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ABSTRACT CAUCHY PROBLEM
FOR FRACTIONAL FUNCTIONAL
DIFFERENTIAL EQUATIONS

Yonc Zuou — FENG Jia0 — Josip PECARIC

ABSTRACT. In this paper, the existence and continuation of solutions for
the Cauchy initial value problem of fractional functional differential equa-
tions in an arbitrary Banach space is discussed under hypotheses based
on Carathéodory condition and the measure of noncompactness. In addi-
tion, an example is given to show that the criteria on existence of solutions
for the initial value problem of fractional differential equations in finite-
dimensional spaces may not be true in infinite-dimensional cases.

1. Introduction

Fractional differential equations are generalization of classical differential
equations with integer order derivatives. Based on the wide application in en-
gineering and sciences such as physics, mechanics, chemistry, economics and bi-
ology, research of fractional differential equations is active and extensive around
the world. In recent years, there has been a significant development in ordi-
nary and partial differential equations involving fractional derivatives, see the
monographs of Kilbas et al. [9], Miller and Ross [6], Podlubny [20], Lakshmikan-
tham et al. [11] and the papers [1], [3]-[6], [8], [12]-[14], [17], [21]-][25] and
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the references therein. In [12], Lakshmikantham and Vasundhara Devi investi-
gated the theory of fractional differential equations in a Banach space. In [17],
N’Guerekata discussed some fractional abstract differential equations with non-
local conditions. In [21], Salem gave some existence results of solutions to a class
of nonlinear integral equations in Banach spaces and apply these results to the
boundary value problem of fractional order.

In this paper, we assume that F is a Banach space with the norm | - ||. Let
J C R. Denote C(J, E) be the Banach space of continuous functions from J
into E.

Let r > 0 and C = C([—r,0], E) be the space of continuous functions from
[—7,0] into E. For any element z € C, define the norm ||z||. = sup [|z(9)].

9 0]

S
Consider the initial value problem (IVP) for fractional functional differential
equation given by

(1.1)

x0:¢€C7

{ “Dix(t) = f(t,), € (0,a),

where ©D1? is Caputo fractional derivative of order 0 < ¢ < 1, f:[0,a) xC — E'is
a given function satisfying some assumptions and define x; by z:(6) = z(t + 0),
for 6 € [-r,0].

In this paper, we shall start with an example to illustrate that the existence
result of nonlocal Cauchy problem for fractional abstract differential equations
which have been obtained in [17, Theorem 2.3] is not true. We then discuss the
existence and continuation of the solutions for IVP (1.1) under assumptions that
f satisfies Carathéodory condition and the condition on measure of noncompact-
ness. Finally, we give an example to illustrate the application of our abstract
results.

2. Preliminaries

In this section, we introduce definitions and preliminary facts which are used
throughout this paper.

DEFINITION 2.1 (][9], [20]). The fractional integral of order p with the lower
limit O for a function f is defined as

I f(t) = 1)/0t(t /(s —ds, >0, >0,

provided the right-hand side is pointwise defined on [0, c0), where T" is the gamma

function.
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DEFINITION 2.2 ([9], [20]). Riemann-Liouville derivative of order x4 with the
lower limit 0 for a function f:[0,00) — R™ can be written as

1 d"”

DEFINITION 2.3 ([9], [20]). Caputo derivative of order p with the lower limit
0 for a function f:[0,00) — R™ can be written as

c - 1 ¢ f(n)(s) _ tn— (n)
DFf(t) = F(n—u)/o sy ds = I""" (1),

fort >0,0<n-—1< pu < n. Obviously, Caputo’s derivative of a constant is
equal to zero.

REMARK 2.4. We need to mention that there exits a link between Riemann—
Liouville and Caputo’s fractional derivative of order u (see [9]). Namely,

et )
Df(t)r(n—m/o (t—s>~+1-"d5

- F®)(0) L nlr(k)(0)
=D ZFk u+1 “_D#[f(t)_kz_o k! tk]’

fort>0,n—1<pu<n.

If f is an abstract function with values in F, then the integrals which appear
in Definitions 2.1-2.3 and Remark 2.4 are taken in Bochner’s sense.

DEFINITION 2.5. A function z € C([—r, T}, E) is a solution for IVP (1.1) on
[-r,T) for T € (0,a) if:
(a) the function z(t) is absolutely continuous on [0, 77,
(b) 70 = ¢, and
(¢) x satisfies the equation in (1.1).

Let A be a bounded subset in a Banach space E. The diameter of A is
defined by
diam(A) = sup{||z —y|| : x,y € A}.
Clearly, 0 < diam(A) < oo.
Kuratowski’s measure of noncompactness of A is defined by

a(A) =inf{d > 0: A is covered by a finite number of sets with diameter < d}.

We have a(A4) < diam(A4) and a(A4) < 2d if sup ||z|| < d. We recall some
TEA

properties for « (see [10]).
Let A, B be bounded subsets of FZ. Then:

(1) a(A) = 0 if and only if A is compact, where A denotes the closure of 4,
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(2) a(4) = a(4) = a(e(4)),

(3) a(AA) = |A|a(A) for every A € R, where AA = {\zx : x € A},

(4) a(A) <a(B)if AC B,

(5) a(A+ B) < a(A)+ a(B), where A+ B={z+y:x € Ay e B},
(6) a(AU B) =max{a(A),a(B)}.

Assume that J C R and 1 < p < oo. For measurable functions m: J — R, define

1/p
(/m(t)|pdt> . 1<p<oo
J

inf {Sup|m(t)|}7 p = 00,

#(N=0 \iey—7
where p(J) is the Lebesgue measure on J. Let LP(J,R) be the Banach space of

the norm

lmllLes =

all Lebesgue measurable functions m:.J — R with ||m| »; < 0.

LEMMA 2.6 (Holder inequality). Assume that o,p > 1, and 1/o+ 1/p = 1.
Ifl € L°(J,R), m € LP(J,R), then for 1 < p < oo, Im € L'(J,R) and

[tmllzrs < [Ulzesllmllze..

LEMMA 2.7 (Bochner’s theorem). A measurable function Q:(0,a) — E is
Bochner integrable if |Q|| is Lebesgue integrable.

LeMMA 2.8 ([2], [19]). Let E be a Banach space and A € C([a1,aq], E)

bounded and equicontinuous. Then t — a(A(t)) is continuous on |ay, az], and
a(A) = max «a(A(t)).
t€lay,az)

LEMMA 2.9 ([19])). If E is a Banach space and {un}n>1 is a sequence of
Bochner integrable functions from [0,b] into E with ||u,(t)|| < h(t) for almost
all t € [0,b] and every n > 1, where h € L'([0,b],R), then the function ¥(t) =
a({un(t) : n > 1}) belongs to L'([0,b],R) and satisfies

a({/obun(S)dS:nZ 1}) SZ/Obw(S)dS-

We note that the factor 2 in the above inequality can be dropped if F is
a separable Banach space and « is the Hausdorff measure of noncompactness
(see [19] and [15]).

3. Main results

It is well know that Peano’s theorem of integer order ordinary differential
equations is not true in infinite-dimensional Banach spaces. The first result in
this direction was obtained by Dieudonne [7]. He produced an example which
showed that Peano’s theorem is not true in the space ¢y of sequences which
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converge to zero. In fact, Peano’s theorem of fractional differential equations is
also not true in infinite-dimensional Banach spaces. In the following, we shall
show that the existence result of nonlocal Cauchy problem for fractional abstract
differential equations which has been obtained in [17] is not true in the space ¢g.

EXAMPLE 3.1. Let E =cg = {z = (21, 22,...) : 2n, — 0 as n — oo} with the

norm ||z|| = sup|z,| and f(z) = 2(\/|z1l, /|22, .. .) with z = (21, 22,...) € co.

n>1
Consider the nonlocal Cauchy problem for fractional differential equations given

by

3.1 ‘Dix(t) = f(x(t), x(0) =&, te(0,t]

where ©D? is Caputo fractional derivative of order 0 < ¢ < 1, & = (1,1/2%,...) €
co, to < min{1, (T'(1 + q)/2)"/9}.

It is obvious that f:cy — ¢g is continuous. According to [17], there exists
a constant k* = I'(1+¢q)/(I'(1+ q) — 2t}), such that IVP (3.1) possesses at
least one continuous solution x € C([0, o], co) and z(t) = (z1(t), z2(t),...) € o

on [0,t0] with sup |z(t)| < k*. According to the definition of the norm of ¢y,
te[0,to]
we can conclude that

1

(3.2) Dir,(t) =2/ |zn(t)], 2.(0)=—, t€(0,t], n=12,...,
n

where z,, satisfies that z, € C([0,%],R) with sup |z,(t)] < Ek*.

t€0,to]
Let us consider equation (3.2) which can be written as the following equiva-

lent form

3.3)  an(t) = % 209/ ()] = % + %/O (t — )7/ Ton(5)] ds,

for t € [0,t0]. Since (t —s)971 > 1 with s € [0,¢) for ¢ € (0,], we have by (3.3)

1 2 [
(3.4) Zn(t) > 2 + @/0 Viea(s)|ds, te€[0,t], n=1,2,...

Assume that y, € C([0,to],R) is a solution of the following integral equation

1 2 [t
65) =gzt [ VnGllds, el n=12...
dn F(‘I) 0
We can get
(3.6) Tn(t) > yu(t), te[0,t0], n=1,2,...

In fact, suppose (for contraction) that the conclusion (3.6) is not true. Then,
because of the continuity of x and y, and that z,(0) > y,(0), it follows that
there exists a t; € (0,¢] such that

(3.7) Tn(ty) = yn(t1), zu(t) >yn(t), t€[0,t1), n=1,2,...
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Then using (3.4) and (3.7), forn=1,2,..., we get

yn(t1) = e —l— / vV |yn(s)| ds < 5+ —/ V0zn(s)| ds < zp(t1),

which is a contraction in view of (3.7). Hence the conclusion (3.6) is valid.
Since the integral (3.5) is equivalent to the following IVP

(38)  wh(t) = — !

lyn ()], yn(0) = €[0,t], n=1,2,...,

I'(q) an?’
and noting y, (t) > 0, ¢ € [0, %], we can conclude that IVP (3.8) has a continuous
solution )
W= (——+1). telt n=1.2
Yn - F(q) m ) > L0y — L&y
which means that
(3.9) ©sm= (<=1 L) tep) n=1,2
. x =|==+— n = .
n Z Yn F(q) m ) s L0y y 4y

Therefore, for ¢t € (0,tp], lim x,(t) # 0 by (3.9), contracting z(t) € ¢o. Hence

IVP (3.1) has no nonlocal solution in ¢g.

We are now ready to prove the existence and continuation of the solutions
for IVP (1.1) under the following hypotheses:

(H;) For almost all ¢ € [0,a), the function f(¢, -):C — E is continuous and
for each z € C, the function f(-,z):[0,a) — F is strongly measurable,

(Hy) for each 7 > 0, there exist a constant g¢; € [0, ¢) and m; € LY/ % ([0, a), RT)
such that || f(t, 2)|| < ma(¢) for all z € C with ||z]|« < 7 and almost all
te€0,a),

(H3) there exist a constant gz € (0,q) and mq € LY/%([0,a), R*) such that
a(f(t,B)) < ma(t)a(B) for almost all ¢ € [0,a) and B a bounded set
in C.

In order to prove our main results, we need the following lemma.

LEMMA 3.2. Assume that the hypotheses (Hy)—(Hg) hold. x € C([-r,T], E)
is a solution for IVP (1.1) on [—r,T] for T € (0,a) if and only if x satisfies the
following relation

z(0) = »(6) for 0 € [-r,0],

(3.10) 1 t 1
x(t)=<p(o)+—q)/o (t— )7 f(t, ) ds fort € [0,T].

PRrROOF. Since x; is continuous in ¢t € [0,a), according to (Hq), f(t,x¢)
is a measurable function in [0,a). Direct calculation gives that (¢t — s)9=1 €
LY (=a)[0,t] for t € (0,a) and ¢; € [0,q). Let

qg—1
bl = 1* ql e (_130)’ M = ||m1||L1/q1[07a).
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By using Lemma 2.6 (Holder inequality) and (Hs), for ¢ € (0,a), we obtain that

t t 1—q1
1) [ =87 f(sym) ] ds < ( | (t—s><q-l>/“-ql>ds) Il /e o
0 0

M awna-a)
- (1 —+ b1)17q1

Thus, ||(t —s)971f(s,x,)| is Lebesgue integrable with respect to s € [0,¢) for all
€ (0,a). From Lemma 2.7 (Bochner’s theorem), it follows that (t—s)7~1 f(s, z)
is Bochner integrable with respect to s € [0,¢t) for all t € (0, a).
Let L(7,8) = (t — 7) 797 — 8|97 my(s). Since L(,s) is a nonnegative, mea-
surable function on D = [0,¢] x [0, ], then we have

/Ot[/OtL(T,s)ds} d’r/DL(T,S)deT/Ot|:/0tL(T,S)dT:| ds

/DL(T,s)dsdT_/Ot [/OtL(T,s)ds] dr
:/Ot(t_f)—qu)t I — 5|7y (s) ds] dr
:/Ot(t_f)—qUOT(T—s)q—1m1<s> ds} dr
—&—/Ot(t—T)_q[/:(s—T)q_lml(s) ds] dr

t
<La(1+b1)(l—ql)/ (t—7)9dr
AT ;

< 2M QD) (1) +1—g
T =g +by)

and

Therefore, L1(7,s) = (t—7)"9(7—5)?"! f(s,x5) is a Bochner integrable function
on D =[0,¢] x [0,¢], then we have

¢ T ¢ ¢
/ dT/ Li(7,s) ds:/ ds/ Li(7,s)dr
0 0 0 s

We now prove that D[9f(t,x;) = f(t,x;), for t € (0,T], where D7 is
Riemann—Liouville fractional derivative. Indeed, for ¢ € (0, 7], we have

D = mlmi/ =] [ ds] e

= 1—q dt/dT/LlTS
= Lq(
I‘l—q dt/ds/ 1(7,8)
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If 2 satisfies the relation (3.10), then we can get that x(¢) is absolutely continuous
on [0,T]. In fact, for any disjoint family of open intervals {(c;, d;) }1<i<n in [0, T

with > (d; — ¢;) — 0, we have
i=1

:Zn:]f‘(lq)HAdl(d — 5)1 1f(3,:cs)ds—/061(0 — )¢ 1f(5 xs)ds
zzl 1 )

sgr(q)\ [ e s
+ér(1q) /OQ(d — )T (s xs)ds_/OCL(c-—s)q Lf(s,zs)ds

i (d; — s)qflml(s) ds

IA
M-
H‘»—
T

(q)

i= Ci

/Ci((cz'—S)q_ = (di = 5)"")ma(s) ds

1
n

+

||M

IA

—
>Q._l
m&

1-q1
@ / (d; — s) (q 1)/(1—q1) ds) ||m1||L1/q1[O,T]

+Z 7 </ (ci — 5)(a-D/(0=a)
1

1=

i
ﬂ\
)

1—q1
— (d; — S)(q—l)/(l—fh) ds) Hm1||L1/q1[07T]

" (d; — ¢;) (M) (0—an)
= Z F( )(14—[)1)1_‘11 ||m1||L1/‘11[0,T]

i=1

1+b1 d1+b1 +(d —Cl)1+b1)1 q1

+Z; F( )(1—|—b1)1 q1 Hm1||L1/Q1[07T]

n (di — ¢i) (1+b1)(1 a)
<23 G e o =0

Therefore, x(t) is absolutely continuous on [0,7], which implies that x(t) is
differentiable almost everywhere on [0,7]. According to the argument above
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and Remark 2.4, for ¢ € (0,T], we have

ﬁ [(t —8)17 f(5,2,) ds]

1 ' qg—1 —cna(re T
JAEE f(s,mds] — DU (1, 2,)

¢Diz(t) =°D1 {@(O) +

L(q)
= DI f(t,24)) = [Tf (t, 20)] =0

_
r(1—q)

:CDq{

T
INQREY)

= f(t, o) — [17f(t, 24))i=0

Since (t — s)771f(s,z5) is Lebesgue integrable with respect to s € [0,¢) for all
t € (0,7, we know that [I9f(t, x;)]t=0 = 0, which means that *Dz(t) = f (¢, z¢),
for t € (0,T]. Hence, z € C([—r,T], E) is a solution of IVP (1.1). On the other
hand, it is obvious that if x € C([—r,T], E) is a solution of IVP (1.1), then z
satisfies the relation (3.10), and this completes the proof. O

THEOREM 3.3 (Existence). Assume that hypotheses (Hy)—(Hs) hold. Then,
for every ¢ € C, there exists a solution x € C([—r,T],E) for IVP (1.1) with
some T € (0,a).

PROOF. Let k > 0 be any number and we can choose T € (0,a) such that
TA+b1)(1—q1)
L(g)(1 4 by)ta

T(1+b2)(1—g2)
L(q)(1+bp)t=2

(3.12) lmall /0 1) <k,

(3.13) [meallL1/a2p0,77 < 1,
where b; = (¢ —1)/(1 —¢;) € (-1,0), i =1,2.
Consider the set Bj, defined as follows

B = {x e C([-r,T),E) :z0 = ¢, sup |z(s) — ¢(0)] < k}
s€[0,T]

Define the operator F' on By as follows

Fz(0) = ¢(0) for 6 € [—r,0],
1 t
Fz(t) = p(0) + — / (t —s)1" 1 f(t,25)ds, forte[0,T],
I'(q) Jo
where z € Bi. We prove that the operator equation z = Fx has a solution
x € By, which means that z is a solution of IVP (1.1).
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First, we observe that for every y € By, (Fy)(t) is continuous on t € [—r, T
and for ¢t € [0,T], by (3.12) and Lemma 2.6 (Holder inequality), we have

I “—
(3.14) H(Fy)(t)—so(o)llﬁﬁ/o It = )7 f(5,y5) ds

1 t (¢-1)/(1=aq1) o
< t— )\ ) ds m @
=T(q) </0 ( ) > l[mall g1 [0,T)

(A+b1)(1—q1)
T 1 1 1

< 7 N/1 0 L N —a a1 — 9y
STy by | Ml

where by = (¢ —1)/(1 — q1) € (=1,0). Thus, sup |[(Fy)(t) —¢(0)| <k, which
te[0,T]
implies that F: By — By.

Further, we prove that F' is a continuous operator on By. Let {y"} C By
with ™ — y on By. Then by (H;) and the fact that y* — v, t € [0, T], we have

f(s,y2) — f(s,ys), ae te€0,T]asn — .

Noting that ||f(s,y7) — f(s,ys)|| < 2mi(s), by the dominated convergence the-

orem, as n — 00, we have

n _ = su i ' — 8 q-1 s, y") — S S
tes[%%]”(Fy )(@) = (Fy) ()] b F(q)/o(t ) (s,98) = fls,05)]d

I - . )
S@/o (=) f(s,98) = f(s,96)] ds — 0,

which implies that F' is continuous.

For each n > 1, we define a sequence {2™ : n > 1} in the following way
oO(t) for t € [—r,T/n],

:L‘n(t) _ 1 t—T/n g1 n
@/0 (t—s) " f(t,al)ds forte [T/n,T),

where ¢° € C([~7,a), E) denotes the function defined by

() = p(t) forte [-r0],
©(0) fort € [0,a).
Using the similar method as we did in (3.14), we get that ™ € By, for all n > 1.
Let A = {a2™ : n > 1}. It follows that the set A is uniformly bounded.

Further, we show that the set A is equicontinuous on [—r, T7.
If —r <1 <ty <T/n, then for each 2™ € A, we have

lim 2" (t2) =" (t2) | = Jim [l (t2) = "(02)]| = O

t1—1t2

independently of z" € A.



ABSTRACT CAUCHY PROBLEM 129

Next, if —r < t; <T/n <ty <T, then for each 2" € A, by using Lemma 2.6,
we have

1 2—=T/n
o™ (t2) — 2" ()] < 0(0) — ()] + ”r(q) [ s as

—T/n
< l0(0) = ()] + )/ (ts — 5)7~2ma (5) ds

1
I'(q
1 to—T/n 1—q1

< J(0) — ()| + (q)( / <t2—s>(q-”/<l-m>ds) Il o

t1+b1 . T n 1+b1 1—q1
—l0) = (el + = T s

According to the definition of ¢, and using the last inequality, we obtain that
2" (2) — 2" (t1)[| — O

independently of 2™ € A, as t; — ts.
Finally, if T/n < t1 < to < T, then for each z™ € A, by using Lemma 2.6,
we have

2" (t2) — @ (tl)ll

—T/n 1 T/n
H (ta — S)qflf(s, xy)ds — —— / (t; — s)qflf(s, xy)ds
0

['(q)
—T/n

H (ta — $)=" f(s,27) ds

—T/n

—T/n

" Hr(lq)/o (2 — 5)17 f(s, ") ds

t1—T/n
f% / (fr — )0 f(s,27)ds

q

=/ s
< — ta — 8)9 "mq(s)ds
_F(Q) T/n ? '

+

1 tl—T/’ﬂ 1
+ m/o ((t1 — s)qfl — (ta — )T )mq(s) ds
1 7T/’I’L 1—q1
1 A R i) B N P
1— n
1 T/TL
I'(q) (

t1— 1-q1
/ (ty — 5)(a=D/1=0) _ (g,  g)(a=D/(1=a1) ds)
0

lmallpya [0,T]
((t2 —t + T/n)lerl _ (T/n)1+b1)1fq1
= F(q)(l _i_bl)]_,ql ||m1HL1/q1 [0,7]
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(t%"!‘bl o (T/n)lerl o té-&-bl + (t2 —t + T/n)1+b1)1*q1
’ Fa)(1F b1 Ialossmsiom

biy1—
Gt T/ — (e
- F(@) (14 b by

It is easy to see that the last inequality tends to zero independently of 2™ € A,
as t; — to, which means that the set A is equicontinuous.
Set A(t) = {z"(t) : m > 1} and Ay = {z : n > 1} for any ¢t € [0,T]. By
the properties (3.2) and (3.4) of the measure of noncompactness, for any fixed
€ (0,T) and § € (0,t), we have

a(A(1)) ga({r(lq) /Oté(t ) f (s, ) ds > 1})
+ a({r(lq) /t;(t )T f(s,a") ds i n > 1})

for all € > 0, we can find ¢ sufficiently small such that
§A+b1)(1—q1) €

W ||ml||L1/‘11 [0,T) < Z
Therefore, for each ¢ € (0,7, we have that

a<{r(1q)/tt§(t—s)q1f(s,x ds n>1})

€
()/ (t—s)? 1(s)ds<§.

Moreover, we can choose N5 > 1 such that T'/n < § for n > Ns. Then we obtain
that

Ly )

2 ! . €
< —— sup (t—s)""mi(s)ds < =,
t—T/n 2

for each ¢t € (0,T]. Hence, by the properties (1.1) and (3.5) of the measure of
noncompactness, it follows that

a<{r(1q)/tiT/n(t— )11 f(s, 27 ds s m > 1}) <

Then, we obtain that

ata) < o({ i | T (s ds > 1}) +-

| ™
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for ¢ € (0,7]. By Lemma 2.9 and (Hs), we have that

t—6
a(A(1)) sﬁ/o al(t — )1 f(s, A,)) ds + ¢
t—4
:%/0 (t— )7 a(f(s, Ay)) ds + £
< %/0 (t—8)T ' my(s)a(Ay) ds + ¢,

where t € (0,T]. Since 2™(0) = (), 6 € [—r,0], we have a({z™(0) : n > 1}) =0
for 6 € [—r,0]. Moreover, by Lemma 2.8, for s € [0,t] with ¢ € (0,T], we deduce
that

a(ds) = gn[laxo]a({x?(e) :n>1}) < sup a({z"(s):n>1}) = sup a(A(s)).
El-r s€[0,¢] s€[0,t]

Since ¢ is arbitrary, we have that

T (14b2)(1—g2)
T+ ba)—@ Ima |l /e o1 . a(A(s)),
where t € (0,T] and by = (¢ — 1)/(1 — ¢2) € (—1,0).

Since (3.13) and zj = ¢, we must have that a(A(t)) = 0 for every ¢t € [—r, T.

Then, by Lemma 2.8, we have that a«(A) = sup «(A(t)) = 0. Therefore, A is
te[—r,T]
a relatively compact subset of By. Then, there exists a subsequence if necessary,

a(A(t) <

we may assume that the sequence {z"},>1 converges uniformly on [—r,T] to
a continuous function x € By, with z(0) = ¢(0), 8 € [—r,0].
Moreover, for ¢ € [0,T/n], we have

T/n
I(Fam)0) =20 < g5 [ (6= rea)l s
T/n
< ﬁ/o (t— )9 my(s) ds
and for t € [T/n,T], we have

I(Fz™)(t) — 2" ()]

= ﬁ /Ot(t —$)T7 f(t, 2) ds — /(:_T/n(t —8)I7 f(tal) ds
_ r(lq)H /ttT/n(t — )T (1 a) ds|| < r(lq)H /ttT/n(t — 8)9 Yy (s) ds||.

Therefore, it follows that

(3.15) sup ||(Fz™)(t) —2"(t)]] = 0 asn — oo.
t€[0,T]
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Since

sup [[(Fz)(t) —z(t)|| < sup [[(Fz)(t) — (Fz")(@)]|

te[0,T) te[0,T]
+ sup [[(Fz")(t) —2" ()| + sup [l«"(t) — ()],
te[0,T] te[0,T]

then, by (3.15) and the fact that F' is a continuous operator, we obtain that

sup ||(Fz)(t) —x(t)|| = 0. It follows that x(t) = (Fz)(t) for every t € [0,T].
t€[0,T)

Hence
o(t) for t € [—r,0],
x(t) = 1t
»(0) + 7/ (t—s)T f(t,z,)ds fort €[0,T],
I'(q) Jo
solve IVP (1.1), and this completes the proof. |

COROLLARY 3.4. Assume that hypotheses (Hy)—(Hs) hold. Then, for ev-
ery ¢ € C, there exists T € (0,a) and a sequence of continuous functions
" [—-r,T) — E, such that:

(a) x™ are absolutely continuous on [0,T],

(b) zy = ¢, for every n > 1, and

(¢) extracting a subsequence which is labeled in the same way such that
x™(t) — z(t) uniformly on [—r,T) and x:[—r,T] — E is a solution for
IVP (L.1).

THEOREM 3.5 (Continuation). Assume that hypotheses (H1)—(Hs) hold. Then
the largest interval of existence of any bounded solution of IVP (1.1) is [0,a).

PROOF. Let z:[—r, 3) — FE be a solution of IVP (1.1) existing on the interval
[—7, ), where 8 € (0,a). Suppose (for contraction) that the value of 8 cannot
be increased. For 0 < t; <t < 3, we have

HF(q
< HF(lq) /:(tg —8)17 f(s,25) ds
i Hr(lq /;1“2 =) (s ) ds = s /Otl(tl — )07 f(s,24) ds
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1 to 1—q1
< (/ (ty — 5)(q71)/(1,q1) ds) | p1/a 0.6]
t

1

. ) I-q1
+ @ (/0 (t1 — S)(qfl)/(lfth) — (ty — S)(qfl)/(pql) ds>

“llmallp/a [0,8]
(t2 _ tl)(lﬁ’bl)(l*‘h)
D)oy mlemos
(t%"l‘bl o t§+b1 + (t2 _ t1)1+b1)1*¢h
T+ b Imalzsses o
(ty — tl)(1+b1)(1—q1)
L@@+ oyra Mo

+

Letting t1,ts — ~ and using Cauchy criterion, it follows that lim x(t) exists.

t—pB—

We denote x(5) = lirél x(t), then the function = can be extended by continuity
t—pB~

on [0, 8].

Further, let g(t,2) = f(t + 3, 2) for t € [0,a — ) and z € C. Then, for each
7 > 0 and almost all t € [0,a — ), we have ||g(t,2)|| < mi(t) = mi(t + ) for
all z € C with ||z« < 7 and a(f(t, B)) < mi(t)a(B) = ma(t + f)a(B) for B
a bounded set in C.

Consider the new IVP

{ cDy(t) = g(t,y:) forae.te (0,a—0),
Yo = ¢a
where ¢ € C([—r,0], E) = C is defined by ¢(0) = z(0 + (), for all § € [—r,0].
By Theorem 3.3, there exists a solution y: [—r, 7] — E of IVP (3.16), where

7 € (0,a — 8). It follows that v: [—r, 8 + 7] — E, given by

x(t) for ¢t € [—r, 3],
v(t) =

y(t_ﬁ) forte[ﬂuﬂ—i_’r]?
is a solution of IVP (1.1) because, for almost all ¢t € [, 3 + 7], we have that

“Div(t) = “Dly(t — B) = g(t — B,y1-p) = f(t,ye—p) = [(t,ve).

Therefore, the solution x can be continued beyond (3, contracting our assumption.

(3.16)

Hence every solution x of IVP (1.1) exists on [—r,a) and the proof is complete.[]
We now give an example to illustrate the application of our abstract results.

EXAMPLE 3.6. Consider the infinite system of fractional functional differen-

tial equations

1
cDY2z,(t) = —i7 z2(t —r) fort e (0,a),
n

(3.17)
xn(0) = p() = — for € [-r,0], n=1,2,...
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Let E = ¢g = {& = (x1,22,...):2, — 0} with norm ||z|| = sup|z,|. Then
the infinite system (3.17) can be regarded as a IVP of form (1.1n)ziln E. In this
situation,
q =1/2,
T =(T1,...  Tn,...),
e =x(t—r)=(r1(t=7r),... ,zn(t—71),...),
w(0) =(0,0/2,...,0/n,...) for 6 e [-r0]

and f = (f1,.-., fn,-..), in which

(3.15) Fult ) = (b= ).

It is obviously that conditions (H;) and (Hs) are satisfied. Now, we check the
condition (H3) and the argument is similar to [25]. Let t € (0,a), R > 0 be given
and {w(™} be any sequence in f(t, B), where w(™ = (w:(tm), .. ,w%m), ...)and
B ={z€C:|z||« <R} is abounded set in C. By (3.18), we have

(3.19) 0<w™ <

_W, n,m:1727...

So, {w,(lm)} is bounded and, by the diagonal method, we can choose a subsequence
{m;} C {m} such that

(3.20) w™) —w, asi—oo, n=12...,

which implies by virtue of (3.19) that

R2
Hence w = (w1, ... ,Wn,...) € ¢p. It is easy to see from (3.19)—(3.21) that
|w™) — w|| = sup [w™) —w,| -0 asi— oco.

Thus, we have proved that f(t, B) is relatively compact in ¢y for t € (0,a),
which means that f(t, B) = 0 for almost all ¢ € [0,a) and B a bounded set in C.
Hence, the condition (Hs) is satisfied. Finally, from Theorems 3.3 and 3.5, we
can conclude that the infinite system (3.17) has a continuous solution and the
largest interval of existence of the solution is [—7, a).
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