(t,2),vn_1) = f'(t,z,u(t,z),u) uniformly in Dg.

n—oo

Moreover, the boundary values vy, (¢, ) converge uniformly to u(¢,x) on I'g and
due to the condition (Ly) from Assumptions 4.2 the initial values converge uni-
formly in S%. Consequently, the functional-differential version of the theorem
on the continuous dependence of the solution on the right hand sides and initial-
boundary values (which is a consequence of Theorem 2.1 from [12] and of a similar
argument as in the proof of Theorem 2.1 from [5]) gives

(4.17) lim v’ (t,2) = 2*(t,z) uniformly in Dg.
Thus, by (4.17) and (4.13),
2i(t,x) = u'(t,x) in Dg, for alli € S, for arbitrary R > 0,

which means z(¢,z) = u(t,z) for all (t,z) € Q, i.e. u(t,z) is a classical bounded
solution of problem (2.1)—(2.2).

(f) Let u be the solution of problem (2.1)—(2.2) from thesis (e) and let @ be the
other continuous bounded solution of problem (2.1)—(2.2) such that @ € N, (Q).
Then

(4.18) Fiul)(t,x) — fi(t,z,ult,x),u) = Fal(t,z) — f(t,x,u(t, x),a),
for (t,z) € Q,i € S, and
(4.19) u(0,z) =u(0,z) forz e R™.
Applying Proposition 2 from [10] to (4.18) and (4.19) we obtain
u(t,r) = u(t,z) for (t,z) € Q.

The proof of Theorem 4.5 is complete. (]
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REMARK 4.6. Thus, the existence of solution of problem (2.1)—(2.2) is now
(according to Assumption 4.4) equivalent to existence of suitable subsolution
and supersolution. However, let us notice, that in case of existence theorems
for wide class of problems proved using monotone methods this assumption in
literature is typical (e.g. [2]-[4], [8], [12]). And question of existence subsolution
and supersolution is usually solved for particular problem by indicating them

(e.g. [9]).

5. Unbounded solutions

We denote by CT the space of all positive, real-valued, continuous and non-
decreasing functions defined on the set [0, 7.

For w € Cs(Q) we define the following weighted norms depending on ¢ € C*
(see [1]):

||w||2,¢ =sup sup m|/120 (t,$)| -
€S (t,7)eQ [p(t)] exp (¢(t)|z]?)

and

-
t

w24+ :=sup  sup T ‘/1211 (t,2)] S

ieS perm, 1<t [O(1)]™/% exp (¢(1)|2]?)

Let E§’¢ be the space of all functions w € Cs(f2) such that:
e there exists D > 0 such that for all (¢,2) € Q and all i € S

w'(t, 2)| < Dexp (6(t)]2|*)

for p € C'T.
Obviously, the space EZ’¢ endowed with the norm || - ||2,4 is a Banach space.
Now, we state a result similar to Theorem 4.5, but concerning functions which
behave like |u®(t,z)| < Dexp (¢(t)|z|?). But first, let us formulate appropriate
assumptions.

ASSUMPTIONS 5.1. All components fi(t,z,s,p) of f = {f'}ics are

(Cy) continuous in Q x B(S) x E§’¢,'

(By) expotentially bounded with respect to t and x, i.e. there exists My > 0
such that for alli € S and all (t,x) € Q

f(t,2,0,0)] < Mo exp (¢()]2]*);

(Ir) weakly increasing with respect to s and p;
(Ly) weighted Lipschitz continuous in the following sense: there exists Ly >
0, Lo > 0 such that

|ty s,0)= (8, 2.5,P)] < Lulls=5] pes)+Lallp—Dll2.6.[0(D)]™? exp ((t)]2]*)

fO’f’ (tax) € Q; Sage B(S>7 p75€ Cs<ﬁ)
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Moreover, for all uw € E§’¢ the functions fi(t,x) = fi(t,z,u(t,z),u), where
(t,z) €Q,i€ S are
(Hy) locally Holder continuous with respect to x uniformly int and the Hélder
constants are independent of the function u.

ASSUMPTIONS 5.2. All components h;(:zz) of hj = {h;}ies, j=1,...,r

(Ch) are continuous in R™;

(Ep) satisfy for some Ky > 0 the inequality |h3(t,x)| < K exp (¢(0)|z]?) for
all z € R™;

(0n) Ri(x) <0 forz € R™.

And all components g;(z,p) of g; = {gj}ties, j=1,...,7

(Cy) are continuous in R™ x E§’¢,'

(Eqg) satisfy for some Kg > 0 the inequality |g§(t,p)| < Ky exp (¢(0)|z|?) for
all z € R™ and u € E§’¢,'

(Ly) Lipchitz continuous with respect to x and p: there exists Ly > 0 such
that

l9;(2,p) — g5(@. )| < Ly(|z — Z[ + [Ip — Pll2.0)
forz,x € Q, p,p€e Eg’qb,j: 1,...,r,1€8;
(Iy) weakly increasing with respect to p:
~ 2, ~ . = i ;
D€ EZ?, p<pin Q) = [gi(z,p) < gi(z,p), v € R™]

forj=1,...,r,i€ 8.

REMARK 5.3. Let the functions f! = fi(t,z,s,p), i € S, satisfy condition
(If) from Assumptions 5.1, g; = gé(x,p), 1€S8,j=1,...,r, satisfy condition
(I4) and (0z) from Assumptions 5.2. Then the operator P is weakly increasing.

PROOF. Proof of Remark 4.6 is analogous to proof of Remark 4.3. O

ASSUMPTIONS 5.4. There exists at least one pair vg = vo(t, x), wo = wo(t, x)
in E%? of a subsolution and a supersolution of problem (2.1)~(2.2) in Q which
are Hélder continuous in x uniformly with respect to t, vo(t,z) < wo(t,x) for
(t,x) € Q and vo(0,z) = wo(0,z) for x € R™.

THEOREM 5.5. Let the assumptions (P) and (H;) hold. Let ¢ € C* be
a function satisfying the inequality

wro(r)
p* —4g(r)(t — )

where p* is the constant which appeared in Lemma 3.1. Let Assumptions 5.1, 5.2

<¢(t) for0<T<t<T,

and 5.4 hold. Moreover, let all the components of the initial data ¢ = {p'}ics
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be such that |p'(z)| < K exp (¢(0)|x|?) for all x € R™. Consider the following

infinite system of linear equations

(5.1) fi[vfl](t,x) = fi(t,x,vn_l(t,x),vn_l),
(5.2) Filwl](t,z) = filt, z,wn_1(t,x), wn_1),

for (t,x) € Q, i €S, n=1,2,... with the nonlocal initial conditions of the form

(5.3) = Zh 2)g; (2, vn-1|z,) + (),

(5.4) = Zh )g; (2, wn-1|z;) + (),

forx e R™ i€ S, respectively. Then

(a) there exist unique classical solutions v, € Eg and w, € E , n =
1,2,..., of systems (5.1) and (5.2) with the nonlocal initial conditions
(5.3), (5.4), respectively, in Q;

(b) vp andwy, n=0,1,..., are subsolutions and supersolutions for problem
(2.1)-(2.2) in Q, respectively;

(¢) we have

vo(t,z) < ... <wvp(t,x) <vpgr(t,z) <
< wpi1(t,z) Sw,(tx) < ... <wy(t,x)

for (t,z) € Q,n=1,2,...;

(d) w(t,z) = lim, 00 v, (t, 2), where the limit is meant in the uniform sense,
is a classical solution of problem (2.1)—(2.2) in Q satisfying the growth
condition |u'(t,z)| < Dexp (¢(t)|x|?) for (t,z) € Q. Moreover, u(t,x)
is Hélder continuous with respect to x uniform in t;

(e) in the class of all functions belonging to N, (Q) the function u is the
unique solution of problem (2.1)—(2.2) in Q.

PROOF. (a) As in the proof of Theorem 4.5, starting from vy and wg, we
define by induction the sequences {v,}, {wy} as solutions of (5.1), (5.2) with the
nonlocal initial condition (5.3), (5.4), respectively, in €, i.e.

U1 = P[”Uo], Up = P[Un—l], w1 = P[”O]a Wy = P[vn—l]

for n =1,2,.... Here, the i-th equation depends on the i-th unknown function
only as well, and Assumption 5.4 holds, therefore the classical theorems on the
existence and uniqueness of solution for linear Cauchy problems assert that there
exist unique classical solutions v,,, wy,, in E§’¢ of problems (5.1), (5.3) and (5.2),
(5.4), respectively (cf. [7]).
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The proofs of steps (b) and (c) are analogous to those in Theorem 4.5, with
Proposition 2 from [10] replaced by Proposition 3 from [10], Corollary 1 from
[10] replaced by Corollary 2 from [10] and on noticing that the inequalities (c)
guarantee that u satisfies the desired growth condition.

(d) First, we show that u(t, z) = lim, o vpn(t, z) is continuous. To this end
we show using the mathematical induction that mé (t, z) := w? (¢, z)—vi (t,r) > 0
satisfies
(L1 + Lo)t]"

n!

(5:5) my (t,x) < No [B(1)]"™/2 exp ($(1)]z[),

n=0,1,..., for (t,z) €Q,i€S.
The inequality for m} is obvious. Suppose (5.5) holds for fixed n € NU {0}.
Similarly to the proof of Theorem 4.5, the (L) condition yields

Flmp ]t z) = f(tz,wa(t,2), wa) = f1(8 2, vn(t, ), vn)
< Lullma(t, @)l ses) + Lallmallz,s, [¢(6)] ™% exp (6(t)|z[)
< (Ly 4 L) [mn 2,6, [0 (0] exp (o (1) ).

By the definitions of || - ||2,4,+ and the induction assumption

[ |2,4 < NOM.
' n!

Thus, finally,

T Ly + Ly)"*en m :
Fimialt,2) < NPT e e (6(0)a?) 0
By the same argument as in the proof of Theorem 4.5, mf_,(0,z) = 0 for
x € R™ i€ S. In order to apply the theorem on differential inequalities, let us

consider the comparison system

Ll + L2)n+1tn

FIML () = N g2 e (o))

for (t,z) € Q, i € S, with the initial condition M} ,(0,2) =0 forz € R™,i € S.
The solution of this comparison system can be estimated (comp. [10]) as follows

thrl

M (t, @) < No !(Ll + Lo)" o)™ exp (6 (1) |2]?).

(n+1)
Therefore, owing to Proposition 3 from [10] we get
(L1 + Lo)t]"*

PO e (@@)leP).

miz—&-l(t?m) < Mriz-i—l(t"r) < NO

for (t,z) € Q, i € S, so, the induction step is proved. Thus,

lmnll2,6 = |Mnllo L7%,0,  where iy, = @y, — U,

T = 0a[¢(0] 2 exp (=o(0)|2), @y = wa[p()] 7™ exp (=(1) 2]?).
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Therefore, as in the proof of Theorem 4.5 we conclude that u := lim,, oo Uy, is

continuous and consequently so is u = wexp (¢(t)|x]?).

To end the proof it is enough to repeat proofs of step (e) and (f) of Theo-

rem 4.5. |
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