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CONLEY INDEX AT INFINITY

Juliette Hell

Abstract. The aim of this paper is to explore the possibilities of Conley
index techniques in the study of heteroclinic connections between finite and
infinite invariant sets. For this, we remind the reader of the Poincaré com-
pactification: this transformation allows to project a n-dimensional vector
space X on the n-dimensional unit hemisphere of X ×R and infinity on its
(n − 1)-dimensional equator called the sphere at infinity. Under a normal-
izability condition, vector fields on X are mapped to vector fields on the
Poincaré hemisphere whose associated flows leave the equator invariant.
The dynamics on the equator reflects the dynamics at infinity, but are now
finite and may be studied by Conley index techniques. Furthermore, we ob-
serve that some non-isolated behavior may occur around the equator, and
introduce the concept of an invariant set at infinity of isolated invariant
dynamical complement. Through the construction of an extended phase
space together with an extended flow, we are able to adapt the Conley in-
dex techniques and prove the existence of connections to such non-isolated

invariant sets.

1. Introduction

The analysis of the structure of connections in global attractors inspired
several tools, in particular the Conley index techniques. Phenomena like blow up
or grow up may be interpreted as heteroclinic connections to infinity. Examples
for such situations are to be found in [12], [10].
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In this paper, we describe a way of using the Conley index theory for the
analysis of unbounded global attractors – or more generally unbounded invariant
sets. For this, we need to analyse both the finite connections and those going to
infinity in forward or in backward time.

The first step of our method consists in making infinity finite by Poincaré
compactification. The phase space is projected to a hemisphere of the same
dimension, infinity being projected onto its equator. The equator is the boundary
of the hemisphere and is itself a sphere called the sphere at infinity. Its dimension
is (dimension of the phase space) −1. For more details see Section 2 and in
particular Figure 1. This procedure grants us two things: the exhibition of the
relevant dynamic at infinity, i.e. the invariant sets in the sphere at infinity, and
the consideration of bounded neighbourhoods of these.

However, Conley index does not only require bounded neighborhoods of in-
variant sets, but isolating ones. For more details on classical Conley index theory,
see the original work [4] and good introductions in [17], [8], [9]. In the question
of isolation, it turns out that infinity, although compactified, still stands out by
virtue of its lack of isolation in many cases. To illustrate this, let us have a
look at Figure 3: it shows equilibria at infinity that are not isolated, in phase
portraits 18 and 39.

To circumvent this difficulty, we introduce the notion of a complementary
isolated invariant set. The precise definition will be given in 3.1. Let us here
illustrate the three possible situations with three examples. We pick up those
examples in [16], [2] where classifications of (quadratic) planar vector fields are
given. The numbers associated to those phase portrait coincide with their num-
bers in the papers.

1. The phase Portrait 25 of Figure 3 is from [2]. It admits only isolated
invariant equilibria at infinity.

2. The phase Portrait 18 of Figure 3 is from [2]. It admits an equilibrium
at the bottom which is not isolated invariant but of isolated invariant
dynamical complement.

3. The phase Portrait 39 of Figure 3 comes from [16]. It admits an equi-
librium at the bottom which is neither isolated invariant nor comple-
mentarily isolated.

A Conley index at infinity for such invariant sets is defined and denoted by ĥ( · ).
This index is based on time-duality and the classical index of the dynamical com-
plement – an interesting new concept that we introduce in Definition 3.1. With
its help, one can state basic existence/nonexistence theorems of the following
type (see Theorem 3.16 for more details, as well as Definition 3.15.

Theorem 1.1. Consider an invariant set S at infinity of isolated invariant
complement. If the Conley index at infinity of S, ĥ(S), is neither of a repeller
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nor of an attractor, then there are trajectories accumulating on S in forward
time direction, and trajectories accumulating on S in backward time direction.

Furthermore we introduce a construction in order to analyse the connection
structure of an unbounded invariant set, provided it consists of isolated invariant
parts or of invariant parts of isolated invariant complement. The rough idea is
to replace the parts that are invariant and only complementarily isolated by an
ersatz infinity. This will be done in Section 4.2. After proceeding with this
construction, we are able to prove the main Theorem 4.8. The content of this
theorem can be summarized as follows.

Theorem 1.2. If the Conley index theory proves the existence of connecting
orbits from/to the isolated invariant ersatz infinity to/from an isolated invariant
set R ⊂ Scomp for the extension Ĥ with extended flow φ̂, then the corresponding
connecting orbits S → R/R → S exist for the original compactified flow φ on
the Poincaré Hemisphere H.

Hence we are able to detect heteroclinic orbits to sets which, a priori, were
beyond the reach of Conley index theory. Such invariant sets pop up naturally
when studying transfinite dynamics and the connection structure of unbounded
invariant sets.

The author thanks the referee for his constructive remarks, and Ahmad Afuni
for his careful corrections reading. This research has been supported by the
Deutsche Forschungsgemeinschaft, SFB 647-Space-Time-Matter.

2. Poincaré compactification

The Poincaré compactification transforms a finite dimensional vector space X

into a compact manifold – a hemisphere – and is therefore called a compactifi-
cation. The construction also works for infinite dimensional Hilbert spaces X ,
in which case the image would be an infinite dimensional hemisphere, which is
a noncompact Hilbert manifold with boundary. Arbitrarily far points in the
vector space are mapped onto the equator – the boundary of the Poincaré hemi-
sphere. Therefore we will also refer to it as the sphere at infinity. The sphere
at infinity is a sphere whose dimension reads dim(X)−1. We refer to the overview
paper [10], and to the books [14], [1] where explicit planar examples are com-
puted. Now, let us describe the construction of the Poincaré compactification
more precisely.

Let X be an Hilbert space whose scalar product is denoted by 〈 · , · 〉. We con-
sider the vector space X × R. In other words, we add to X , say, a vertical di-
mension whose coordinate will be denoted by z ∈ R. The vector space X × R

is naturally equipped with the scalar product 〈(x, z), (x′, z′)〉 := 〈x, x′〉 + zz′.
The original vector space X is identified with the affine hyperplane X × {1}
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through the bijection x ∈ X �→ (x, 1) ∈ X × {1}. Finally, the affine hyperplane
X × {1} is projected centrally to the unit hemisphere

H := {(x, z) ∈ X × R : 〈x, x〉 + z2 = 1, z � 0},

called the Poincaré hemisphere. This transformation is sketched in Figure 1.

X × {1}

H

E

P(x)

(x, 1)

O

z

Figure 1. The Poincaré transformation

The Poincaré transformation is given by the formula

P : X → H, x �→ (χ, z) =
1√〈x, x〉 + 1

(x, 1).

As ‖x‖ tends to infinity, P(x) goes to the equator

E := {(χ, 0) ∈ X × R : 〈χ, χ〉 = 1}

of the Poincaré hemisphere. Hence the equator E is also called the sphere at
infinity.

Now let us describe how vector fields on the vector space X are mapped under
the Poincaré transformation. For this purpose, let us consider the equation

(2.1) ẋ = f(x), x ∈ X,

where the upper dot denotes time derivative. Applying the Poincaré transfor-
mation, we get the following evolution equations for the image (χ, z) = P(x),
z > 0:

(2.2)

{
χ̇ = fz(χ) − 〈fz(χ), χ〉χ,

ż = −〈fz(χ), χ〉z,

where fz denotes the homothetic of f with factor z; in other words

fz(χ) := zf(z−1χ).



Conley Index at Infinity 141

Equation (2.2) makes sense on the sphere at infinity if and only if fz has a limit as
z tends to zero. This is rarely the case. However this difficulty can be overcome
by normalization: we replace fz by ρ(z)fz in Equation (2.2), where ρ is

1. a positive function,
2. strictly positive on H \E so that the finite trajectories are not affected,
3. tends quickly enough to zero as z → 0, slowing down the trajectories

and guaranteeing the existence of a continuous limit:

lim
z→0

ρ(z)fz(χ) = f0(χ).

More precisely, normalizable vector fields are defined as follows.

Definition 1.2 (Normalization of the homothety fz). The vector field f :
X → X is normalizable if and only if there exists a continuous function ρ: [0, +∞[
→ [0, +∞[ such that

(a) ρ(z) 	= 0 if z 	= 0, and
(b) the map (χ, z) �→ ρ(z)fz(χ) is Lipschitz continuous even at z = 0.

Remark 2.2 (Normalization is a change of time variable). Replacing the
homothety fz(χ) by its normalized version ρ(z)fz(χ) corresponds to a change of
time variable dt = ρ(z)dτ . We will nevertheless keep the name t for the time
variable of the normalized equations on the Poincaré hemisphere for the sake of
simplicity. When we speak of a flow/vector field on the Poincaré hemisphere, we
mean such a normalized equation where regularity all the way up to the equator
is given.

Remark 2.3 (Vector fields with polynomial growth are normalizable). Con-
sider a map f : X → X admitting a decomposition of the following type:

f = P + p,

where P is homogenous of degree d ( i.e. P (λx) = λdP (x)) and p contains terms
of order lower than d−1, but not necessarily polynomial (i.e. p(x) = o(‖x‖d) for
‖x‖ going to infinity). The normalization by ρ(z) = zd−1 provides

lim
z→0

ρ(z)fz = P.

We will from now on mostly omit mention of normalization, and speak only
of compactified vector field/flow on the Poincaré hemisphere H, meaning in fact
compactified and normalized. Otherwise we do not even get a proper flow on H.

At last, we give some more formulas which are useful for computations. In-
stead of analyzing a vector field near the equator of the Poincaré hemisphere
(typically, looking for its equilibria at infinity and their stability), it is easier to
compute in vertical hyperplanes tangent to the hemisphere around the region
of interest. Therefore, we need the following projection Proje onto the vertical
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affine half hyperplane E tangent to H at e ∈ E , i.e. E = (e+〈e〉⊥)∩(X× [0,∞[ ).
We call the coordinates in these planes the “vertical charts”.

Proje:H → E, (χ, z) �→ 1
〈χ, e〉 (χ, z) := (ξ, ζ)

The resulting vector field on E in the variables (ξ, ζ) reads

(2.3)

{
ξ̇ = −〈fζ(ξ), e〉ξ + fζ(ξ),

ζ̇ = −〈fζ(ξ), e〉ζ.

Here again, it is often necessary to replace fζ by its normalized form ρfζ to
realize regularity of the projected vector field on the vertical charts.

After compactification, the sphere at infinity may contain isolated invariant
sets whose Conley indices are well defined. We recall the definition of the Conley
index for an isolated invariant set intersecting the boundary of the Poincaré
hemisphere: it splits into three components because the standard definition is
not sufficient to take the dynamics on the boundary ∂H = E into consideration.
This definition coincides with those of [11], [13].

Let us first fix some vocabulary. The property of being open – or closed
– is to be understood relative to the Poincaré hemisphere H. We write, when
possible, a subscript H to remind the reader of this. Furthermore, a set K

is said to be a compact neighborhood if K is compact and the closure of its
interior K = clH(intH(K)). An (forward and backward) invariant set S is said
to be isolated invariant if and only if there is a compact neighbourhood K of S

for which S is the maximal invariant set Inv(K) = S and S ⊂ intH(K).

Definition 2.4 (Conley index on the boundary). We consider an isolated
invariant set S on the Poincaré hemisphere H with boundary E . The set S

admits an index pair (N, N1), i.e. a pair of compact set satisfying

(a) (Isolation) The set cl(N \N1) is an isolating neighbourhood for S. More
precisely, S ⊂ cl(N \N1) does not intersect the boundary of clH(N \N1)
relatively to H.

(b) (Positive invariance of N1 with respect to N) A trajectory starting in
N1 remains in N1 until it leaves N , i.e. for all x ∈ N1 and all t > 0, if
ϕ([0, t], x) ⊆ N then ϕ([0, t], x) ⊆ N1.

(c) (The set N1 is an exit set for N) The trajectories leave N through N1,
i.e. for all x ∈ N and t1 > 0 with ϕ(t1, x) /∈ N , there exists a time
t0 ∈ [0, t1], such that ϕ([0, t0], x) ⊆ N and ϕ(t0, x) ∈ N1.

Let ∗ /∈ X be a universal point. The Conley index of S is defined by three
homotopy classes of pointed spaces as follows:

• h(H; S) :=
[

N ∪ {∗}
N1 ∪ {∗}

]
, the Conley index with respect to H;
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• h(H, E ; S) :=
[

N ∪ {∗}
N1 ∪ (N ∩ E) ∪ {∗}

]
, the Conley index with respect to

H and E ;

• h(E ; S) :=
[

N ∩ E ∪ {∗}
N1 ∩ E ∪ {∗}

]
, the Conley index with respect to E .

The standard Conley index is able to analyse the dynamics at infinity in
some situations, as illustrated in the following example.

Example 2.5 (A quadratic vector field under Poincaré compactification).
We consider the following polynomial system in the plane:

(2.4)

{
ẋ1 = x2

1 + x2
2 − 1,

ẋ2 = 5(x1x2 − 1).

This system does not show any finite equilibria, hence also no finite periodic
orbit. The dynamic at infinity was analysed in the vertical charts, and Figure 2
gives an overview of the global phase portrait on the Poincaré hemisphere, seen
from above. All equilibria at infinity are isolated invariant and their indices can
be easily computed and read as follows:

h(a1) = h(a2) =


h(H; a1,2) = Σ0,

h(H, E ; a1,2) = 0,

h(E ; a1,2) = Σ0,

h(r1) = h(r2) =


h(H; r1,2) = 0,

h(H, E ; r1,2) = Σ2,

h(E ; r1,2) = Σ1,

h(s1) =


h(H; s1) = 0,

h(H, E ; s1) = Σ1,

h(E ; s1) = Σ0,

h(s2) =


h(H; s2) = Σ1,

h(H, E ; s2) = 0,

h(E ; s2) = Σ1.

r2

s1

s2

r1

a1

a2

Figure 2. The Poincaré compactification of the vector field (2.4)
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On the other hand, isolated invariance seems to be too strong a requirement
for the dynamics at infinity. Let us briefly motivate the next section through
examples. Quadratic vector fields in the plane may exhibit accumulations of ho-
moclinic loops at infinity as illustrated in the phase portrait 18, 39 of Figure 3.
Quadratic planar vector fields have been studied and classified:

In [2] quadratic planar Hamiltonian vector fields are classified according to
their full phase portraits on the Poincaré hemisphere. There are 28 different
phase portraits, 21 of them exhibit only isolated invariant equilibria at infinity,
while 7 of them contain equilibria at infinity which are not isolated invariant
because of an accumulation of homoclinic loops. Those 7 still fit our definition
of complementary isolated invariance introduced in Definition 3.1.

In [16], quadratic planar vector fields are classified according to their phase
portraits near the sphere at infinity. This classification contains 40 phase por-
traits: 25 of them show only isolated invariant equilibria at infinity, 12 of them
show equilibria of isolated invariant complement, and 3 of them show equilibria
which are neither isolated invariant nor of isolated invariant complement.

Figure 3 illustrates these three cases. The Phase Portraits 25, 18 are taken
from [2]: Portrait 25 exhibits only isolated invariant equilibria; Portrait 18 ad-
mits an equilibrium of isolated invariant complement at the bottom. The Phase
Portrait 39 comes from [16] and admits an equilibrium at the bottom which is
neither isolated invariant nor of isolated invariant dynamical complement.

1825 39

Figure 3. Equilibria at infinity

For a polynomial vector field in finite dimensions, it seems that an accumu-
lation of homoclinic loops on an equilibrium at infinity is structurally stable,
as soon as this equilibrium is hyperbolic with respect to the flow within the
sphere at infinity (as for instance in Figure 3, Portrait 18). For more details,
see Theorem 5.3 in Section 5.2 which was proven in [5]. To be able to deal with
some of these situations, we develop in the following paragraph the concept of an
invariant set of isolated invariant dynamical complement and the Conley index
at infinity.
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3. Conley index at infinity

3.1. Isolation of the complement. The existence of an accumulation
of homoclinic loops at infinity even for planar quadratic fields motivates the fol-
lowing definition of an invariant set of isolated invariant dynamical complement.
The basic idea is the following. If it is not possible to isolate an invariant set
S, try to isolate the invariant set Scomp containing every trajectory that does
not tend to the first set S, neither in backward nor in forward time direction.
In other words, Scomp contains the trajectories that remain far away from S and
can therefore be considered as its dynamical complement. The precise definition
is given in Definition 3.1. This idea is comparable to the concept of an attractor
repeller pair, but here we do not require the connecting trajectories to run on
a one-way-street. The compact neighborhoods isolating such an isolated invari-
ant set Scomp are to be chosen arbitrarily large, as long as they do not intersect
S itself.

The complement of a set K is denoted by Kc = H \ K, not to be confused
with the dynamical complement of a set S denoted by Scomp and defined in
Definition 3.1.

Definition 3.1 (dynamical complement). Consider a normalized flow on
the Poincaré Hemisphere H. Let S be a closed (forward and backward) invariant
set. We call the set:

Scomp := {x ∈ H : α(x) ∩ S = ω(x) ∩ S = ∅}
the dynamical complement of S. Furthermore, the invariant set S is said to be
of isolated invariant dynamical complement if Scomp is isolated invariant.

The set Scomp is invariant because for every y ∈ o(x), α(x) = α(y) and
ω(x) = ω(y).

Example 3.2. Let us have a closer look at the phase portrait 18 of Figu-
re 3. The equilibrium S at infinity at the bottom is not isolated because of
the accumulation of homoclinic loops. The equilibrium S is of isolated invariant
complement. Its dynamical complement Scomp consists in:

(a) the repeller at infinity at the top,
(b) the saddle at the origin,
(c) the trajectory connecting the first to the second.

The dynamical complement Scomp is invariant and isolated by every compact
neighbourhood of itself that does not contain the equilibrium S.

Determining the dynamical complement Scomp from S requires much knowl-
edge on the global dynamics, so that one may want to formulate equivalent def-
initions of complementary isolated invariance where Scomp itself does not come



146 J. Hell

into play. The first equivalent definition requires isolating properties for every
large compact neighborhood that does not intersect S. The second one only for
a continuous family of them, which is more easily verifiable in concrete examples.

Proposition 3.3. We consider a normalized flow on the Poincaré hemi-
sphere. A closed invariant set S is of isolated invariant complement if and only
if there exists a compact neighbourhood K ⊂ H with the following properties.

(a) The set K does not intersect the invariant set S:

K ∩ S = ∅.
(b) The set K is an isolating neighbourhood in the Poincaré hemisphere:

Inv(K) ⊂ intH(K).

(c) Every compact neighbourhood K ′ ⊃ K which does not intersect the in-
variant set S is also an isolating neighbourhood:

K ′ compact neighbourhood,

K ′ ⊃ K,

K ′ ∩ S = ∅

 ⇒ K ′ isolating neighbourhood.

Proof. Suppose that the dynamical complement Scomp of S is isolated in-
variant. Hence Scomp is closed as a maximal invariant set, disjoint from S, and
there exists an isolating neighbourhood K of Scomp that does not intersect S. We
claim that this K also satisfies the third condition of Proposition 3.3. Indeed, let
K ′ be a compact neighbourhood containing K with K ′∩S = ∅, and x ∈ Inv(K ′).
Then the orbit through x as well as its α- and ω-limit sets, is contained in K ′

and therefore do not intersect S. By definition, such an x is in Scomp. Hence
Inv(K ′) ⊂ Scomp. As K ′ ⊃ K, the reverse inclusion Inv(K ′) ⊃ Inv(K) = Scomp

holds , and the claim Inv(K ′) = Scomp is proved.
Now let us assume the existence of a compact neighborhood K satisfying

the three conditions of Proposition 3.3. First of all we prove that K as well as
every superset K ′ as in condition (c) isolate the same invariant set. We proceed
indirectly. If there exists a K ′ satisfying condition (c) with Inv(K ′) � Inv(K),
then there is a point x ∈ Inv(K ′) \ Inv(K), whose orbit o(x) is fully contained
in K ′ but leaves K.

Consider K̃ = K ∪ k, where k is a compact neighbourhood with (o(x) \K)∩
∂k 	= ∅ and k ⊂ K ′ – for example half of a small enough tubular neighbourhood
around o(x) \ K. Then o(x) ⊂ Inv(K̃) holds, but o(x) ∩ K̃ 	= ∅, so that K̃ ⊃ K

cannot be an isolating neighbourhood which is a contradiction to condition (c).
Now let us prove that Inv(K) = Scomp. As K ∩ S = ∅, the inclusion

Inv(K) ⊂ Scomp surely holds true. Now consider any point x ∈ Scomp. If the
point x were not in Inv(K), then it would also not belong to any Inv(K ′) for K ′
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of condition (c), because we just proved Inv(K) = Inv(K ′). Taking a sequence
Kn of such sets so that d(Kn, S) → 0, we get a sequence of points xn ∈ o(x)
with the property:

xn /∈ Kn, d(xn, S) → 0.

As H is compact, the sequence (xn) converges (up to subsequence) to a point
ξ ∈ S. The point ξ belongs to the orbit of x, or to its α- or ω-limit set, contra-
dicting x ∈ Scomp. Hence Inv(K) = Scomp. �

Example 3.4. Let us illustrate this proposition with the phase portraits of
Figure 3.

Portrait 39: The equilibrium at the top is not of isolated invariant comple-
ment. If Kc is a small enough neighborhood of the upper equilibrium, then K

is not an isolating neighbourhood: there are trajectories arbitrarily near this
equilibrium that produce internal tangencies to ∂HK but never leave K, hence
Inv(K) 	⊂ intH(K).

Portrait 18: The bottom equilibrium is of isolated invariant complement.
If K is any big enough compact neighborhood that does not contain the bot-
tom equilibrium, then every point of ∂HK leaves K in forward or backward
time direction. Hence Inv(K) ⊂ intH(K) i.e. the compact set K is an isolating
neighbourhood. Choosing K to small leads to violation of condition (c) as seen
in Remark 3.8.

The third equivalence is the most easily verifiable in concrete examples. It
“only” requires a continuous family of isolating neighbourhoods whose comple-
ments shrink on the complementary isolated invariant set S. But in fact it turns
out to be a stronger requirement than that in Proposition 3.3, as we will explain
in Remark 3.8, so that we have to exclude some pathologic cases to keep the
equivalence.

Definition 3.5 (wild). We call a set S wild if it does not admit any compact
neighbourhood V such that S is a deformation retract of V .

Remark 3.6. This definition of wild may not be completely standard, but
this is the condition we need to guarantee the direction ⇒ in the equivalence
below. An hawaiian earring is wild in the sense of Definition 3.5.

Proposition 3.7. We consider a flow φ on the Poincaré hemisphere. Let be
S an invariant set that is not wild. Then S is of isolated invariant complement
if and only if there exists a compact neighbourhood V of S and a deformation
retraction

H : [0, 1]× V → V

from V to S such that for every λ ∈ [0, 1[, the compact set Kλ := clH(H(λ, V )c)
is an isolating neighbourhood in the Poincaré hemisphere H. The map H being
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a deformation retraction means:

H(0, x) = x, for all x ∈ V,

H(1, x) ∈ S, for all x ∈ V,

H(1, x) = x, for all x ∈ S.

Remark 3.8. The fact that S is a deformation retract of its neighbourhood
V implies in particular that they are both of the same homotopy type. It is not
possible for wild sets, therefore we have to exclude them. To be more precise,
let us consider an invariant hawaiian earring in phase portrait 18: S shall now
be the union of the bottom equilibrium with an infinite but countable number
of homoclinic loops of size tending to 0. This set S is an invariant set of iso-
lated invariant complement Scomp (the same Scomp as in Example 3.2) for which
we cannot find any continuous family of isolating neighborhoods as defined in
Proposition 3.7 because the invariant set S considered is wild.

If we do not assume that S is not wild in Proposition 3.7, then we only have:

existence of a continuous family Kλ as in Proposition 3.7

⇒ Scomp isolated invariant

On the other hand, the requirement is strong enough to prevent the modification
of the invariant set isolated by the Kλ all along the deformation. Of course
we will prove this below, but let us consider again S = bottom equilibrium
of phase portrait 18, and refer again to Example 3.2. Suppose we consider
a continuous family of isolating neighborhoods with K0 = union of two disjoint
squares around the repeller at the top and the saddle at the origin (hence yet
to small to isolate the whole Scomp). As the Kλ’s grow, the two squares collide
and form a rectangle around the orbit connecting the top and origin equilibria.
The invariant set isolated by the continuous family changes without violating
the isolation property. This does not contradict Proposition 3.7, because this
continuous family is not admissible there: S is not a deformation retract of
V := clH(Kc

0), because V is not simply connected.

Proof. Assume the existence of a continuous family of isolating neighbour-
hoods. First we prove that for all λ ∈ [0, 1), the sets Kλ = clH(H(λ, V )c) isolate
the same maximal invariant set. For that proceed indirectly: if there were an
orbit o(x) through x ∈ K0 and a λ̃ > 0 with

o(x) ⊂ K
�λ and o(x) � K0 ⇔ o(x) ∩ V 	= ∅,

The set {λ ∈ [0, λ̃] : o(x) ∩ H(λ, V ) 	= ∅} contains 0 and admit λ̃ as an upper
bound, so that it admits a supremum

(3.1) λ1 := sup{λ ∈ [0, λ̃] : o(x) ∩ H(λ, V ) 	= ∅}, 0 ≤ λ1 < λ̃
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Claim 1. {
o(x) ⊂ Kλ1 ,

o(x) ∩ ∂Kλ1 	= ∅,
where Kλ1 = clH(H(λ1, V )c), hence Kλ1 cannot be an isolating neighbourhood.

If o(x) � Kλ1 , then there exists a point y ∈ intH(H(λ1, V )) ∩ o(x). But
then y ∈ intH(H(λ2, V ))∩ o(x) for λ2 slightly bigger than λ1, contradiciting the
maximality of λ1 (3.1). Hence o(x) ⊂ Kλ1 .

Now let us show o(x) ∩ ∂Kλ1 	= ∅. By definition (3.1) of λ1, there exists a
sequence (µk)k∈N → λ1 and sequences of points (xk)k∈N, (yk)k∈N with

xk = H(µk, yk) ∈ o(x) ∩ H(µk, V ), y.k
∈ V.

The sequence (yk)k∈N converges by compacity of V , up to a subsequence, to a
point y ∈ V . By continuity of H , we have

H(µk, yk) = xk ∈ o(x) −→ H(λ1, y) ∈ H(λ1, V ), as k → ∞.

This provides a point H(λ1, y) ∈ o(x) ∩ (Kλ1 ∩ H(λ1, V )) = o(x) ∩ ∂Kλ1 , as
claimed.

Now we prove that the common isolated invariant set T to all Kλ, λ ∈ [0, 1),
is the dynamical complement Scomp of S. First, T ⊂ Scomp because T ⊂ V c

implies α(x) ∩ S = ω(x) ∩ S = ∅ for every x ∈ T . Furthermore proceed again
indirectly: if Scomp � T = Inv(Kλ) for all λ ∈ [0, 1), then

∀λ ∈ [0, 1), ∃xλ ∈ Scomp o(xλ) ∩ H(λ, V ) 	= ∅.

Considering a sequence λ → 1, we get as a limit a nontrivial intersection S ∩
Scomp, which is a contradiction. Hence Scomp = T = Inv(Kλ) for all λ ∈ [0, 1),
is isolated invariant.

Now we prove the second part of the equivalence. Assume that Scomp is
isolated invariant. By Proposition 3.3, there exists a compact neighbourhood
K isolating Scomp with the property (c) of Proposition 3.3. Because S is not
wild, there is a deformation retraction H of a compact neighborhood V ⊂ Kc

to S which provides a continuous family of isolating neighbourhoods Kλ :=
clH(H(λ, V )c, λ ∈ [0, 1), isolating Scomp. �

Definiton 3.9 (Conley index at infinity). Consider a flow φ on the Poincaré
hemisphere, and an invariant set S ⊂ E at infinity of isolated invariant comple-
ment. Its dynamical complement Scomp is well defined and isolated invariant. We
define the Conley index at infinity of S, denoted by ĥ(S), as the classical Conley
index of Scomp computed under the flow φ−(t, · ) := φ(−t, · ) with reversed time
direction.

Remark 3.10. Let us justify why this provides a well defined index.
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A compact set R ⊂ H is isolated invariant under φ if and only if R is isolated
invariant under φ−. Furthermore, If B is an isolating block for R with respect
to the flow φ, and B± its immediate entrance and exit sets respectively, then
B is also an isolating block for R with respect to the flow φ− with respective
entrance and exit sets B∓. By classical Conley index theory, we know

(a) (B, B+) is an index pair for R with respect to the flow φ−,
(b) the Conley index hφ−(R) of R under the flow φ− is defined by the

quotients

hφ−(R) :



hφ−(H; R) :=
[

B

B+

]
,

hφ−(H, E ; R) :=
[

B

B+ ∪ (B ∩ E)

]
,

hφ−(E ; R) :=
[

B ∩ E
B+ ∩ E

]
,

(c) and this definition does not depend on the choice of the index pair.

By Definition 3.9 of the Conley index at infinity, we have

ĥφ(S) := hφ−(Scomp).

The Conley index at infinity of S does not depend on the choice of the index
pair for Scomp.

Example 3.11. The indices in Example 3.2, Figure 3, portrait 18, are the
following:

(a) The repeller r at infinity at the top has index

h(r) =


h(H; r) = 0,

h(H, E ; r) = Σ2,

h(E ; r) = Σ1.

(b) The saddle O at the origin has index h(O) = Σ1.
(c) The isolated invariant set Scomp has Conley index

h(Scomp) =


h(H; Scomp) = Σ1,

h(H, E ; Scomp) = 0,

h(E ; Scomp) = Σ1.

(d) The Conley index at infinity of the degenerate equilibrium S reads

ĥ(S) =


ĥ(H; S) = 0,

ĥ(H, E ; S) = Σ1,

ĥ(E ; S) = Σ0.
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Remark 3.12. The author is convinced that the concept of invariant set of
isolated invariant complement, together with the concept of dynamical comple-
ment, are new and crucial for the study of dynamics at infinity or more generally
on bounded manifolds with boundary. However, it is not clear wether the Defi-
nition 3.9is the most sensible for the index of a set with isolated invariant com-
plement. An argument against it is the following. If S is both isolated invariant
and of isolated invariant complement, then both h(S) and ĥ(S) are defined, but
we see in Example 3.13 that they do not have to coincide - basically because the
summability formula fails for ĥ.

We want to point out here that this technical point is not crucial for the
detection of heteroclinics to infinity – which is the goal that we pursue.

Definition 3.9 is useful for results on existence/nonexistence of connections
to infinity. Such theorems are given in the next paragraph dealing with general
properties of invariant sets of isolated invariant complement and their indices.

Example 3.13. We consider a flow on the 3-dimensional Poincaré hemi-
sphere, which we represent as a 3-dimensional ball whose boundary is the sphere
at infinity. This flow is sketched in Figure 4.

Scomp

S

Figure 4. 3-dimensional Poincaré hemisphere

The finite dynamics exhibit only an equilibrium at the origin which is a sad-
dle. The 1-dimensional stable manifold of the origin connects to two fully un-
stable equilibria at infinity. The 2-dimensional unstable manifold of the origin
contains trajectories swirling toward a periodic orbit at infinity which is fully
stable. Furthermore, on the sphere at infinity the two unstable equilibria are
also connected to the stable periodic orbit by swirling trajectories.

Let us call the periodic orbit in the sphere at infinity S. The invariant set S

is isolated invariant. Its dynamical complement Scomp is well defined, being the
union of the three equilibria and the stable manifold of the origin. Moreover,
Scomp happens to be isolated invariant too. Therefore we can compare h(S) and
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ĥ(S) in this example. A block B for Scomp is given by a cylinder around the
unstable manifold of the origin connecting the three equilibria. The immediate
exit set B− consists of the whole boundary B− = ∂B. Therefore

h(Scomp) =


h(H; Scomp) = 0,

h(H, E ; Scomp) = Σ3,

h(E ; Scomp) = Σ2 ∨ Σ2.

ĥ(S) = h−(Scomp) =


h(H; S) = Σ0,

h(H, E ; S) = 0,

h(E ; S) = Σ0 ∨ Σ0.

Now let us consider the classical Conley index h(S) of the periodic orbit at
infinity. A block D for S is given by a 3-dimensional ring around S, intersected
with the Poincaré hemisphere. The periodic orbit S being stable, the immediate
exit set of the block D is empty and

h(S) =


h(H; S) = ©∗,
h(H, E ; Scomp) = 0,

h(E ; S) = ©∗,
where ©∗ denotes the disjoint union of a 1-dimensional circle and the universal
point ∗, not to be confused with Σ1 where the union is not disjoint.

Hence h(S) 	= ĥ(S). The topologies of the sets S and Scomp are different and
this fact is reflected in the indices h(S) and ĥ(S).

3.2. General properties. The Conley index at infinity is of course also
defined on the homology and cohomology levels as the homology/cohomology of
the pointed spaces given by ĥ. The Poincaré duality translates in terms of time
duality and provides the following relationships between the indices. The proof
of this proposition is a direct application of the result of [13].

Proposition 3.14. Consider a flow on the n-dimensional Poincaré hemi-
sphere H. We denote by H∗ and H∗ the homological and cohomological Conley
indices, and by Ĥ∗ and Ĥ∗ the homological and cohomological Conley indices
at infinity, respectively. If S is of isolated invariant complement Scomp,

Ĥk(H, E ; S) = Hn−k(H; Scomp),

Ĥk(H; S) = Hn−k(H, E ; Scomp),

Ĥk(E ; S) = Hn−k(E ; Scomp).

Furthermore, the index at infinity allows us to formulate existence or nonex-
istence results. For this, we describe which types of Conley indices charac-
terize attractors or repellers (Definition 3.15) in order to formulate the exis-
tence/nonexistence Theorem 3.16.
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Definition 3.15. Consider a flow on the Poincaré hemisphere H. We refer
to an index coming from an index pair of the form (B, ∅) as an “index of an
attractor” an index . Such an index takes the form:

h(H; S) = [B] ∪ {∗}, h(H, E ; S) = 0, h(E ; S) = [B ∩ E ] ∪ {∗}.

We refer to an index coming from an index pair of the form (B, ∂B) as an “index
of a repeller” an index. Such an index takes the form:

h(H; S) = 0, h(H, E ; S) =
[

B

∂BB

]
, h(E ; S) =

[
B ∩ E

∂HB ∩ E
]
.

If an invariant set S is complementary isolated and its dynamical complement
Scomp has the index h(Scomp) of an attractor or of a repeller, then S itself has
a Conley index at infinity ĥ(S) of a repeller or of an attractor respectively, due
to the time reversal in the definition.

This concept allows us to formulate the following existence/nonexistence the-
orem.

Theorem 3.16. Consider a complementary isolated invariant set S ⊂ E in
the sphere at infinity. Its dynamical complement Scomp is isolated invariant and
ĥ(S) is well defined.

(a) If ĥ(S) is the index of a repeller, then
• there are trajectories S → Scomp, or more precisely

∃x ∈ H \ (S ∪ Scomp), α(x) ∩ S 	= ∅ and ω(x) ⊂ Scomp,

• there is no trajectory Scomp → S.
(b) If ĥ(S) is the index of an attractor, then

• there are trajectories Scomp → S, or more precisely

∃x ∈ H \ (S ∪ Scomp), α(x) ⊂ Scomp and ω(x) ∩ S 	= ∅,

• there is no trajectory S → Scomp.
(c) If ĥ(S) is neither the index of an attractor nor of a repeller, then there

are both trajectories S → Scomp and Scomp → S, or more precisely

∃x ∈ H \ (S ∪ Scomp), α(x) ∩ S 	= ∅ and ω(x) ⊂ Scomp,

∃ y ∈ H \ (S ∪ Scomp), α(y) ⊂ Scomp and ω(y) ∩ S 	= ∅.

Proof. Suppose ĥ(S) is of a repeller: by definition, the dynamical comple-
ment Scomp admits an index pair of the form (B, ∅), where B is an isolating block
for Scomp. Then for all x ∈ B, the forward trajectory through x remains in B

because the exit set of B is empty. Hence the ω-limit ω(x) lies in the maximal



154 J. Hell

invariant set Inv(B) = Scomp. On the other hand, for all x ∈ B \ Scomp, there
exists an entry-time T ≤ 0 such that

φ(t, x) /∈ B, for all t < T.

Such trajectories accumulate on S, otherwise, they would entirely lie in Scomp

by definition of the dynamical complement.
A similar argumentation proves the two remaining claims. �
Remark 3.17. Of course, a very similar theorem holds if the set S is isolated

invariant:

(a) If h(S) is the index of a repeller, then there are trajectories through x /∈
S with α(x) ⊂ S, but no trajectories through x /∈ S with ω(x) ∩ S 	= ∅.

(b) If h(S) is the index of an attractor, then there are trajectories through
x /∈ S with ω(x) ⊂ S, but no trajectories through x /∈ S with α(x) ∩
S 	= ∅.

(c) If h(S) is neither the index of an attractor nor the index of a repeller,
then there are both trajectories through x /∈ S with α(x) ⊂ S and
through y /∈ S with ω(y) ⊂ S.

The following example illustrates how such theorems may be used.

Example 3.18. We consider the phase portrait as illustrated in Figure 5,
which appears in the classification theorem of [2]. This portrait shows a fixed
point S at infinity at the bottom of the phase portrait, which is of isolated
invariant complement Scomp. The dynamical complement Scomp in Figure 5 is
of trivial Conley index, hence ĥ(S) = 0 too. This index is neither the index
of a repeller nor the index of an attractor. Hence there are trajectories with S

in their α-limit sets, and trajectories with S in their ω-limit sets, according to
Theorem 3.16.

Figure 5. Phase portrait of Example 3.18
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Note that in the context of Conley index at infinity, a trivial index is no
obstacle to the detection of connecting orbits. The connection structure will be
analyzed in Example 4.9.

4. Detection of heteroclinics to infinity

4.1. Fundamental property. The concept of isolated dynamical comple-
ment shows an interesting property on which our method for the detection of
connection to some nonisolated invariant sets at infinity is based. Roughly speak-
ing, this fundamental property says that leaving an isolating neighbourhood of
Scomp forces leaving all of them – leading to an accumulation on S. More pre-
cisely, the following holds.

Proposition 4.1. Let S ⊂ E be an invariant set of isolated complement
Scomp, and N any isolating neighbourhood of the dynamical complement Scomp.
Consider a trajectory o(x) under the flow φ on the Poincaré hemisphere H which
connects to Scomp in backward or forward time direction but leaves N at a finite
time t0. Then this trajectory accumulates on S in forward or backward time
direction respectively. In other words, if x ∈ N \ Scomp admits a t0 such that
φ(t0, x) /∈ N , then:

α(x) ⊂ Scomp ⇒ ω(x) ∩ S 	= ∅,
ω(x) ⊂ Scomp ⇒ α(x) ∩ S 	= ∅.

Proof. Consider a growing sequence of isolating neighbourhoods (Nn)n∈N

of Scomp with
⋂

n∈N

H\Nn = S. Since Inv(N) = Scomp = Inv(Nn) for every n ∈ N,

it holds for any x ∈ H that

φ(t0, x) /∈ N ⇒ ∀n ∈ N, ∃ tn : φ(tn, x) /∈ Nn.

Since the sets H \ Nn shrink on S as n grows, d(φ(tn, x), S) → 0 as n → ∞.
If in addition α(x) ⊂ Scomp, then the sequence (tn)n∈N tends to +∞, and,

up to a subsequence, φ(tn, x) converges to a point of S, so that ω(x) ∩ S 	= ∅.
Similarly, ω(x) ⊂ Scomp implies α(x) ∩ S 	= ∅. �
Remark 4.2. Note that we can only guarantee a nonempty intersection

of the ω- or α-limits with the invariant set S of isolated invariant complement.
An inclusion would not hold in general, since the ω- or α-limit could be a hete-
roclinic cycle containing equilibria in S and equilibria in Scomp, for example, or
even a homoclinic loop to S.

4.2. Construction of an ersatz infinity. We wish to prove the existence
of connections between a given invariant set S ⊂ E at infinity with isolated in-
variant complement Scomp and an isolated invariant set Q ⊂ Scomp. To this
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end, we replace S with an isolated invariant ersatz for which Conley index tech-
niques apply and use the fundamental property 4.1 stated above to conclude the
existence of a connection to S.

We present here a construction of an ersatz which is realizable in many
concrete cases. However, we do not pretend that it is optimal. It may be useful
in some cases to choose a more appropriate ersatz infinity. The fundamental
property allows us to be very flexible at this point: as long as we keep the flow
unchanged in an isolating block for Scomp, we may complete the flow as we please
outside of this block.

Let us give first an overview of the construction before we go into the technical
details:

1. Find an isolating block B for Scomp. Its boundary splits into immediate
entrance and exit sets ∂B = B+ ∪ B−, where B+ ∩ B− contains only
a finite number of points of exterior tangency to B.

2. Choose retractions of B+ and B− to sets b+ and b− that are, typically,
less complicated (for example a union of single points).

3. Glue pieces of trajectories outside of B that follow the retractions. The
sets b± are isolated invariant, and repellers/attractors, respectively.

Construction of the extended phase space. Let us fix an invariant set S

in the sphere at infinity with isolated invariant complement Scomp. Furthermore,
let B be an isolating block for Scomp. There exist strong deformation retracts
r±: [0, 1] × B± → B± of the entrance and exit sets to subsets b± ⊂ B±, i.e.

1. for all x ∈ B±, r±(0, x) = x,
2. for all x ∈ b± and s ∈ [0, 1], r±(s, x) = x,
3. for all x ∈ B±, r±(1, x) ∈ b±.

Furthermore, we require that the retractions r± be injective:

(Inj) ∀s ∈ [0, 1[ ∀x1, x2 ∈ B± : r±(s, x1) = r±(s, x2) ⇒ x1 = x2.

This injectivity property will be needed to construct a flow from the retracts
without trajectories crossing each other. However this is no real restriction, as
we see in the next lemma.

Lemma 4.3. Let B be an isolating block for the isolated invariant dynami-
cal complement Scomp of S ⊂ E. Then there exist strong deformation retracts
satisfying the injectivity condition (Inj).

Proof. Take b± = B± and r±(s, · ) = Id. �

After we have fixed one pair of deformation retracts with property (Inj), we
extend the block B with subsets of [0, 1] × B± defined by the following:

(4.1) β± := {(s, r±(s, x)), s ∈ [0, 1], x ∈ B±}.
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We now “glue” the pieces β± on the boundary of B by means of the equivalence
relation

x ∼ y if


x = y or

x = (0, ξ) ∈ β+ ∪ β− and y = ξ ∈ ∂B or

y = (0, ξ) ∈ β+ ∪ β− and x = ξ ∈ ∂B.

for all x, y ∈ B ∪ β+ ∪ β−. The extended phase space is defined as

(4.2) Ĥ :=
B ∪ β+ ∪ β−

∼ .

For an illustration of the extension procedure on phase portrait 18 of Figure 3,
see Figure 6.

B+B+ B−

b+ b−b−

Figure 6. Extended phase portrait for portrait 18 of Figure 3

Construction of the extended flow. We define a flow φ̂ on the extended
phase space Ĥ which follows the flow φ on the block B, and follows the defor-
mation retracts after leaving the block B. We first have to fix some notation.
For each point x ∈ B, there exist entrance and exit times T−(x) ∈ [−∞, 0],
T+(x) ∈ [0, +∞], defined as follows:

T+(x) := sup{t ≥ 0 : φ([0, t], x) ⊂ B},(4.3)

T−(x) := inf{t ≤ 0 : φ([t, 0], x) ⊂ B}.(4.4)

Note that T±(x) may be infinite. In case they are finite,

φ(T−(x), x) ∈ B+ and φ(T+(x), x) ∈ B−.

The maps T±: B → R ∪∞ are continuous because B is an isolating block.
On the other hand, if we consider a point (s, y) ∈ β± where s ∈ [0, 1[, then

there is a point x ∈ B± such that y = r±(s, x), and this point is unique by virtue
of the injectivity condition (Inj). To (s, y) ∈ β±, s 	= 1, we associate the unique
Y ±(y) := (r±(s, · ))−1(y).
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Definition 4.4. For an initial condition x ∈ B, the extended flow φ̂(t, x) is
defined as follows:

(4.5) φ̂(t, x) =



φ(t, x) ∈ B if t ∈ [T−(x), T+(x)],

(1 − eT+(x)−t, r−(1 − eT+(x)−t, φ(T+(x), x))) ∈ β−

for t ≥ T+(x),

(1 − et−T−(x), r+(1 − et−T−(x), φ(T−(x), x))) ∈ β+

for t ≤ T−(x).

In particular T−(x) = −∞ implies φ̂(t, x) = φ(t, x) ∈ B for all t � 0, and
T+(x) = +∞ implies φ̂(t, x) = φ(t, x) ∈ B for all t ≥ 0. Therefore, Inv

�φ(B) =
Invφ(B) = Scomp.

For an initial condition (s, y) ∈ β−, s ∈ [0, 1[, the associated point Y −(y) ∈
B− with y = r−(s, Y −(y)) belongs to B so that φ̂(t, Y −(y)) is well defined
through (4.5) for all t ∈ R. Hence we can define φ̂(t, (s, y)) by the following:

(4.6) φ̂(t, (s, y)) =

{
(1, y) if s = 1,

φ̂(t − log(1 − s), Y −(y)) if s ∈ [0, 1[.

For an initial condition (s, y) ∈ β+, s ∈ [0, 1[, the associated point Y +(y) ∈ B+

with y = r+(s, Y +(y)) belongs to B so that φ̂(t, Y +(y)) is well defined through
(4.5) for all t ∈ R. Hence we can define φ̂(t, (s, x)) by the following:

(4.7) φ̂(t, (s, y)) =

{
(1, y) if s = 1,

φ̂(log(1 − s) − t, Y +(y)) if s ∈ [0, 1[.

Again Figure 6 shows how the flow is extended for the phase Portrait 18 of
Figure 3.

The construction of the map φ̂ guarantees the following:

Proposition 4.5. The map φ̂: R × Ĥ → Ĥ defined by Definition 4.4 is
a continuous flow. In other words, it fulfills the following properties:

(a) The map φ̂ is continuous.
(b) φ̂(0, · ) = Id

�H.
(c) For all t, τ ∈ R and p ∈ Ĥ, φ̂(t, φ̂(τ, p)) = φ̂(t + τ, p).

Remark 4.6. By abuse of notation, we denote by b± the sets

b± = {(1, r±(1, x)), x ∈ B±} ⊂ Ĥ,

and call them ersatz infinities, because they replace the invariant set S ⊂ E and
are isolated invariant so that the Conley index is able to deal with them. By
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Definition 4.4 of the extended flow, they consist only of equilibria. Hence

α
�φ(x) = lim

t→−∞ φ̂(t, x) = (1, r+(1, x)) ∈ b+, for all x ∈ B+,

ω
�φ(x) = lim

t→∞ φ̂(t, x) = (1, r−(1, x)) ∈ b−, for all x ∈ B−.

In particular, b+ is a repeller, while b− is an attractor.

Remark 4.7 (Smoothing the extension). After this construction, we end up
with both a manifold and a flow which are continuous but not a priori smooth.
The smoothness is desirable for technical parts of the Conley index theory: it pro-
vides the existence of blocks B which are manifolds with boundaries, and in par-
ticular guarantees the equality between the homology of the quotient H∗(B/B−)
and the relative homology H∗(B, B−). Therefore we should require the smooth-
ing of both Ĥ and φ̂. We conjecture that requiring the existence of a deformation
smoothing both the extended phase space and the extended flow is no real re-
striction and is generically fulfilled. This is at least the case in the examples we
show here, although we do not stress this technical point for clarity.

4.3. Exhibit heteroclinics to infinity. We have now prepared all the
ingredients for the detection of heteroclinic orbits to an invariant set S at infinity
of isolated invariant complement Scomp. There are many ways to formulate the
detection of heteroclinics, for example in terms of connection matrices which
are a powerful tool used to analyze the heteroclinic structure of a whole Morse
decomposition. For simplicity, let us rather stick to the cornerstone of this theory
here. For this, let us consider attractor repeller pairs in the extended phase space.
More precisely, we assume that the extended phase space Ĥ contains an invariant
set Î (under the extended flow φ̂) decomposable into an attractor repeller pair
A, R ⊂ Î with the following characteristics:

1. One of the sets A, R is an invariant subset of b− ∪ b+.
2. The other one is an invariant subset of Scomp.

In this situation, the “nonidentity” h(Î) 	= h(A) ∨ h(R) proves the existence
of a heteroclinic connection R → A in the extended phase portrait (Ĥ, φ̂). As
a consequence, there is an orbit leaving/entering the isolating block B of Scomp

– under both the flows φ̂ and φ because they coincide in B. By virtue of Propo-
sition 4.1, this orbit accumulates on S in the phase portrait (H, φ). This proves
the following theorem.

Theorem 4.8. Let φ be a flow on the Poincaré hemisphere H. Consider an
invariant set S ⊂ E of isolated invariant complement Scomp. Fix an isolating
block B for Scomp and proceed to the construction of the extended phase space Ĥ
defined by (4.2) and the extended flow φ̂ on Ĥ defined by Definition 4.4.
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Assume that there exist isolated invariant sets R and Î under the extended
flow φ̂ with

R ⊂ Scomp, Î ⊃ R ∪ b−,

such that (b−, R) builds an attractor repeller decomposition of Î, and suppose fur-
ther that the Conley index detects a heteroclinic connection R → b− by means of

h(Î) 	= h(R) ∨ h(b−).

Then there is a heteroclinic connection R → S in the original flow φ on H, or
more precisely, there exists x ∈ B with α(x) ⊂ R, ω(x) ∩ S 	= ∅. Analogously,
assume that there exists isolated invariant sets A and Î under the extended flow
φ̂ with

A ⊂ Scomp, Î ⊃ A ∪ b+,

such that (A, b+) builds an attractor repeller decomposition of Î, and suppose fur-
ther that the Conley index detects a heteroclinic connection R → b− by means of

h(Î) 	= h(A) ∨ h(b+).

Then there is a heteroclinic connection S → A in the original flow φ on H, or
more precisely, there exists x ∈ B with ω(x) ⊂ A, α(x) ∩ S 	= ∅.

Example 4.9. Let us proceed to the extension for the Example 3.18 whose
phase portrait is illustrated in Figure 7.

−

B1 B2

r
a

b+b−

Figure 7. Extension and blocks for Example 4.9

The bottom equilibrium S is invariant of isolated invariant dynamical comple-
ment Scomp. We choose an isolating block for Scomp by cutting straight through
the accumulation of homoclinic loops. The Figure 7 shows the extended phase
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space for this example together with isolating blocks B1,2 for two attractor re-
peller pairs involving the ersatz infinity b+ and b−.

For the pair (b−, r), block B1, the indices read:
h(Ĥ, ∂Ĥ; Inv(B1)) = Σ1,

h(Ĥ; Inv(B1)) = 0,

h(∂Ĥ; Inv(B1)) = Σ0,


h(Ĥ, ∂Ĥ; r) = Σ1,

h(Ĥ; r) = Σ1,

h(∂Ĥ; r) = 0,


h(Ĥ, ∂Ĥ; b−) = 0,

h(Ĥ; b−) = Σ0,

h(∂Ĥ; b−) = Σ0.

As h(Ĥ; Inv(B1)) = 0 	= Σ1 ∨ Σ0 = h(Ĥ; r) ∨ h(Ĥ; b−), we have by Theorem 4.8
a heteroclinic orbit r → S.

For the pair (a, b+), block B2, the indices read:
h(Ĥ, ∂Ĥ; Inv(B2)) = 0,

h(Ĥ; Inv(B2)) = Σ1,

h(∂Ĥ; Inv(B2)) = Σ1,


h(Ĥ, ∂Ĥ; a) = Σ1,

h(Ĥ; a) = Σ1,

h(∂Ĥ; a) = 0,


h(Ĥ, ∂Ĥ; b+) = Σ2,

h(Ĥ; b+) = 0,

h(∂Ĥ; b+) = Σ1.

As h(Ĥ, ∂Ĥ; Inv(B2)) = 0 	= Σ2 ∨ Σ1 = h(Ĥ, ∂Ĥ; b+) ∨ h(Ĥ, ∂Ĥ; a), we have by
Theorem 4.8 a heteroclinic orbit S → a.

Example 4.10. Let us exhibit heteroclinic connections to the bottom equi-
librium in phase Portrait 18 of Figure 3. The Figure 8 shows the extended phase
space for this example together with isolating blocks B1,2 for two attractor re-
peller pairs involving the ersatz infinity b+ and b−.

B1
B2

c
c

b+ b+b−b− b−b−

Figure 8. Extension and blocks for Portrait 18, Figure 3

For the pair (c, b+), block B1, the indices read:
h(Ĥ, ∂Ĥ; Inv(B1)) = 0,

h(Ĥ; Inv(B1)) = Σ1,

h(∂Ĥ; Inv(B1)) = Σ1,


h(Ĥ, ∂Ĥ; c) = Σ1,

h(Ĥ; c) = Σ1,

h(∂Ĥ; c) = 0,


h(Ĥ, ∂Ĥ; b+) = Σ2,

h(Ĥ; b+) = 0,

h(∂Ĥ; b+) = Σ1.

As h(Ĥ, ∂Ĥ; Inv(B1)) = 0 	= Σ2 ∨ Σ1 = h(Ĥ, ∂Ĥ; b+) ∨ h(Ĥ, ∂Ĥ; c), we have by
Theorem 4.8 a heteroclinic orbit S → c.
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For the pair (b−, c), block B2, the indices read:
h(Ĥ, ∂Ĥ; Inv(B2)) = Σ1,

h(Ĥ; Inv(B2)) = Σ0,

h(∂Ĥ; Inv(B2)) = Σ0 ∨ Σ0,


h(Ĥ, ∂Ĥ; b−) = 0,

h(Ĥ; b−) = Σ0 ∨ Σ0,

h(∂Ĥ; b−) = Σ0 ∨ Σ0.

As h(Ĥ; Inv(B2)) = Σ0 	= Σ0 ∨ Σ0 ∨ Σ1 = h(Ĥ; c) ∨ h(Ĥ; b−), we have by
Theorem 4.8 a heteroclinic orbit c → S.

5. Conclusions

5.1. Properties and limits. The construction of the extended phase por-
trait (Ĥ, φ̂) depends on the choice of the isolating block B of the dynamical
complement Scomp. In particular, the choice of B influences the topology of
the ersatz infinity b±, hence the ability of the Conley index to detect hetero-
clinic connections. Nevertheless it is sufficient to find one block B for which
Theorem 4.8 applies and detects a connection to the set S of isolated invariant
dynamical complement Scomp.

The dependence of the topology of b± on the choice of B forbids us from
defining the Conley index at infinity of S as the sum h

�φ(b+) ∨ h
�φ(b−): this

sounds like a good option but does not provide a well defined index ĥ(S).
The connections to the ersatz infinity b± occur in a one way street; this was

not the case for the invariant S itself, and this is the reason why it is not directly
accessible to classical Conley index techniques.

We described in the previous section how to detect heteroclinic orbits in the
context of an attractor-repeller decomposition. More generally, Conley index and
connection matrix theory allow one to analyze connection structure of a Morse
decomposition involving more than two sets. Therefore it is natural to ask if we
are able to deal with finitely many pairwise disjoint invariant sets (Si)1≤i≤n ⊂ E
of isolated invariant complements (Sicomp)1≤i≤n.

The rough idea is to build a Morse decomposition in the extended phase
space, analyze this decomposition via connection matrices and conclude the ex-
istence of heteroclinic orbits in the original flow on the Poincaré hemisphere H.
We do not want to go into the details of the proofs here and refer the reader to
[6, Proposition (3.5.39)] and below.

Proposition 5.1. Consider a flow φ on the Poincaré hemisphere H, admit-
ting a finite collection of pairwise disjoint invariant sets (Si)1≤i≤n ⊂ E of isolated
invariant complements (Sicomp )1≤i≤n. Let (Kiλ

)1≤i≤n be a collection of contin-
uous families of isolating neighbourhoods of the (Sicomp)1≤i≤n as in Proposi-
tion 3.7. Then:
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(a) The disjoint union
n⋃

i=1

⊂ E is an invariant set of isolated invariant

dynamical complement
n⋂

i=1

Sicomp .

(b) There exists λ0 ∈ [0, 1[ such that Kλ := clH
( n⋂

i=1

intH(Niλ
)
)
, λ ≥ λ0,

forms a continuous family of isolating neighbourhoods for
n⋂

i=1

Sicomp in

the sense of Proposition 3.7.

To proceed to the construction of the extended phase portrait (Ĥ, φ̂), we

need an isolating block B for
n⋂

i=1

Sicomp . This block B should fulfill some extra

conditions allowing us to analyze the connection structure to the individual Si’s
via their ersatz b±i ’s. More precisely we need that the immediate entrance/exit
sets B± of B split into B±

i leading after extension to ersatz b±i of Si. For
this purpose, we require isolating blocks Bi of Sicomp satisfying the following
condition:

(5.1) clH(Bc
i ) ∩ clH(Bc

j ) = ∅, for all i 	= j ∈ {1, . . . , n}.

Condition (5.1) means that the blocks Bi and Bj are big enough so that their
complements Bc

i and Bc
j , neighborhoods of Si and Sj respectively, are well sep-

arated. The existence of “arbitrarily small” isolating blocks of Sicomp , Sjcomp is
surely true, but not of“arbitrarily large” ones in general. Therefore the following

Conjecture 5.2. As soon as the Si’s are pairwise disjoint invariant sets
of isolated invariant complements, it is possible to find a collection of isolating
blocks (Bi)i∈{1,... ,n} satisfying the condition (5.1).

Once we have a collection (Bi)i∈{1,... ,n} of isolating blocks for (Sicomp)i∈{1,... ,n}
satisfying condition (5.1), it follows that

B :=
n⋂

i=1

Bi

is an isolating block for
n⋂

i=1

Sicomp . We build the extended phase portrait (Ĥ, φ̂)

on this block B. Suppose the extended flow φ̂ admits a Morse decomposition
and classical connection matrix theory exhibits connections between an isolated

invariant set M ⊂
n⋂

i=1

Sicomp and an ersatz infinity b±i0 . As a consequence,

there exists a trajectory leaving/entering the block B through its boundary

∂HB =
n⋃

i=1

∂HBi, where the union is disjoint by virtue of condition (5.1). Hence
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this trajectory leaves/enters also the block Bi0 through its boundary. By Propo-
sition 4.1, we know that the original trajectory under the flow φ on H accumu-
lates on Si0 . This shows that our method to detect heteroclinics is compatible
with connection matrix theory. Should the Conjecture 5.2 fail, the construc-
tion of the extended phase space should be performed for each Bi individually:
The truth of the Conjecture 5.2 does not affect the main Theorem 4.8, only the
efficiency of its application.

As noticed in Remark 4.6, the ersatz b+
i are repellers, the b−i are attractors.

They are hence maxima/minima of chains of the Morse ordering.
Let us again consider the case of a single invariant set S of isolated invari-

ant complement in order to describe the type of information that leads to the
detection of heteroclinic connections. Note that since b+ is a repeller, its ho-
mological Conley index H∗(b+) has a nontrivial Hn(b+), where n is the dimen-
sion of our original phase space, say n = dim(H). A nontrivial connection map
δ : Hn(b+) → Hn−1(A) for an isolated invariant A ⊂ Scomp detects a heteroclinic
connection b+ → A in Ĥ, hence S → A in H by Theorem 4.8. Furthermore, the
topology of b+ itself may produce other nontrivial homologies Hj(b+), so that
other connection maps δ: Hj(b+) → Hj−1(A′) may detect other heteroclinics
S → A′.

Analogously, the ersatz b− is an attractor, its homological Conley index on
the 0-th level is nontrivial so that a nontrivial connection map δ : H1(R) →
H0(b−) detects a connection R → S. Further nontrivial homology groups
Hj(b−) of the homological Conley index of b− and nontrivial connection maps
δ: Hj+1(R′) → Hj(b−) may detect further heteroclinic connections R′ → S.

5.2. Genericity questions. The following theorem has been proved in [5].
It deals with genericity of hyperbolic equilibria at infinity in the class of polyno-
mial vector fields.

Theorem 5.3. Let X be the set of polynomial vector fields on R of degree
smaller than d ∈ N. Furthermore, for every f ∈ X , let us denote by fE the
vector field induced by f on the sphere at infinity E after compactification and
normalization. The set

Hyp = {f ∈ X : fE admits only hyperbolic equilibria on E}
is open and dense in X .

In other words the equilibria at infinity are structurally stable (in X ) as soon
as they are hyperbolic in the sphere at infinity. An accumulation of homoclinic
loops, if it takes place in the finite part H \ E of the Poincaré hemisphere, is
structurally stable. Therefore the field of application of our methods is not
restricted to pathological cases.
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5.3. Perspectives for PDEs. The concepts we have developped in this
paper are promising for the study of blow up phenomena in partial differential
equations.

Compactification has already been used to analyze the dynamics of the global
unbounded attractor for the asymptotically linear equation ut = Au+g(u), where
u belongs to an Hilbert space, g is sublinear, and A nice enough. See [3], [6] for
details. In this example, grow up takes place and all equilibria at infinity admits
classical Conley index in the sense of [15].

For PDE’s whose leading terms are homogenous of degree d ≥ 1 (for instance
ud or ud−1∆u, . . . ) we do not expect classical Conley index theory to be able to
analyze the connection structure of the global unbounded attractor.

In order to be able to apply our methods, some requirements are needed.
First of all, we need to reduce the problem to a finite dimensional situation. Let
us briefly explain why. The classical Conley index has been adapted to infinite
dimensional situations and succesfully applied to partial differential equations.
We do not want to develop this theory here: for the details, see [15]. Let us
illustrate our dilemma on a dynamical system in a infinite dimensional phase
space, compactified on an infinite dimensional Poincaré hemisphere H, admitting
an invariant set S at infinity of isolated invariant dynamical complement Scomp.
Suppose further that Scomp is a hyperbolic equilibrium with finite dimensional
unstable manifold of dimension u. The classical Conley index in the sense of [15]
is well defined:

1. If the direction pointing into the Poincaré hemisphere is stable, the
Conley index reads

h(Scomp) =


h(H; Scomp) = Σu,

h(H, E ; Scomp) = 0,

h(E ; Scomp) = Σu.

2. If the direction pointing into the Poincaré hemisphere is unstable, the
Conley index reads

h(Scomp) =


h(H; Scomp) = 0,

h(H, E ; Scomp) = Σu,

h(E ; Scomp) = Σu−1.

The Conley index at infinity ĥ(S) was defined by time duality: in this case it
would not be defined in the sense of [15] because Scomp has infinite dimensional
unstable manifold under reversed time direction. Or, to see it in a different
way, our definition applied formally would produce an index at infinity equal
to an infinite dimensional pointed sphere of codimension u: such a sphere is
homotopy equivalent to a point, i.e. a trivial index, which does not make any
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sense. The same can be said about the index of the erstaz infinity b+ which is
a repeller: the Conley index of b+ under the extended flow φ̂, h

�φ(b+), is not well
defined, or absurdly trivial. Hence Theorem 4.8 cannot be applied directly in
infinite dimensional context.

For these reasons, we have to reduce the problem to a finite dimensional
one. A good way of doing so is to prove the existence of an invariant manifold
– the inertial manifold – containing the global unbounded attractor. See [3]
for such an approach: in this work, grow up phenomena are studied, and the
connection structure of the attractor is analyzed via a y-map type of tool. An
alternative approach is to use the Conley Index introduced by Izydorek and
Rybakowski in [7]: the Conley Index at infinity ĥ(S) of the example above
would make sense in the finite dimensional Galerkin approximations, as well as
the indices of the ersatz infinities. Hence exhibiting heteroclinic connections
for each finite dimensional Galerkin approximations via the extended flow would
allow to conclude to the existence of heteroclinic connections in the original PDE.
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[11] Ch. McCord, Poincaré–Lefschetz duality for the homology Conley index, Trans. Amer.
Math. Soc. (1992).

[12] M. Messias, Dynamics at infinity and the existence of singularly degenerate heteroclinic
cycles in the Lorenz system, J. Phys. A (2009).

[13] M. Mrozek and R. Srzednicki, On time-duality of the Conley index, Result. Math.
24 (1993), 161–167.

[14] L. Perko, Differential Equations and Dynamical Systems, Springer–Verlag, 1991.



Conley Index at Infinity 167

[15] K.P. Rybakowski, The Homotopy Index and Partial Differential Equations, Springer–
Verlag, 1987.

[16] D. Schlomiuk and N. Vulpe, Geometry of quadratic differential systems in the neigh-
bourhood of infinity, J. Differential Equations 215 (2005), 357–400.

[17] J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer–Verlag, 1983.

Manuscript received April 27, 2011

Juliette Hell

Freie Universität Berlin
GERMANY

E-mail address: blanca@math.fu-berlin.de

TMNA : Volume 42 – 2013 – N
o
1


