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LONG TIME EXISTENCE OF SOLUTIONS
TO 2D NAVIER-STOKES EQUATIONS
WITH INFLOW-OUTFLOW AND HEAT CONVECTION

P10TR KACPRZYK

ABSTRACT. Global existence of regular solutions to the Navier—Stokes equa-
tions for velocity and pressure coupled with the heat convection equation
for temperature in cylindrical pipe with inflow and outflow in the two-
dimensional case is shown. We assume the slip boundary conditions for
velocity and the Neumann condition for temperature. First an appropri-
ate estimate is shown and next the existence of solutions is proved by the
Leray—Schauder fixed point theorem.

1. Introduction

We consider the problem

vy +v-Vo—divT(v,p) = a()g in Q7 =Qx (0,7),

diveo =0 in Q7
0, +v-V0—xAId=0 in QT
(1.1) n-Dw)-T=0 on ST =8 x (0,T),
v-m=0, m-VO=0 onSf,
v-r=d, T-Vl=¢>0 on ST,
V|t=0 = vo, Oli=0 = o in €,
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where a > 0, 2 C R? is a bounded domain, Q7 satisfies the weak horn condition
(see [2, Section 8]) and is not axially symmetric, S = 9, v = (vi(x, 1), v2(x, 1)) €
R? is the velocity of the fluid, # = 6(z,t) € R the temperature, p = p(z,t) € R
the pressure, g = (g1(z,t), g2(z,t)) € R? the external force, v > 0 the constant
viscosity coeficient, x > 0 the constant heat coeflicient. We assume that S =
S1 U Sy, where S is the part of the boundary which is parallel to the axis x5
and Sy is perpendicular to x2. Hence

Slz{xERQ:x1:b1<0\/ x1=by >0, —a <zy <a},
SQZ{$€R22b1§$1§b27 ZL’QI—G\/ZEQZG}

and 7 the unit outward vector normal to S, 7 is the tangent wector to S.
By T(v,p) we denote the stress tensor

T(v,p) = vD(v) = pl,

where [ is the unit matrix and D(v) = {viz; + Vja, }ij=1,2 is the dilatation
tensor.
To describe inflow and outflow we define

di = =v-7lgy(-a);  d2 =V Tsya);

sod; >0,i=1,2, and by (1.1)2 6 we have the compatibility condition

/ d1dSy = / da dSs.
SQ(—a) Sg(a)

This paper extends the result from [5] to the inflow-outflow case.
Now we formulate the main result

THEOREM 1.1. Assume that a € C1(R), vg, 0o € W52_2/S(Q), v4(0),0.(0) €
Lo(), d € Wi/ V28T, o e WATVSVETE (ST g g, € Loo(Q7),
2 < s < 6. Then there exists a solution (v,p,0) of problem (1.1) such v,0 €
W2HQT), Vp € Ly(QT) and constants ¢ > 0, ¢; > 0, ca > 0 are such that

lolly o + IVl ory + 18]l or < ¢
and c1 <60 < cs.

The above result is an extension of the result from [5], where the long time
existence of solutions is proved in the case without inflow and outflow. The
considered in this paper problem has nonhomogeneous boundary conditions for
velocity and temperature (see (1.1)g) which needs many additional considerations
comparing with [5] (see proofs of Lemmas 3.2-3.4). Since the basic estimates
in this paper are obtained by the energy method the nonhomogeneous Dirichlet
boundary condition for velocity must be made homogeneous by an appropriate
extension (see (3.7) and the transformation before (3.7)). The inflow-outflow
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problem for the Navier—Stokes equations was considered in [8], where the Besov
spaces are used so the proof becomes more complicated.

2. Notation

Let us consider the Stokes problem

vy —divT(v,p) = f in T,

dive =0 in QT
(2.1) n-Dw)-T=yg on ST,

v-m=d on ST,

V|t=0 = o in Q.

THEOREM 2.1. Let f € Ly(Q7), vo € W2 2/9(Q), d € W™/ 4171/29(gT),
JgddS =0, g € W;_l/q’1/2_1/2q(ST), q € (1,00). Then there exists a unique
solution to problem (2.1) such that v e W2(QT), Vp € Ly(Q) and

[olzn ey + 198l zaary €Ul zyq@r) + 00 lya-2/e g,
+lldllyy2-1/a1-1720 g0y + 19llyya-17a172-1/20 g))-
Next we consider the following problem
0,—A0=f inQT,
(2.2) n-Vf=d on ST,
Olico =0,  in Q.
THEOREM 2.2. Let f € Ly(QT), vo € Wi 2/9(Q), d € Wy /1271249,

q € (1,400). Then there exists a unique solution to problem (2.2) such that
0 e Wr(QT) and

@3) Bl ey < el Lza@m + [Bollyz-aroqgy + [dlyaiasa-ssaagsr,):
THEOREM 2.3 (see [2, Chapter 3, Section 10]). Let @ C R™ be a bounded

domain such that QT satisfies the weak horn condition and let u € W21(QT) N

Lo(QT). Then the following interpolation inequality holds
(2.4) IVullL,@ry < ellullyzrqry + ¢/ellVullL,@m),
for s,q € (1,00) satisfying 1/s —1/q <1/(n+2), q > 2.

THEOREM 2.4 (Korn inequality, see [7], [8]). Assume that @ C R™ is not
mvariant with respect to any rotation. Assume that

(2.5) ID(w)||L,) <00, w-7|g=0, divu=0.

Then ||UHH1(Q) < C”D(u)HLz(Q)'
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3. Estimates
We show estimates for the temperature

LEMMA 3.1. Assume 6(0) >cy1 > 0. Assume that ¢ >0, d€ L2(0,T; Loo(S2)).
Then, for 6 sufficiently reqular, we have

(3.1) o(t) > c1, t>0.

PROOF. Let (§ — ¢1)— = min{0,6 — ¢;}. Multiplying (1.1)5 by (8 —¢1)—
integrating over ) we obtain

1d 5 9
iﬁ/g(a 1) dx—i—x/ﬂ\V(@ c1)-|*dx
= —1/ﬁ-v(@—cl)%ds—kx/ﬁ-V(Q—cl),(ﬁ—cl),dS
2 /s s
1
= —7/ d(@—cl)a ng—l—x/ o0 — c1)- dSs.
2 Sz SZ

Applying some interpolation inequality and inequality ¢ > 0, we obtain

d
210 =) -lIZ0) + VO = 1)l < el sl 0 = e)-l17, 00
Finally, using the Gronwall inequality, we have
10 = e)) =117 . o7 La(0) + IIV(0 = 1) 1|7, omy
< exp(elldll, 0,710 (52)) 10 = €)= (0)| o) -
Since (6 — ¢1)—(0) = 0 we conclude the proof. O
LEMMA 3.2. Assume d € L2(0,T; Loo(S2)), ¢ € La(ST), 6(0) € La(9).
Then
(3.2) H9||2LOO(O,T;L2(Q)) + ||V9||2L2(QT)
< cexp(clldl|L, 0,751 (s0)) * (1117, s7) + 10017, () = Ar.

ProoOF. Multiplying (1.1)3 by 6 and integrating over {2 we obtain

1 1
fi/ézdx—&—x/ V0|2 dz = —f/ﬁ~v92d5+x/ﬁ~V99dS

1
- = d82+x/ 00 dSs.
2 Sa Sa

Using some interpolation and the Young inequality we obtain

d
%”0\\%2(9) + ||V9||3:2(Q) < C(Hd||2Loo(52)H9||%2(Q) + ||<P||?;2(sg) + ||9||2LZ(Q))~

Finally, by the Gronwall inequality, we obtain (3.2). |
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LEMMA 3.3. Assume that 0 is sufficiently reqular. Then there exists a con-
stant co > 0 such that

(3:3) 1012 @) < co.

PROOF. Multiplying (1.1)3 by #P~! integrating over  and using the bound-

ary conditions we obtain
1d 1 4(p-1 -
o T = 2T X— 5 — T =X 2 2 =0
i 1OIL, @) + d6v S, + x 2 5 ) IVoP/22 d gP=1dS, =0
pd Lp P Js, p Q Sa

Applying the Hélder and an interpolation inequality

1915y < 098721 0y + (2101,

we have

d
(34) 1017, ) +IVE 70 < elldl (s 1011, g0y H €l 2o (50 10117 5,))-
Now we estimate the last term from the r.h.s. of (3.4)
_ —1 1
(35) 1@l s I011% {50y < el aisa VO &) P07 & )P
2 1) 1

<@l (50 ENVO2, ) + c(l/e)Hep/?n;:(m o =1

From (3.1) [, 07 dz > [, c1 dz = ¢z, therefore

2 1
ol

2/(p+1) =
62/(p+ )
Using the last inequality in (3.5) we obtain
2/(p+1)
(3.6) I < |@ll o (52) VP13 0y + (/) PTVNIONE g)-
Then (3.4), (3.5) and (3.6) imply

16112 oy 61120 < NI

Finally, using the Gronwall inequality and passing with p to infinity, we obtain
inequality
10112 or) < ceTNN0(0) ] Lo - 0

To obtain the energy type estimate for solutions to problem (1.1) we intro-
duce the function

ﬁ|52(—a) :dh ﬂ|Sz(a)
Then we define u by

divu = —divd, u-m|g =0,

where b = (0, 3).
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Next we introduce the function ¢ by
Ap = —divb in , n-Vo=0 onsS, /(pdxzo.
Q

Finally, the function
w=v—(b+Vy)=v—-7§

and p is a solution to the problem

w, —divT(w,p) = =1, + vdivD(dr)

+ (w4 61) - V(w+01) + a(f)g in Q7
divw =0 in Q7
S n-w=0 on ST,
vi-D(w+61)-7=0 on ST,
wlt=o = v(0) in Q.

Multiplying (3.7) by w and integrating over {2 yields

1d . .
(3.8) 5%”11}”%2(9) - / div T(w,p) - wdx = / (=014 +vdivD(6y)) - wdx
Q Q

3
+/(w+51)~V(w+51)~wdx+/a(@)g~wdszIi.
Q Q i=1

Since a € C'(R) Lemmas 3.1 and 3.3 imply that

la(0)lI7ar) < €3

The second term on the L.h.s. equals
—/ﬁ-T(w,p) ~wdS + V/ |D(w))|? de,
s Q
where the boundary term assumes the form
/ v -D(61) - Tw - T dS.
s

Hence
= [ Tw.p) - wdS < elwlfin oy + /el ooy
Now we estimate the terms from the r.h.s. of (3.8)
11| <ellwllfn ) + e/elonelL, @) + 101llE2 @),

|1I2| <ellwllFnq) + e/elonlli @llwli,q) + 101lE @),

13| <ellwliin o) + ¢/zesllglL, -
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Using the Korn inequality and assuming that e is sufficiently small we obtain
the inequality
d
(3.8 a”wH%Q(Q) + HU’H%H(Q) §C(||51||%m(9)|\w||%2(9) + ||51||§{2(Q)
+ ||51,t||%2(9) + ”51”%11(9) + 03”9”%2(9))'
Continuing, we get
(3.9) Hw||2Loo(o,T;L2(Q)) + ||w||2L2(0,T;H1(Q))
< cexp(161117, 0,71 () 10117 0,622 (02)) + 1012117, 0y
+ ”61”%4(0,T;H1(Q)) + C3||9||i2(m) + ||w(0)||%2(9))-

Differentiating (3.7); with respect to ¢, multiplying by w,, integrating over Q

we obtain
1d, .
(3.10) §£|\wt| L@ ~ | divT(wy,py) - wede

= / (—61,” + vdiv D(&l’t)) s We dx
Q
+ / (w’t + (51’,5) . V(w + 51) C Wit dx
Q

+ / (w+61) - V(wyg +61,) - wyde
Q

5
+/ a0 1gw cdx +/ a(0)g: - wpde = Z I;.
Q Q ]

The second term on the L.h.s. equals

_ / - T(we,pye) w0, dS + v / D () da,
S Q

where the boundary term assumes the form
/ vn - D(du) . ?wi -TdS
s

Hence
sﬁ “T(we,pt) wedS < 5||w,t||§11(9) + C/5||51,t||§12(9)-
Now we estimate the terms from the r.h.s. of (3.10)
I §5||7~U,t||?{1(9) + C/f(||51,tt”%2(9) + H51,t||?{2(9))a
I <lw 7,0 (IVwllLy@) + V8Ll o)
F llwellLy@) 101l Lage) IVl Ly @) + VL]l L2 (0)
SEHwJH%{l(Q) + C/E(HVU)H%z(Q) + ||V51\\%2(9))||w,t||2L2(Q)
+e/ellorill 2, IVl @ + 1ValZ, @)
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I3 §5||w,t||%{1(n) + C/E(”(slH%OC(Q)”w,t”%Q(Q) + ||51||%4(Q)HV51,t||2L2(sz)~
+ [wllZ, @ IVoLlZ, @)
Iy <ellwlip o) +c/elglli @l cs
Is <ellwli o) +c/elg.lli s,
where we assumed that ||a(9)||%oc(QT) < ¢3 and HO"@(G)H%W(QT) < ey.

Using the Korn inequality and assuming that ¢ is sufficietnly small we obtain
the inequality

(B11) Tl + ey < eIl 3 + 190l mce)
+ (||Vw||%2(sz) + ”51”%00(9) + ||V61H%Q(Q))”wﬂf”QLz(Q)
+ H‘Sl,t”i(g)(||V7UH%2(Q) + ||V51||2L2(Q)) + 9.t %2(9)03
+ (||61H%4(Q) + ||w||2L4(Q))||V51,t||%4(9) + ||9||2LOO(Q)\

9,t||2Lz(Q)C4)-

Differentiating (1.1)s with respect to ¢, multiplying by 6 ;, integrating over Q we
have

1d
3.12) = —||6.4]1 —X/Aﬁﬁdx
(3.12) 510z, @) D00

2
= —/ vy VI8 dr — / v-V0.0de = Z —1I;.
Q Q

i=1

The second term on the 1.h.s. equals
1 [ it dSa VO, o
2

where the boundary term we estimate by

X / 404455 < X(Ell04 |20y + (1))

2

Soyt”%Q(Sz))'
Now we estimate the terms from the r.h.s. of (3.12)

I < vellns@ VOl Lo 10,4 Ly e)
<c(|Vuall o loel o) + 10l La@) IVO o 100 g
+10,¢ll L, @) VOl L2
<c((IVvella@llveliza @) + 1Vl @) 10,6l 2 @) VO] 2 (0)
+ (10l ) + 10,617, V07, ) + €041, ()
<c(e(IVorllZ, @ + IVO:7, @)
+ (||U,t||2L2(Q) +| 9,t||%2(ﬂ)>||v6”%2(9) + E||0,t||2L2(Q)),
I <c/elldll, (s, +ll0.ell7n g)-
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Assuming that ¢ is sufficiently small we obtain the inequality

d
(3.13) — 0. 7o) + 110
+ ||V9||%2(Q)(|

o) < clelVudlt, o
|%2(Q)) + ||d||%2(52) + |

Then adding (3.8"), (3.11), (3.13), we obtain the result

U7t||%2(9) + 116, ¢7t||i2(s2))~

LEMMA 3.4. Assume that a € CY(R), 61 € Loo(QT)NL4(0,T; H*(Q)), ¢+ €
LQ(Sg), (51’,5 S LOO(QT) N LQ(O,T;H2(Q)), (51’” S LQ(QT), g € LOO(QT),
g.t € LQ(QT), de LQ(SE), ’U(),@(),UJ(O), 97t(0) S LQ(QT) Then
(3.14)  NwllLoo.1:L202)) + W7, 0,781 02))

< CeXp(H61H2L2(O,T;LOQ(Q)))<||61||%2(0,T;H2(Q)) + H(Sl,tH%Q(QT)
+ ||51||i4(0,T;H1(Q)) + C3||g||2LQ(QT) + Hw(o)||2L2(Q)) = A

and

(3.15) Nw el 0100 + 10617 0.7:20(2))

0.4lI7, 0,750 ()

<cexp([Vwl?,ary + 10117, 070 + IVOLIT, @0r
+ g1l ory + IVOIIT, @r)) (161,00
+ ||51,t||2LOO(QT)(||w||2LQ(o,T;H1(Q)) + ”Vél“ig(QT))

+ el 0.7 () +

|%2(QT) + ||51,t||2Lz(o,T;H2(Q))

+ (1017 ory + 1wl 0,0 @IV L 0,10
+ ||9,t||2L2(QT) + e 2Lz(SzT)
1z, sp) + 100 ONIZ0) + 106(0) 2, r)) = As.

LEMMA 3.5. Let the assumptions of Lemma 3.4 be satisfied. Moreover, as-
sume that vy, 6y € WSQ_Q/S(Q), de W§—1/3,1—1/25(52T)’ where s € (1,6). Then

(3.16)  [[vllwz1gry + VPl L. @r) + 10llw21 @ < ellgllL. @)
+ llvollyy2-2/0 ) + 00l yy2-2/0 ) + lldllyy2-1/01-1722 g1y
+ HLP||W371/S,1/2—1/25(52T) + Ay + Ay + A3),
where Ay, Az, As are given by (3.2), (3.14) and (3.15).

PRrROOF. From (3.2), (3.14), (3.15) we have

10,6l L 0,6, 22(2)) + 10l Lac0.6m1 ) + 1V L0652y <6, ST
Hence v € H'(Q!) and then

(3.17) v € Lg(QT).
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Now we want to increase regularity described by (3.16). For this purpose we
consider the problem

vy +v-Vo—divT(v,p) = a(f)g in QF,

dive =0 in Q7
n-Dw)-T=0 on ST,
(3.18) -
U.ﬁ:o on S]_,
v-n=d on S7,
v]¢=0 = Vo in Q.

To apply Theorem 2.1 we examine

[v- Vvl

Lo < 0l @0 IVl @) =1,

where 1/(sA1) +1/(sA2) = 1/s. Assuming sA; = 6 we obtain sh = 6s/(6 — s),
then 4/s —4/(sA2) < 1, where 1 < s < 6.
Hence in view of (2.4) and (3.17) we have

I < ||V

Lox, (Q7) S EHUHW;"‘I(QU + /e[| Vol L, @),

where 1 < s < 6.
Assuming that g € Lo (27) we apply Theorem 2.1. Then we have

(3.19)  lvllwz1q@n + 1VPlL.n < clllVullL,@ollfllyz or)llgll. @
+ ”UOHWf_Q/S(Q) + ||d||W52—1/s,1—1/2s(st))7

where s € (1,6). From (3.2), (3.14), (3.15) we have

(320)  [10.¢llL0,6:20092)) + 110l Loco,6m1 @) + 100,000y <€ < T.
Hence 6 € H'(Q!) and then

(3.21) 0 € Lg(Q7).

Now we want to increase regularity described by (3.16). For this purpose we
consider the problem

0 +v-VO—xA0=0 in Q7T

V=0 on S7,
(3.22) T

- Ve = on SQ 5

0|t=0 = 90 in Q.

To apply Theorem 2.2 we examine

v-VOllL, o < lvlle.y, @)IVOlL,, @) =11,

where 1/(sA1) +1/(sA1) = 1. Assuming s\; = 6 we obtain s\y = 6s/(6 — s),
then 4/s — 4/(sAa) < 1, where 1 < s < 6.
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Hence in view of (2.4) and (3.21) we have

I, < ¢||Vo)]

Lor, (t) < Ell0ll 2 qey + ¢/elIVO|| Lyt
where 1 < s < 6. Then, for s € (1,6), we have

10llyy22 ey < VOl La@e) + 100llyyz-2/: gy + lpllyya-1/ea/2-1/20 g0y)- O

4. Existence

For 2 < n < 6 define M(Q") = {(v,60) € (Loo(0,T; W, (Q))*}. Let us
consider the problems

vy —divT(v,p) = —A©- Vo +a(f)g) in Q7

diveo =0 in Q7
n-D) - T=0 on ST,
(4.1)
v-n=0 on S7,
v-n=d on ST,
V=0 = Vo in Q
and
0, —xA0=—-X0-VO inQ7,
n-Vo=0 on ST,
(4.2)
n-Vo=op on S7,
e‘t:() = 90 in Q,

where A € [0,1] and 7, 6 are treated as given functions.

LeMMA 4.1. Let (3,0) € M(QT), g € Ly(Q7), vo,0p € W22/5(Q), a €
CHR), d € W2THs171/25(6T) - ¢ W=/ o1 /27125 (9T yhere 2 < s < ) < 6,
4/s —2/n < 1. Then there exists a unique solution to the problem (4.1), (4.2)
such that v,0 € W2(QT) C Loo(0,T; W, (2)), where the imbedding is compact
and

(4.3)  vlleworwr@) + 10llweorwr) < Ivllwzrqry + 1021 o)

<Al Lo rwr @) (101l L 0,msw 2)

~ 1/2
+ [0l e 0,msw2(02)) + e5* |9z @r))

+ ”UO”VVS?*?/S(Q) + ||90||W3*2/5(Q)

+ ||d||W8271/s,171/2s(Sg) + ||S0||Wslfl/s,l/Zfl/Zs(ng)).
ProoOr. We have

[0 V0|, 0 < cl[ollr. @)V L, @) < CH5H%N(O7T;W,}(Q))7
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160°9ll 2.7y < (@) on)llgllz.@r) < alllllL.orwr@))l9ll.@r),
10+ VO, ar) <cllvllro, @) V0L, ar) < clltllr.orwi@) 0. orwi)-
By Theorems 2.1 and 2.2 the proof is complete. O

To prove the existence of solutions to problem (1.1) we apply the Leray-
-Schauder fixed point theorem (see [4]). Therefore we introduce the mapping
$:[0,1] x M(QT) = (W2L(QT))2, (A, 7,6) — ¢()\,7,0) = (v,6), where (v,6) is
a solution to problems (4.1), (4.2). For A = 0 we have the existence of a unique
solutions. For A =1 every fixed point is a solution to problem (1.1).

LEMMA 4.2. Let the assumptions of Lemma 4.1 be satisfied. Then mapping
AN, ) M(QT) — M(QT), X € [0,1] is completly continuous.

PROOF. By Lemma 4.1 the mapping ¢(}A, -), A € [0,1], is compact. From
this it follows that bounded set in n(Q27) are transformed into bounded sets in
M(QT). Let (@,@-) € M(QT), i = 1,2 be two given elements. Then (v;,6;),
1 = 1,2, are solutions to the problems

v ¢ — divT(vi, pi) = —A(¥; - VU; + a(6;)g) in orf,

divy; =0 in QT
n-D(v;) - 7T=0 on ST,
(4.4)
v =0 on ST,
vi-m=d on ST,
Vil—0 = vo in Q
0it — XA, = —Av; - Vl; in or,
n-Vo; =0 on S{,
(4.5)
n-Vo; =¢ on ST,
0;ilt=0 = 6o in Q.

To show continuity we introduce the differences
V=vi—ve, P=p1—p2, T=0 -0
which are solutions to the problems

Vi —divT(V,P) = =\(V - V1 + Ty - VV + (a(61) — a(62))g) in QT

3

divV =0 in QT
(46) m-D(V)-T=0 on ST,
V-n=0 on ST,

V|t:0 =0 in Q
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and

T, —XAT = —\(V -V, +0,-VT) inQ7,

(4.7) n-VT =0 on ST,

Tli=0=0 in Q,

where ‘7 :51 —52, %: 51 —52.

In view of Therorems 2.1, 2.2 we have

Vw21 ey + 1T w2 qr
<clVilpw@n)lIVorllz,r) + 102l @) IVV L, 0r)
+ e Tl 9z @m) + IVl si@m) [ VB2, 0m)

<c(Vllworwi@) + 1T orwi@)),

so continuity of ¢ follows. O
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