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INERTIAL MANIFOLDS FOR A SINGULAR PERTURBATION
OF THE VISCOUS CAHN-HILLIARD-GURTIN EQUATION

AHMED BONFOH — MAURIZIO GRASSELLI — ALAIN MIRANVILLE

ABSTRACT. We consider a singular perturbation of the generalized vis-
cous Cahn-Hilliard equation based on constitutive equations introduced by
M. E. Gurtin and we establish the existence of a family of inertial manifolds
which is continuous with respect to the perturbation parameter € > 0 as
€ goes to 0. In a recent paper, we proved a similar result for the singu-
lar perturbation of the standard viscous Cahn—Hilliard equation, applying
a construction due to X. Mora and J. Sola-Morales for equations involving
linear self-adjoint operators only. Here we extend the result to the singu-
larly perturbed Cahn—Hilliard—Gurtin equation which contains a non-self-
adjoint operator. Our method can be applied to a larger class of nonlinear
dynamical systems.

1. Introduction

Many infinite-dimensional dynamical systems possess a finite-dimensional
global attractor. This is a compact set of the phase space which attracts uni-
formly the trajectories starting from bounded sets when time goes to infinity and
thus appears as a suitable object in view of the study of the asymptotic behav-
ior of such systems (see e.g. [46], cf. also [36]). The finite-dimensionality of the
global attractor means that the a priori infinite-dimensional dynamical system
has an asymptotic behavior which is determined by a finite number of degrees of
freedom. This latter fact naturally leads one to consider the question of whether
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there is a finite-dimensional system which adequately captures the asymptotic
nature of the original flow. The global attractor may have a complicated frac-
tal structure, even for finite-dimensional dynamical systems, and a reasonably
explicit description of the dynamics on the attractor might be out of reach. An
answer to this question was given by C. Foias et al. who introduced the notion
of inertial manifold (see [14]; cf. also [46]). An inertial manifold is a positively
invariant smooth finite-dimensional manifold which contains the global attractor
and which attracts the trajectories at a uniform exponential rate. These features
entail that the a priori infinite-dimensional dynamical system reduces, on the
inertial manifold, to a finite system of ordinary differential equations.

The Cahn—Hilliard equation plays a basic role in Materials Science. It is
a conservation law (in the sense that the average of the order parameter is con-
served) which describes very important qualitative features of phase separation
processes, namely, the transport of atoms between unit cells (see [4], cf. also [41]
and references therein). Several generalizations of this equation have been intro-
duced by M. E. Gurtin in [28]; these are based on constitutive equations which
take into account the work of internal microforces, the anisotropy and also the
deformations of the material (see [33], [34] and references therein). When me-
chanical deformations are neglected and there are neither external mass supply
nor external microforces, a typical example reads

% —-d- V% —div (Evgﬁ —aBVAp+ BVf'(p)) =0,
on a spatial domain Q = [\, (0,L;), L; > 0, n < 3. Here @ > 0 and d € R"
are given, while B and B are two symmetric positive definite n X n matrices
with constant coefficients. More precisely, B is called the mobility tensor and
B is a viscosity tensor representing some viscous effects (see [40]). Here the
order parameter p, corresponding to a rescaled density of atoms, is supposed
to be Q-periodic, while f represents the coarse-grain free energy (a double-well
potential) which accounts for the presence of two different phases.

We recall that the asymptotic behavior of the solutions to Cahn—Hilliard
type equations was studied by many authors (see, e.g., [10]-[13], [27], [33], [39]
and the references therein). Here our main goal is to compare the large time
behavior of the above equation with the one of its singular perturbation

dp ~_0p

—+——d-V— —div|( BV— —aBVAp+ BVf’ =0
“orr ot ot W( ot~ BVAP+BVIp) ) =0,

for e € (0,0], 0 < g9 < 1, which has been proposed to model, for instance, rapid

spinodal decompositions in certain glasses (see [16]-[20]). This equation presents

different features depending on whether the viscosity term is present or not. In

fact, in the former case, there is a regularization effect on the solutions as in the
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unperturbed equation, while, in the latter one, there is no regularization and
the behavior of the equation is similar to the one of the damped semilinear wave
equation, even though the equation is not hyperbolic (see [7], [8], [22]-[26], [47]
and [48]).

The above generalized equation, subject to periodic boundary conditions on
a n-rectangle (n < 3), was first studied in [1] (see also [3] for the unperturbed
case). The author showed the existence of the global attractor and constructed
a family of exponential attractors which is continuous (up to time shifts) as e
goes to zero. Then, in [2], the authors extended the results of [1] along sev-
eral directions. More precisely, they proved the existence of a robust of family
exponential attractors with respect to €. In particular, they gave an explicit
estimate of the symmetric distance between a proper exponential attractor of
the perturbed problem and the natural lifting of the corresponding exponential
attractor in the unperturbed one. They also established the upper semicontinu-
ity of the global attractor at € = 0, as well as its lower semicontinuity, provided
that the stationary states are hyperbolic. Moreover, the authors proved the
convergence of a given solution to a single equilibrium when f is real analytic.
Finally, they constructed an inertial manifold in one and two space dimensions
when d = 0, showing also the (local) stability of the inertial manifold as e goes
to 0. This result was essentially based on a theory developed by X. Mora and
J. Sola-Morales [37], [38] for equations of the form

02 oL
P OLp

oz T 5 T AP+ F(0) =0,

where L and A are two linear positive self-adjoint operators with compact inverse.

The main goal of this paper is to compare the inertial manifolds of the above
perturbed and unperturbed generalized equations in one and two space dimen-
sions; in particular, d does not necessarily vanish. Since these equations contain
a non-self-adjoint operator, the aforementioned theory of X. Mora and J. Sola-
Morales is not applicable anymore. We thus suggest an alternative approach to
the one followed in [2]. Up to Section 3, we introduce the functional setting of
the problem and demonstrate some basic results. Then, in Sections 4 and 5,
we prove the existence of inertial manifolds for the nonperturbed and perturbed
problems, respectively. The final Section 6 is concerned with the convergence of
the inertial manifolds of the perturbed problem as € goes to 0.

2. Setting of the problem

We set @ = [[~,(0,L;), L; > 0, n < 3, and consider the following initial
and boundary value problems:
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% —-d- V% — div (EVZ? —aBVAp+ BVf’(p)) =0,
(2.1) pli=0 = po,
p is Q-periodic,
and
6% + % -d- V% —div (Evgi —aBVAp + BVf'(p)) =0,
(2.2) B Jdp B
Ple=o=po, 5 LT

p is Q-periodic.
Here we recall that e € (0,e0], 0 < g9 < 1, @ > 0 and d € R"™ are given,
while B and B are two symmetric positive definite n x n matrices with constant
coefficients.
We assume that the potential f satisfies the following conditions:

(2.3) feCHR), f(s)>—-Coy Co>0, forallscR,
(2.4) lf"(s)] < C1(]s|** + 1), Cy >0, forallscR,

where p > 0 is arbitrary when n = 1,2 and p € [0,2] when n = 3,
(2.5) for all v € R, there exists Cy = Ca(y) > 0 and C5 = C5(7) > 0 such that
(s =) f'(s) > Caf(s) — C3, forall s €R,
where Cy and C3 are bounded when + is bounded (with inf,cr Co > 0),
(2.6) f'(s) > —-Cy, Cy4>0, forallseR,
(2.7) for all p > 0, there exists C5 = C5(u) > 0 such that
If(s)| < uf(s) +Cs, forallseR.

For instance, polynomials of degree 2p + 2 with strictly positive leading coeffi-
cients (and with a double-well structure, e.g. f(s) = (s> — 1)P*1) satisfy (2.3)—
(2.7). However, we note that, in one space dimension, no growth assumption on
f is needed, even in absence of viscous terms (see e.g. [21]).

From now on, the same letter ¢ (and sometimes ¢,, ¢, and ¢;, j =0,1,...)
denotes positive constants which may change from line to line, but are always
independent of e. We denote by ||-|| and (-, ) the usual norm and scalar product
in the Hilbert space L?(Q) (and also in L?(Q)™). Moreover, for u € L' (Q), m(u)
denotes the spatial average of u, that is,

_
€[ Jo

m(u) w(z)de, uw=u—mu).
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For u = (uy,... ,uy,), weset m(u) = (m(uy),... ,m(uy)). If W is a Sobolev-type
space, then we denote by W' its dual and we set

W = {g € W, m(q) = 0}.

(Q) — L?(Q) which is
a self-adjoint and strictly positive operator with compact inverse N—!. For every
r > 0, we endow (H”, (€)) with the norm [|g||_, = (|IN~"/2g||2 + |m(q)|2)"/2.

per

We note that ||q|l, = (|N"/2g||? + |m(g)|?)*/? is a norm on H, (Q) which is

per

We also define the linear operator N = — div BV : H?

per

equivalent to the usual H"(Q2)-norm (see e.g. [46]). Furthermore, there exist two
positive constants Cg and C7 such that

[gll-1 < Collgll < C7l[Vall,  for all g € Hye,(92).

We endow the Hilbert spaces HY = H_..(Q) x (H}..(Q)), H! = H2,.(Q) x

per per
L2(Q) and HI = HIE () x HI M), j = 2,3, with the norms (induced by the
scalar products)
(P, @)l = (IpllF +ellal®1)"?,
1P, @)ll2 = (IplI3 + ellal®)*/2,

[, D)l = (HPH%;‘H) + EHQH%jq))l/Qa

respectively. From Section 3 on, we will also work with spaces of complex-valued
functions. However, we will keep the same notation since no confusion can arise.
In particular, £* and Rz denote the conjugate and the real part of =, respectively.
We also need to define the following complete metric spaces
Ks = {u € Hy (Q), |m(u)| < 6},
K5 = {(u,v) € HY, [m(u)| +eolm(v)| < 8},
K} = K5 0 HJEH(9),
l?g = 1?5 N Hg,
for j =1,2,3 and some § > 0.
We now introduce a common weak formulation of problems (2.1) and (2.2).

(P.) For any given T > 0, find p-:[0,T] — H2,, () such that

per

Ope
c ot

pe(0) = po, (0) =epm

and, for almost every t € [0,T],

d [ (0dp. _
(2.8) dt{ﬁ( a[; ,q) + (pe,q) + (pe,d - Vq) + (BVp.,Vq)
+ a(VBY?Vp., VBY?Vq) + (BVf'(p.), Vq) = 0,

for all g € H2. ().
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We recall that
(dvpaQ):_(p7va)a for all paqul (Q)

per

Moreover, taking ¢ =1 in (2.8), we obtain

d? d
€ Em(pa) + %m(PE) =0,
so that
(2.9) m(p:(t)) = m(po) +em(pr)(1 — e V), forall t >0,
and
8[)5 —t/e
(2.10) m\ 5 (t)) =m(p1)e "¢, forallt>0.

Note that, when ¢ goes to infinity, m((9ps/0t)(t)) goes to zero and m(p.(t)) goes

to m(po) + em(py).
We start by recalling the following result (see [3]).

THEOREM 2.1. We assume that (2.3)—(2.6) hold and that py € H!..(Q).

per

Then (Py) possesses a unique solution p such that

p e C0.T); HY (@) N I2(0,T: H2,(Q)), 22 € L2(0,T: L*(9),

per per ot

for any T > 0. Furthermore, if po € H2..(), then

per

peC([0,T); H. (), @eLZ(o,T;Hl Q).

per ot per
Thanks to this result, we can define the semigroup

S(t): Hyer(Q) = Hper (), po = p(t), =0,

per per

where p(t) is the solution to (2.1) at time ¢. This semigroup possesses the global
attractor As on Kj which is bounded in K3 (cf. [3]).
As far as problem (2.2) is concerned, we report the following (see [1]).

THEOREM 2.2. We assume that (2.3)—(2.7) hold and that (po,p1) € HC.
Then (P.) possesses a unique solution p. such that

Ope
(pe, ;t ) €C([0,T; HY),  pe € L*(0,T; H. ()

and
9pe
ot?

dpe

2 .72
e 10,7 IA(W),

€ L*(0,T; (Hpe, (2))),

per
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for any T > 0. Moreover, if (po, p1) € HL, then

Ope 1
&€ 7T7 el
(,0 at)ecqo oY)
9?p
2 .l €
ot € L°(0,T; Hye, (), ey

Thanks to Theorem 2.2, we can define the semigroup

dpe € L2(0,T; (H..(Q))).

per

0pe
S () H — 1O, (po,pw(paw, 8‘;@)), £>0,

where p.(t) is the solution to (2.2) at time ¢ and, for every e € (0, g¢], we have the
existence of the global attractor A, s for S.(¢) on K which is bounded in f(g’

From now on we assume n = 1 or n = 2. In order to compare the long-
time dynamics of problems (2.1) and (2.2), we introduce the natural lifting of
an inertial manifold in the unperturbed case. Here the second component is re-
constructed by means of the unperturbed equation, namely (see [29]; cf. also [2]),
we define a mapping L: H2_ () — L2(Q) by setting

per
Lp=(—d-V —divBV) 'divBV(—alp+ f'(p)).

Note that L is well defined due to the regularity result given in Proposition 3.1
below, and Lp(t) = (9p/0t)(t), for all ¢ > 0, whenever p(t) is solution to (2.1).
Then we introduce the lifting of an inertial manifold s for S(¢) on K},

(Ms)o = {(p,Lp) € He, p € My}

More generally, if B is a bounded set in H2,.(Q), we indicate its lifting by (B)o.

per

Note that L can be also defined from H () to its dual.

It was shown in [2], when d = 0, the existence of a family of inertial manifolds
INZ 5 for the semigroup S(t) which converges in the Hi-norm to a lifting of
a corresponding inertial manifold 905 for the unperturbed problem when e goes
to zero. The proof of this result was essentially based on the cited method devised
by X. Mora and J. Sola-Morales. As we mentioned in the Introduction, here we

extend the analysis to the case d # 0, which requires a different approach.

3. Preliminaries

We recall that (see e.g. [39] and [46]) the family {ey}rezn, where

[ 1 =/ LYi
ek(x) — @ eQTr(kJ,/L)z7

with k = (k1,... ,ks) € Z" and ka/L = k1x1/L1+. . .+ kpxy /Ly, which consists

of all the eigenvectors associated with the operator —A: H2 (Q) — L*(Q), is
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an orthonormal basis of L?(£2). The corresponding eigenvalues have the form

k2
47r2ﬁ ifn=1,
A = k2 k2

We write B = (b;;);,; and B = (bl )” (1t is understood that B = b and B = b
when n = 1). We can note that, for any k € Z", we have — div BVe, = [rex
and — div BVey = Bier, where

k2

4br? — ifn=1,
8 1z

k — 2 2
ki k1 ko ks .

4 b 2b b fn=2

7T<11L2+ EN L2+ 2273 ifn=2
and k2

Bk = Ky ko

k? ~
b 2b
( 1175 + 2012— I L

Since B and B are two symmetric positive deﬁmte matrices, Jr and Ek are

~ k2
+b22 > if n=2.

strictly positive numbers. Moreover, we set
d ifn=1,
d =
(dl,dg) if n= 2,
. 2 dk if 1
i ifn =
md7 n ,

kq k
2 (dl + d22> if n = 2.
Ly
(Q2) are easily characterized by their

N =

We also recall that the functions of H™

per

Fourier series expansions (see e.g. [39] and [46])

H () = {U, w=Y " @R Wiy =g, YR ] < OO}
kezm kezn
and the norm [ul|,, is equivalent to the norm {3, . (1 + [k[>™)[uz|*}1/2.

We first show the following regularity result.

PROPOSITION 3.1. Let f € L?(Q). Then the solution u € H}

per

(Q) to the
probem _

u—d-Vu—divBVu = f,

u 1s Q)-periodic,
satisfies u € H2 (Q) and there exists a constant C > 0 such that |ully < C||f].

PROOF. For a given f € L?(Q2), the existence and the uniqueness of the

solution w in H}. (Q) is immediate since (d - Vu,u) = 0. Let us show the
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regularity of u. To do so, we use the Fourier series expansions of f and wu (cf.
e.g. [43] and [46]). We write

f — Z eQﬂ(k:c/L)ifk’ f—k _ f]:7
keZn
where ), |fx]? < co. Now, if we expand u similarly,
w= 3" ek Ly oy =
kezn
we have
u—d-Vu—divBVu = Z (1— Z'Xk + Ek)eQW(kz/L)iuk
keznr

and, comparing the coefficients in v — d - Vu — div BVu = f, we obtain
(1 =i\ + Br)uk = f,

so that we have
R
1—iXg + B
Since the mapping ¢ — ||div BVq|| + ||¢|| defines a norm on HZ2,.(€2) which is

per

U

equivalent to the usual H2-norm (see e.g. [35, Lemma 2.1]), there exists Cg > 0
such that
lull3 < Cs D (14 B)luxl,
keZ"L
that is,

1+ 32
lul < 0s 3 —E) e
neze (14 Be)? + A¢
It follows that
lull3 < Co > Il < CI£]1?

kezn
which yields that, if f € L?(Q), then u € H2(9). O

p

We now introduce the (nonlinear) manifold M = {(u,v) € H? : v = Lu} and
we define the (strongly) continuous semigroup Sy(t): M — M by setting

So(t)(po, Lpo) = (S(t)po,LS(t)po), forallt>0.

It is known (see [1]) that there exists a bounded absorbing set for the semi-
group S. () in K; of the form

By s = {(u7v) € I?g, H(uvv)HHé < T},
with r independent of e. We assume that

Bs = {u € K;, |lu> <7}
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is a bounded absorbing set for {S(¢)}:>0 in Ks. From now on, we set
By =S.(1)Bys, Bs=S(1)Bs.
We will always assume that
(3.1) Bys C{(u,v) € K3, [[(u,0)][r2 <7}
and
Bs C {u € K, |Julla <7},
where 7 only depends on r. Note that §275 and E(; are bounded absorbing sets

for Sc(t) and S(t), respectively.
The following result was proven in [2, Proposition 4.1].

PROPOSITION 3.2. Let (2.3)—(2.7) hold. Then there exists t, > 0 such that
(3.2) 1S=(t)(po, p1) = So(t)(po; Lpo) 5y < Vee(r,t),  for all t >t

for any (po, p1) € Bas and any e € (0, =],

4. Inertial manifolds for the unperturbed problem

Let E be a metric space and {S(t)}:>0 be a continuous semigroup on E.
We recall the definition of an inertial manifold (see e.g. [31] and [46]).

DEFINITION 4.1. A set 91 is called an inertial manifold for S(¢) if:

(a) M is a finite-dimensional Lipschitz manifold in FE;

(b) 9 is smooth, that is, M is of class C*;

(c) M is positively invariant under the flow, that is, S(¢)I C M, for all
t>0;

(d) 9t is exponentially attracting, that is, there exists a constant ¢y such
that, for every up € F, there exists a constant ¢;1(ug) > 0 such that

dist g (S(t)ug, M) < cre” @, for all t > 0,

where distg is the Hausdorfl semi-distance with respect to the metric
of E:
distg(A, B) = inf ||a — b||E.
istp(4, B) sup inf la —blle

The symmetric Hausdorff distance between A and B is given by
dist™ (A, B) = max{distg(4, B), distg(B, A)}.

Since problem (2.1) possesses a bounded absorbing set B in H?2. (), we can
truncate the nonlinear term for large ||p||2 and consider the so-called prepared
equation. Then we construct an inertial manifold which is globally realized as

a graph for the prepared equation. This equation coincides with the original one
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on Bjs so that the intersection of the graph with By defines an inertial manifold
for the original equation (see e.g. [15] and [30]).
We define a truncated function by setting

(4.1) 9(p) = 9(”'0~H2>f’(,0),

r

where 7 is related with the absorbing set Bs and is defined in Section 3 and
6:R*T — [0,1] is a C*> function such that

1 ifo<s<],
0(s) =
0 if s> 2,

and
|6/ (s)| <2, foralls>0.

We now consider the following prepared equation which is “equivalent” to
the original equation for ¢ large:

Op _d. v@p

(4.2) ot ot

~_0
div (Bvaf — aBVAp+ BVg(p)) —0.

For a given integer ng (whose value will be chosen in the proof of Propo-
sition 4.3 below), we consider the orthogonal projector P in L?(f)) onto the
space spanned by {ex}|kj<n, and we introduce the corresponding projections
of p, p = Ppand ¢ = (I — P)p = Qp. We have the orthogonal decompo-

Jo_ j+1
sition HJ,(Q) = PH]..(Q) & QH],(Q) and we set B] = PHI}'(Q) N K,
E} = QHIL (), j = 0,1,2. We can note that the spaces EY, E] and E}
consist of the same finite-dimensional subspace, endowed with different, though
equivalent, scalar products.

If p is a solution to (4.2), then p and ¢ satisfy the system:

dp Ip ~_0p _
(4.3) o ~ 4V, —div <BV o; ~ BVAp+ BV Pg(p+ q)> =0,

dq Jq ~o 94 _
(44) S -d-Vo—d (Bvé't —aBVAq+ BVQg(p + q)) =0.

Our aim is to find a mapping ® such that ¢ = ®(p) and p + ®(p) is solution to
(4.2) for (p,q) solution to (4.3)—(4.4).
We denote by Fy,; the functions ¢ which satisfy the following conditions:
o: Bl — EJ,
[®(p)]l2 < b, for all p € E},
[@(p1) — @(p2)ll2 < llp1 — p2ll2, for all p1,ps € B,
supp® C {p € E}, |p|l2 < 47 + 6},
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and we introduce an explicit nonlinear transformation of ® through the following

system:
dp
(4.6) N + Ap + PG(p+ @®(p)) =0,
0
(4.7) 5 A+ QG+ 2(p) =0,
where

A=(I-d-V—divBV) (adivBVA): H3,.(Q) — HL. (D),

per

G(p) = —(I —d-V —div BV)'[div BVg(p)].

For p(0) = pg given in E}, equation (4.6) possesses a unique solution p(t) defined
for all t € R and, therefore, equation (4.7) admits a unique solution ¢(¢) which
remains bounded as t — —oo and ¢(0) is given by the formula (see [45]; cf. also
[15] and [46])

0
(48) 00 == [ 19QG(H() + Bip(s) ds
The right-hand side of (4.8) defines the value of the image of ® at py by a non-
linear functional operator T, that is, ¢(0) = T'®(py).

An inertial manifold s for the semigroup S(t) generated by the modified
equation (4.2), acting on K}, will be sought as the graph of a mapping ® be-
longing to Fyp; and solution to the following fixed point equation:

(4.9) q(0) = ®(po) = T®(po), for all py € Ef.

This theory of existence is based on the Lyapunov—Perron method. Other ap-
proaches, such as the Hadamard method, or the graph transform method, are
available. However, we can note that all these different methods use the same
type of spectral gap condition (see e.g. [30], [32], [43]).

We have the following result (see e.g. [46]).

PROPOSITION 4.2. Let (2.3)-(2.7) hold. Then there exist two constants ©1
and ©2 such that, for any u and v in K},

(4.10) [G(u) = G()][2 < O1flu—vl2
and
(4.11) 1G(u)]l2 < ©2.

We now state the
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PROPOSITION 4.3. Let (2.3)—(2.7) hold and let Ly1/Ly be a rational number
when n = 2. Then:

(a) T®(p) belongs to E3 and there exists b such that
(4.12) |T®(p)||2 < b, forallp € Ef.
(b) Letl e (0,1/8). For ® in Fp;, we have
(4.13) [T®(p1) — TO(p2)ll2 < U[p1 — p2ll2,  for all p1,p2 € Ey.
(c) For every ® € Fy, the support of T® satisfies
)

(4.14 suppT® C {p € Fi, |pll2 <47 +d}.

PrOOF. The proof of this proposition for the classical Cahn—Hilliard equa-
tion was given in [39] (cf. also [15] and [46]). Thus, we only give the main points.
We have, for every k € 2™, Aey, = yrex, where

_ MO (L4 G) oM

(L4 Be)2+ A2 (14 8)2+ A2
We assume that the JR7; are rearranged in an increasing sequence as |k| =
0,1,.... For a given 0 < I < 1/8, there exists ng such that Ay > 40, and

(4.15) Ay — A >0,(1+D(A+17h),

where A1 = Rye, and Ay = Rye,, with |8y = ng and €] = ng + 1. Indeed, we

arefr Bk ( Xﬁ) ( 1 >
R = — — —1 = O — s
LR G R\ T

where O(1/|k|?) — 0 when |k| — co. In one space dimension, we find
dam?b ab 1

Ryj = —=3j° — = (b+d* +0(.>.

T ) J?

In the two-dimensional case, we have

have

Ry, ~ 1A\, + 2 when |k| — oo,

for some positive constants ¢; and ca. Since Li/Ly is rational, a result from
number theory (see [32] and [42]) implies that
limsup (A\gr — A\g) =00, |K'| = |k| +1
k] —o0
and, therefore, (4.15) holds.
Next, we can note that ||eSAQ||L(Eg,ES) is bounded by e**2, for any s < 0.
We take the norm || - ||2 of (4.8). For any py € Ef, we obtain

0
IIT@(po)Ilzé/ 2| G(p(s) + @(p(s)))]|2 ds

— 00
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and estimate (4.12) follows, owing to (4.11). On the other hand, for any po; and
po2 in B} such that m(po1) = m(poz), there holds

|T®(po1) — T®(po2)||2

0
= / 22| G(p1 () + B(p1(s))) — G(pa(s) + D(pa(s)))2 ds.

—00

Now, we have, due to (4.10),
[G(p1(s) + @(p1(s))) — G(p2(s) + P(p2(s))) 2 < O1(L 4+ 1)[Ip1(s) — p2(s)][2-
Using the Poincaré-type inequality
R(Ap, Np) < Mi|[pl3, for all p € Ey,
we also deduce from (4.6) that
lp1(s) — p2(8)l|2 < [[po1 *P02||2€75[A1+®1(1+l)], for all s <0.

Using the spectral gap condition given by (4.15), estimate (4.13) follows.

Finally, let us prove (4.14). Let py € E} be such that ||pg|l2 > 47 + 6. By
continuity, there exists a neighbourhood O of 0 such that p(t) satisfies ||p(t)]|2 >
27 + ¢, for all t € O. Since

Ip(8) + @(p)ll2 = lp@) 2 + [|2(p()) ]2,

we find
Ip(t) + @(p(t)ll2 = llp(t)[l2 > 27 + 4,
so that g(p(t) + ®(p(t))) = 0. In O, (4.6) reduces to

dp B
(4.16) 5 tAp=0.

We take the L2-scalar product of (4.16) with N*p and obtain
d
wmug +2NR(Ap, N?p) =0, forallt e O,
and, therefore,
d o -
(4.17) %HpHQ +2A0|Pll3 <0, forallte O,

where Ag = Rye, €] = 1. Now, observe that |m(po)| < |m(po)| < & and ||po|3 =
B0 I3 + |m(po)|? > (27 + 8§)2. Therefore, ||py|3 > (27 + )2 — 6% > 472. It follows
from (4.17), for t < 0 and ¢ € O, that

27 < |[poll2 < X [IB()]|2 < [P(D)]12 < [Ip(t)]l2,
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which implies that ||p(t)||2 > 27, for all t < 0 (see e.g. [15, p. 321]). Therefore,
llp(t) + @(p(t))]]2 > 27 and g(p(t) + ®(p(t))) = 0, for all t < 0. Equation (4.7)
reduces to
Jq

(4.18) e + Ag = 0 quadfor all ¢ < 0.
The unique solution to (4.18) which remains bounded as t — —oo vanishes on
(—00,0]. We deduce from (4.8) and (4.9) that ¢(0) = T®(py) = 0, for any
® € Fp ;. This completes the proof of (4.14). O

REMARK 4.4. We take the opportunity to recall that in [2, Proposition 7.2]
we forgot to specify the assumption on L;/Ls which ensures the validity of the
gap condition.

A consequence of Proposition 4.3 is the following result (cf. [15], [39], [45]
and [46)).

THEOREM 4.5. Let I € (0,1/8) and let the assumptions of Proposition 4.3
hold. Then there exists b > 0 such that:

(a) T is a strict contraction from Fy into itself: by the Contraction Prin-
ciple, it possesses a unique fized point ® in Fp;;
(b) the graph of @,

Ms = {(p, ®(p)), p € El},

is an inertial manifold for equation (4.2) on K} of dimension ny.

REMARK 4.6. In fact, we have

Mms = | J {p=p+20), (p) =p}
lul<o

5. Inertial manifolds for the perturbed problem
We now consider the following prepared equation which is “equivalent” to
the original one for ¢ large:

(5.1) eyt —d- v _ iy (Evgf —aBVAp + BVg(p)> =0,

where g is defined like g (cf. (4.1)) and where 7 is related with the absorbing set
Bs 5 (see (3.1)). We introduce the following change of variables:
1,1,
ar 22" NG
We can write (5.1) in the following form:

(5.2) %—Itj + AU +G(U) =0,
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where

S div BYA + 51z (—31+d-V4+divBV) —1(=3/+d-V+div BV)

and
0
G(v) = ( —\% div BVg(p) ) :

For every 0 < ¢ < ¢p, we have the following result.

PROPOSITION 5.1. Let (2.3)~(2.7) hold. Then there exist two constants ©;
and Oy, independent of €, such that, for any U and V in K},

(5.3) IG(U) = G(V)|l2x < O1[[U = V|2
and
(5.4) IG(U) I < 2.

PRrROOF. Let U = (Zi) and V = (Z; ) By definition, we have
1G(U) = G(V)llaz = [ div BV(g(u1) — g(u2))]|
and there exists a constant k;1(r) > 0, depending only on 7, such that
[ div BV (g(u1) — g(u2))[| < k1 (r)[|A(ur — ug)]-
On the other hand, there exists a constant © > 0, independent of €, such that
[A(ur = u2)[| < OIU = Vlpa,
hence the result. Similarly, we have (see e.g. [46])
[ div BVg(u)|| < ka(r),
hence (5.4). O

Now, we denote by {ux}rezn the eigenvalues of the operator A: HZ — HY.
These read

1 [~ Cr++/C%2+D? P [~ —Cp++/C?+D?
= | B 14y | VTR | IR £ bk
2e 2 2e 2
(5.5)
_ 1|~ Ck—F\/Cz-‘rDi T |~ —Ck-l-\/C,%—FDI%
My T o Be+1— - 9 +2*€ A — 2 )
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when Xk >0 and

¥~

2

Ck+\/C,§+D,%]+ [X,c_\/_c’““/c’%*%}
2 )

1 [~

pi = % [5k+1+
€

(5.6)

\
2 Bt

Gt VOERDE) T3 \/—cwﬁczwz]
2e 2 ’

1~
-_ 1 1—
M. % {ﬂlﬁ‘
when Xk < 0, where
Cuo = (Br + 1)2 = 22 — deadiBr, Dy = 20(Be +1).

Let ng be some given integer. Set

o oo (S (0 ) 0

Yo, —Span{ (ek(()x)> : (ek?x)> k| —n0+1,n0+2,...}.

The orthogonal decomposition H? = X, & Y, holds. By restricting the
operator A to X,,,, we find the eigenvalues uf and corresponding eigenvectors
UE = (e, —pifer), with |k| < ng. For all &, we can see that the Ry are
all positive real numbers. The family ,‘R,uf can be rearranged such that Ry,
and Ry, (with [€] = ng and [£1] = ng + 1) are consecutive numbers (see [48,
Proposition 4.1]).

We now prove the following result.

PROPOSITION 5.2. Let Ly /Lo, 511, 512, 522 be rational numbers when n = 2.
Then the following properties hold:
(a) the spectrum of A can be divided into two parts o1 and s, o1 being
finite;
(b) if Ay = sup{Ru, p € o1} and As = inf{Rpu, u € o2}, then

(5.7) Ay = Ay 26,1+ D)1 +171),

for a given 1l € (0,1/8] and for any € € (0,e0];

(¢c) there exists an orthogonal decomposition I~(5 =E1DEy, with & = P'Hgﬂ
f((; and E = QHY, where P and Q are orthogonal projectors onto &
and &, respectively.

PROOF. Let (-, - )no be the scalar product defined by
(U, V)no = (Nl/zﬂ, N1/2ﬂ*) +m(u)m(y*) + E(N_l/QE*7 N_l/QE) +em(z*)m(v),

where U = (u,v), V = (y,2) € H?. Note that this is the extension of the scalar
product defined on the real Hilbert space HY (see Section 2) to the corresponding
complex Hilbert space.
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We then set

o1 = {puj, ph, max{Ru;, Rk} < R, ¥,
o = i)ty Ry < Ry, < min{Rpf, R}

Obviously, we have X,, = X} @& X2

o> Where

Xylzo = Span{Uj_7 U;a Hj_vli;; € 01}7
X7 =span{U;", Ru; <Ry, < Rul}

no

and H? = X\ ® X2 @Y,,. Observe that u, € X\ and p, € X7 . We also
note that X} At orthogonal to Yy, , but it is not orthogonal to X,%O, with respect
to the scalar product (-, - )Hg~ We then introduce the following equivalent scalar
product in HY:

<U, V> = R, (PXnO U, PX"() V) + RY,y (PY U,Py V)

ng

where Py, —and Py, are, respectively, the projections from H? onto X,,, and
Yy, and the functions ¥;: X,,, — C and ¥5:Y,,, — C are defined by

U1 (U, V) = (u,y*) + ((— div BV) %1, (- div BV)/?5")
(R1/2 RY/2g *)—i—g(N_l/QE,Nl/Q**)
+e(N7Y25, N2 4 e(N~V22* N7Y2%) + em(2*)m(v),
Uy (U, V) = (NY?7, NY25*) + m(u)m(y*)
+ E(N—1/27K’N1/27) 6(1\7—1/25*,1\]1/2?)
+ e(N~V22* N=V2%) 4 em(2*)m(v),

with U = (u,v), V = (y7 z) in X, and Y,,,, respectively.

The operator R: H2,.(Q) — L*(Q) is such that Rey = Crex, (o = 0, i =
R(ui*py /Br) for k # 0, and there exist ¢1, c2 > 0, independent of ¢, e € (0, ],
such that cllg|} < lal® + [|(— div BV)'/2q||* — £ R/?q||* < c2]jql3, for all g €
ngr(ﬂ) We can note that RV, (U,U) > 0, for all U € X,,,, and RU,(U,U) > 0,
for all U € Y,,, so that (-, -) indeed defines a scalar product on HY. We have
,u] +p; = (1—|—ﬁ]+z)\ )/€ and (ej, €}) = 1. Thus, for U;” € X} and U+ €X2,
we have

(U, U = RO (U, UH) =1+ B — ¢ — eR(u) + ;) +e¢; = 0.

As a consequence, the decomposition H? = X,, &Y, is orthogonal with respect
to the equivalent scalar product (-, -) and we set & = X} N K5 and & =
X,QLO @Y, , where ng is chosen to satisfy the spectral gap condition (5.7). Indeed,
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it follows from (5.5)—(5.7) that
1 14+ V€ el \ >
Rpy, = o (1—\/2—2a5 7 Br

k

1 1 XD 1
ta |t (23 + %) ) +olme)
< 4\/(1 + V&) /2 — 20 Bk / B} B ¢
where O(1/|k|?) — 0 when |k| — oo and

Ak

N2
Nﬂk + 4&5%.
52 3

i k Bk . B

LG 2252 X2
€= 1—sac ¥k | qgaz2 i p o N g
52 /64
In the one-dimensional case, we find

_oom? [~ b2 —deab+VC \
Y i A

Ny = 2

+% 1- —— ! (25—d2+\%) +O<_12>7
4\/(1)2 —deab +/C)/2 J
where
C = b* +16e2a%b? — 8zabb?, D = 2% + b2d? — 8=abb + deabd?.
We can also note that

1 g_\/g2—4504b+\/6

€ 2

B 8abh?
b+ \/(’52 — deab+ V bt + 16e20262 — 8zabb?) /2
1
D2 + deab + V bt + 16e202b — 8cabb?

X

In the two-dimensional case, we have

1 1+VC

— 2aecy Bk

1 1

e P
3 4\/(1+ﬁ)/2—2a551<203+\@)

when |k| — oo and where

C=1- Saec; + 16a2525%, D=2+ ¢3 — 8aecy + daecics,
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for some positive constants ¢1,¢a and ¢s3. Since Lq/La, 511, 512 and 322 are
rational numbers, a result from number theory (see [32] and [42]) implies that
limsup (G — F) = 00, K] = [k] + 1.
k| —o0
Thus, in both cases, there exists ny which can be chosen independently of ¢,
0 < € < gp, such that /~\1 = R, and /~\2 = Ru,, satisfy the spectral gap
condition (5.7). Thus (a) and (b) are satisfied.
Let P and Q be the unique orthogonal projections onto X}m and &, respec-
tively, and we also see that (c) holds.
We conclude by observing that, denoting by |[|-[|[30 the norm induced by the

scalar product (-, - ), then it is easy to see that there exist two positive constants
c1 and ¢y, both independent of €, such that

c1|[Ulle < ([0l < c2llUllpe,  for all U € HL.

Hence, we can use || - [0 in place of ||| - [|[0 in what follows. O

REMARK 5.3. Note that, if & = PHI N I?(} and £ = QH!, then we have
K} = &l @ &} and the spaces &1 and £] consist of the same finite-dimensional
subspace, endowed with different, though equivalent, scalar products.

If U is solution to (5.2), then p(t) = PU and q(t) = QU satisfy the system

)

(5.8) a—? +App + PG(p +q) =0,
P

(5.9) B—(tl + Ayq+ QG(p+aq) =0,

where A, = Alg, and Ay = Alg,. Our aim is to find a mapping ®. such that
q = ®.(p) and p + P.(p) is solution to (5.2) for (p,q) solution to (5.8)—(5.9).
We denote by Fy¢; the functions @, which satisty the following conditions:

d..: 511 — &y,
[®:(p)[l2 < 0, for all p € &7,
[@<(p") — Pc(p?)ll2r <Ip" = D?|l322, for all p!,p2 € &L,

supp . C {p € &f, p = (p1,p2), [Ip1ll2 < 47 + 6},

and we introduce an explicit nonlinear transformation of ®. through the following

System:

(5.10) % + App + PG(p + 0:(p)) =0,
0

(5.11) T A+ QG(p + D.(p)) =0.

ot
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For p(0) = po given in £}, equation (5.10) possesses a unique solution p(t) defined
for all t € R and, therefore, equation (5.11) admits a unique solution q(¢) which
remains bounded as t — —oo and q(0) is given by

0
(5.12) a0) == [ A0QG(p(s) + . (0(s)) s

The right-hand side of (5.12) defines the value at pg of the image of ®. by
a nonlinear functional operator T, that is, q(0) = T.®.(po)-

As for the unperturbed problem, an inertial manifold 91, 5 for the semigroup
Sc(t) generated by equation (5.2), acting in I~(61, will be sought as the graph of
a mapping ®. belonging to 7y, and solution to the fixed point equation

(5.13) q(0) = ®.(pg) = T.®.(py), for all py € &;.
We now state and prove the

PROPOSITION 5.4. Let (2.3)-(2.7) and the assumptions of Proposition 5.2
hold. Then we have:

(a) T.P(p) belongs to E; and there exists b > 0 such that

(5.14) IT®.(p)llps < b, for allp < &},
(b) Letl€ (0,1/8]. Then, for ®. in Fy,, we have

(5.15) |19 (p') = Te®-(p?)[lyr <Illp" —D*ll3z, for all p',p° € &}
(c) For every ®. € Fy , the support of T-®. satisfies

(5.16) supp T.®. C {p € &, p = (p1,p2), [Ip1ll2 < 47 + 6},

PROOF. We first note that [|e>442| 2 (g, ¢,) is bounded by esh2 for any s < 0.
Let us take the H!l-norm of (5.12). For any pgy € £f, we obtain

0 —~
[ T= @< (po) |2 S/ e*2(|G(p(s) + @e(p(s))) I ds

and estimate (5.14) follows, owing to (5.4). On the other hand, for any pj and
p3 in £} such that m(p}) = m(p3), there holds
||TE¢E(p(1)) - qu)s(p(Q))HHé

0 -
< / e2G(p" (5) + @ (p'(5)) — G(*(5) + P(D?(5)))l|42 ds.

—0o0

Now, due to (5.3), we have

IG(' (5) + 2=(p"(5))) = G(D*(5) + L(0%(5)) 2 < O1(L+Dp" () = P*(5) -
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Using the Poincaré-type inequality
R(App, NP) < Ai||pll5,, forall p € &,
where N'p = (N2py, eps) for p = (p1,p2), we also deduce from (5.10) that
' (s) = p2($)llr < [Ip5 = DR llrre™ M +O O for all s < 0.

Using the spectral gap condition given by Proposition 5.2, estimate (5.15) follows.

We now prove (5.16). Let po = (po1,poz2) € £ be such that ||p1||2 > 47 + .
There exists a neighbourhood O of 0 such that ||p(¢)||2 > 27 + 4, for all t €
©. This implies that [|p(t)|[2 = [|p1(t) + ¢1(t))|l2 > 27 and then g(p(t))) = 0.
Therefore, we have

(5.17) % +A,p=0, forallteD.

The first component of p in (5.17) then satisfies the equation

P
5.18 PV pip =0, forallte,
ot TP

where A,p = (.Arl,p, Af,p). Taking the L2-scalar product of (5.18) with N?p,, we
obtain

d
£HT91”§ + 29%(/1]1)1), N%p,) =0, forallteD,

and, therefore,
d._ 12 T = 112
(5.19) £||p1||2 +2A0||P1]l3 <0, forallte O,

where Ay = R, |§| = 1. We have |m(po1)| < |m(po)| < & and ||po1]|3 =
[Bo1 13 + [m(por )| > (27 + 6)%. Therefore, [y |13 > (27 +6)* — 6% > 472.
From (5.19), we find, for t < 0 and ¢t € O,

27 < s |2 < 2By (D)2 < (171 (1) 2.

Consequently, ||p1(t)||2 > 27, for all t<0, and therefore g(p(t))) =0, for all ¢<0.
Then equation (5.9) reduces to
dq

(5.20) e +A,q=0, forallt<DO.

The unique solution to (5.20) which remains bounded as t — —oo vanishes on
(—00,0]. From (5.12) and (5.13), it follows that q(0) = T:®.(po) = 0, for any
®. € Fy ;. This completes the proof of (5.16). O

As for Theorem 4.5, Proposition 5.4 implies the following result.
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THEOREM 5.5. Let I € (0,1/8] and let the assumptions of Proposition 5.4
hold. Then there exists b > 0, independent of €, such that, for any ¢ € (0,¢&¢],

(a) T is a strict contraction from Fy, into dtself; by the Contraction Prin-
ciple, it possesses a unique fixed point ®. in Foui

(b) the graph M. s = {(p,®-(p)), p € &L} of D, is an inertial manifold
for equation (5.2) on I~(§ of dimension ng (ng is the same as in Theo-
rem 4.5).

REMARK 5.6. Actually, we have
Ns= U {UWD=p@)+2 1), mUE) = (fi(p,0,1), falp,0,0)},
lul+eolo|<s

where

6. Continuity of the inertial manifolds at ¢ = 0

Here we want to compare the inertial manifolds of problems (5.1) with their
unperturbed counterpart. For all e € (0,e0], we introduce the auxiliary semi-
groups T.(t): H? — H? defined by

T0)(omop1) = (o0 VERE0) + 5 2pe(0)) foralle 20,

where p.(t) is the solution to problem (5.1) with the initial conditions

1

Ipe
*2*8/’0 + %pl.

Ps\tzo = po,

Introducing the matrix

C. - ( 1 0 ) ’
~1/(25) 1E
we can also write
S.(t)=C.oT:(t)oCI', forall e > 0.
Clearly, 9. 5 is an inertial manifold for i(t), for every 0 < € < ¢g. Let us set
M. s =CcM.5, forallee(0,e]

For every e € (0,0, M. 5 is an inertial manifold for the semigroup S.(t) gen-
erated by (5.1) with respect to the metric induced by the norm [[|[CZ! - [[[30
and dim M. 5 = dim N, 5. We observe that the inertial manifolds 95 and N, 5,
given by Theorems 4.5 and 5.5, respectively, are not only positively invariant,
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but also satisfy §(t)9ﬁ(; = M5 and fg ()N 5 =N 5, for all t € R, where 5'(15) and
T.(t) are the semigroups generated by the modified equations (5.1) and (5.2),
respectively (see e.g. [9, p. 399]; cf. also [30, p. 611-613]). We also note that the
lifting (9Ms)o is an inertial manifold for the semigroup {go(t)}tzo on f(g N M.
We now set
?’5 = 93?5,5 N B?g,(;, gﬁg =Ms N E(;.

As noted above, (Emg)o and Sﬁz s are inertial manifolds for the semigroups gen-
erated by the original equations (see e.g. [48, p. 875]) and are only positively
invariant under the flow, that is, So(t)(90%5)o C (90%)o and S.(t) ?5 C im;’)&,
for allt > 0.

We now show the following result for trajectories lying on the inertial mani-
fold M.

PROPOSITION 6.1. For any solution p of problem (4.2) such that the trajec-
tory (p(t))ier lies on Ms and py € M5, we have

2

>p —(A1+61)t
(6.1) )| < MpemTOU 0 for all t <0,

Ea

where A1 and él are the same as in Propositions 4.3 and 5.1, respectively.

PROOF. Let the complete orbit (p(t))er lie in 5. Any function p of Ms
has the form p(t) = p(t) + ®(p(t)), where p(t) satisfies p € C(R, E?) and is the

solution to (4.6) with initial datum pg in PBs. We now observe that dp/0t is
solution to the linearized problem:

0Os 0s ~_0s
2 — —d-V— —div| BV— — aBVA B ! =
(6.2) T Vat iv < v@t aBVAs+ BV (sg (p))> ,
(63) S(t)|t:0 = Lpo
On account of (4.15), there exists a time varying C!-finite-dimensional invariant
manifold M, ¢t € R, for problem (6.2)—(6.3) of the form

M = {(p,®:(p)), p € E1},
where
Oy B} — Ej,
(6.4) [@:(p)]l2 < b, for all p € EY,
14 (p1) — @¢(p2)ll2 < Ulpr — pall2, for all p1,ps € EY,

q(t) = D¢(p(t)), p(t) + q(t) is solution to (6.2)—(6.3) for (p(t), q(t)) solution to
the system

a ~

(6.5) S+ Ap+ PG(tp+ :(p)) =0,
a ~

(6.6) T Ag+ QG(tp+ D4(p) =0,

ot
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where
G(t,s(t)) = —(I —d -V — div BV) " Hdiv BV (¢ (p(t))s(t))]-
Similarly to (4.11) (see also [38, Lemma 3.1]), we can show that
llg' (p(t)]l2 < ¢, forallteR.

For practical reasons, we can then assume that

(6.7) IG (¢, 5(t)]|2 < ©1][s(t)]|2, for all t € R.
From (6.4), (6.6) and (6.7), we deduce that
(6.8) H‘I)t H <c(|lp(t)]|2 + 1), forallteR.

We take the L2-scalar product of (6.5) with N?p (note that m(p) = 0) and obtain

bl + R(Ap, N%p) + (PG(t,p-+ ®(p), N?P) =0,

hence

W+ 920p. 29) | < Bl + lola

We then deduce that

*Ilpllz 2 lpllz < (Ar +O1)|pll3 + cllpll2

and, therefore,

(6.9) ||PH2 (A1 +©1)pll2 +c.
We now apply the Gronwall lemma to (6.9) between ¢ and 0, ¢ < 0, and we find
Ip(t)ll2 < (lpoll2 + e)e™ 0", for all ¢ < 0.
Since p € Bj, we have ||[Lpg|| < ¢, and then ||po|| < ¢,. We note that
1Doll3 < CA%0||170|‘27
where € is the same as the one defining A;. Therefore,
lp@)l2 < cre_(Al'H:)l)t, for all ¢ < 0.

From (6.5), it also follows that there exists ¢, such that
9p
ot
Consequently, it follows, on account of (6.8), (6.10) and the fact that s(t) =
p(t) + @4(p(t)), that

(6.10) ‘

(t)H <c (lp@)]+1) < c,«ef(AlJrél)t, for all t < 0.

5 -
Haj(t)H < Ce Mt forall ¢ <0,
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and, in particular, (6.1) holds. O
REMARK 6.2. It follows from Proposition 6.1 that
a2p ~ o~
(6.11) HW(S) < Mye sWMtO0 - for all s < 0,

since Ay < Ay, for any € € (0, o, A; being the same as in the proof of Proposi-
tion 5.2.

We now show the following result.

PROPOSITION 6.3. Let the assumptions of Theorem 5.5 hold. Then the fam-
ily of inertial manifolds M. s U (93??)0 are lower semicontinuous at € = 0 in the
Hi— norm and, for every 0 < e < g, there holds

(6.12) distygr ((95)0, Me.5) < Mav/e,
where the constant Ms > 0 is independent of €.
PROOF. We consider an element Wy = (pg, Lpo) of (95)o. Set
W (t) = (p(t), VELp(t) + 27" 2p(1)),

where p(t) = S(t)po. Thus, W(t) = (p(t), v(t)) satisfies the following problem:

8W+Aw+g<W):ﬁ<89p),
o 2

W(0) = (po, Lpo)-

Let we (t) € N, s be a solution to (5.2). The function z(t) = W (t) —w,.(t) satisfies
the equation

0z 0
6.13 A+ GW) = G(w.) = 2 ).
(613) B+ A GOV) = 0lu) = VE (o7, )

We write z(t) = p(t) + ¢(t), where p = Pz and ¢ = Qz. In particular, 2(0) =
p(0) + ¢(0) and we have

011) =0 =p0)~ [ e*20f0m(s) - Gtwelo) + v ( e |

Since £} is a finite-dimensional subspace of H}, we can choose w.(0) such that

p(0) = 0. Thus, on account of (6.11), we deduce from (6.14) that

©615) 1200 < [ [100ve) - Gt +vE| (g, )| ] o
<61 [ s e [ B2 as

0 ~
< 91/ 68A2||z(s)||Hé ds + ce,

— 00
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due to the fact that (5.7) holds. We now observe that m(z(t)) = 0, since
m(p(0)) = 0. We take the L2-scalar product of (6.13) with A'z. We then deduce

1d 0
3 35121 + AN+ (00V) = G N2 = vE (2, ) )
ot?
and, therefore,

1d
2dt

0%p

12130 + (A2, N 2)| < 6123 + ¢ —

2172
From this latter equation, we deduce, owing to (6.11) and the fact that m(z) = 0,
d Y o 2 7(K1+é1)t
Mzl Szl < (Ar+ O1)lll3 + e 2l
hence
d A Q —(A1+61)t
(6.16) — gzl < (A +©1)llzllr + ee :

Applying the Gronwall lemma to (6.16) between s and 0, s < 0, and using (6.1),
we find

||z(s)||H; < (Hz(O)HH; - c&s)e‘dﬁél)s7 for all s <0.

Noting that /~\2 — /~\1 > 3@1, it follows from (6.15) that there exists M3 > 0 such
that

1
(6.17) 12O)lhes < 5120t + <M.
For any 0 < ¢ < gg, we have
1
(6.18) 12(0)ll31 < %”Z(O)”H}
Estimates (6.17) and (6.18) entail [|z(0)[2 < Ma/e, that is,
[[(pos Lpo) — we(0)]l32 < Mav/e.

This implies the lower semicontinuity estimate (6.12). O

We now state and prove two propositions about the upper and lower semi-
continuity.

PROPOSITION 6.4. Let the assumptions of Theorem 5.5 hold. Then the iner-
tial manifolds 93‘(;5 U (W(?)O are upper semicontinuous at € = 0 with respect to
the metric induced by the Hi-norm, that is, for any n > 0, there exist t, and &,
such that, for all € < ey,

distyq (Se ()M 5, (95)0) < 1.
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PRrOOF. Let (po,p1) € 93??5. Since 93??5 C Egyg, the following estimate holds
(see (3.2)):

||Sg(t)(p0, Pl) - So(t)(po, LpO)”?—[} < C(T, t>\@7 for all t > t,.

As noticed above, (M%) is an inertial manifold for {So(¢)}¢>0 on I?(% N M and,
therefore,
distyg1 (So(t)(po, Lpo), (MF)o) — 0 when ¢t — oo.
This shows that, if > 0, then there exist (i, ) belonging to (95) and t,, > t,
depending only on 7 such that
2

(6.19) ISo(ts) (0. Low) — (.03 < -

We now choose &, (which only depends on 7) such that ¢(r, t,),/&, < n?/2. For
any 0 < e < g, we have

2 n?
(6.20) 15 (tn) (po, p1) — So(ty)(po, Lpo) 31 < o

We deduce from (6.19) and (6.20) that

1S<(t)(po, p1) — (0. 0) 31 < ™.

This result is uniform in (po, p1) and we then obtain, for all € < ¢,
diStH%(SE(tn) 757,57 (fmg)o) <1
This completes the proof of the upper semicontinuity. O

PROPOSITION 6.5. Let the assumptions of Theorem 5.5 hold. Then the in-
ertial manifolds 93?7;5 U (9o are lower semicontinuous at € = 0 with respect to
the metric induced by the Hi-norm, that is, for any n > 0, there exist t, and &,
such that, for all ¢ < ey,

distyg1 (So(ty) (D5)0, ML 5) < .

PRrROOF. Let (po,Lpo) € (9)??)0. There exists a sequence {(pg,v:)}eso of
solutions to problem (5.2) such that (p., v.) belongs to 9. 5N C;1§275 and con-
verges to (po, Lpo) in the Hi-norm as & goes to zero, due to Proposition 6.3. Set
ue = —2e 1 p. 4+ 2e~1/2p,. Since (Pe,ve) € Nes N C;lggﬁg, we have, by defini-
tion, (pe,ue) € 9)?;5. There exists a subsequence, still denoted by {(pe, ue) teso,
which converges to some (p, u) € (95)o, due to Proposition 6.4. Clearly, ¢ = po
and u = Lpg and this limit is independent of the subsequence chosen. Conse-
quently, the whole sequence (pe,ue)e=o converges to (po,Lpg), hence the lower

semicontinuity result. |

To conclude, we can state the following
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THEOREM 6.6. Let the assumptions of Theorem 5.5 hold. Then the inertial

manifolds 93725 converge to (Sm?)o, with respect to the metric induced by the

Hi-norm, when e goes to zero in the sense of Propositions 6.4 and 6.5.
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