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ABSTRACT. We generalize the Bartsch—Li’s splitting lemma at infinity for
C2-functionals in [2] and some later variants of it to a class of continuously
directional differentiable functionals on Hilbert spaces. Different from the
previous flow methods our proof is to combine the ideas of the Morse—
Palais lemma due to Duc-Hung—Khai [9] with some techniques from [11],
[17], [18]. A simple application is also presented.

1. Introduction and main results

The Gromoll-Meyer’s generalized Morse lemma (so called splitting lemma)
is one of key results in infinite dimensional Morse theory. As a supplement
of it, Thomas Bartsch and Shujie Li proved in 1997 a splitting lemma at infinity
(see [2]) and used it to develop a kind of Morse theory to study some variational
problem without compactness ([2], [10] and [12]). Recently, Shaowei Chen and
Shujie Li generalized it [5] (in a Hilbert space frame) and [6] (in a Banach space
frame). These were successfully used by them in studying problems with (strong)
resonance. Their proof adopted the flow method as done for the usual splitting
lemma as in [4], [16]. So the functionals are assumed to be at least C2. Based on
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the proof ideas of the Morse-Palais lemma due to Duc-Hung-Khai [9] and some
techniques from [11], [17], [18] we find a new method to establish the splitting
theorems for nonsmooth functionals on Hilbert spaces in [13], [14]. We shall
follow the notations therein.

Recall that a neighbourhood of infinity in a Banach space (X, || - ||x) is a set
containing {u € X | |lu|]|x > R} for some R > 0. A map A from a neighbourhood
of infinity in X to X is said to be strictly Fréchet differentiable at oo if there
exists an operator A’(co) € L£(X) such that

[A(21) — A(xa) — A'(00) (w1 — w2)l|x

|71 — @2llx

— 0,

as x1 # x2 and (||z1]|x, ||z2]lx) — (00,00). (We also say that A has a strict
Fréchet derivative A’(c0).) The map A is called Fréchet differentiable at oo if
[[A(z) — A'(0)z||x = o(||z||x) as ||z]|x — oo. The operator A’(co) is called
Fréchet derivative of A at oco. (Be careful not to confuse the two concepts!)

Let H be a Hilbert space with inner product (-, - )y and the induced norm
|| - 1|, and let X be a Banach space with norm || - || x, such that

(S) X C H is dense in H and the inclusion X < H is continuous (and hence
we may assume ||z < ||z||x for all z € X).

In this paper for R > 0 we write

Bx(oco,R) :={z € X | ||| x > R}, Bx(oo,R) :={z € X | ||z||x > R},
By (oo, R) :={x € H | ||z| > R}, Bpy(oo,R) :={x € H | ||z|| > R}.

Let V. be an open neighbourhood of infinity in H. Then V,, N X is open
in X, and also star-shaped with respect to infinity provided V,, star-shaped with
respect to infinity. For clearness we shall write Voo NX as VX when it is equipped
with the induced topology from X.

Suppose that a functional £: V. — R satisfies the following conditions:

(Floo) L is continuous and continuously directional differentiable on V.
(F2) There exists a continuous and continuously directional differentiable map
A: VX — X, such that

DL(z)(u) = (A(z),u)g forallx € Voo N X, for all u € X.

(This actually implies that £|yx € C*(VE,R).)
(F3o) There exists a map B from (Voo N X) U {oo} to the space Ls(H) of
bounded self-adjoint linear operators of H such that B(co)(X) C X and

(DA(x)(u),v)g = (B(x)u,v)g forall z € Vo N X, for all u,v € X.

(This implies: DA(x)=B(z)|x for all z€ VooNX, and thus B(x)(X)C X
for all z € (Voo N X) U {o0}.)
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(Cls) Either 0¢ o(B(oc0)) or 0 is an isolated point of the spectrum o (B(c0)) (1).
(C2s) If uw € H such that B(co)(u) = v for some v € X, then u € X.
(Doo) The map B: (Voo N X) U {0} — Ls(H) has a decomposition

B(z) = P(x)+ Q(z) forall z € (Voo NX)U {0},

where P(z): H — H is a positive definite linear operator and Q(x): H —
H is a compact linear operator with the following properties:

(D1s) All eigenfunctions of the operator B(co) that correspond to negative
eigenvalues belong to X;

(D2) For any sequence {xy} C Voo N X with ||zk|| — oo it holds that
|P(z)u — P(co)ul] — 0 for any u € H;

(D3os) The map Q: (Voo N X) U {0} — L(H) is continuous at oo with
respect to the topology induced from H on Voo N X, ie. ||Q(z) —
Q(o0)||L(r)y — 0as x € Voo N X and [|z]| — oo;

(D4oo) For any sequence {z,} C Voo N X with [|z,] — oo (as n — o0),
there exist constants Cy > 0 and ng > 0 such that

(P(xn)u,u) g > Collul|? for all uw € H, for all n > ng.

As before let H), = Ker(B(00)), which is contained in X by (C24). Then
HZE := (HY)" is equal to the range of B(0o) by (Cls,). (See Proposition B.2
in [13] and [14]). Obverse that HZ splits as HE = HE @ H, where H, (resp.
HS,

some a, > 0 such that

) is positive (resp. negative) definite subspace of B(o0), that is, there exists

(B(oo)ut,ut)y > 2as|ju™|?  forallue HY,

(B(oo)u™,u™ g < —2anc|lu||? forallue H.

(1.1)

Write XE := HE N X and X := H* N X, * = +, —. We get topological direct
sum decompositions X = HY & XE and XX = X © X . In addition, H% and
X, have finite dimensions by (D). (Note: As in the proof of [13, Lemma 2.13]
or [14, Lemma 3.1] the condition H), C X is enough for the following Lemmas 2.2
and 2.3 because this implies that H2. C X is complete in both H and X and
therefore that H and X induce equivalent norms on HY, in the case). Let

Voo i= dim HY  and  po := dim HZ.

They are called the nullity and Morse index of L at infinity, respectively. Denote
by P the orthogonal projections from H onto H , * = +,0, —.
As in the proof of [13, Lemma 2.13] or [14, Lemma 3.1] we get that

B(oo)|yz: X5 — X

(1) The claim is actually implied in the following condition (Do) by Proposition B.2 in [13]

and [14]. In order to state some results without the condition (D) we still list it here.
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is a Banach space isomorphism. Let
Cr° = ||(B(OO)‘X§O)_1HL(X§O,X£) and C3° = [|I - Pgo”L(X,X;)-

We shall give our results in cases v, > 0 and v, = 0, respectively. For the

former case we further assume the following condition to be satisfied.
(Boo) M(A):= lim sup{[|(f = PX)A(z)]x : 2 € HS, [2llx = R} < o0, and
there exist Ry > 0,k > 1 and pa € ((k/(k — 1))C{°M(A), 00), such that

(12) (I = PL)A(z1 + 21) = B(oo)ay — (I = Py) Az + @2) + B(00) || x £

< O 21 + 21 — 22 — 22| x

for all #; € Bx(0,p4) N XL and 2; € HY with ||z] > Ry, i = 1,2.
Moreover, if (1.2) holds with p4 = oo the assumption that M(A4) < oo
is not needed. (Obverse that (1.2) is satisfied if

(13) ||A(211 —|—.731) —A(ZQ—FZ‘Q) —B(OO)(JZl —.TQ)HX

< W“Zl + 21 — 20 — 22||x

for all z; € Bx(0,p4) N XZE and 2; € HY, with ||z > Ry, i =1,2.) (?)
Clearly, (Eo) is satisfied if the following assumption holds.
(SEw) M(A) := Igijxlmsup{\\(l — PO))A(2)||x : 2 € HY, ||z]lx > R} < oo, and
there exists pg € (C{°M(A), 00) such that
I( = PS)A(z1 + 21) = B(oo)wy — (I = PR)A(z2 + w2) + B(00)7a| Iy

—0
lz1 + 21 — 22 — 22| x

uniformly in z1,72 € Bx(0,pa) N XL as (21,20) € HY x HY and
(IIz11]s |1 z2l]) = (00,00). (Note: pa > (k/(k —1))CPM(A) if Kk > 1 1is
large enough.) Moreover, if this holds with p4 = co the assumption that
M(A) < oo is not needed.

Note: Since the norms || - || and || - ||x are equivalent on H? and we have
assumed ||u|]| < |lulx for all w € X, which implies ||z + z||% > |z + z||* =
1212 + |z)|> > ||2||? for any (z,2) € HY x XZE, if B(oo)|x € L(X) and A has
the strict Fréchet derivative B(o0)|x at oo, it is easily proved that (SE.) holds
for any pa € (0, 00].

The following assumption is slightly weaker than (Eo).

(EL) M(A) = Jim sup{|[(1 ~ PLAG)|x : = € HY, |z]lx > R < oo, and
there exist Ry >0, k > 1 and pa € ((k/(k — 1))C° M (A), 00) such that

(3) If Ry > 0 is large enough then z + € Voo N X for any z € Bpo (00, R1) and any
T € Xéto.
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(14) |I(I = PL)A(z +21) = B(oo)a1 — (I = PR)A(z + a2) + B(o0)aa| 2

< T — X
< o llm —aalx

holds for all x; € Bx (0, pa) N XL and z € HY, with ||z|| > R;. More-
over, if (1.4) holds with p4 = oo the assumption that M(A4) < oo
is not needed. (Clearly, (1.4) is satisfied if (1.3) is satisfied for all
x; € Bx(0,p4) N XL and 2, = zp € HY, with ||z > Ry.)

As above (E.)) is satisfied under the following assumption.

(SEL.) M(A) := Rlim sup{||(I = PL)A(2)|x : 2 € HY, ||z]|x > R} < oo, and
—00

there exists pa € (CT°M(A), 00) such that

I(T = PR)A(z + 21) = B(oo)zy — (I = PR)A(z + 72) + B(00)x2|x =

|21 — @2|lx

—0

uniformly in z1, 72 € Bx(0,p4) N XE as z € HY and ||z| — oc.
(Note: pa > (k/(k — 1)C°M(A) if k > 1 is large enough.) Moreover, if
this holds with p4 = oo the assumption that M (A) < oo is not needed.
[Note: If B(co)|x € L(X) and A has the strict Fréchet derivative B(oo)|x
at oo, then (SE._) holds for any p4 € (0, 00].]
We have the following splitting lemmas at infinity on Hilbert spaces.

THEOREM 1.1. Under the above assumptions (S), (Flso)—(F3s) and (Cly)—
(C20), (Doo), also suppose that ve, > 0 and (EL,) is satisfied and that

(1.5) L(u) = %(B(OO)%U)H +o([ull?) as [Jull = cc. (%)

Then there exist a positive number R, a (unique) continuous map h*: By (00, R)
— XL (which takes values in Exg:c (0,p4) in the case M(A) < 00) satisfying

(1.6) (I — PL)A(z+h>®(2)) =0 for all z € Byo (o0, R),

and a homeomorphism ®: By (00, R) ® HE — By (00, R) ® HE of form
(1.7) Pz+ut +u")=24+h"(2)+¢.(u" +u")

with ¢.(ut +u~) € HE and ®(Byo (00, R) & XE) C X, such that

(1.8) Lo®(z+ut+u™)=|ut|? = Ju"||? + L(z + h™(2))

for all (z,u™ + u™) € Bpyo (00,R) x HE. The homeomorphism ® has also
properties:
(a) For each z € Byo (00, R), ®(2,0) = 2+ h>(2), and ¢.(ut +u~) € H
if and only if u™ = 0;

(3) This condition is weaker than the assumption (Aso) in [2]. See Section 3.1 below.
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(b) The restriction of ® to By (00, R) © Hy, is a homeomorphism from
Bpo (00, R) @ H, C X onto ®(Bpg (00, R) © HY))) C X even if the
topologies on these two sets are chosen as the induced one by X.

The map h> and the function L>: Bpo (00, R) — R, z +— L(z + h>(2)) also
satisfy:

(i)  lim ||h*(2)||x = 0 provided that

l[2]l x —o0
Jim sup{||(7 = PL)A(2)l|x « 2 € HS, [l2llx > R} = 0;
— 00
(i) If A is C', then h™ is C* and
dh™(2) = —[(I = PL)A'(z + h=(2))] 2] (I = PL)A'(z + h*(2))| e,
moreover the function L> is C? and
(1.9) dL>(20)(z) = (A(z0+h>®(20)), 2)m, for all zo € Byo (00, R), z € HY,.
(iii) If £ is C? then h™ is also C' as a map to HE (hence XZL).
If (E,) is replaced by the slightly strong (Ex) (and pa is given by (Es)) one
has:
(iv) The map h®° is Lipschitz, and has a strict Fréchet derivative zero at oo;
(v) £ is C* and (1.9) holds;
(vi) If B(oo) € L(X) and A has a strict Fréchet derivative B(oo)|x at 0o,
then L is C?>~9 and dL> has the strict Fréchet derivative zero at oc.

(In this case, as noted below (SE,) we may choose p4 above to be any

positive number, but R depends on this choice.)

REMARK 1.2. Similar conclusions to Remarks 2.2, 2.3 in [13], [14] also hold.
Namely, we only use Lemmas 2.4 and 2.5 in the proof of Lemma 2.6. Hence the
condition (D) can be replaced by the following:

(D) There exist a subset Uy, C Vi of form Uy, = Bpo (o0, R') & HZ,
a positive number ¢ and a function wee: Use N X — [0,00) with the
property that we () = 0 as z € Usxx N X and ||z|| — oo, such that

(D’,;) the kernel HY, and negative definite subspace H, of B(oco) are finite
dimensional subspaces contained in X;

(D's) (B(x)v,v)g > collv||? for allv € HY, 2 € Uy N X;

(Dls) 1(B(w)u, v} — (B(o<)u, 0)a] < woe ()l - lo] for all u € H, v e
H & HY;

(D'Ly) (B(x)u,u)g < —cool|ul)? for allu € Hy, # € Uy N X.

cod

In order to state our second result, for positive numbers R and § we set

Crs = BHgo(OO,R) @BH;(H,(S) ® By-(0,0).

oo

oo

(It is often identified with By (0o, R) X By+ (0,6) x By (0,9)).
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THEOREM 1.3. Under the above assumptions (S), (Fleo)—(F3s) and (Cly)—
(C2x0), (Doo), also suppose that vee > 0 and (EL.) is satisfied. Then for any
r € (0,00) there exist positive numbers R, §, > 0 and a (unique) continuous
map h>: Byo (00, R) — XL (which takes values in EXoio (0,p4) in the case
M(A) < o0) satisfying

(1.10) (I — PL)A(z+h>®(2)) =0 for all z € Byo (00, R),

an open set V(R,r) in H with V(R,r) C Cpryripa, and a homeomorphism
®: Crs,. — V(R,r) of form

O(z+ut +u")=2+h>%)+ o (ut +u)
with ¢, (ut +u~) € HE and ®(Crs, N X) C X, such that
Lo®(z,u™ +u”) = ut|* = JuT|]* + L(z + h*(2))

for all (z,ut,u™) = z+ut +u~ € Crs,. The homeomorphism ® also possesses
properties:
(a) For each z € Byo (00, R), ®(2,0) = z + h™(2), ¢.(ut +u~) € H if
and only if u™ = 0;
(b) The restriction of ® to Byo (00, R) @ By - (0,6,) is a homeomorphism
from Byo (00, R)® By - (0,0,) C X onto ®(Bpo (00, R)® By - (0,6,)) C
X even if the topologies on these two sets are chosen as the induced one
by X.
The map h> and the function L>: By (00, R) — R, 2z + L(z+h>(2)) satisfy
the conclusions (i)—(iii) in Theorem 1.1, and also (iv)—(vi) in Theorem 1.1 if
(Exo) holds and pa is given by (Ex).

In Theorems 1.1, 1.3, if £ is C? and D2L(w)=B(o0) + o(1) as |Jw||— oo, we
shall prove in Remark 2.15 that ® ! is C' outside the submanifold of codimen-

sion e if R > 0 is large enough.

REMARK 1.4. Similar conclusions to Remarks 2.2, 2.3 in [13], [14] also hold.
By the note below Lemma 2.5, we can still get Theorem 1.3 if we replace the
condition (D) by the following;:

(DZ,) There exist a subset of X of form
Weo = Bpo (00, R) & (Bu(0,7') N XE) C Ve N X,

a positive number ¢, and a function we,: Wy — [0, 00) with the prop-
erty that wee(z) = 0 as © € Wy and ||z|| — oo, such that
(D”.;) the kernel HY, and negative definite subspace H, of B(oo) are finite
dimensional subspaces contained in X;
(D) (B(z)v,v)m > coollv||? for all v € HEL, x € Wi;
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(DZ3) [(B(z)u,v)g — (B(oo)u,v) | < weo()||ul| - ||v|| for all u € H, v €
H_ ® HY;
(D)) (B(x)u,u)g < —coollul|? for all u € Hy, x € Wae.

COROLLARY 1.5. Suppose that one of the following condition groups holds:

(a) (9), (Fleo)—(F3x) and (Cle)—(C2x), (Do) and (Eo);

(b) (S), (Floo)—(F3u0) and (Cla)—(C24), (Dso) and (EL.), and A being C*.
Then each critical point z of the function L>: By (00, R) = R gives a critical
point of L, z+ h*>(z).

PROOF. Under the condition group (a) or (b), £ is at least C''. For a critical
point z of it (1.9) shows that (A(z + h®°(2)),2")y = 0 for all 2’ € HY, i.e.

(PLA(z+h>(2)),u)g =0 foralluc H.

This and (1.10) imply A(z + h*°(z)) = 6. Since X is dense in H, the desired
claim follows from the condition (F2,). O

When X = H, Theorems 1.1, 1.3 have the following corollaries, respectively.

COROLLARY 1.6. Let V, be a neighbourhood of infinity in a Hilbert space H,
and let L: Voo — R be a C'-functional. Suppose that VL: Voo — H is continu-
ously directional differentiable and that there exists a map B from Vo U{oco} to
the space Ls(H) of bounded self-adjoint linear operators of H such that

(DVL(z)(u),v)y = (B(x)u,v)g for allx € V, for all u,v € H.
(So L has the Gateaux derivative of second order L"(x) = B(x) at x € Vi.)
Write L as 1
£@) = S(Bloc)ra)u + 9(z).
(g has the Gadteauz derivative of second order g"(x) = B(x) — B(0) at © € V)
Suppose
(a) g(@) =o(z]|*) as [lz] — oc;
(b) 0 € o(B(0)) and B(co) = P(o0) + Q(0), where P(oo) € L (H) is
positive definite and Q(o0) € Ls(H) is compact;
(¢) For any sequence {x,} C Voo with ||x,| — oo (as n — ), there exist
constants Co > 0 and ng > 0 such that
([B(z,) — Q(c0)|u,u)gr > Collul|*  for all uw € H, for all n > ny.
(@) HY, = Ker(B(oo)) # {0}, HE = (HL)L, O3 = [ (B(o0) |y ) e
if M(A) := Rlim sup{[|(I — PL)A(2)| : z € HY, ||z > R} < oo with
ade el
A=VL, there exist constants R1>0, k>1, pa€ (k/(k—1))(CT°M(A), o)
such that for ally € B+ (0,pa), 2 € EHgo (0, Ry),

I = POIBG +9) = BEg ) < e
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Moreover, that M(A) < oo is not needed if there exists a constant Ry >0,
k> 1 such that for ally € HE, z € EHgo (0, Ry),

1
0
e
Then there exist a positive number R > Ry, a (unique) continuous map
h™: Bpo (00, R) = HE

satisfying (1.6) with A = VL, which takes values in By (0,pa) in the case
M(A) < oo, and a homeomorphism ®: By (00, R) OHE — B (00, R) ®HE
such that

Lo®(z+ub +u”) = [[ut? — [u|I* + L{z + h™(2))

for all (z,u™+u~) € B (00, R) x HZE. Moreover, if L is C? then the map h™
is C and the function Bpo (00, R) = R, z — L>(z) := L(z + h*>(2)) is C?.

PRrOOF. By Propositions B.2 and B.3 in [13] or [14], 0 is an isolated spectrum
point of B(c0)), and B(oo) has the finite dimensional kernel H%, and negative
definite subspace Hy. For z € V, let P(z) = P(c0) + ¢’ (x) = B(z) — Q(o0)
and Q(z) = Q(o0). Then B(z) = P(x) + Q(z). The condition (iii) implies
that (D4) is satisfied. It follows that P(z) is positive definite for each x in a
neighbourhood of infinity in H. Hence (D) is satisfied.

Next we shows that the condition (iv) implies (E._). Since ¢'(z) = A(z) —
B(oo)z with A = VL, and ¢"(x) = B(z) — B(c0) using the mean value theorem
in inequality form we deduce that

(= PRYAG: +0) = Bloo)rs — (1~ PUA(: + 23) + Bloc)as|

lz1 — 22|
_ (I =P (z+x1) — (I — PL)g (2 + z2)|
|21 — 22|
1
< sup (1= PLYg" (2 + tor + (1= )]y ) <~
te[0,1] “C1

for all z € EH& (00, Ry) and x; € By+ (0,p4), 1 =1,2 and 1 # x2. Moreover,
since I — P3, # 0, C3° = ||I — PY|| . gz) = 1. So the condition (E,) holds.
Corollary 1.6 immediately follows from Theorem 1.1. O

In Corollary 1.6, if £ is C? and g”(x) = o(1) as ||z|| — oo then the conditions
(¢)—(d) are satisfied automatically. This almost leads to the splitting lemmas
at infinity first established by Thomas Bartsch and Shujie Li [2, p. 431]. See
Section 3.1 below for a detailed explanation. As in the proof of Corollary 1.6
Theorem 1.3 leads to

COROLLARY 1.7. Under the assumptions (b)—(d) of Corollary 1.6, for any
r € (0,00) there exist positive numbers R > Ry, 6, > 0 and a (unique) continuous
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map h>: Byo (00, R) — XL (which takes values in EXg:o (0,p4) in the case
M(A) < o0) satisfying (1.10) with A = VL, an open set V(R,r) in H with
V(R,7) C CRyrypas and a homeomorphism ®: Cr s, — V(R,r) such that

Lo®(z,ut +u™) = ut|* — [lu”|* + L(z + h*(2))

for all (z,ut,u™) = z+u" +u~ € Crys,. Moreover, if L is C? then the map
h>° is C* and the function Byo (00, R) 3 z+— L(z + h>(z)) € R is C*.

This corollary generalizes not only a slightly different version of Bartsch—Li
splitting lemmas at infinity [2] given in [10, Proposition 3.3] but also Theorem 2.1
in [5]. Moreover, we do not need the assumption (1.5). See Section 3.2 below for
a detailed explanation.

The premise of the assumptions (E) and (EL)) is ve > 0. When vo =0
the proofs of Theorems 1.1, 1.3 cannot be completed if no further conditions are
imposed. The following may be viewed as a corresponding version of them in
the case vy, = 0.

THEOREM 1.8. Under the above assumptions (S), (Fle)—(F3s) and (Cly)
~(C2%), (D), also suppose that v, = 0 and that there exist constants R > 0
and X € (0,ax) such that
(1.11) |L(u) — (B(co)u,u)/2| < Mu||®> for all u € By(oco, R),

(1.12) | A(u) — B(co)ul| < Allu||  for all u € By (oo, R) N X.

(a) If p = 0 then there exist a number R > 0 and a homeomorphism ¢
from By (co,R) onto an open subset of H to satisfy:

L(dw)) = [Jull? for all u € B (00,%R),
ol < o) £ sl for all u € Bar(c0. %)

(b) If uz, > 0 then there exist a number R > 0 and a homeomorphism ¢ from
B+ (00,R) @ HZ, onto an open subset of H such that for all (u,v) €
Byt (00,R) x H,

£+ v)) = Jul = o]l
—l_ < pg o plu+ )l < Ve = Alull

where PE and PL are the orthogonal projections onto HY and HZ,
respectively.
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COROLLARY 1.9. Under the above assumptions (S), (Fleo)—(F3oo) and (Cly)
—(C2x), (Doo), let voo =0, (1.5) hold and

(1.13) |A(u) — B(oco)ul| = o(Jjul]) asu € X and |lul]] = .
Then the conclusions in Theorem 1.8 hold with A = ax /2 and some R > 0.

Perhaps, the condition (1.5) (resp. (1.11)) may be derived from (1.13) (resp.
(1.12)). But the author does not know how to do.

One of main applications of the splitting lemmas at infinity is to compute
the critical group at infinity of £, C. (£, c0) := 1&11{* (H,{L < a};F) the inverse
limit of the system {H.(H,L£%) — H,(H,L%) | —0o < a < b < oo}, where the
homomorphism H,(H, L*) — H,(H, L") is induced by the inclusion (H,£%)) <
(H,L")). In the case vo, = 0 and po > 0 it follows from (1.5) that £ is
bounded from below on HY and that £(u) — —oo for u € H as |lu| = co. By
Proposition 3.8 of [2] we get that C;(L,00) = 0y;F for k = poo = dim H. If
Voo = oo = 0 this also holds because C.(L,0) = H.(H, {||u]| > R};F) for any
sufficiently large R > 0.

For Theorems 1.1, 1.3 and 1.8 we can also give a corresponding result with
Theorem 2.25 of [13] or Theorem 6.1 of [14].

The proofs of Theorems 1.1, 1.3 and 1.8 will be given in Section 2. Some
relations between these theorems and previous ones will be discussed in Section 3.
In Section 4, as a simple application we give a generalization of Theorem 5.2 in [2].
It shows that our results may give better results even if for C? functionals. Our
theory can be used to deal with a class of more general functionals of form J(u) =
Jo F(z,u(z), Vu(x))ds (with lower smoothness than C? usually), see [13]-[15].

2. Proofs of main theorems

For reader’s conveniences we here state the following parameterized version
of Theorem 1.1 in [9]. Its proof was given in Appendix A of [13] and [14].

THEOREM 2.1. Let (H, ||-||) be a normed vector space and let A be a compact
topological space. Let J: A X By (6,20) — R be continuous, and for every A € A
the function J(X, -): By (0,20) — R is continuously directional differentiable.
Assume that there exist a closed vector subspace HT and a finite-dimensional
vector subspace H= of H such that HY ®@ H™ is a direct sum decomposition of H
and

(a) J(A,0) =0 and Dy J(X,0) =0,

(b) [D2J (A, z + y2) — Dad (N, z + y1)](y2 — y1) < 0 for any (A, x) € A X

Bp+(0,6), y1,y2 € Bg-(0,6) and y1 # y2,
(c) DaJ(\,x+y)(z —y) >0 for any (\,z,y) € A x By+(0,8) x By (0,9)
and (z,y) # (0,0),
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(d) DaJ (N, 2)x > p(||z]) for any (\,x) € Ax By+(6,8)\ {0}, where p: (0,0
— (0,00) is a non-decreasing function.
Then there exist a positive € € R, an open neighbourhood U of A x {0} in A x H
and a homeomorphism

6: A x (By+(0,7/p(&)/2) + By (0,3/p(e)]2) > U
such that
J oz +y) = [lz]* = lyl* and (N z+y) =\ dr(x+y) €A xH

for all (\,z,y) € A x By+(0,/p(€)/2) x By-(0,/p(€)/2). Moreover, for each
AEA, $»(0) =0, pr(xz+y) € H™ if and only if x =0, and ¢ is a homoeomor-
phism from A X By-(0,+/p(€)/2) onto UN (A x H™) according to any topology
on both induced by any norm on H™.

2.1. Proofs of Theorems 1.1, 1.3. Unlike the proof of [13, Theorem 2.1]
and [14], we cannot directly apply Theorem 2.1 to the function F*° in (2.10)
because EHQO (00, Ry1) is only locally compact. We must directly prove corre-
sponding conclusions with those in Steps 1, 6, 7 of the proof of it given in
Appendix A of [13], [14]. Moreover, in some steps we may prove the same parts
of Theorem 1.1 and Theorem 1.3 in a unite way, in other steps we must deal
with those two cases, respectively.

The following Lemma 2.2 (resp. Lemma 2.3) is the analogue of [13, Lem-
ma 2.13] or [14, Lemma 3.1] under the condition (Es) (resp. (EL.)).

LEMMA 2.2. Under the above assumptions (S), (Floo)—(F3s) and (Cly)—
(C2s), and (Eo) there exists a unique map h*>: Bpo (00, Ry) — EXoio (0,p4)
(by increasing Ry > 0 if necessary), which is Lipschitz continuous, such that

(a) (I = PY)A(z+ h>(z)) =0 for all z € By (00, Ry);

(b) h* is strictly F-differentiable at infinity and dh™(c0) = 0 under the

assumption (SEs);

(¢) lim ||h*(2)||x = 0 provided that M(A) = 0 in the assumption (Ex);

ll2[lx =00

(d) the function Bgo (00, R1) = R, z = L®(2) := L(z + h™(z2)) is C* and

dL®(20)(2) = (A(20 + h™(20)),2)u  for all zg € Bpo (00, Ry), z € HO

(e) If P o A: X — XU has a strict Fréchet derivative S € L(X,X2) at
infinity, (for instance this is true when A is strictly F-differentiable at
infinity), then the function £ is C*~% and dL> has a strict Fréchet

derivative zero provided S = P o B(00)|x;
(f) If A is C* the maps h™ and L= are C' and C?, respectively, and

dh>(2) = —[(I = PL)A'(z + h™(2)|xz] " (1 = PLA (2 + h(2)) |
(g) If £ is C? then h*™ is also C' as a map to HE (hence XL ).
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PROOF. (a) Consider the map S>: B (00, Ry) X EXg:o (0,pa) — XL,
(z,2) = —=(B(00)|x£) M (I — PL)A(z + 2) + .

Let 21,25 € Bpo (00, Ry), and let 21,25 € EXD% (6, pa). Noting that B(oco)xz; €
XZE and B(c0)z; =0, i = 1,2, it follows from (1.2) that

(2.1) 8% (21, 21) = 8% (22, 22)l| 2 < OF° - | = P)A(21 + 21) — B(oo)a1
(I = PO)A(s2 +22) + B(oo)a . < ~llea + 1 — 22— wallx.
In particular, for any z € EHgo(oo, Ry) and z1,24 € FXO% (0,p4), we get
(2.2) 157 (2, 21) = 5% (2, 22) [ x = < %llxl — 2lx.
o If p4 < o0 in (Ex), this means that
M(A)<oo and pa € (ILC’fOM(A),oo)

By increasing R; > p4 we may derive

k—1 PA
or

sup{[|(1 — PR)A(2)|lx : z € Hy. ||2lx = R} <

and hence

le%e] — k—1
15°°(z, 0l xz < (B(o0)x£) " lluixt) - 1T = PRIAG)xz < ——pa.

It follows from this and (2.2) that

(2.3) 15%°(2, @) || x= <[5 (2,2) = 5%(2,0) |l x= + [157(2,0) [ x=
1 k—1 1 k—1
< —l|lz|lx + pa < —pa+ pa < pa
K K K K

for any z € By (00, R;) and z € EXOiO(G,pA). Hence the Banach fixed point
theorem gives a unique map h*: By (00, Ry) — EXDiQ (0,p4), which is also
continuous, such that S (z,h*(z)) = h*°(z) or equivalently

(2.4) (I —P2)A(z+h>®(2)) =0 forall z € B (00, Ry).
This and (2.1) imply
[h%°(21) — A (22) | x =157 (21, R (21)) — 5% (22, h™(22)) | x £
<l + 52(1) 2 — B (=2)lx

and hence

(25) Hhoo(zl) — hOO(ZQ)HX S HZ1 — ZQHX for all 21,29 € EH& (OO,R1).

k—1

That is, h*° is Lipschitz continuous.
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o If pg = 00 in (Eq), then (2.1) holds for any z € By (00, Ry) and 1,z €
XZE. The Banach fixed point theorem gives a unique map h™ : EHQO (00, Ry) —
XZE ., which is continuous, such that (2.4) and (2.5) also hold.

(b) If M(A) < c0in (SEo) we choose £ > 10 large that p4 > 5 CT°M(A).
Then (1.2) is satisfied by increasing R; > 0 (if necessary). Hence ( .1)—(2.5) are
still effective for these x and Ry. For z; € By (0, Ry) set z; = h™(z;) in (2.1),
i =1,2. We obtain
(2.6)  [1h7(21) = h™(22)llxz = (157 (21, h™(21)) = 5% (22, h%(22)) | x 2

<O I = PL)A(z1 + h™(21)) — B(oo) (21 + h™(21))
— (I = PL)A(R™ (22)) + B(00) (22 + h*(22)) | x-
For any given small € > 0, since
i + 1> (z0)ll% > llzi + b ()lI* = Nlzill® + 1R ()1 > [z,
and ||z;|| — oo if and only if ||2;||x — oo for z; € HY,, i = 1,2, by (SEw) there
exists R > R; such that for any z; € Ech (00, R), © = 1,2 we have
I(Z = PR)A(z1 + h>(21)) — B(oo) (21 + h™(21))
— (I = PL)A(22 + 1™ (22)) + B(00) (22 + ™ (22))||x

K
<ellz1 +h7(21) — 22 — h¥(22)|x < o

pellz = 22llx
by (2.5). From this and (2.6) we derive that

K
(2.7) 1h*(22) = B> (21) [ x = —F Ci%ellz2 — 21l x

for any z; € EH&(OO,R), 1t = 1,2. This shows that A° has the strict Fréchet
derivative zero at oo.
(c) Recall that h*°(z) is a unique fixed point in Exéto (0,p4) of the map

= S®(z,x) = —(B(OO)|X2:O)71(I — P2)[A(z + z) — B(c0)x].
Since M(A) = 0, for any small 0 < € < p4 there exists a large R > R; such that

—1)e
I— P4 (v —1)e
I = POAG) s < Vg
for any z € EHgO (00, R). By the deduction of (2.3), for any z € EHgO (00, R) and

x € By (0,¢) we have

157 (2, @) || x= < éllmllx +(B(o0)|x2) ™ (I — PR)A(2)l|x+

1 o e (k=1
< ~lellx + ORI - PLAG) s < =+ E2E <
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So the map EX;_; (0,e) — EXg:o (0,e),x — S°°(z,2) has a unique fixed point,
which is, of course, contained in By (6, pa) and hence must be h>(z). This
shows [ ()| < =.

(d) The proof is similar to Step 2 of proof of [13, Lemma 2.13] or [14,
Lemma 3.1]. For any zy € Bpy (00,Ry), z € HY, and t € R\ {0} with
z0 +tz € Bpo (00, Ry), by the mean value theorem we have s € (0,1) such
that

(2.8) L%(zo +tz) — L®(20) = DL(2s1)(tz + B> (20 + tz) — h™(20))
1)tz + h>(z0 +tz) — h*(20))
o) t2)m + (I = P)A(zs,0), h% (20 + t2) — h™(20)) 1

because h™(zg + tz) — h>®(z) € XL C HE, where z,; = 20 + h*>(20) + s[tz +
h*>°(zp 4+ tz) — h*(2p)]. Note that (2.5) implies

(A(zs,
(A(z,

1
1h% (20 +t2) = K% (z0) 1 < 2% (20 + t2) — h*(20) | x < —7 [¢] - [l2]x-

Let t — 0, we have
(I = PY)A(2s,0), h™ (20 + t2) — h™(20))

t
= PGy )l 152 0 + 22) — B (z0)
- g
1
< ——[l2lx I = P%)A(z0)1x
1
— sl (T = PL)AGz0 + ™ (20) x =0

because of (2.4). From this and (2.8) it follows that

£(z0 + tzt> ZETE) (A 4 5 (20)),

That is, L= is Gateaux differentiable at zg. Clearly, z — DL>®(2)(2) is lin-
ear and continuous, i.e. £ has a linear bounded Géateaux derivative at zo,
DL>(zp), given by

DL>®(20)z = (A(20 + ™ (20)), 2)i = (P% A(20 + h(20)), 2)g  for all z € H2,.
Note that B(co)|go =0, B(oo)(HE) C HE and h*(z), h™(2)) € X£ C HZ
for any 29, 2y € By (00, R1). We have

(PR B(00)(20 + h™(20)), )i = (P, B(00) (2 + h™ (%)), 2)m = 0
for all 2 € HY,. From this it easily follows that
|DL>(20)2 — DL (25)z] = [(PAlzo + 1™ (20)) — Py Az + h*(20)), 2) |
= |(P% A(z0 + h*(20)) — P B(00)(20 + h™(20)), 2)
— (PR Az + h*(20)) — P, B(00) (2 + h™ (%)), 2)

DL*(2)(2) = lim

#l
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< |PRLA(z0 + h™(20)) — P B(00) (20 + h™(20))

= PLA(zg + h™(20)) + P, B(00) (2 + h* (20))lm - |11l m
< [I1A(z0 + h™>(20)) — A(zg + h>(20))llx

+ [1B(00) (20 + 1™ (20)) — B(00) (29 + h™(20)) | u] - |2l x

and hence

IDL>(z0) = DL (20)ll(x0)+ < [1A(20 + 5™ (20)) — Alzo + 7™ (20))l1x
+ [1B(00) (20 + 1™ (20)) — B(00) (29 + h™(20)) |1,
where (X2)* = (H2)* = L(X2,R).
Since both A: X — X and B(oco): H — H are continuous by (F2,), from
(2.5) we derive that zp — DL>®(z) is continuous and therefore that £ is
Fréchet differentiable at zp and its Fréchet differential dL>(zp) = DL>(zp).

Moreover, the above estimate also shows that zg — dL£>(zp) is continuous.
(e) Since PY o A has the strict Fréchet derivative S € L(X, X2) at co then

(2.9) 1P, 0 A1) = PS, 0 A(ws) = S(a1 — as)l|x < Krllwr — s x
for all z1,z9 € Bx (oo, R) with constant I?R — 0 as R — oo.
Let C > 0 be such that ||z||x < C|z|| for all z € HY. For R > R; and any
20, 29 € Buo_ (00, R), since
Iz + b2 ()% = [z + b2 @)I1P = [l2]1* + 122 (2)]* = [[2]]*  for 2 = 20, 2,
it follows from the proof of (d), (2.9) and (2.5) that
L% (20)2 — dL>(20)2 — (S(20 + h™(20) — 20 — W™ (20)), 2) |
= |(PXA(z0 + h>(20)) — PR A(2) + h*(20)), 2)n
= (S(20 + 1™ (20) — 20 — h™(20)), 2) |
<[P A(z0 + h*(20)) — PR, A(z + h™(25))
— S(20 + 7> (20) — 20 — h>(20)) | - |12l
< ||PRA(z0 + h*(20)) — PR, A(z + h>(2p))
= 8(z0 + 1> (20) — 20 — h™(20))llx - 12l x
< K- [l20+h™(20) = 26 — B ()| x - |12 x
< 7 Re- 0~ 2llx - lzllx < 5 CRa -z = zllx -]
for any z € HY,. Hence
1AL (20) — dL>®(20) || L(m2, v)

K ~
C?Kr - |20 — zgllx + 1S (20 + h*(20) — 25 — h* (%)) l|x

<

k—1

K ~
< 1(1+02KR)'||20—26||X’

K —
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that is, £°° is C?~°. Moreover, if S = P2 o B(c0)|x, then (S(zo +h>(20) — 2§ —
h*(z()),2)g = 0 for all z € HY,, and hence

|dL> (20)z — dL>(2))z]|
=|dL>(20)2 — dL>®(20)z — (S(20 + h™(20) — 25 — h™ (%)), 2) u|
K ~
< —C*Kp - [l20 — 2llx - |12l
for any z € HY,. This implies
[dL>(z0) — dL>®(20) || Lm0, r)
20 — 2|

as (||zoll, I26l) = (c0,00) and zp # 2. Hence dL>® has the strict Fréchet

—0

derivative zero at infinity.

(f) Since A is C! the corresponding conclusions can be obtained as in [13,
Remark 2.14] or [14, Remark 3.2].

(g) If £ is C? then VL(x) = A(z) for all 2 € Xo. For zp € Bpo (00, Ry)
we have (I — PY)VL(zo + h*(20)) = 6. By the implicit function theorem
there exists a neighbourhood O(zg) of zg in By (00, R1) and a unique C* map
h: O(z0) — HZ such that (I—P)VL(z+h(z)) = 0 for all z € O(2). Moreover,

(I — PO)VL(z+h>™(2) = (I — PL)A(z +h™>(2)) =0

for all z € EH&(OO,RQ, and h® is also continuous as a map to HE, by the
implicit function theorem (precisely its proof) we get h(z) = h*°(z) for all z €
O(zp). The desired conclusion is proved. O

LEMMA 2.3. Under the above assumptions (S), (Floo)—(F3s) and (Cly)—
(C2x), and (E.) there exist Ry > 0 and a unique map

h*: Bpo (00, R1) = Bx (60, pa) N X,
which is continuous, such that

(a) (I = PL)A(z + h>(z)) =0 for all z € By (00, Ry);
(b)  lm ||h*(2)||x = 0 provided that M(A) =0 in (EL);

llz]lx =00

(c) If A is C*, then h™ is C* and
dh™(z) = —[(I = PL)A (2 + h™(2))| 2 ] (I = PL)A (2 + () o, -

Moreover, the functional L>: Bpo (00, R1) = R, z = L(z + h>(2)) is
C? and dL>®(20)(z) = (A(z0 + h™(20)), 2)u for all zg € Bpo (00, Ry)
and z € HY;

(d) If £ is C? then h™ is also C* as a map to HE (hence XL).

PRrROOF. Recall the proof of Lemma 2.2(a). Under the condition (E. ), we
can only obtain (1.4) and (2.1) for z; = zo. Hence (2.2) still holds. Unless (2.1)
and (2.5) the proof of Lemma 2.2(a) is valid.
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The proof of (b) is the same as that of Lemma 2.2(c). (¢)—(d) can be obtained
by the implicit function theorem as usual. O

Define a continuous map
(2.10) F>: Bpo (00, Ry) x Hy, =+ R

by F*(z,u) = L(z+h>(z)+u) — L(z+h>*(2)). Then for each z € Byo (o0, R1)
the map F>(z,-) is continuously directional differentiable on HZE, and the di-
rectional derivative of it at u € HE in any direction v € HZ is given by

DaF>(z,u)(v) = (A(z + h%(2) +u),0)i = (I — P)A(z + h*(2) + u),v)n.
It follows from this and (2.4) that

(2.11) F>®(2,0) =0 and DyF>®(z,60)(v)=0 forallve HE.
Later on, if (1.5) holds we shall assume (by increasing R; > 0) that

oo 1 o0
(2.12) — 2=z 4 ull® < £z + u) = 5(B(oo)u, u)nr < ==z + ul?

for any (z,u) € Byo (00, Ry) x HE.

Under the assumptions (Cleo)—(C24) and (Do), with the same proof meth-
ods we can obtain the corresponding results with [13, Lemma 2.15] and [13,
Lemma 2.16] (or [14, Lemma 3.3] and [14, Lemma 3.4]) as follows.

LEMMA 2.4. There exists a function ws: Voo N X — [0, 00) with the property
that weo(x) = 0 as © € Voo N X and ||z|| — oo, such that
[(B(z)u,v)g — (B(0o)u, v)r| < woo(@)|[ul - [[v]|
foranyz € VooN X, ue HYL @ H and v € H.

LEMMA 2.5. Let aso > 0 as in (1.1). By increasing Ry we may find a number
a1 € (0,2a00] such that for any x € By (oo, R1) N X one has

(a) (B(z)u,u)g > ay||ul|® for allu € HL;

(b) [(B(x)u,v)pr| < woo(x) ||t - [V for allu € HE, and allv € Hy, & HY;

(c) (B(z)u,u)g < —aso||u||? for allu € HZ.

Note: Actually, for the proof of Theorem 1.1 (resp. Theorem 1.3) we only
need that Lemmas 2.4 and 2.5 hold in a set of form
EHQO (OO, R/) D Xg:o (reSp~ EHQC (OO, R/) D (EH(av T,) n Xg:o))

In this case we can only get the following Lemma 2.6 in such a set too.
As in the proof of [13, Lemma 2.17] or [14, Lemma 3.5] we can use the above

lemmas to prove:

LEMMA 2.6. The functional F* in (2.10) satisfies (a)—(d) in Theorem 2.1, i.e.
(a) F>°(z,0) =0 and D2F>(z,0) =0 for any z € Byo (00, R1);
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(b) [DaF>®(z,u+v3) — DaF>(z,u+v1)](v2 — v1) < —aso||v2 —v1||> < 0 for
any (z,u) € Bpo (00, Ry) X HY,, v1,v € HY, with vy # vy;

(¢) DoF>™(z,u + v)(u —v) > ailul® + ao||v||* > 0 for any (z,u,v) €
By (00, R1) x HI, x HZ, with (u,v) # (6,0);

(d) DoF>(z,u)u > ay|ull®> > p(||ull) for any (z,u) € Bpo (00, Ry) x HY
with u # 6, where p(t) = at?/2.

PROOF. By (2.11) it suffices to prove that F'*° satisfies conditions (b)—(d).

Step 1. For any z € Bpo (00, Ry), u™ € XI and uy,u; € H, as in the

proof of [13, Lemma 2.17] or [14, Lemma 3.5], since the function
ur— (A(z + () +ut +u),uy —ul)u

is continuously directional differentiable, by the condition (F2.,) and the mean
value theorem we have a number ¢ € (0,1) such that

[DaF>®(z,u™ 4+ uy ) — Do F™(z,u™ +uy)](uy —uy)

=(A(z+h™(2) +u" +uy ), uy —up)m

—(A(z+ b= (z) +ub +uy),uy —uy)u
(DA(z +h>(2) +u™ Fuy +t(uy —up))(uy —uy),uy =g )u
=(B(z +h(z) +u’ +up +t(uy —up))(uy —up)yuy —uy)m

< —acolluy —up|?
where the third equality comes from (F3..), and the final inequality is due to
Lemma 2.5(c). Hence the density of Xt in HY leads to
(D2 (z,u® +ug) = DaF™ (2™ 4 up)|(ug —up) < —aofluy —ur|”
for all z € Bpo (00, Ry), vt € HY and uy,u; € H~. This implies the condi-
tion (b).
Step 2. For z € Bpo (00, Ry), vt € XI and u~ € HZ, using (2.11), the
mean value theorem and (F2.,)—(F3.,), for some ¢ € (0,1) we have
Do F™(z,u™ +u” ) (ut —u™)
=DoF®(z,u” +u” ) (u" —u") — DoF>(2,0)(u™ —u")
=(Az+h*E)+ut +u ) ut —u )y — (A(z +h™(2) +0),ut —u )y
(B(z+h>(2) +tlut +u"))(wt +u),u” —u )y
(B(z+h>®(2) + t(u™ +u))ut,ut)y
= Bz +h%(2) + t(u™ +u7))u”,uT) g > arlJu’||* + acollu” .

The final inequality comes from Lemma 2.5(a) and (c). The condition (c) follows

+ in H+
because X is dense in H.
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Step 3. For z € Byo (00, Ry) and ut € XT, as above we may use the mean
value theorem to get a number ¢ € (0,1) such that

Do F™(z,u™)ut = Do F® (2, u™)ut — DaF>(z,0)u™
=(A(z+h*E) +ut),u) g — (A(z + h>°(2) +0),u )y
=(B(z+h*>®(2) + tuuT, uM) g > ay||u™|?
The final inequality is because of Lemma 2.5(a). The condition (d) follows. O

[Note: The condition vo, > 0 is essentially used in the proofs of the above
lemma. If vo, = 0 the arguments before Lemma 2.4 is not needed. In this
case Lemmas 2.4, 2.5 also hold with H2 = {#}. When replaceing F>° with
L the corresponding conclusions in Lemma 2.6 cannot be proved if no further
conditions are imposed on L. (See proof of Lemma 2.16).]

Now FHQC (00, Ry) is only locally compact, we cannot directly apply Theo-
rem 2.1 to the function F'*°. Recall that the compactness are only used in Steps 1
and 6 of proof of [13, 14, Theorem A.1]. (See the proof of more general [13, 14,
Claim A.3]). We shall directly prove these two steps in the present case. To this
end we need the following result.

LEMMA 2.7. (a) Let {z1,} C Voo N HY and {u} C HE such that ||z1] — oo
and that ||ug, — ugl|| — O for some ug € H. Then

1

F>(z,ur) — i(B(oo)uo,uo)H as k — oo.
(b) If L(u) = (B(oo)u,u)m/2 + o(|[ul|?) as ||ul| — oo, then
Aoo _ 2||B(c0 2 o oo
%o 12 — 2 B(oc) |- 12 — 2B ey - Gom e

<F®(z,ut +u7)

2| B(c0)

Qoo | _ Qoo ||2
2B - 2 = 222 2+ 222 2 + =

oo

Jor any (z,u™,u”) € Byo (00, Ry) x HI, x Hy . Consequently, for any given
(z0,ud) € By (00, Ri)xHZ, there exists a neighbourhoodU of it in B (o0, Ry)
xHY such that F*(z,ut +u~) = —oo uniformly in (z,u™) €U as u~ € H
and |Ju™ || = oo.

PROOF. (a) Since F> is continuous and XZ is dense in HE we can choose
{u},} € XL such that |Ju), — ug| — 0 and |F° (2, ux) — F>(2x,u},)| < 1/k for
k=1,2,... Hence we can assume that {u;} C XZ in the sequel without loss of
generality.

Note that h*°(z;) + stuy € X= C HE and

2k + B> (z1) + stue|® = [|zl]” + |2 (2x) + stupl|® > |2
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for all s,t € [0,1] and k =1,2,... By (D24,), for any u € H we have
(2.13) kli_>nolo 1P (zx + h™>(2k) + stug)u — P(oo)ul|| =0
uniformly in s,t € [0,1]. Then the principle of uniform boundedness implies
(2.14) M(P) := sup{||P(zx + h™(2x) + stur)||m) | k €N, s,t € [0,1]} < 00
Moreover, by (D34) we have also
(2.15) (| Q2 + h% (i) + stur) — Q(o0) || L) =0
uniformly in s, ¢ € [0,1]. It follows from (2.13) and (2.14) that
[(P(zx + h™°(2k) + stug)ug, ug) g — (P(co)ug, uo) il
=|(P(zx + h™(zk) + stug)(ur — uo), k) g
+ (P(zr + h™(2k) + stug)uo, up — uo)H
+ (P(z + h™(2k) + stug)uo, uo) g — (P(co)ug, uo) |
<P (zk + A% (2k) + stur)||noen llue — uoll - [Jukl|
+ || P(zr + h>(2x) + stug)uol| - [Jur — uol|
+ [(P(2k + h™>(2k) + stug)ug, uo) g — (P(o0)ug, uo)g| — 0

uniformly in (s,t) € [0,1] x [0,1] as k — oo. Similarly, from (2.15) we derive
that

(Q(zk + 1™ (2x) + stug)ur, ur) g — (Q(00)uo, uo) | — 0

uniformly in (s,t) € [0,1] x [0,1] as k — oco. Since (I — PY)A(z; +h™(2x)) =0
for all k, by the mean value theorem we obtain

FOO(Zk,uk) = ‘/O D,C(Zk + hoo(Zk) + tuk)(uk) dt
1
2/0 (A(Zk + hoo(Zk) + tuk),uk)H dt

:/0 (A(z + B (25) + tu) — Alzn + B (o)), we) i dt

1,1
:/0 /0 (B(Zk + hOO(zk) -+ Stuk)(tuk),uk)H ds dt

1
“,
/ HQ(zr + h™(zx) + stug)ug, ug) g dsdt

|

+
%// uo,uoHdsdt+// 00)to, o) i ds dt

- [

00)ug, tg) i ds dt = 2( (c0)ug,up)y  as k — oo.

Pz + h™(2k) + stug)ug, ug) g ds dt
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(b) Since as < ||B(c0)| and
oo i< B oo oo ooy —
1B o) 1= ()] -l < PP e a2 4 922 ot 4 P,

from (2.12) and (1.1) we derive

(B(o)(h™®(2) +ut +u™),h®(2) +u” +u )y

| =

L(z4+h>(z) +um +u") <
5+ 0 (=) |
8
1 1
ZE(B(oo)u+,u+)H+i(B(oo)u_,u_)H
+ (Bleo)h™ (2),ut +u”)p + “Z [z + 5 (=) +ut 4|
1 _ o _
< SIB(0) | - lla* |2 = ase Ju™ I + | B(oo) | - 1 ()] - o + |
Qoo 2 4 Goo poor yn2 . ooy 2y Qoo — 2
+ 222l + 2RI + S ot + =2

oo o2 4 IBEOI?
< 2B - 12 = L2 2 + S22+ = e )

oo
Similarly, we have

L(z+h®(2) +ut +u7) > S(B(oo)(h™(2) +ub +u™),h%(2) + ub +uT)n

N | =

= S+ h(E) ut 4P
1 b ] -
=5 (Bloo)u™, uT) + 5 (Bloo)u™, v )

+ (Bleo)h™ (2),ut +u )i = ==z 4+ b () + ut +u |

1 o IBOOR e s

> aoo|ut* = S [B(o0)| - [[u™||* = T ——[In>()I* = [l
_ Oooy 2 Goo 2 %0100 2 _ Qoo 42 _ Qoo — 2
o 2 — 922 22 - 402 e 22 - o | - 2 |

UBCONT oo 2 - o2 e

> 2t ? = 2| B(oo)| - u™ |* :

Hence
Qoo - [B(oo)[I* 7 oo oo
= 2 = 2 Bleo)l| - u~ |2 - = = 222
Qoo

<L(z+h>®E) +ut +u7)
1B (c0)|?

oo

Ao _ Qoo 0o
<2 B(oo) - 2 — 2 + L =2 + 15
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In particular, we have

_IB(0)|I?

Qoo

IR (@) - %’Oqu? < L(z+1%(2))

aoe 2, 1B
< 22 + BE 20 e ) 2

Since F>®(z,ut +u~) = L(z4+ h*>®(2) +ut +u~) — L(z 4+ h*(2)) by (2.10), the
desired inequalities easily follow. O

For F*° we can directly prove the corresponding conclusions with Step 1 in
the proof of Theorem 2.1 (given in Appendix A of [13], [14]) as follows.

LEMMA 2.8. (a) For any r € (0,00) there exists a number e, € (0,7) such
that for each (z,u) € Bpg (00, R1) X EH; (0,er) there exists a unique point
¢ (u) € By (0,7) satisfying

F®(z,u+ ¢, (u)) = max{F>*(z,u +v) | v € By (0,7)}.
One has also ¢,(0) = 0.

(b) If L(u) = (B(co)u,u)g/2 + o(||lul|?) as |Jul| = oo, for each (z,u) in
By (00, Ry) x HY, there exists a unique point ¢.(u) € HY, such that

Fe(z,u+ ¢,(u)) = max{F>(z,u+v) |ve H_}.
Moreover, ¢.(0) =6, and
16]| B(o0) |*

2
U

8 o0
o= (uh)]? < ——lIB(eo)]- a1 + 421 + 1A% ()]
Clearly, Lemma 2.7(b) implies that for any bounded subset K C EHQC (Ry,00),
F®(z,u+ @, (u)) > F®(2,u) — oo uniformly in z€ K as u€ HY and ||ul]|— 0.

Later on we shall understand r = oo and e, = oo for conveniences in case (b).
Note that the cases (a) and (b) of Lemma 2.8 correspond to Theorems 1.3 and 1.1,
respectively. Moreover, if Lemmas 2.4-2.6 only hold in a set EHgo (00, R') @
(Bu(0,7")N XE), then z and r in (a) are restricted in Bpo (o0, R') and (0,77),
respectively.

PrROOF OF LEMMA 2.8. As at the beginning of proof of Theorem 2.1 (given
in Appendix A of [13], [14]) we only need to consider the case dim H__ > 0.

(a) Since the function Hy — R,u~ — F*(z,u™ + u™) is strictly concave
by Lemma 2.6(b), it has a unique maximum point on a convex set if existing.
Clearly, it attains the maximum on the compact subset EH; (0,7). Suppose by
contradiction that there exist sequences {(zn,zn)} € Bpo (00, Ry) X EH; 0,r)
with 2, — 0, and {v,} C By (6,7) such that

(2.16) F*(zn,Tn+uvn) > F>®(2n,xp+u) forallue By (0,r), for all n € N.

oo
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If {z,} is bounded we may assume up to subsequences that z, — zy €
B (00, Ry) and v, —vg € B ;- (6, 7) since both By (00, Ry) and 8§H; @,r)

oo

are compact. It follows from these and (2.16) that

F*(z0,v0) > F>(20,u) forallu e By (6,r).

On the other hand, the mean value theorem yields a number s € (0, 1) such that
F°(z,v9) = F>(20,v0) — F*(20,0) = D2 F(z0, svo)vg
= E[DQF(Z[), svg)(svg) — D2 F (29, 0)(svg)]
< — 22 svo]]? = —sacelvol* < 0 = F>(0,6)

by Lemma 2.6(a)—(b). A contradiction is obtained in this case.
Up to subsequences we assume that |[|z,|| — oo and v, — vy € 9B (6,7)
in H. Then Hoio S Uy = Ty + U, = V9. By Lemma 2.7 we get
1 1
i(B(oo)vo,vo)H <0, F*(zp,z,) — i(B(oo)H,G)H =0.

Hence (2.16) leads to (B(co)vg,vo)m > 0, and therefore a contradiction is ob-

F>®(zn, xp + vy) —

tained again.
To see ¢, (6) = 6, note that Do F'*°(z,,(0)) = 0. If p,(0) # 6 then

0= [D2F>(z,0:(0)) = DaF>(2,0)](02(0) = 0) < —aso]|=(0)[* < 0

by Lemma 2.6(b), which is a contradiction.

(b) By Lemma 2.6(b) the function Hy, — R, u~ + —F>®(z,u®™ +u™) is
strictly convex. The second claim of Lemma 2.7 also shows that this function is
coercive. Hence it attains the minimum at some point ¢, (u") € H . That is,
the function H, — R,u™ — F*~(z,u™ + u~) takes the maximum at ¢, (u™).
As in the proof of Lemma 2.1 of [9] the uniqueness of ¢,(u™) follows from
Lemma 2.6(b) as well.

The proof that ¢.(f) = § may be obtained as above. To see the another
claim, by Lemma 2.7(b),

2| B(c0)|”

o0

oo Goo 00
20IB(oo)ll - flut* = =Flle= (DI + 12017 + 1R (=)

>F>®(z,ut + . (uh)) > F(z,u')

ooz 2ABONP e e
> Bl et Sl | I — =22
e L O

The conclusion follows immediately. O

REMARK 2.9. Note that a local maximum of a concave function (with finite
values) on a normed linear space is also a global maximum. From Lemma 2.8(a)
it follows that for any r > 0 there exists a number ¢, € (0,r) such that for each
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(z,u) € Bpo (00, Ry) XEH; (0, ) there exists a unique point ¢ (u) € By- (6,7)

oo

satisfying

(2.17) F>(z,u+ ¢.(u)) = max{F>*(z,u+v) |v € By (0,7)}
= max{F>(z,u+v) |ve H }.

Define

(2.18) re :=sup{e, | r > 0}.

Then for each (z,u) € Byo (00, Ry) X B+ (0,rc) there exists a unique point
. (u) € Hy with ¢,(6%) = 60~, such that

Fe(z,u+ @,(u)) = max{F*®(z,u+v) |ve H_}.

Clearly, under the assumption (1.5), i.e. L(u) = (B(oco)u,u)r/2 + o(||ul|?) as
|lu]| = oo, we have rz = oo by Lemma 2.8(b) (because o, = o0). [Note: if
Lemmas 2.4-2.6 only hold in a set Byo (00, R') & (By(0,7') N X%), we define
re = sup{e, | 0 < r < 7'}, Then for each (z,u) € By (00, R') x By (0,7c)
there exists a unique ¢, (u) € By - (0,7") with ¢, (07) = 67, such that F>°(2, u+
¢ (u)) = max{F>*(z,u+v) | v € By-(0,7")}. In this case the following map j

is only defined on Bpo (00, R') x By (0,72).]

It is easily seen that the following map
(219)  j: Byo (00, Ry) X By (0,rc) = R, (2,u) = F=(2,u+ ¢5(u)),
is well-defined.

LEMMA 2.10. The map j is continuous, and for every z € EHgo(oqu) the
map By (0,7c) = R, u j(2,u) is continuously directional differentiable.

ProOF. Clearly, it suffices to prove that the restriction of j to PHSO (00, R1) X
B+ (0,¢;) is continuously directional differentiable.

If r < oo, since By (0o, R1) N By (0, R) N HY, is compact for any R > Ry, as
in Step 3 of the proof of Theorem 2.1 (given in Appendix A of [13, 14]) we can
get the desired conclusion from Lemma 2.3 of [9].

If r = oo, ie. (L1.5) holds, for any (zo,uj) € Bpo (00, R1) x HY, by
Lemma 2.8(b) there exists a bounded neighbourhood U of it in EH& (00, Ry) X
HZ and a positive number R such that ¢.(u) € Byo (0, R) for all (z,u) € U.
Suppose that {(z,,u;})} converges to (zp,ud ). As in Step 2 of the proof of The-
orem 2.1 (given in Appendix A of [13], [14]) it is easily proved that ¢, (u;}) —
¢, (ud) as m — oo. Hence j is continuous in this case. The second claim follows
from Lemma 2.3 of [9)]. O

By (2.17), for (z,u) € By (00, Ry) X B+ (0,rc) we have
(2.20) Fe(z,u+@,(u)) > F*®(z,u+v) forallve H.
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Moreover, for any z € EHSQ (00, R1) we have also
(2.21) F>=(z,u) > %HuH? for all u € HY,
(2.22) F>=(z,v) < —%Hv”z for all v € H.
In fact, using the mean value theorem and Lemma 2.6(iv) we get
F>(z,u) = F*®(z,u) — F*(z,0) = Do F*(z, su)(u)
= 1D2F°°(z,:m)(su) > ays||ul|* >0

S

for some s € (0,1). If u # 6, the same reason yields a number s, € (1/2,1) such
that

F®(z,u) > F®(z,u) — F*®(z,u/2) = DaF>™(z, syu)(u/2) > %Hu“2
Similarly, we get a number s € (0,1) such that
F>®(z,v) =F%(z,v) — F*(z,0) = DaF*°(z, sv)(v)
= LDy (z,50) (s0) < ~as|o? < 0

by Lemma 2.6(c). Moreover, if v # 6 we have also a number s, € (1/2,1) such
that

F>(z,0) < F®(z,v) — F*(2,v/2) = DaF*>(z, 8,v)(v/2) < —%HUHQ.
For r € (0,00], 2 € By (00, Ry) and (u,v) € EH:O(Q,Z-IT) X By (0,r), define

VE>(z,u+ ¢-(u))

w if u # 6,
Pi(z,u+v) = [l
0 ifu=20,
VF®(z,u+ ¢, (u) — F®(z,u+v) .
v—,(u) ifv# e, (u),
Ualvu+v) = o= el et “
0 if v=,(u).
By Lemma 2.10, the map
(2.23) 2 Byo_ (00, Ry) x (B (0,6,) & By (6,7)) = Hy,

given by ¥(z,u + v) = 91(z,u + v) + 2(z,u + v), is continuous. Clearly,
P(z,u+v) € Im(y) N H if and only if u = 6,
and F>(z,u+v) = [¢1(z,u +0)||* = [¢2(z,u + v) |

As in Step 5 in the proof of Theorem 2.1 (given in Appendix A of [13], [14])

we can prove
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LEMMA 2.11. For each z € By (00, Ry) the map

U(z, +): EH;Q,(H’ET) © By 0.r) = Hojé

is injective whether r is finite or infinite.

[Note: If Lemmas 2.4-2.6 only hold in a set Byo (co, R)) @ (Bg (0,1 )N XZE),
we require z and 7 in this lemma and the following Lemma 2.12(a) to sit in
By (00, R') and (0,17), respectively.]

Now we are a position to prove the corresponding conclusions with Step 6 in
the proof of Theorem 2.1 (given in Appendix A of [13], [14]).

LEMMA 2.12. (a) For any r € (0,00) there is a number ¢, € (0,&,/4) such
that

By (0,\/a1€.) & By (0,\/aie,) C (2, By (0,2¢,) ® By (0,7))

for any z € EHgo(oo,Rl).

(b) If L(u) = (B(c0)u,u)rr/2 + o(||ul|?) as ||ul| — oo, that is, 7 = oo, then
for each z € EH&)(OO,Rl) the map

P(z, ) HL o H, — HL ® H
is surjective, and hence bijective due to Lemma 2.11. As a consequence we get
YT HL @ Hy) = By (00, Ry) x (HE, ® H).

PROOF. (a) By (2.22) there exists a number C' > 0 such that
(2.24) F>(z,v) < =C for all (z,v) € By (00, Ry) X OBy (0,7).

CLAIM 2.12.1. There exists a number €, € (0,&,/4) such that
(2.25) Fe(z,u+v) <0
for any (z,u,v) € Byg (00, R1) X By (0,2¢,) x OBy (6,7).

)

Suppose by contradiction that there exists a sequence
{(Zna Up, Un)} C EHSO (OO, Rl) X PH; (03 5?") X 8BH; (9, T’)

such that u, — 6 and F*(z,,u, + v,) > 0 for all n. If {z,} has a bounded
subsequence we can get a contradiction as in Step 6 of proof of Theorem 2.1
(given in Appendix A of [13], [14]). Otherwise, after passing to a subsequence
we may assume that ||z,|| — oo and v, — vo. Then using Lemma 2.7(a) we
derive

1
F(zg, up + vg) — §(B(oo)v0,vo)H <0 ask— oo

This leads to a contradiction again. (2.25) is proved.
CrLAmM 2.12.2. One can shrink the positive number ¢, in (2.25) such that

(2.26) ¢=(By+ (0,2¢,)) C By (0,7/2) forall z € By (o0, Ry).
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By a contradiction suppose that there exist sequences {z,} C EH&, (00, Ry)

and {un} C By (,¢,) such that
|unl =0 and ., (u,) & By-(0,7/2) foralln=12,...
By Lemma 2.8 each ¢, (un) is a unique point in By (¢, 7) such that
F*(zn, un + @2, (un)) = max{F>(z2n, up +v) [ v € BH;(G»T)}~

Since EH; (0,r) is compact, after passing a subsequence (if necessary) we may
assume @, (u,) = vg € EH; (0,7)\ By (0,7/2).

e If {z,} has a bounded subsequence, passing to a subsequence we may
assume z, — 2o € Bpo (00, Ry). Then by (2.22) we get
2000

16

as n — 0o, and F™(z,,u,) = F*(z0,0) =0 as n — oco. This contradicts to the
fact that F°°(zn,un) < F(2n, un + @2, (uy)) for all n.

e If {z,} has no bounded subsequences, passing to a subsequence we may

<0

Goo
FOC(Zvuun +902n(u’ﬂ)) - FOO(ZOaUO) < _TH’UOH2 < -

assume ||z, || = co. In this case Lemma 2.7(a) leads to
i 1 9 Aoor?
F (20, un + 9z, (un)) = 5 (B(00)vo, vo) i < —aso||vo]|” < ==
as n — 0o, and F®(z,,un) — (B(00)8,0)/2 = 0 as n — oco. This also yields
a contradiction to the fact that F°°(zp, un + @2, (un)) = F(zn,uy) for all n.
Claim 2.12.2 is proved.
For (z,u) € Bpo (00, Ry) x B+ (0,2€,), by (2.20) and (2.21) we get

(2.27) F(z,u+ g (u) 2 F=(2,u) = 2 Jul®
This and (2.25) imply that

(2.28) F®(z,u+ ¢, (u)) — F>®(z,u+v) > are?

for any (z,u,v) € Byo (00, Ry) x OB+ (0,2¢,) x 0By - (0,7).

Note that (2.24)—(2.28) correspond to (A.2)—(A.6) in Step 6 in the proof of
Theorem 2.1 (given in Appendix A of [13], [14]), respectively. Using these and
repeating the remained arguments therein (i.e. Step 6 in the proof of Theorem 2.1

given in Appendix A of [13], [14]) we may get

EH; (0,Varer) C i (Z,BH; (0, 26.,«))

and the desired conclusion (a).

(b) For any given (ut,u~) € H x H, without loss of generality, we assume
(@t,u~) # (0,0) because 1(z,0) = 6.

o If ut =0 then u~ # 6. Since (2.17) and Lemma 2.7(b) imply

0=F>(z,0,(0) > F®(z,u) - —c0 asu € H_ and |lu]| = oo,
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the intermediate value theorem gives a number ¢ > 0 such that —F*°(z,ta~) =

@~ ||>. Set u~ :=tu~. Then 11 (2,0 +u~) = 11(2,0) = 6 and

_ VF=(z.0:(0) — F>(z,u")
lu= = (0)]

Pa(z,0 +u™)

(u” —p.(0)=1".

Namely, ¢(z,0 +u~) = (0,a7).

e Letut # 0. By Lemma 2.8(b), ¢, () = 0 and F>(z,u+¢.(u)) = coasu €
HY and |lul| — oo. Lemma 2.10 also tells us that HEY 3 u — F~(z,u + ¢, (u))
is continuous. By the intermediate value theorem we have a number ¢ > 0 such
that

F>®(z,tut + o, (tuh)) = |[a" >
Set ut :=tut. Then ¢1(z,u™ +v) =ut for any v € H. Ilf u~ = 6, then
oz, ut +uT)=0=1u" foru” =, (uh).
If u~ # 6, we define a function g: [0,00) — R by
g(s) = F@(z,ut + ¢, (u™)) — F®(z,u™ + ¢, (ut) + su").

Then g(s) > 0, g(0) =0 and g(s) — oo as s = co by Lemma 2.7(b). Using the
intermediate value theorem may yield a number sq > 0 such that g(so) = ||[u~||?.

Hence for u™ := o, (u™) + sou~ € H we get
Fe(z,ut + @ (ut)) — Fo(z,ut +u™), _ __
\/ ( 7( )) - ( )(U —QOZ(UJ'_)):U .
[u™ =g (ut)]

This shows ¥(z,u™ +u™) = (u™,u").
Summarizing the above arguments we have proved that the map v¥(z, -) is
surjective. The other conclusions of (b) easily follows. O

The cases (a) and (b) of Lemma 2.12 correspond to Theorems 1.3 and 1.1,
respectively. If Lemmas 2.4-2.6 only hold in a set Bpo (o0, R') & (Bu(6,7') N
XZE), we require z and r in Lemma 2.12(a) to sit in By (00, R') and (0,77),
respectively.

The following two lemmas give the corresponding conclusions with Step 7
of the proof of Theorem 2.1 (given in Appendix A of [13], [14]) in the cases of
Theorems 1.1 and 1.3, respectively.

LEMMA 2.13. Let L(u) = (B(co)u,u) g /2 + o(||ul|?) as ||u|| — oo. (That is,
r =00). By Lemmas 2.11 and 2.12(b) we have a bijection
By (00, Ry) x (HL, ® HY) = Bpo (00, R1) x (Hf, & HZ,),
(zy,u+v) = (2,9(z,u+0)).
Its inverse, denoted by ¢, has a form

d(z,u+v) = (2,0, (u+v)) = (2,0 +7),
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where (v',v') € HE x HZ is a unique point satisfying v +v = P(z,u’ +v').
Then ¢ is a homeomorphism and
F2(¢(z,u+0)) = [|ul® — |||

for any (z,u,v) € Bpo (00, R1) x HY x H3,. In particular, for each z €
EH?,O (00, R1), ¢. (and so 1, = v(z, -)) is a homeomorphism from HE & H
onto H, & Hy,. Moreover, ¢(z,u+v) belongs to Im(1) N (Bpo (00, R1) x HZ)
if and only if u = 0.

PRrROOF. By Lemma 2.12(b) it suffices to prove that ¢ is continuous. Suppose
that

(20, up, v)) GEHgO(oo,Rl) x HY x HZ,
{(zn,u},,v,,)} C Bpo (00, Ry) x HY, x H_
satisfy: z, — zo and
Up =1 (20, Uy, + ) = uo = Y1 (20, ug + ),
O =P (2n, ul, + 00) — vo = Yo (20, uy + V().
Our goal is to prove that u], — ug and v, — v{.

Step 1. Prove that {u] } and {v],} are bounded.
For each n either u/, = 0 or u/, # 6 and

_ VG + 02, (1)

Uy = u
! [l "

and hence
a
[unl* = F>(zn, up, + @2, (up,)) = F® (2, up,) > lel%l\2

by (2.20) and (2.21). Since ||un|| — |Juol we deduce that {u} is bounded and
that u), — 0 = uf as n — oo if u{, = 0 (and so ug = 0 by the definition of 7).

For each n, either v/, = ¢, (u,) or v), # ¢., (ul,) and

- \/Foo(zn,uél + ¢z, (up,)) — F°(2n, up, + vy},)
o Tor = e, ()

In the latter case F>(zp,ul, + ¢, (u))) — F>®(2n,ul, + v),) = |jv,]|?. Since
{ul}, {z»} and thus {h*°(z,)} are bounded, it follows from Lemma 2.8(b)
that {¢., (ul,)} is bounded, which implies by Lemma 2.7(b) that {F*°(z,,u, +
¢z, (uh,))} is bounded. Hence {F*(z,,u, + v)) | v, # ¢., (u),)} is bounded.
Using Lemma 2.7(b) again we deduce that {v], | v}, # ¢, (u},)} is bounded. The
claim is proved.

(v, = @z, ().

Step 2. Prove that u], — ug and v], — vy.
The first claim has been proved if uj = 6. Let us consider the case uj # 6.

Since |11 (20, ug + vO) || = /3 (20, uh) > 0, ¥1(2n, u), +v),) = ¥1(20, ug + v() and
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hence |41 (zn, ul, + v),)|| > 0 for large n, we deduce that for large n, u}, # 6 and

G(zn,ul) = |91 (20, ul, + v))||? converges to j(zo,up). Now
j (2, W) (20, uf , '
VI t) 1y g = YOO et
[l ol lupll Nl

Suppose by a contradiction that {u],} does not converge to uf. There exists
} and € > 0 such that [u;,, — gl > ¢ for all k. We may
assume that |[|uy, | — a due to the boundedness of {u,}. Then {u;, } converges
to (a/|lugll)up and hence j(zn,,uy,, ) — j(20, (/|lugl)ug) = j(z0,up) > 0. The
latter implies

(2.29) (zo, a0 ) = 1(20, up)-

Since {v;,} is bounded, we may assume that v;, — v’ by replaceing {u;,, } with

a subsequence {u;,,

a subsequence. Then
o (zo, A up + v ) = Vo(Zny s U, + 0y, ) = Un,, — Vo = Pa(20, Uy + ).
Up

Obverse that v is independent of elements in H__. By (2.29) we get

«
1 (ZO, m u6 + U’> = 1/11(207% + Uf))
0
and hence
«
w(ZOa H H U0+U> :1/}(20?11’6_'_1}6)
Ug

The latter implies that (a/|lugl])us = ugy and v = v{, because (zp, - ) is one-

to-one. It follows that o = |lug|| and w), — w(. This contradiction shows that

k
ul, — ug.

Similarly, suppose by a contradiction that {v/,} does not converge to v}.
There exists a subsequence {v;, } and £ > 0 such that [[v;,, — vg| > ¢ for all k.
Passing to a subsequence we may assume v;, — v’ as above. Then we also
obtain a contradiction because

a(20, uf +v') Vo (2ny,, Uy, + v;k) = U, — Vo = Ya(20,uh + vp)
and hence ¥(zg, uf, + v') = ¥ (20, uy + v}) by (2.29), which implies v/ = v{. It

contradicts the assumption that ||v" — vj| > . O

LEMMA 2.14. For any r € (0,00) there exists a number 6, > 0 such that
EH& (OO, Rl) X (EH; (9, 57‘) SV EHO—O (9, 57"))

is contained in

(2.30) U(Ry,7) := ¢~ (By+ (0, Vare,) & By (0, Jare,)).

By Lemma 2.11 and Lemma 2.12(a) we have a bijection

PH& (OO»RI) X (BH;*'O (97 \/EET) > BHQ_O (97 \/EET)) - U(Rla 7’),
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(z,u+v) = (2,¢(z,u +v)),
whose inverse, denoted by ¢, has a form
B+ v) = (2,6 (u+ v)) = (2,0 +0),

where (u',v") € B+ (0,\/ai1g,) x By (0,/a1e,) is a unique point satisfying
u—+v=1(z,u +v'). This bijection ¢ is actually a homeomorphism and

Fe(¢(z,u+0)) = ||ull® = [lol* for any (2,u +v) € U(Ru, 7).
Moreover, ¢(z,u+v) € Im(¢) N (Byo (00, Ry) x HZ,) if and only if u = 0.

PrOOF. We only prove the first claim. The proofs of others are the same as
those of Lemma 2.13.

Let r € (0,00) be given. Since v is continuous and (z,0) = 6 for any
z € EHSO (00, Ry), it is easily seen that for a given large R > R; we have

(EH&(OO,Rl) N Bpo (0, R)) x (By+(0,6) ® By-(0,6)) CU(Ra,7)

for sufficiently small § > 0. So if the conclusion in Lemma 2.14 does not hold for
this r then there exist sequences {z,} C By (00, Ry) and {u,f +u, } ¢ HE\ {6}
such that ||z,] — oo, [lut +u,, || = 0 (hence ||u,}f|| — 0 and ||u,, || — 0) and

(zn,uy +uy ) & Byt (0,/are,) ® By (0, \/are,) foralln=1,2,...

The last relation implies that

cither [|v1(2n, uy +uy )l > Vare, or o (zn,uy +uy )l > Vare,
for each n =1,2,... After passing to a subsequence two cases happen:
o |[th1(zn,uf +uy)| > (Jare, foralln=1,2,...
o |[Ya(zn, ul +uy)|| > (Jare, for alln=1,2,...
In the first case, by the definition of ¢ we have u, # 6 and

F®(zp,ut 4+ . (uh)) > are? foralln=1,2,...

Since [lut|| — 0, we may assume that w} € By (6,¢,) and hence ., (u}) €
By- (0,7) for all n € N. After passing to a subsequence we may assume
@2, (u}f) = vg € Hy. Then Lemma 2.7(a) leads to
1
F> (2n,uyy + 92, (7)) = 5(B(oo)vo, vo) i < 0
and hence a contradiction.

In the second case we have u,, # ¢, (u;) and

F>®(zp,ub 4+ @, (u)) — F®(zp,ul +u, ) > aje? foralln=1,2,...

As above we may assume ¢, (u}) — vg € H, and use Lemma 2.7(a) to obtain

1
F(zp,ul + @, (uh) — F®(zn,ul +u, ) — i(B(oo)vo,vo)H <0.
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This also gives a contradiction. Lemma 2.14 is proved. O

Note: If Lemmas 2.4-2.6 only hold in a set Byo (00, R') & (By (0,1') nxt),
we require z and r in Lemma 2.14 to sit in EHgo (00, R') and (0, r'), respectively.

Completion of proof of Theorem 1.1. For the homeomorphism in Lem-
ma 2.13,

¢2 EHgO(OO,Rl) X (H;_o D Ho_o) — EH&(OO,Rl) X (H;_) © Ho_o)7
(o +u7) o (2, 6 (0t + 7)),
by (2.10) we have

L(z+h>®(z) + ¢-(ut +u7)) = L(z 4+ h=(2))
= F2(¢(z,ut +u7)) = [[ut]® — [lu” |
for any (z,u*,u”) € Byy (00, Ry) x HY, x H,. Define
®: Byo (00, Ry) x (HL ® HY) — H,
(zyut +u™) = 24+ h%(2) + ¢, (ut +u).

Since h™ takes values in HZ, it is easy to check that ® is a homeomorphism from
Bpo (00, Ry) x (HY, @ HZ,) onto By (00, Ry) x (HY @ H) (by Lemma 2.13),
and that

L(@(z,u™ +u7)) = [[ut]* — u”|* + L(z + h>(2))
for any (z,u™,u”) € Bpg (00, R) x Hf x H,. The other conclusions in The-
orems 1.1 directly follow from Lemmas 2.2, 2.3, 2.7, 2.8(b), 2.10-2.12(b) and
Lemma 2.13. U

Completion of proof of Theorem 1.3. For the homeomorphism in Lem-
ma 2.14

¢: U(Ry,7) = Bug, (00, By) x (By (0, Vaier) + By (0, Vaier)),
(z,u+v) = (z,¢0.(u+v)),
as above we may use (2.10) to get
L{z+h%(2) + ¢:=(u +u7)) = L(z +h7(2)) = [u™||* = [[u”|?
for any (z,u™ +u~) € U(Ry,r). By Lemmas 2.14 and 2.12(a) we have
Cri s, = EHQO (00, Ry) x (EH;(ev(sr) @EH;(9757‘))
C U(Ry,r) =~ (B (0,aie,) & By_ (0, ae,))
C B (00, Ry) X (By+(0,2¢,) & By (0,7)) C Cr, »
(because we may assume 2¢, < r). Define

®: Cgr, 5, — H, (z,um +u7) = 2+ h>2(2) + ¢Z(u+ +u"),
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and V(R,r) := ®(Cprys,) for every R > R;. Note that h™ is a map from
EHEO (00, R1) to EXoic (0,p4) by Lemma 2.2. One easily prove that
V(Rlvr) = (I)(CR175T) - CR1,7“+PA'

By Lemma 2.14, (as in the proof of [13, Lemma 2.18] or [14, Lemma 3.6]) one
may prove:
(i) V(Ry,r) is an open set of H,
(ii) @ is a homeomorphism from Cg, s. onto V(Ry,r),
(iii) for any (z,ut,u”)=z+ut +u” € Cg, s,

L(®(z,u™ +u7)) = [ub]* = [lu”||* + L{z + h7(2)).

The other conclusions in Theorem 1.3 follow from Lemmas 2.2, 2.3, 2.7,
2.8(a), 2.10-2.12(a) and Lemma 2.14. O

By the Note in Remark 2.9 and the Notes under Lemmas 2.5, 2.8, 2.11,
2.13 and 2.14 one may obtain the conclusions in Remark 1.4. Similarly, that of
Remark 1.2 can be obtained.

REMARK 2.15. (a) Under the assumptions that
(2.31) L is C? and D?L(w) = B(o0) + o(1) as ||w]| — oo,
by increasing R; we may assure that the map
B (00, Ry) X By (0,r2) = Hy, (2,u) = ¢z (u)

is C'. In particular, if (1.5) holds then (z,u) — ¢.(u) gives a C! map from
EHgo (0o, R1) x Hf, to HL,. As a consequence, the map j in (2.19) is C! on
By (00, Ry) Byt (0,rc).

In fact, since £ is C2, h™® is C" by the final claim of Lemma 2.2. Moreover,
by Remark 2.9 ¢, (u) € HZ is the unique maximum point of the function

H_ - Rv— FP(z,u+v)=L(z+h>*(z) +u+v) — L(z+ h7(2)).
We derive (VL(z 4+ h*°(2) + u + ¢, (u)),v)g = OVv € H, that is,
P_VL(z+ h™(z) +u+ p.(u)) = 6.
Consider the map Z: By (00, Ry) x Byt (0,r) x Hy, — HZ, given by
Z(z,u,v) = P_VL(z+ h™®(2) + u+v).
It is C! and
Dy,E(z,u, 0, (u)) = PoD?L(z + h™(2) +u + po(u)|g= Ho — Hx.

Since ||z + h%(2) + u + @ (W)[* = [[2]* + [2°(2) + u + @=(u)[* = [|2]|* and
D?L(w) = B(c<) +0(1) as ||w|| — oo we can increase R; so that for any (z,u) €
B (00, Ry) x B+ (0, rc) the operator Dy =(z, u, ¢-(u)) has a bounded inverse.
Hence the desired conclusion follows from the implicit function theorem.
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(b) Under the assumption (2.31), the homeomorphism
¢~ Bg (00, Ry) X (By+ (0, Vare,) + By (0, \Jare,)) = U(Ry,7),
(zyu+v) = (z,¢0(z,u +v)),
is C* on By (00, Ry) X (By« (0, /aie,) + By - (0, \/aie,)) \ &y, where
O ={(z,u+ p.(u) | (z,u) € EHgQ (00, Ry) X Byt 0,7rc)}

is a Cl-submanifold of EHgo (00, Ry) x HE of codimension .

Indeed, it has been proved that the map j in (2.19) is C* on By (o0, Ry) X
Byt (0,7) above. Then the construction of ¢ directly gives the desired conclu-
sion.

Let V(Ry,7) be as in the proof of Theorem 1.3. Write a point of V(Ry,r)
as (z,ut 4+ u~), where z € Byo (00, R1) and u* € HY,, * = +,—. It is easily
checked that ®~': V(Ry,r) — Cg, s, is given by

(2wt +uT) =07 (zut HuT = h%(2) = (2,0(z, ut HuT = h%(2))).

Note that h*>° is O (because £ is C?). Hence ®~! is C'! outside the submanifold
of codimension fiq,

A= {(z,u+ . (u) + h(2)) | (z,u) € By (00, Ry) % By (0,72)}

Furthermore, if (1.5) holds, the restriction of ¢~ to Byo (0o, Ry)x (HY, ® HZ,),
B (00, Ry) x (HE, ® H) = Bpo (00, R1) x (HY, & HZ,),
(zyu4v) = (z,9(z,u +v)),
is C* outside Ao := {(z,u+ ¢-(u)) | (z,u) € Byo (00, R1) x HL}. Since
®~': Byo (00, Ry) x (HE ® HZ)) — Bpo (00, Ry) x (HE, @ H)
is given by
Oz ut +uT) = Nz ut Fu —h®(2) = (2, ¢(z,uT FuT — h¥(2))),
we see that @1 is C! outside the submanifold of codimension fio,
Ao :={(z,u+ @2 (u) + h™(2)) | (2,u) € By (00, R1) x HL}.
2.2. The proof of Theorem 1.8.

2.2.1. Case poo = 0, i.e. H = {0}. By (1.1) and (1.12), for any u €
By (00, R) N X we have
DL(u)u = DL(uw)u — (B(co)u,u)g + (B(co)u,u) g
= (A(u) = B(oo)u, u) i + (B(c0)u, u)u
> 2ass|ull® [ A(u) — B(co)ul| - [[ull = (2ac — Nl[ull® = as|lull*.
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Since L is continuously directional differentiable and X is dense in H we get
(2.32) DL(u)u > aoo||uH2 for all u € By(oco, R).
Define v: By (oo, R) — H by v(u) = \/L(u)/||u|ju.

CLAIM. ) is injective.

In fact, if there exist u1,us € By (0o, R), uy # ug, such that 1 (uy) = 1 (uz).
Then L(u1) = L(ug) and so uy/||u1|| = uz/||uz||. This implies ||u1|| # ||Juz||. We
may assume |[uz|| > |Ju1]]. Then ug = kuq, k > 1. Obverse that tu; + (1 —t)ug =
(t+ (1 —t)k)u; € By(oo, R) for all t € [0,1]. We derive

L(uz) = L{wr) = L(tu + (1 — t)ur)[{=5
ZDﬁ(t’U,Q + (1 — t)’Uq)(Ug — ul)
= DL([tk + (1 = )]ur)((k — 1us)
k-1
Cth+(1-1)
S k—1
= oot 1 (1-1)
= oo (k — 1)(tk + 1 —t)[us]|* > 0

DL([th + (1 — t)ur) ((th + 1 — t)uy)

|(th + 1 — t)uq|)?

because of (2.32). This contradiction shows that 1 is injective.
By (1.11), for any u € By(oo, R) = EH; (00, R) we get

(aso + Nllull* > L(u) > (ace = A)llull?

and hence

V2a0 > ”H ” > \aos — A for all u € By (oo, R).

For ¢ € By (00, v2axR) let ¢ = ﬁ(. Take to > 1 such that

VEWD) > Vae = MalT > €] > v2amR = vEax Tl = /2.

Since ¢ — L(¢¢) is continuous, the intermediate value theorem yields a number

t1 € [1,t2] such that ||C|| = 1/L(t1¢) and hence

P(t10) =\ L(t:0) - = i<l

||t1<H HCH

This shows that B (oo, v2aR) C ¥(Bg(oo, R)). Hence it follows from the
above claim that, for each u € By (00, /2axR), there exists a unique ¢(u) €
Bp(co, R) such that ¥(¢(u)) = u. Clearly, the map ¢: By (0o, 2axR) —
B (oo, R) is injective. By the definition of 1,

VL((u)

To(a)] ¢(u) and so L(p(u)) = [|u]

u=1(p(u) =
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for any u € By (00, v/2a5R). Since

%>V”¢ > Voo — A,

we deduce that
[Jull

o < o) < —=—

Let {¢x}72, C Bu(co,v2axR) converge to ¢ € B ( ,V2a0R). Set n, =
¢(Ck) and 1 = ¢(¢). Then ¢(nx) = G and P(n) = ¢. So [l — [[¢]| implies
L(nk) — L(n). Note that

L) /L) VEm) VL
N = . and ¥(n) = = C.

7l 1€kl ||77|| ||C||

We deduce that ni, — 1. That is, ¢ is continuous. Hence ¢ is a homeomorphism
onto its image and satisfies: £(¢(u)) = ||ul|? for all u € By (00, v/2a R). Taking
R = 2a-R gives the desired conclusion.

lu||  for all u € By (00, v2axR).

Y(nr) =

2.2.2. Case i > 0. Note that Lemmas 2.4, 2.5 still hold with HS = {6}
under the conditions (Cls)—(C2s) and (Doo). Let us give the corresponding
result with Lemma 2.6.

LEMMA 2.16. Let Ry > 0 be as Lemmas 2.4, 2.5 and Ry = max{R, R;1}.
Then:

(a) [DL(u+wve)—DL(u+v1)](va—v1) < —aco|vea—v1|? <0 for anyu € H,
with ||u]| > Ra, and vi,ve € H_ with vy # va;

(b) DL(u+ v)(u —v) > a1||ul|* + asol|v]|* > 0 for any (u,v) € Hf, x H
with (u,v) # (6,0);

(c) DL(u)u > acollull®* > p(|Jul]) for any v € HE with ||u|| > R, where
p(t) = act?/2.

PROOF. (a) For any vt € XTI with ||u™| > Ry and uj ,u; € H, since the
function X 3 u +— (A(u™ +u),u; — uy )y is continuously directional differen-
tiable, by the condition (F2,) and the mean value theorem we have a number

€ (0,1) such that

[DL(u" +uy) — DL(ut 4+ uy)](uy —uy)
(A +uy ) uy —up )y — (Alu® +up)uy —uy )
(DA™ +uy +t(uy —up))(uy —uy)yuy —uy )

(B(ut +uy +t(uy —uy))(uy —uy ), uy —uy g < —asolluy — ug %,

where the third equality comes from (F3.,), and the final inequality is due to
the fact that |[u™ + uy + t(uy —uy)| > |lut|| > Ry and Lemma 2.5(c). Hence
the desired conclusion follows from the density of XI in HY.
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(b) By (1.12), ||A(u) — B(co)u|| < A|u|| for any v € X with ||u|| > Rs.
Because X1 is dense in HY, as above it suffices to prove the conclusion for
ut € XL with ||u|| > Ry, and = € H. Note that |[u™ +u~| > Ry. We have

DLt +u)(ut —u") = (A(u" +u") — B(oo)(ut +u” ), ut —u )y
+(Bloo)(u™ +um),u —u)y
> (B(oo)u™,u™) — (B(oo)u™ ,u”)n
= [JAQu" +u™) = B(
> 2000 (|l + flu™ %) —
= 2a0(Jut|* + [lu” ) = AV ]ut +u |2 Vlut —u |
) = AWVIaF 2+ =2 Vet 2+ a2

o0)(ut +uT)| - fJut —u|

Allu® +u |- flu® — |

=200 (u*|* + [lu™ |
> aso ([|u™ |1 + [[u”[1?).
(c) can be proved as that of (2.32). O

By (1.11), for any u™ +u~ € By(co, R2) we have

(2.33)  LutH+u") < =(B(oo)(ut +u),u” +u”) + Au +u|?

N = N =

1

(Bloo)u™, u™) + S(B(oo)u™,u™) + AJu’ +u” |

<NIBEO)| - I = acollu™|I* + Allut||* + Afju|1*

<2/ B(oo) [ [ut]f* = (ase — A)llu™?
because (1.1) implies the inequality as < [|B(c0)||. In particular, for any
ut € HE it holds that L(ut +u~) — —oo as u~ € H and ||u™| — oo.
By Lemma 2.16(a), for each ut € HI with ||[u™|| > Ry the function H >
u” +— —L(ut 4+ u7) is strictly convex. Hence H 3> u~ — L(u™ + u™) attains
the maximum at a unique point p(ut) € H . Define

g HY = Ru™ = L(u™ + p(u™)).
Then j(ut) — +oo as u™ € HY and ||u™|| — co because

(2.34) LT +(uh)) = LuT) = %(B(OO)W»UJF) = Au* = (ase = A)[lu™ >

As in the proof of Lemma 2.10 we may prove that j is continuous, and continu-
ously directional differentiable. For (u,v) € B+ (00, Rg) x HZ, define

o) =V,
VLA o) = Lut0) oy iy £ o
Yo(u+v) = lv —o(u)]| o) 7t

0 if v = p(u).
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Then the map
n — +

is continuous, and satisfies: L(u +v) = ||11(u + v)||? — ||¥2(u + v)||2.
For u € B+ (00, Ry), since [[u+ @(u)||* = [Jul]® + [p(u)[|*, by (2.33)(2.34)
we have

(2.36) 2| B(oo)[[[ull* > L+ ¢(u)) > L(u) > (ase — A)llul*.

For ¢ € EH; (00, 1/2||B(0)||R2) let ¢ = (Ra/||¢|)¢. By (2.36) we may take
to > 1 such that

VLG + o(t20) = Vase — A t2[[C] > [IC] = V2] B(oo) || B2
= V2[B(eo)]l - [l = \/ L{C + #(0))-

Since t = L(t{ + ¢(t()) is continuous, as above we have a number t; € [1,#3]
such that ||¢|| = 1/ L(t1{ + ¢(¢1¢)) and hence

B v vnc=edl NG ¢
= E . — = c— = (.

Let £ € H, and £ # 0. Note that the function

[0,00) 3 5 = L(11C + p(t1€)) — L(E1C + @(t:) + sv)

takes over all values in [0,00) for any v € H \ {#}. Take v = & We have
a number s > 0 such that

VEGT +9(t10) — £(1C + 9(t10) + s€) = [€].

Set v := @(t1¢) + s¢. Then

_ VENT +p(10) — £(tiC + )
I PR

Hence ¥(t,¢ 4+ v) = ¢ + &. This shows that

B+ (00, /2| B(00)||[R2) @ Hy, € ¥(Br(00, Ra)) = ¢1(Br (o0, Ra)) & HL..

As in the proofs of Lemmas 2.11, 2.12(b) and 2.13 we can show that 1
is a homeomorphism onto its image (by increasing Ro > 0 if necessary). Let
¢ denote the restriction of ¢~! to By (00,/2[|B(co)[|[Re) ® HL,. Set R =

V2||B(c0)Re. We get

L(p(u+v)) = |[ul|* = ||v||* for all (u,v) € EH; (00, R) x H.

ey 2
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3. Relations to previous splitting lemmas at infinity

3.1. Relations to the splitting lemma at infinity in [2]. We begin with
the following elementary functional analysis fact.

LEMMA 3.1. Let Ay be a bounded linear self-adjoint operator on a Hilbert
space H and let 0 be an isolated point of o(Ag). Let HO = N(Ap) = Ker(Ag) and
HT (resp. H™) be the positive (resp. negative) definite subspace of Ag. Suppose
that both H° and H~ are finite dimensional and that there exists a number
a > 0 such that *(Au*,u*) > 2allu*||?* for all u* € H*, x = +,—. Then Ay
can be expressed as a sum P+ Q, where Q € Ly(H) is compact and P € Ly(H)
satisfies: (Pu,u) > 2allul|? for allu € H.

PROOF. Since Ap is self-adjoint and 0 is an isolated point of o(Ap), by
Proposition 4.5 of [7] the range R(Ay) is closed, and hence N(Ag)*t = N(A})*+ =
R(Ag) = R(Ap). It follows that R(A) = H* @ H~ and H = H° ® R(A) =
H@oH @ H'. Let P': H — H°® H~ be the orthogonal projection, which is
an operator of finite rank and hence compact. Define operators P, Q € Ls(H) by

Pu = 2au if ue H, Pu =*xAgu ifue H*, x=+4,—,
Qu = Ayu—Pu ifue H @ H™, Qu =10 ifue HT.
Then Ag = P+ @, Q is of finite rank and hence compact, and P satisfies
(Pu,u)g = (Pu®,u®) g + (Pu™,u” )y + (Put,u™)y
> 2a|[u’||* + 2aflu”||* + 2a]u™|* = 2aul|?
forany u =u® +u~ +ut e HOO H- o HT = H. O

Recall the following basic assumption in [2, p. 425]:
(Aw) f(z) = (Aox,2)g/2 + g(x) where Ag: H — H is a self-adjoint li-
near operator such that 0 is isolated in the spectrum of Ay. The map
g € CY(H,R) is of class C? in a neighbourhood of infinity and satis-
fies ¢"(z) — 0 as ||z|| — co. Moreover, g and ¢’ map bounded sets to
bounded sets.
(Note: It was claimed below (As) in [2] that (As) implies: g(z) = o(]|z||?)
and ¢'(x) = o(||z||) as ||z|| — oo, which are used in the proof of Lemma 4.2 of [2].
The assumption (Ao) in [10, p. 226] also required ¢'(z) — 0 as ||z]| — o0.)

CramM 3.2. Under the assumption (As), suppose that Ag has the finite di-
mensional kernel and negative definite subspace. Then the conditions of Corol-
lary 1.6 are satisfied.

PROOF. Since 0 € o(Ay) is isolated, there exists o > 0 such that *(Au*, u*)
2a|ju*||? for all u* € H*, * = +,—. By Lemma 3.1 we may write A

Y
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P(o0) + Q(00), where Q(o00) € Lg(H) is compact and P(oco) € Ls(H) satis-
fies: (P(co)u,u) > 2allu||? for all u € H. We take B(oo) := Ag. Choose
R > 0 so large that ||¢"(x)|| < « as ||z|| > R. Since B(z) = Ao + ¢"(z) =
P(0) + Q(0) + ¢"'(x), we derive that

([B(z) = Q(o0)u, u) g = (P(o0)u,u)nr + (" (x)u,u)r > arf|ul?
for all u € H and # € By (oo, R). Namely, the condition (c) of Corollary 1.6

is satisfied. Clearly, the condition (d) therein also holds since B(z) — B(o0) =
B(z) — Ay =¢"(z) = 0 as ||z]| = . O

That Ay has a finite dimensional negative definite subspace corresponds to
the finiteness of the Morse index at infinity, which is needed for computations
of critical groups. The finiteness of dim Ker(Ap) is naturally satisfied in the
most actual applications. In this sense Claim 3.2 shows that Corollary 1.6 is
a generalization of the splitting lemma at infinity on the page 431 of [2]. Our
homeomorphism is not necessarily C''-smooth, but we do not use the condition
that g and ¢’ map bounded sets to bounded sets yet.

Consider the following weaker assumption than (A ), which was given in
Remark 2.3 of [10, p. 226]:

(AL) f(z) = (Aox,x)u/2 + g(x) where Ag: H — H is a self-adjoint linear
operator such that 0 is isolated in the spectrum of Ay. The map g €
C'(H,R) is of class C? in a neighbourhood of infinity and satisfies: there
exist a > 0 such that

#(Aou,u)y > 2a|jul|* forallu € H*, =+, —
and  ||¢"(u® +ub)|| <, ¢ W +uF) =0 as|[u’] = o0

where H? = Ker(Ap) and H' (resp. H~) is the positive (resp. nega-
tive) definite subspace of Ag. Moreover, g and ¢’ map bounded sets to
bounded sets.

Under the condition (A ), Proposition 3.3 in [10] stated the following slightly
different version of the splitting lemma of [2].

THEOREM 3.3 ([10, Proposition 3.3]). For any M > 0 there exist Ry > 0,
§ >0, a C-diffeomorphism

1 Cronr = {u =1 +u™ | |[u’|| > Ro, ||u™|| < M} = Cryon

and a C*-map w: Bpo (oo, Ry) — W0 = {u* € H* | |u*|| < §} such that

f(@(u)) = %(Aow,w)H + h(uo) for all u € Cry,m,

where h(u®) = f(u’ + w(u®)), & can be chosen as small as we please if we
choose Ry large, and w = w(u®) is the unique solution of P*f' (u® + w) = 0.
Furthermore, (0 (u%),€) = (¢’ (u® + w(u)), &) for any & € HO.
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Note: It was stated in [10, p. 235] that one may refer to Lemma 4.3 and
its proof in [2] for the first part of this theorem. Carefully checking the proof
of its generalization in [6, Theorem 2.1] we believe that the diffeomorphism
in this theorem and Theorem 3.5 below should actually be from Cg, s onto an
open subset V' of Cr, onm (possibly satisfying V' O Cp, - for some r > 0). In
fact, the equation (2.19) in [6] is solved on ball Bg, (0,2M) for each fixed y € Y
with [ly| > R. The condition that [|x% ,llz < ||lz[|z/2 implies that for each
x € Bg, (0, M) the initial value problem

d

20 = Xty Nt =2

has a unique Cl-solution 7: [0,1] — n(t,z,y) € Bg, (0,2M), which depends
Cl-smoothly on the parameter (¢,y) and initial value x. So Bg, (0, M) > = +
n(1,z,y) € Bg,(0,2M) is a C'-diffeomorphism from Bg, (0, M) onto some open
neighbourhood of 0 in B, (0,2M). The desired 9 given by ¥ (z,y) = n(1,z,y) +
w(y) +y, is a C'-diffeomorphism from Cg, s onto an open subset V of Cr, on
containing {y € Y | |ly|| > R}. Since ||w(y)|| — 0 as |ly|]| — oo it is possible to
prove that for sufficiently large R > 0 the image of v contains some Cg, , for
small r > 0.

CLAIM 3.4. Under the assumption (AL.), suppose that Ag has the finite di-
mensional kernel and negative definite subspace. Then the conditions of Corol-
lary 1.7 are satisfied.

PROOF. Following the notations in the proof of Claim 3.2, since ||g"(u® +
uF)|| < afor all u’+u*, as in the proof of Claim 3.2 we may prove that the condi-
tion (c) is satisfied. It remains to prove that the condition (d) holds in the present
case. Now B(oo) = Ag and HX = H*, x = 0,—,+. Since *(B(oo)u,u)g >
2allu|® for all u € HY,, x = +,—, the restrictions B(oo)|p= : Hi, — HZ, are
invertible and [|(B(co)|m: )7 < 1/(2a). Write HE = HE, ® HZ, as before.
Then B(oco)|p+ HE — HZ is invertible and

(B(oo) )™t +u7) = (B(o0) ) ™o+ (Boo)] =)™
for any ut +u~ € HE + HL. This leads to
(Bloo) )™t + )P = (B0 )™t 2 + (B0 )~
< (50 ) Q2+ g

and hence C° = ||(B(oo)|H$o)’1HL(H£) < 1/(2«). Since B(x) — B(o0) = ¢"(x),

||B(Z+y)|H§ - B(OO)|H§§,||L(H§:0) = HQI/(Z+?J)|H§”L(H§) <as 20
1
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for all y € HE and z € HY,. Hence the condition (d) holds with pa = co. But
M(A) = 0 because ¢’ (u® +u*) — 0 as ||u’| — oo (we here only need g’ (u’) — 0
as ||ul]] — 00).

We can also take p4 to be any given § > 0 so that the C'-map w in Theo-
rem 3.3 is assured to take values in W0 = {u* € H* | |[u*| < 6}. Without the
condition that ¢’(u") — 0 as ||u’|| = oo, we may also derive Theorem 3.3 except
claims that 1 is C' and w takes values in W?. O

Hence Claim 3.2 (and Note below Theorem 3.3) shows that Corollary 1.7 is
a generalization of Theorem 3.3. We only need that

1 1
sup [|9" (2 + Y| gzl Lz < o for some 1 < k < 2.
1

This is better than the condition that sup [|g” (2 +y) |y | 1 (gz) < @ < 1/(207°).
Moreover, we do not use the condition that ¢ and ¢’ map bounded sets to
bounded sets.

3.2. Relations to the generalization version in [5]. For convenience of
comparison with ours we briefly review it in our notations. Let L: H — H be
a bounded self-adjoint linear operator. Let HY, = Ker(L) and HX = (H2)*. Tt
was assumed in [5] that L satisfies the condition

(L) The operator L|Hoic2 HE — HZ is invertible and its inverse operator
(L'Hoio)_ll HE — HZ is bounded.

By Proposition 4.5 of [7] this condition is equivalent to our (Cly), that is, 0 is at
most an isolated point of the spectrum o(L). (See Proposition B.3 in [13], [14].)

Denote by P2 the orthogonal projection onto HY.. (Then I — P2 is such
a projection onto HZ.) For a C? functional F: H = H. @ HY — R, let D2 F(x)
be the Hessian operator of it at a critical point 2. For 2 +u € H, where z € HY,
and u € HE, let VoF(z,u) € HE be defined by (VoF (z,u),v) g = duF(z,u)(v).
Then
(3.1) VoF(z,u) = (I — PLYVF(z +u).
There exists a unique operator J(z,u) € Ls(HZE) such that

2 F(z,u)(v1,v2) = (T (z,u)v1,v9)g  for all vy, vy € HE.

It is easily seen that
(3-2) T (z,u) = (I = PL)D(VF)(z + u) =

because
2

- 681882 ]:(

d
= 75

d2F(z,u)(v1,v2) zZ,u~+ 8101 + S202)

s1=0,s50=0

VoF(z,u+ sav2),v1)

32:0
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d
= =

= ((I = PL)D(VF)(z + u)(v2), v1) -

I — PO)VF(z+u+ sov0),v1)

32:0

THEOREM 3.5 ([5, Theorem 2.1]). For the above functional F and operator L,
suppose that there exists some M > 0 such that as ||z|| — co one has

(L1) ||(I = POV F(z +u) — Lul| = 0 uniformly for ||ul| < M,
(L2) (I=PL)D(VF)(z+u)l gt — Llgz gy — 0 uniformly for |ul < M.
Then there exist R > 0, a C*-homeomorphism
V:Cryuy={z+u|z€H), ue HE, |lz|| > R, |ul| < M} — Cram
and a C'-map h*>: Byo (00, R) — By« (0, M) such that
(a) F(¥(z+u)) = %(Lu, w) g + F(z+ h>(2)) for all z+u € Cr um,
(b) (I = PY)F(z+h>(z)) =0 for all z € Byo (o0, R),
(e) ()| = 0 as [|z]] = oo,
The following condition is slightly stronger than (Ls).
(LY) |(I — PLYD(VF)(z +u) — Ll o,y — 0 uniformly for [[ul| < M.
Take X = H, A(z 4+ u) = VF(z+u) and B(oo) = L. By (L1) we get
M(A) = lim sup{||(T = Py)A(2)]| : = € HY, ||2]| > R} = 0.
— 00
LEMMA 3.6.
(a) (La) implies that (SEL.) holds for pa =M > 0= C{M(A).
(b) (L) and (LY) imply that (SEs) holds for pa = M > 0= C{M(A).
PROOF. (a) For any z € HY, and u; € H with |ju;|| < M, i = 1,2, using
the mean value theorem in inequality form we derive
11 = P3)A(z +u1) — Luy — (I — P3.)A(z + u2) + Lus |

< sup (I = P2)DA(z + tug + (1 = t)ug)(ur — ug) — L(u1 — up)
te[0,1

< sup (= PL)DAG + tu + (= )~ Ll |+ e = e
tefo,1

From this it is easily seen that (Lg) leads to (SEL, ) with pg = M.
(b) For any given € > 0, by (L;) and (L) there exists R > 3 such that

(3.3) (I = P2)A(z 4+ u) — Lu|| < Me,

(3.4) (1 — Pgo)DA(Z +u) — LHL(H,HO%) <e

for any u € By« (0, M) and z € Bpo(oo, R). Hence for any w; € By= (6, M)

and z; € Byo(oco, R+4M), i = 1,2, if |21 — z2|| > 3M then from (3.3) we derive
(I = PY)A(z1 +u1) — Luy — (I — PL)A(22 + uz) + Lus||

< 2Me < 2e||z1 +up — 22 — uz||
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because |z1 + u1 — 20 — us|| > ||z1 — 22| — ||lur — u2|| > ||z1 — 22|| — 2M > M;
and if ||z1 — z2]] < 3M using the mean value theorem we get a number ¢ € (0,1)
such that

(I — PL)A(21 + 21) — Loy — (I — PL)A(22 + x2) + Las||
<II = PO)YDA(tzy + (1 — t)zg 4+ tog + (1 — t)as) (21 + 21 — 29 — T2)
—L(z1+ 21 — 290 — x9)||

<II = P2YDA(tzy + (1 —t)zo 4+ tog + (1 — t)as) — L|| - ||21 + 21 — 20 — 22|
<ellzr + 21— 22 — 2|

by (3.4), because ||tz1 + (1 —¢)z2|| > ||z2]| — |21 — 22]| > R+4M —3M > R+ M,

(b) follows. O

Take B(z 4+ u) = F"(z +u) = DA(z + u). We have

LEMMA 3.7. (L1) and (L) imply that (D2,) in Remark 1.4 holds for X = H.
Moreover, if M = oo in (Ly) and (L}) then (D.,) in Remark 1.2 holds for X = H.

PROOF. Let B(z) = D(VF)(x) and B(oco) = L. Since 0 is at most an
isolated point in o(L), we have a positive number a, > 0 such that

(Lu,u)pg > 2a00||ull*  forallu e HE,
(Lu,u)g < —2as0||lul|®* foralluec HL.
By (L%) we have a number Ry > 0 such that
(3.5) (I — P2)B(z +u) — Ll sy < ase  for all (z,u) € W,
where W 1= By (00, Ro) X B+ (0, M). Set
Woo: Woo = [0,00), 2 = ||(I = PL)B(2) = Ll (g gt
Then (L) implies that we (z) — 0 as z € W, and ||z|| — oo.
For x € Wy, and v € HY, we have
(B(z)o,0) = (B@)o, (I - PLYo) = (I — PL)B(x)o, v)n
= (Lv,v)g + (I = P2)B(z)v — Lv,v) g
> 200 |0]|* = (1 = P)B(w) — L] - [[v]]* > aco |||
because (3.5). Similarly, for all x € W, and v € H we have
(B(@)v,v)r = (B(@)v, (I - P)v)r = (I = P%,)B(z)v,v)i < —aco|v]|*.
Finally, for all x € W, u € H and v € Hoio, we get
|(B(z)u,v)r — (B(oo)u,v) | = |(B(w)u — B(co)u, (I — PS,)v) x|
=|((I = PL)B(x)u— (I = P3,)Lu, v) x|
=|((I = PR)[B(x) = Llu, v) 1] < woo (@)l - [lv]]
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since (I — PY)Lu = L(I — P%)u = Lu. The second claim is easily seen from the
proof above. O

By Lemmas 3.6 and 3.7, under the assumptions (L1) and (L}), if L has the fi-
nite dimensional kernel and negative definite subspace, then Theorem 3.5 follows
from Theorem 1.3 with X = H by Remark 1.4 unless our homeomorphism is not
necessarily Cl-smooth. Furthermore, if M = oo in (L1) and (Lj) a stronger re-
sult follows from Remark 1.2, that is, there exist a positive number R, a (unique)
continuous map h>: Bpyo (0o, R) — XZ satisfying (1.6), and a homeomorphism
¢: Bpo (00, R) @ HE — Bpo (00, R) @ HE of form (1.7) such that (1.8) and
(a)—(e) in Theorem 1.1 hold.

Note: (L1) + (Ly)= (L1) + (L2) + the following (3.6), where

(I — P)D(VF)(z 4 u)| o, HL(Hgo,Hci) —+0

(3.6)
uniformly for |lu|| < M as z € HY, and ||z|| — oo.

4. A simple application

To save the length of this paper we are only satisfied with a simple application
of generalizing Theorem 5.2 in [2]. Some of the results in [10], [12], [5] may be
generalized with the similar ideas. They shall be given in other places.

Let © C R™ be a bounded open domain with C?-boundary 0%, and let
p: 2 xR — R be a Carthéodory function satisfying p(z,0) = 0 for all x €  and
the following condition:

(p) ap = tlin(l)p(x, t)/t uniformly in z € Q, and a = lim p(x,t)/¢ uniformly
—

|t] =00

inx e Q.
Consider the BVP

(4.1) —Au=p(-,u) inQ and ulpq =0.

It is called non-resonant at infinity if a is not an eigenvalue of —A with 0 boun-
dary conditions. Let ¢(x,t) = p(z,t) — at, qo(x,t) = p(x,t) — apt, and

¢ ¢
Qet) = [ awrydr, Qulait) = [ awr)dr
0 0
Here are the hypotheses on ¢ given in [2].
(q1) There exist constants ¢; > 0 and r € (0, 1) such that
lg(z, )| <1 (14 |t]") for all (z,t) € Q xR,

(q2) There exist constants ¢ > 0 and « > 1 such that either

Qz,t) — %q(amt)t > co(t|* — 1) for all (z,t) € Q@ x R,
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or

%q(xﬂf)t —Q(x,t) > c2(t|* — 1) for all (z,t) € Q@ x R;

(a3) ¢ € CY(Q x R) and Zq(x,t) = 0 as [t| — oo uniformly in z € Q;
(aF) £Qo(x,t) > 0 for [t| > 0 small, z € Q;

THEOREM 4.1 ([2, Theorem 5.2]). Let the assumptions (p) and (q1)—(qs) be
satisfied.

(a) If ag is not an eigenvalue of —/\ then (4.1) has at least one nontrivial
solution provided ag < Ay, < a or a < Ay, < ag for some m € N.

(b) If agp = A is an eigenvalue but (qf ) holds in addition, then (4.1) has at
least one nontrivial solution provided a < ag or ag < A\ < a for some
k> m.

(¢) If ag = A, is an eigenvalue but (qy ) holds in addition, then (4.1) has at
least one nontrivial solution provided ag < a or a < A\ < ag for some
kE<m.

We wish to prove this theorem provided that the conditions (p) and (q1)—(qs)
are replaced by the following four respective weaker ones

(p*) ap = }irr(l)p(m,t)/t for almost every x € Q and a = lim p(x,t)/t for
—

[t]—o0
almost every x € .

(q}) There exist constants ¢; > 0, r € (0,1) and a function E € L(£2) such
that

lg(z,t)| < E(x) + c1]t|” for all (z,t) € Q x R;

(q3) There exist constants ca > 0, @ > 1 and G € L*(£2) such that either
Q(z,t) — %q(m,t)t > colt|* — G(z) for all (x,t) € Q xR,
or
%q(x,t)t — Q(xz,t) > colt|* — G(z) for all (x,t) € D x R;

(q3) For almost every x € § the function R > ¢ — ¢(x,t) is differentiable
and Q xR 3 (x,t) — g(x,t) is a Carthéodory function. Moreover, there
exist s € (2n/(n +2),2n/(n —2)) in case n > 2 and s € (2n/(n + 2), o)
in case n = 2, and ¢ € L*(2), a bounded measurable h: R — R such
that h(t) - h € R as [t| — oo and |g;(z, )| < £(x)h(t) for almost every
x € Q and for almost all ¢t € R. (Clearly, h > 0 and i > 0.)
Since ¢(x,0) = 0 and at + q(x,t) = p(x,t) = apt + go(z, t) by the definition,
(p*) and (q3) imply that for almost every x € €, the derivative ¢;(x,0) exists
and ag = a + ¢:(z,0).
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For ¢ in (q3) let A(t) := max |%q(az,t)| for each ¢ € R. It is easily proved
2

that h € L*°(R) and h(t) — 0 as [t| — oco. This shows that ¢ satisfies (q3). On
the other hand, for ¢ in (q%) we cannot deduce that %q(x,t) — 0 as [t]| = o0
uniformly in z € Q in case h = 0 (even if we also assume ¢ € C1(Q x R).) Hence
the condition (q}) is much weaker than (qs).

Recall that the Laplacian —A is a self-adjoint operator defined on L?(Q2), with
domain D(—A) = H2(Q)NH} (). By the standard theory of linear elliptic BDV
due to Agmon—Douglis—Nirenberg, for any 1 < s < oo the Laplacian —/A\ can be
extended into a continuous Fredholm operator from W2 (Q)NW,y**(€2) to L*(1).
Moreover, —A\ is invertible and K = (—A)~! is a continuous linear operator from
L#(Q) to W25(Q) (see Brezis [3], Theorem 9.32). Clearly, K satisfies (u,v)2 =
(Ku,v) gy for any v € Hy(Q) and u € L*(Q), where (w,v)gz = [, Vw - Vodz.
Note that K is also a positive, self-adjoint and completely continuous operator
from L2(Q) to L?(Q) (resp. from H}(Q) to HZ(2)). The eigenvalues of the
Laplacian —A on  with 0 boundary conditions form an increasing sequence:
0<XA <Ay <...,and A\, — o0o. (Actually, \; < \2). K: H}(Q) — H(Q) has
a countable set of eigenvalues {p,}22; = {1/A,}52; of finite multiplicity.

Let ¢(€2) be the smallest positive constant such that

(4.2) lulleo < (@) Vullz = c(@)llull  for all u e H()

(because HE(Q) — C(Q)). For the s € R in (q3) we have the sequence of
operators

(4.3) HYQ) < L*(Q) L5 W2(Q) n W3 (Q) — HL(Q),

where the first and the last are two embedding operators and the second is
a bounded linear operator. By (q3), for any u,v € H}(2), the function

(4.4) Q32— ¢z, u(zx))v(r) belongs to L°(Q),

and for almost every x € Q the functions R > ¢t — ¢(z,t) and R > ¢ — ¢(z,t)
are continuous. The calculus fundamental theorem leads to

to
(4.5) lg(z,t2) — q(x,t1)| = ‘/ 4z (@, 7)dr| < [[hf| Lo l()[t2 — t1]
t1

for all ¢1,t2 € R, and hence

1
(4.6) |Q(z,1)| < §||h|\Loo€(x)t2 fora.e. x €, forallte R
because ¢(x,0) = 0. Hereafter ||h||co = sup{|h(¢)|:t € R}.

Let H = H}(Q) for convenience. Consider the functional

J(u) = /Q <;|VU|2 — %auz - Q(x,u(x))) dr for allu € H,
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and the bounded linear self-adjoint operator
(4.7) B(co): H}(Q) — HY (), u+u—aKu.
Then J(u) = (B(co)u,u) /2 + g(u) for all u € H, where the functional
(4.8) g: H— R, U — /Q Q(z,u(x)) d.
For w € H define B(u): H — H by
(4.9) B(u)v =v — aKv — K(g,(u)v) for all v € Hj(9),
where @, (u)(z) = ¢(z,u(z)) for all x € Q. Then for any v, w € H it holds that
(B(uw)v,w)g = (v,w)g — a(Kv,w)g — (K(q,(u)v), w)n
= (v,w)y — a/ﬂv(x)w(x) dx — /Q gt (z, u(z))v(x)w(z) dx.

It follows from (q}) that B(u) € Ls(H) because
[ o utenutayute) de] < ( [ dx) Nl - olleo - Jawlion.

PROPOSITION 4.2. Suppose that the condition (p*) is satisfied. Then:

(a) Under the assumption (q}) the functional J is C*, and
1
(4.10) g(u) = J(u) = 5(B(oo)u,u)n = o(lullfy) as [|ulln — oo,

Moreover, VJ(u) = u — aKu + Vg(u) = u — aKu — K(q(u)), where
q(u)(z) = q(x,u(x)) forue H.
(b) Under the assumption (q3), J is C% and D(VJ)(u) = B(u) for allu € H.
Moreover, if a = A\, for any z € HS = Ker(B(c0)) and u € HE =
(HO))* it holds that
(4.11) [lg" (= + Wl iy < (IR 1) = Bllsys/(ssy) +RIQIET/C22)),
where |Q] := mes(), 2n/(n +2) < 81 < s and s1 < 2n/(n — 2) in case
n > 2, ¢(Q) is as in (4.2).
(¢) Under the assumptions (q}) and (q3),
(4.12) IVJ(u) = B(oo)ullm = o([Julle)  as [Jullz — oc.

(d) Under the assumptions (qf) and (q3) the functional J satisfies the Pa-

lais—Smale condition.

Its proof is almost standard. For completeness we shall give it at the end of
this section.
For simplicity we set

1/ 2 2 —
(4.13) s1 = 2<n:2 +min{s, - _n2}) and «(s) = 851351'
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LEMMA 4.3 ([1, Lemma 3.2]). Let V be a finite dimensional subspace of C(Q)
such that every v € V' \ {0} is different from zero almost everywhere in Q. Let
h € L*(R) such that h(t) = 0 as |t| = co. Moreover, consider a compact subset
K of LP(Q2) (p > 1). Then

lim / |h(tv(z) + u(z))|dz =0
[t]=o0 /o

uniformly as w € K and v € S, where S ={v € V | ||v]co = 1}.

Since any two norms on a finite dimensional linear space are equivalent, and
any bounded set in H = H}(Q) is compact L'(Q), using this lemma we easily
prove

CLAIM 4.4. For given numbers p > 0 and € > 0 there exists a Ry > 0 such
that

Sl[lopu Hh('z + u) - h||515/(3751) + h|Q|L(s) <e+ h‘QV(s)
7€|0,

for any u € EH§(97P) and z € HY with ||z||g > Ro.

Clearly, the origin 6 of H is a critical point of J, and J”(6): H — H is given

by J"(0)v = v — agKv for v € H = H (). Denote by
Hy,HS,Hy (vesp. HY,, HX, H)

the kernel, positive and negative definite subspaces of J” () (resp. B(c0)). Then
H=H®H} & Hy and H = H%, & H+ & H-. Both H) & H; and H), & H
are finite dimensional. Let vy = dim HY, pp = dimH, and vo, = dim HY,
too = dim H . They are the nullity and Morse index of J at 6 (resp. oo). For
m € N let

m~ =min{j EN|\; =X} and mt =max{j e N|)\; =\,}.

Clearly, m~ = m* = 1 for m = 1, and m~ = 2 for m = 2. Let {¢;}52, be
a normal orthogonal basis of H = H}(2) consisting of the eigenfunctions asso-
ciated with the eigenvalues {\;}32,. (So \; [, lo;(x)|* dz = [, [V;(z)]? dz =1
for all j € N.) Note that
A — ag
T'(0)p; = =55, Bloo)p; =
y
Clearly, H) # {0} (vesp. HZ # {6}) if and only if ag € {\n}3_; (resp.
a € A} y). If ap = a =\, then H) = H) = Span({p; | m~ < j <m™})
and

Hy = H =Span({p; | j <m™}) and Hy = HL =Span({p; | j >m"}).

_aap]— for all j € N.

If ap = a > A and ag = a ¢ {\;}32,, then there exists m € N such that
ag =@ € (Ap+, Am+41) because A, — co. In the case

Hy = Hy =Span({p; | j <m™}) and HJ = HE = Span({¢; | j > m™}).
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Hence we obtain

= = + - 1
Vg = Voo mi m- + 1, ifag=a=\,,
o = poo =m~ —1

Vg =Voo =0 and pp = pieoc =0 if ag = a < Aq,

Vg =Voo =0 and pg= oo =m' ifag=a€ A+, A\pry1)-

By the splitting theorem for C? functionals on Hilbert spaces (cf. [4], [16])
we get

PROPOSITION 4.5.

(a) If ag < A1, then Cx(J,0;K) = dorK.

(b) If ag € (Ap+, A+11) for some m € N, then Ci(J,0;K) = 0,,+,K.
(c) If ap = A, then C(J,0;K) =0 for all k ¢ [m~ — 1,m™].

Under the assumptions of Proposition 4.2(d) the functional J satisfies the
Palais—Smale condition and hence the deformation condition (D). at every ¢ € R.
Then the critical group of J at infinity, C.(J, 0o; K), is well-defined. The follow-
ing is a generalization of Theorem 3.9 in [2].

PROPOSITION 4.6. Let the assumptions of Proposition 4.2 be satisfied.

(a) If a < Ay, then Ci(J,00;K) = oK.

(b) If a € Aty A+ 41) for m € N, then Ci(J, 00; K) = 6,,+1K.

(¢) If a = A, then Ck(J,00;K) =0 for all k ¢ [m~ — 1, m™]| provided that

1 do— X\ S
I A e Ay VS VI WUy
C(Wmln{ W , >\m++1 }, m > 1,
and
(4.15) TR PP ——
()2

Here 1(s) is given by (4.13).

Clearly, when i = 0 the condition (4.14) is naturally satisfied because the
left side of the inequality is always positive. If i > 0 the choice of s; in (4.13)
shows that the upper bound of & given by (4.14) is not the biggest one.

Before proving it we point out that using Propositions 2.3, 3.6 in [2] and
Propositions 4.5, 4.6 and repeating the proof of [2, Proposition 5.2] may lead to
the following generalization for Theorem 4.1.

THEOREM 4.7. Suppose that the assumptions (p*) and (qF)—(q}) are satisfied.

(a) If ag is not an eigenvalue of —/\ then (4.1) has at least one nontrivial
solution provided that for some m € N, (4.14)—(4.15) hold and either
ag < Am < a ora< A, <ag.
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(b) If ag = A is an eigenvalue but (4.14)~(4.15) and (qf ) hold in addition,
then (4.1) has at least one nontrivial solution provided that either a < ag
or ag < Ap < a for some k > m and (4.14)—(4.15) hold with m = k.

(¢) If ap = A is an eigenvalue but (4.14)—(4.15) and (qy ) hold in addition,
then (4.1) has at least one nontrivial solution provided that either ag < a
ora < A\, < ag for some k < m and (4.14) holds with m = k.

Indeed, the condition (q) (resp. (q;)) is used to assure that the local linking

condition in Propositions 2.3 of [2] holds with X~ = HJ @ H, and X+ = H,
(resp. X~ = H, and Xt = H) & H;) because

1

J(u) = i(B(H)u,u)H — /Q Qo(z,u(z))dx forall ue H.

They imply C,,,4.,(J,0) # 0 and Cy, (J,0) # 0, respectively.

There exists a further possible improvement, that is, the limit ag = }gr(l) pz.t)
in (p*) is not required to be constant. For example, for Theorem 4.7(a), we
may assume that ag(x) = }%p(m, t)/t exists for almost every x € Q. Then the
second condition in (p*) and (q%) imply that ag(z) = a + ¢ (x,0) for almost
every = € ). Suppose that 1 is not an eigenvalue of the equation —Au = Aagu
in  with 0 boundary conditions. Then 6 is a nondegenerate critical point of J
with finite Morse index ¢, and hence Cy(J,6) = 01,,K. If 6 is a unique critical
point of J then C(J, 00) = 6y, K by Proposition 3.6 of [2]. Proposition 4.6 shall
lead to a contradiction under the suitable condition on a. The corresponding
generalizations of Theorem 4.7(b)—(c) can be obtained similarly.

PROOF OF PROPOSITION 4.6. Step 1. Carefully checking the proof of Lem-
ma 4.2 in [2] one easily sees that (4.10) and (4.12) imply the corresponding result:
For sufficiently large R > 0 and b < 0 the pair

(Beo (0, R+ 1)@ HE,J" N (Bgo (,R+1) ® HE))
is homotopy to the pair

(Buo (0, R+1) @ By (0,1),Byo (6, R+ 1) ©IB,_(6,1)).
The homotopy equivalence leaves the H? -component fixed. In particular, the
pair (H,J%) is homotopy to the pair (EH;(Q,l),ﬁgH;(G,l)) provided that
Voo = 0 and pioe < 0.

The final claim immediately leads to (a) and (b).

Step 2. We begin to prove (c). In this case obverse that

B (X we) = 3 e

A #Am A #EAm
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For X = H, by the definitions of C{° and C$° above (1.2) we have
o = ||(B(OO)‘H§O)71||L(H§,H§) and C3° = [|I - Pgo”L(H,HO%)'
From these ones easily derive

LEMMA 4.8. C5° =1 (because I — PY = PL #1). If a = \; then

- A2
O = B0l 2) ez = 5750

and if a = X\, with m > 2 then

_ - PV Am+
Cr° = [|(B(o0)| 2 1|L(Ho%):max{)\ 1 - }

m >\m_—1 ’ >‘m++1 - >\2

We wish to use Corollary 1.6. It suffices to check the conditions (c)—(d)
therein. Since Q(o0)v = —aKwv, B(u)v — Q(oc0)v = v — K(q,(x)v) and hence

(B(u)v = Q(0)v,v) = (v,v)m — / q(x, u(@))(v(x))* dz

Q

> (0, 0) ( / e(m)dw) Nl - Julloo - [o]los
> (1= (@24l - hll )l

This shows that the conditions (c) of Corollary 1.6 holds under (4.15).
By (4.12), [|[VJ(2)||lz = o(||2||m) as z € HY, and ||u||z — oo. Hence

M(4) = M(V) = Jim sup{(7 ~ PL)VI(:) | 2 € HY, [zl > BY =0,
By Lemma 4.8 and (4.14) we may take a small £ > 0 such that
(28]l (= + B < 1/C5°.
For this € > 0 and a given numbers p > 0, by Claim 4.4 there exist Ry > 0 such

that

sup 1h(z + 1) = Bllsyssms) + RIQI < e+ AQ[)
T7€|0,

for any u € EHDiO (0,p) and z € HY with ||z]|gz > Ro. This and (4.11) lead to

I(Z = PR)B(z +u) = B(oo)llg | sz < 1Bz + 1) — B(oo)l|zany
—S 818 1
= [lg" (= + W)l ey < e(Q?[|ells(e + RIQIETD/1%) < —
KCY
for any u € B+ (6,p) and z € HY, with ||z|# > Ro. Summarizing these we
obtain

LEMMA 4.9. For a = A, if either h = 0 or B > 0 and (4.14)—(4.15) are
satisfied, then taking pyvy as any positive number p there exist Ry > 0 such that
the conditions of Corollary 1.6 is satisfied.
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Under the assumptions of Proposition 4.2 and Lemma 4.9, by Corollary 1.6
there exist a positive number R, a C' map h*: Bpo (00, R) — EHOiO(G,pVJ)
(satisfying (I — P%)A(z + h™(z)) = 0 for all z € Byo (00, R)), and a homeo-
morphism ®: By (00, R) & HE — Bpo (00, R) & HZE such that

Jo®(z+ut +u”) = ut|? = [lu”|* + J(z + h(2))
for all (z,u™+u") € Byo (00, R)x HE. Using this we may repeat the arguments
on pages 432-433 of [2] to derive that Lemma 4.3 of [2] holds for J: There exist

a sufficiently large R > 0, b < 0 and a continuous map 7: By (00, R) — [0, 1]
with v(C) > 0 for C' := By (0, R+ 1) N Byo_(co, R) such that the pair

(Bro (00, R) x HE, J° N (Bpo (00, R) x HE))
is homotopy equivalent to the pair (Bgo (0o, R) x HZ,,T'), where
I = {(,u) € By (00, R) x Hz : Jull 2 7()} and
0 if J(z+ h*(2)) < a,

v(z)=4¢ 1 if J(z+h>*(2)>a+1,
J(z+ h>(z)) —b elsewhere.

Moreover, the homotopy equivalence leaves the HY -component fixed.

Combing this with Step 1 and repeating the proof of Theorem 3.9 in [2] we
get the claim in Proposition 4.6(c), i.e. Ci(J,00;K) = Hy(H,J*K) = 0 for
all k ¢ [m™ — 1,m™] because [foo, floo + Vo] = [m™ — 1, m™] by the list above
Proposition 4.5. (|

PROOF OF PROPOSITION 4.2. (a) Since the functional H 3 u+ (B(c0)u, u) i
is smooth, we only need to prove that the functional g in (4.8) is C!. Clearly, it
suffices to prove that g is C'! under the assumption: there exist E € L!(Q) and
r > 1 such that

(4.16) lg(z,t)| < E(x) + |t|” for a.e. z € Q, forall t € R.

Obverse that @ is also a Carthéodory function and that

u(z)+v(z)
‘ / q(x,7)dr
u(x)

= sup |g(z, u(x) + Tv(x))| - [u(z) — v(z)|
7€[0,1]

< (B@)+ sup fu(z) + ro(a@)l") - (@) — v(o)
T€[0,1]

Q(z, u(z) +v(2)) — Qz, u(x))]

<(E() + ([[ullco + lv(@)]lco)") - lu = vllco
for any w,v € H. So g (and hence J) is continuous because

lg(u+v) —g(@)| < ([El[Lr + 9] ([ullco + [[v(@)][co)") - lu = vl|co-
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In order to prove that g is C!, by the standard result in functional analysis
we only need to prove that g has a bounded linear Gateaux derivative Dg(u) at
every point u € H and that H 3 u+— Dg(u) € H* is continuous.

For u,v € H} (), 7 € (—1,1) \ {0} and almost every z € Q, as above we get

z,u(z) + Tv(z)) — Q(z, ulz u(z)+7v(z)
Qz,u(x) + (T)) Q(x, ())‘ i/() o) dr

< sup |q(z,u(z) + Orv(z))v(z)] - |v(@)|
0<o<1

< (E(x) + (lullco + [lo(@)llce)") - vl e

by (4.16). From this and the Lebesgue dominated convergence theorem we derive

Dy(u)le] = =

aut o) = = [ alouta) - v(o) do.

=0
That is, g is Gateaux differentiable. Clearly, Dg(u) € H*. Since H}(Q) —
C(Q) and |g(z,u(z))| < E(z) + ||ul|fo by (4.16), as above we deduce that H x
H > (u,v) = Dg(u)[v] is continuous. That is, g is continuously directional
differentiable.

Moreover, for uy,ug,v € H}(Q), (4.5) leads to

‘ /Q[q(a:,ug(x)) —q(z,u1(2))] - v(z) dx

< Jvflo /Q lq(, ug(x)) — g2, ua (2))| da

and hence

[Dg(u1) — Dg(u2)||m- = n S”up< |Dg(u1)v — Dg(uz)v|
v H,l

< () / 4(z, ua(@)) — gl ()] da

where ¢(Q) is as in (4.2). Let f(z) denote the sign function of ¢q(z,us(x)) —
q(x,uq(z)). It is measurable, and

/QIQ(%Uz(x)) — gz, u (2))| do = /Q[f(x)q(wm(w)) = f(@)q(, u (2))] da.

Obverse that @ x R 3 (x,t) — f(z)q(z,t) is a also a Carthéodory function and
that | f(x)q(z,t)| < |q(z,t)| < E(x)+]|t|" for almost every x € Qand all ¢ € R. By
the standard properties of the Nemytski operator (cf. [8, Proposition 3.2.24]), the
map L"(Q) 3 u — q(u) € L(Q), where q(u)(z) = f(z)q(x,u(z)), is continuous.
From the continuity of the inclusion H < L"() it follows that the functional
Dy is continuous. Hence g (and therefore J) is C1.

Finally, since |¢(z,t)| < E(z) 4+ c1]t|"V(z,t) € Q@ x R by (q7), we derive
< |HE(z) + er|t]"™ for all (x,t) € Q x R.

Q1) = \ / g7 do
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Hence for any u € H we have
o)l < [ Q@ u@)lds < [ (B@lu(@)]+ cafulz) ) da
<llulen | B(@)do +ealg -l 3
< @lulln | (o) do+ea(e(@) 10 - ull™

where ¢(Q) is as in (4.2). (4.10) follows. The expression of V.J is clear.
(b) For the integer s’ satisfying the equality 1/s + 1/s’ =1, by (4.5),

1 ]_ !
lg(z,t)] < <S(£(:c))S + ?\t|s ) ||h||p for a.e. x € O, for all t € R.

So it follows from (a) that g and hence J is C*.
Let us prove that V.J is C1. For u,v,w € H and 7 € (—1,1) \ {0}, we have

’ (K(q(u +7v)) — K(q(v))

! )~ (K@), 0)]
| [t e~ st

. — qi(x, u(x))v(x)} ~w(x) dx

q(z,u(x) + Tv(x)) — q(x, u(x))

< /Q : — qu(a,u@))o(@)| - ()| da
and thus
| ) KD g,y
T H
< C(Q)/ q(z, u(@) + Tv(2)) — ¢(z, u(z)) — gz, u(z))v(z)| da.
Q T

Note that for almost every x € Q,

‘q(% u(@) + 7o(2)) — g(z, u(z))

= — gz, u(x))v(x)| < 20(z)[|h]| L~ - |v(2)]

by (q}). From the Lebesgue dominate convergence theorem we derive

< lim l:Q(xau(x) + TU(Z‘)) — q(x,u(a:)) _ qt(x,u(x))v(x)] dr = 0.
=0 Jq T

Hence Vg is Gateaux differentiable, and V.J has the Gateaux derivative B(u) at
any u € H. Moreover, obverse that

(B(u1)v = Blug)v, w)m = /Q[Qt(%M(xD = (@, w (2)Jo(2)w(z) da
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and hence

1B (u1)v = B(uz)v||m < c(Q)]|v]|co /Q lgt(, u2(2)) — g2, ua (x))| do

< (@ [olln / ge(2, ua(2)) — au (o, ur ()] dor
We obtain
1B(ur) — Blus)l| oy < e(Q)? / g0 () — ur un (2))] d

Since t — qi(x,t) is continuous, g:(x, us(x)) — qi(z,ui(x)) as ||us — uq||co — 0.
It follows from (¢3) that the map H > u — B(u) € L(H) is continuous. This
implies that VJ has the Fréchlet derivative B(u) at u € H, and therefore that
Jis C2.

In order to prove (4.11), note that for z € HY and u; € HE,uy € H we
have

9" (z +wr)uallg = sup [(g" (2 + u1)ug, w) |
lwllm<1

sup (K (,(2 + u1)uz, w) |
lwlla<1

< sup /mz )+ un () s (2)w(x)| da

llwllm <1

< s [ H@h(a(e) + @) a(e)u(a)] do

llwlle<1

§||U200< sup |le|00>Lﬁ(z)h(Z(I)+U1(I))dI

Wl H>

(s=s1)/(s15)
<ol ([ et + untapi/ = ac)

'||U2|CO( sup |w||00>
lw]l g <1

<[1ellsh(z +w)llsis/s—s1) - luzlleo( sup wljco)

[lwllz <1

< (DNl A(z + ur) = Rillsysps—sny AT - lug |,

where ¢(f2) is as in (4.2). (4.11) follows from this.
(c) Since VJ(u) — B(oo)u = Vg(u), we may derive (4.12) as follows:

IVg(u)lla = sup [(Vg(u),v)u| < sup / lq(z, u(x))] - [v(z)| da

loll <1 ol <1

< (|f|‘ip<1”””c°> [ lato,utap)da
Q)/QE(x)dx—l—clc(Q)/Q|u(:v)|7’dx
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<c(Q) /QEm d + e1e(Q) 0 - [l

(d) By (4.7), B(oo) = I—aK. Let H), := Ker(B(o0)). Note that the positive
(resp. negative) definite subspace of B(oo), HY (resp. HL), is spanned by the
eigenfunctions of —A which correspond to the eigenvalues less than (resp. greater
than) a. Since H = H, & HL © H, we may write u € H as u = v’ +u®™ +u".
Hence (B(oo)u,u)y = (B(oo)u™,u™)y + (B(co)u™,u™ ). It follows that

lull« = (Ju®[1Z2 + (B(oo)u™, u™) i — (B(oo)u™,u”)m)'/?

defines an equivalent norm on H. Obverse that

1/2
el = ( [t dz [ 9 - ahut e = [ [0 - alu dx) .
Q Q Q

Let (u,) be a Palais—Smale sequence for J in H. That is, J'(u,) — 0 and
|J(un)| < M for some M > 0 and all n € N. As in the proof of Lemma 5.5 in [2]
we have

()2 < \ /Q a(@,un et da| + ]

for n large. From (qf) we derive
/q(ffaun)uf dx S/ la(z, un)| - |uy | dz < ||Uf||ce/(E(x)+01|un($)|r)dff~
Q Q Q

Since H <+ C(Q) and the norms || - ||z and || - ||« on H are equivalent, there

exists a constant only depending on Q, Cq > 0, such that ||ul|co < Cql|u|« for
all w € H. So

‘/q(w,un)fuiE dx
Q

These lead to ||ulll. < 1+ Cq [|E|z: +aCL™Q - lun|s. By (qb) we may

< Calluz |l - (1Bl zr + e1CHIQ - unll?)-

assume
1
iq(x,t)t —Q(z,t) > cot| — G(z) for all (x,t) € 2 x R.
(Another case can be proved in the same way). As in [2] we have

1

-/ (;q@,un(x»un(w) - Q(x,un<x>)) s

Gl

2| [ (3002 - Qovunli) + G(0) ) o

>co | |up(2)|*de — |G|

Then repeating the remainder arguments in the proof of Lemma 5.5 in [2] give
the desired conclusion. (]
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