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Heat kernel transform for nilmanifolds

associated to the Heisenberg group

Bernhard Krotz, Sundaram Thangavelu and Yuan Xu

Abstract
We study the heat kernel transform on a nilmanifold M of the
Heisenberg group. We show that the image of L?(M) under this
transform is a direct sum of weighted Bergman spaces which are re-
lated to twisted Bergman and Hermite-Bergman spaces.

1. Introduction

Let us consider a complete analytic Riemannian manifold M and let us
denote by ki(z,y) the heat kernel on it. We fix ¢ > 0 and draw our attention

to the map
K:M— L*(M), mw k(m,-).

This assignment is analytic and hence K admits an analytic extension to a
holomorphic map

K~ : Mc — L*(M), zw k> (2,)

with Mc a Stein tube surrounding M. Consequently, we obtain a map
T, L(M) = O(Me)s Ti)(e) = [ fm)ky (z.m) dm
M

which we call the the heat kernel transform. The basic problem now is to
find appropriate tubes M and then characterize the image of T;. This has
been successfully carried out for the following pairs (M, Mc):

o (R*,C") [2].
e (U,Uc) with U a compact Lie group and Ug its universal complexifi-
cation [7].
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o (U/K,Uc/Kc) with U/K a compact symmetric space [11].

e (H,H¢) with H the Heiseberg group and Hg its universal complexifi-
cation [8].

e (G/K,Z) with G/K a Riemannian symmetric space of the non-com-
pact type and = the complex crown [9].

Let us mention that the image of 7; can be very different in nature:
a weighted Bergman space for M = R" U, U/K, a sum of two weighted
Bergman spaces with oscillatory weight for M = H, and, finally, for M =
GG/ K the image is not a Bergman space at all and needs to be characterized
with tools from integral geometry.

We observe, that in all so far understood examples M is a symmetric
space. Hence one might ask if it is also possible to characterize im T; for M
a locally symmetric space. This paper constitutes a modest step in that
direction when we consider nilmanifolds associated to the Heisenberg group.

To be precise, for M = I'\H with I' < H the standard lattice we show
that im 7} is the sum of three weighted Bergman spaces two of which with
oscillatory weight. To establish this theorem we lean on results for H [8] as
well as on deeper facts on the Hermite semigroup [4]. Finally, let us mention
that most of our methods extend to arbitrary discrete subgroups I' < H.

Acknowledgments. The authors wish to thank the referee for making
several useful comments on an earlier version of the paper.

2. Nilmanifolds associated to the Heisenberg group and
the heat kernel transform

2.1. Nilmanifolds associated to the Heisenberg group

Let us denote by H the (2n+1)-dimensional Heisenberg group. As a manifold
H = R" x R” x R and the group law is given by

1
(z,u,t)(2' o' ") = (x—l—x',u—l—u',t—l—t'+§(u-x’—x.u’)).

Throughout I" will denote a discrete subgroup of H. With this data we
form the nilmanifold I'\H. Sometimes we abbreviate M = I"'\H. Here are
some examples of I' we have in mind:

Examples: (a) Let I' = {0} x {0} x Z. Then I' < H is a discrete
central subgroup. The quotient H,q = ['\H is the familiar reduced Heisen-
berg group.

(b) The choice I'yy = Z" x Z" x 17 defines the standard lattice in H.
(This terminology is not standard!). The quotient I'y\H is a non-trivial
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circle bundle over the 2n-torus T?" and hence compact. The fundamental
group of this compact manifold is the non-Abelian group ['y.

(¢) The prescription I' = Z" x {0} x {0} defines an abelian discrete
subgroup which does not intersect the center of H.

For more about lattices in H, especially their classification, we refer
to [3], [5] and [13]. Write N for the smallest connected subgroup contain-
ing I' (N coincides with the Zariski-closure of I' in the algebraic group H
(cf. [10, Ch. II, Remark 2.6]). We notice that I' becomes a lattice in the
nilpotent group N.

Write n for the Lie algebra of N. Then we find a subspace v C h such
that h = n 4+ v. The prescription V' = exp(v) defines a closed submanifold
of H and the multiplication mapping

N xV —H, (n,v)~—nv
is a polynomial homeomorphism. Consequently we obtain
(2.1) MNH~T\N x v,

where I'\ NV is compact and v is a vector space.

Write dh for a Haar-measure on H which we normalize such that it
coincides with the Lebesgue measure once we identify H with R?**!. Denote
by d(T'h) the unique measure on I'\H which satisfies

f(hydh= | " f(yh)d(Th)
H I\H

verl’

forall f € C.(H). The corresponding LP-spaces shall be denoted by LP(I"\H).
An important tool for us will be the averaging operator

Az Co(H) — Co(T\H), f— A(f); A(f)(Th)=>_ f(yh)

which is known to be continuous and onto. Observe that A naturally ex-
tends to a surjective contraction L'(H) — L*(T'\H), also denoted by A.
Likewise (2.1) implies that A induces a continuous surjection of Schwartz
spaces S(H) — S(I'\H).

2.2. Definition and basic properties of the heat kernel transform
on I'\H

The universal complexification of H¢ of H is simply H¢e = C* x C* x C with
holomorphically extended group law
1
(Zv w, C)(zla wla C,) = (Z + Z,a w + U}/, g + gli + E(w 2=z w/)) :

Here 2 -w = Y7 zjw;.
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If a real analytic function f on H admits holomorphic extension to He,
then f shall be the notation for this so obtained function.

We write A for the standard left Laplacian on H (cf. [8, Sect. 2.2]) and
denote by k; the corresponding heat kernel on H. Explicitly

kt(.l?, u, 5) =c, /oo 670\5670\2 < )\ ) efi)‘COth()‘t)("ﬁJru%d)\

o sinh(A?)
where ¢, is a constant and 2* = 7" @7, u® = 377 uf (cf. [8, Sect. 2.2).

From the above it is clear that k; can be extended to a holomorphic function
on H¢, namely

~ = —1 —tA2 A ! —ixco 22 +w?
22 (z’w’ozc"/_of e (sinh(At)> T

As before 22 = 377 | 27 and w® = 377, w?. Note that k" is well behaved in
the sense that its restriction to any bi-translate gHh C H¢ with h, g € H¢
is of rapid decay, i.e. H > x — k'(gzh) is in S(H).

For t > 0 the heat kernel transform T, on H is defined by
T,: L*(H) — O(Hc), [ (f*k)~

and one immediately verifies that
e T, is continuous (with O(Hg) carrying the Fréchet topology of compact
convergence),
e T} is injective,
o T, is left-H equivariant
(see [8, Sect. 3.1]).
It is not hard to see that T} extends to a map on tempered distributions

T, : S'(H) — O(Hg), v (vsk)~

featuring the bulleted items from above. With that we turn to the heat
kernel transform on the nil-manifold M = I'\H. We often identify functions
on I'\H with I'-invariant functions on H. In this way we have L?(I'\H) C
S'(H) and with T} = T;|2(rm) we obtain a continuous injection

T I*(T\M) — O(I'\Hg) .

Remark 2.1 Recall that A was defined by the use of left-invariant vector
fields on H and so factors to the Laplacian A on the nilmanifold T\H. It is
easy to see that

() =T ()
for all f € L*(T'\H).
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It is useful to have an alternative way to describe T}. Invoking the
decomposition (2.1) and the spectral resolution of k7" (cf. (2.2)) it is not
hard to see that series

K{(Th,Tz) =Y ki (h'yw)  (h€H, 2z € He)

verl

converges uniformly in the first and locally uniformly in the second variable.
As a result

(2.3) K] € S(I'\Heg)®O((T\He) .
We observe
(2.4) (A=) = [ FOWREThT2) dTh)

and deduce the inequality:
Lemma 2.2 Let () C H¢ be a compact subset. Then

¢=0(Q) =5 15 (-, T2) |2y < 00
zE

and one has
Sup T (/)(T2)] < Cllfll 2o -
ze

We conclude this subsection with the averaging-equivariance.
Lemma 2.3 Let f € S('\H) and F € S(H) such that A(F') = f. Then
Ty (f) = A(H(F)).
Proof. For all z € H¢ we have
Ty (f)(Tz) = Vki(h™'2) dh

(

/ (Yh)ki(h™'2) dh
/ h)k,(h~1yz) dh
T(F)

r2)

as was to be shown. [ ]

[
ﬁM M\
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3. I'-invariant distribution vectors and the Plancherel-
Theorem for L?(M)

Throughout this section and the next we confine ourselves to the standard
lattice

1
F:Fst:ZnXaniz-

We will classify the I'-invariant distribution vectors for the Schrodinger
representation and relate this to the Plancherel decomposition of L*(M).

We wish to point out that the material collected below is all well known,
see [6], [1], [3], [13] and especially [5] for a particularly nice treatment. The
decomposition of L?(M) into irreducible pieces is due to Brezin [3] and
we refer to [5] for an explicit exposition. In the terminology of [5] the
lattice I is isomorphic to I'; where [ = (2,2,...,2) via the automorphism
(x,u,t) — (x,2u,2t).

In our exposition we adapt the more general point of view of Gelfand et
al. which, in our opinion, clarifies the underlying structure best.

To begin with we consider a unimodular Lie group G and let I' < G be a
co-compact lattice. Form M = T'\G. One is interested in decomposing the
right-regular representation R on L?*(M) into irreducibles. In this context
one has a basic result (cf. [6, Ch. 1, Sect. 4.6])

(3.1) L*(M) ~ @m(w)m .

Here, as usual, G denotes the unitary dual of G and the multiplicities m()
are all finite. By Frobenius reciprocity one has

(3.2) m(m) = dime(H-®)",

where (H_->°)! denotes the space of [-invariant distribution vectors of (m, H).
Let us make the unitary equivalence in (3.1) explicit by writing down the
intertwining operator. There exists an inner product (,), on the finite di-
mensional C-vectorspace M, = (H_>°)! such that the map

(3.3) Z M, @ HE — L*(M), > vz@vy = (Tg— Y val(n(g)vs))

extends to a unitary G-equivalence
P M, & H, ~ L (M).
el

Thus for our special situation M = I"\H we have to determine two things:
first M, and secondly the inner product (-,-), on this space. We turn to
the details.
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The first step in the decomposition of R is the Fourier decomposition of
f € L*(M) in the last variable. Note that F(z,u,§) is 3- periodic in ¢ and
hence it has the expansion

where F*(x,u) are the Fourier coefficients of F(z,u,£). Thus L?(M) has the
orthogonal direct sum decomposition

L*(M) = H
keZ
where Hj, is the set of all functions F' € L*(M) satisfying F(x,u,§) =
etk F (2, u,0). We now proceed to obtain further decomposition of H,, for
each k # 0.
Let my, A € R, X # 0 be the Schrodinger representations of H realised on
L?(R™). Explicitly,

(2,1, ) p(v) = ePeNTTFI I gy 4 ouy).

The subspaces Hj, are invariant under R and by Stone-von Neumann theo-
rem R restricted to Hj decomposes into finitely many pieces each equivalent
to myqg. For explicit decompositions of R we refer to [3], [13] and [5]. There
is no canonical way of effecting the decomposition and here we get one such
decomposition which is suitable for our purpose of studying the heat kernel
transform. For some 'natural’ decompositions of H; we refer to Auslander
and Brezin [1].

As we already described earlier, the standard way of constructing I' in-
variant functions on H is to start with a tempered distribution v on R™
which is 7, (") invariant and consider F'(z,u, &) = (v, ma(z,u, &) f) where f
is a Schwartz function on R™. Let v be such a distribution; that is it verifies
(v,mx(h)f) = (v, f), h € H. Then taking h = (0,0,5/2) € I',j € Z we are
led to mz(h)f = eM/2f and (v,e™/2f) = (v, f). This holds for all j € Z
if and only if A\ = 47k for some k € Z. Let us assume k& # 0 and write
Pk = Tark-

Proposition 3.1 Set Ay = {j € Z" : 0 < j1,J2, -, Jn < 2k — 1}. Then
every tempered distribution v invariant under pp(I') is of the form v =
> jea, Givi with vy defined by

(. f)= > fkm+j)  (f € S(H))

mezn

Here f denotes the Fourier transform of the Schwartz class function f.
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Proof. Since A = 4k, ¢ =1 for £ € Z. The py(T')-invariance of v shows
that

(v, pe(0,1,0) f) = (v, f(- +m)) = (v, f)
which means that v is periodic. Consequently, v has the Fourier expansion

) =3 ecufln)

nezm

where f(n) = Jgn f(x)e™?™ 1 dz. The py(T) invariance of v also shows that
(V’ f) = (Va Pk(m, 0,0)f) — (1/, 647rkim.(.)f)

which translates into
Z eof(n — 2km) = Z enf(n).
nezn nezn
This shows that ¢, is a constant on the equivalence classes in Z"/2kZ"™. Thus
(. f)=> ¢ ) f(2km+]).
JEAL mezn

Defining v; accordingly we complete the proof. [ ]

Remark 3.2 In view of the Poisson summation formula

Z flz4+m)= Z f(m)e2mme

mezn mezn

valid for all functions f € S(R™), we have

(5. ) = (28)7 3 e ¥mf( ).

mezZm

Remark 3.3 Note that S(R™) is the space of smooth vectors for the Schrdd-
inger representation py, i.e.

L*(R™)® = S(R™)
in the standard representation theory terminology. Dualizing this identity
we obtain

LZ(Rn>7oo — S/(Rn)
and with it the Gelfand-triplet

LZ(RH)OO — S(Rn) SN L2<Rn) N 8/(Rn) — LZ(Rn)foo.
The above proposition then implies that
dime (L2 (R™) ™) = (2k)™

and, moreover, provides an explicit basis for the space (L*(R™)=>)L.
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At this point it might be interesting to observe that there is an alternative
way to construct elements of (L*(R™)=>)Y, namely by averaging: Let f €
S(R™). It is not difficult to show that the series

> o)

vyel

converges in S'(R™) and defines a I'-invariant element there. One establishes
that the map

SR)" — SR, [ p(N)(f)

vel

18 a continuous surjection.

At this point we determined the spectrum of L?*(M), i.e. the occuring
unitary irreducible representations, as well as the multiplicity space M. In
the sequel we abbreviate My, := M, . As a last step we have to determine
the unitary structure on My such that the map f — (v, pi(+)f) becomes
isometric. We already know that

M, = span{y; | j € Ay}

and in the next step we want to show that the 15 are in fact orthogonal.
This is easy and follows from a little group theory. In fact, let us define the
finite group

Fy = (Z/)2kZ)" .

Then the prescription
Hk(.lf)(I/) = I/(' + .CL’) (1/ € Mk,l’ € Fk>

defines a representation of Fj, on My. Moreover it is clear that vj is a basis
of eigenvectors for this action; explicitly:

(3.4) p(z)y; = ey, (€ Ap).
Furthermore for f, g € L*(R™) and v, u € My, we set
Fy(z,u,8) = (v, pe(e,ug)f)  and  Gu(z,u,§) = (1, pr(2, 1, £)g).
Then one immediately verifies that
(Fiiyayw, Gu)r2ony = (£, Gy (—ayu) 12(a) -

Thus we conclude with (3.4) that ; is in fact an orthogonal basis (up to an
uniform scalar) for M. Furthermore it is indeed an orthonormal basis, as
the next Lemma will show.
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Lemma 3.4 Let f € L*(R"), j € Ay and F € L*(M) defined by the corre-
sponding matrixz coefficient

F(x,u,ﬁ) = (Vj7pk(x7u7£>f)'

Then
1F | z2ry = V2 || fll 22y -

Proof. The proof is a straightforward computation; we simply expand the
terms:

F(x,u,f) = (Vj’pk($’u’§)f)
= (Vj7 €4Wik£€4ﬂ-ik(m“+%$IU)f(' + u))
— 647rik§€27r7l1’-u(I/j7 e47rik1’--f(_ + U))
1

. 4 mi s o 1
— AmikE 2mix-u —Fmj 2miz-m )
—(Qk;)ne e mgezne e f <—2km+u>

In the last equation we used the characterization of v; from Remark 3.2.
As T\H coincides with R/1Z x R"/Z" x R™/Z" up to set of measure zero,
we thus get

2
o = g .
|| HLQ(M) (2]€)2n "z n/zn
dr du

2

i) s . 1
Z effm-.]e%rzm-mf <%m + U)

mezn

2 / Z 1 2
= = f (—m + u) du
R Jeo o 22,1 \ 28
2 / 1 2
= f <—(m+u)> du
2 1\
g —_— d
i L | (%“) !
= 2|17,
as was to be shown. [ ]

Finally we make some remarks to the existing literature. We show that
the matrix coefficients Fj(x,u,§) = (v4, pr(z,u, &) f) can be expressed as
Weil- Brezin (or Zak ) transforms studied in [3]. Consider the operator Vj
defined on the Schwartz class S(R™) by

mezn
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Written explicitly
ka(l', u, g) _ 647rki§€27rki:c~u Z 647rkim-zf(u + l’Il)

mezn

It is easy to see that Vi f is I' invariant. For each j € Ay we also define

Viif(z,u, &) = eQWij'kaf(z, u,§).
These are called the Weil-Brezin transforms in the literature.

Proposition 3.5 1. For each f € S(R") we have the relation
Ei(xa u, 5) = V;%jgj (’LL, -, 6)

~

where f and g; are related by g;(x) = f(2kz + j).

2. The transform Vjj initially defined on S(R™) extends to the whole of
L?(R™) as an isometry into Hy.

Proof. To prove the first assertion, a simple calculation shows that
(Pl u,€)f)(s) = !mHiEe2mhivnenion f (5 — o).
Hence it follows that Fj(z,u,§) is given by

(35) e47rki£€727rkim-u Z e27ri(2km+j)-uf<2km +,] . 2]{;1,)
mezZn
which simplifies to
e47rki§€727rki:p-ue27rij-u Z 647rim-uf(2k<m . .CL’) +,])
mezZn
Setting g;(s) = f(2ks +j) and recalling the definition of Vij we get
Ej(ﬂ?, u, 5) = Vk,_]g,] (U, -, 6)

This shows that (15, pi(z, u, ) f) can also be defined on the whole of L*(R™).
Finally, notice that the second assertion follows from the first one and our
preceding discussion. [ |

Combining the two preceding propositions we get the following decom-
position of the spaces Hj.

Proposition 3.6 Let Hy; be the span of functions of the form
Fy = (vj,pe(")f) as f varies over L*(R™).
Then Hy, is the orthogonal direct sum of the spaces Hyj,j € Ay.



254 B. KrOTz, S. THANGAVELU AND Y. XU

Remark 3.7 From the above proposition it follows that the restriction of R
to Hyj s unitarily equivalent to py. The intertwining operator is given by

Uk,jf<x7u7£) = (Vj7pk<x7u7£)f>

which is also equal to the composition of Vi with the operators f(s) —

f(2ks +j) and F(z,u, &) — F(u, —x,€).

An orthonormal basis for H;, can be obtained using the operators Uy, ;. Let
®,,a € N" be the normalised Hermite functions on R™. Then the functions
Uk j®o(x, u, §) form an orthogonal system in Hy, ;. With suitable normalising
constants c,j the functions ¢, ;Uy ;®, as o ranges over N* and j € A, form
an orthonormal basis for H;,.

4. The image of the heat kernel transform

In this section we determine the image of TtF for I' = I'y; the standard lattice.
To simplify notation we often write T} instead of T} and drop the ~ for the
holomorphic extension of a function.

As L*(M) is the direct sum of Hy as k ranges over all integers, the
image of L?(M) under T; will be the direct sum of T;(H}), the image of Hy,
under 7;. We first settle the case & = 0. Recall that functions f € H, are
independent of ¢ and hence we think of them as functions on the 2n-torus
T™ x T". An easy calculation (use (2.2)) shows that the function f * k; is
given by the ordinary convolution

f * k:t(z,w) — Cnt—n/ f(lj’u/)e—%t((z—xl)2+(w—u’)2) dz’ du'.
n Rn

Note that f x k; is an entire function on C" x C™ which satisfies f * ki(z +
m,w +n) = f * k(z,w) for all m,n € Z". Thus the heat kernel transform
when restricted to Hj is nothing but the heat kernel transform on the torus
T™ x T™ and the image has been characterised.

Theorem 4.1 An entire function F(z,w) of 2n complezr variables belongs
to Ty(Ho) if and only if F(z +m,w +n) = F(z,w) for allm,n € Z" and

|F|* = / / |F(z,w)|26_%(y2+v2) dzr du dy dv < oo.
R2" [071)2n

Moreover || Ty(f)|| = || f|| for all f € Hy.

Thus the members of T;(Hy) are precisely the functions from the classical
weighted Bergman space associated to the standard Laplacian on R?" that
are periodic in the real parts of the variables.
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We now consider the image of Hy, for k # 0. For the description of T} (Hy)
we need to recall several facts about Hermite-Bergman spaces and twisted
Bergman spaces. Given a nonzero A € R consider the kernel

P}, u) = e, A"(sinh(At)) e 3A AN E %),
This kernel is related to k; via
2
kM, u) = e p(x, u)

where for a function f(x,u, ) on the Heisenberg group we use the notation
Pl = [ roage de
Given a function f € L*(R?") the A-twisted convolution

[ pMo,u) = f@ upMe — o u — u')e_i%(“"cl—”“/) dx’ du’
R2n
extends to C?" as an entire function. This transform is called the twisted
heat kernel transform and in [7] we have studied the image of L?(R*") under
this transform.
The image turns out to be the twisted Bergman space 3, which is defined
as follows. An entire function F(z,w) on C** belongs to B} if and only if

/ / |F(z,w)|*W)(z,w) dz dw < 0o

where
WMz + iy, u+ iv) = V=02 pd (24, ).
In [7] it has been shown that the image of L?(R*") under the twisted heat
kernel transform is precisely B;.
The connection between the twisted heat kernel transform and the heat
kernel transform on the nilmanifold M is the following. If F' € Hy then an
easy calculation shows that

(4.1) Fsky(z,u, &) = e O Amike Gy pm ™ (2 )

where G(z,u) = F(z,u,0). Thus we are led to consider A-twisted convolu-
tion with p}. Observe that when F € H;, the function G(z,u) = F(z,u,0)
satisfies

Gz +m,u + n) = 2mFum=em iy 4),
Thus the entire extension of G *_4; p; 4k also inherits the same property
and we expect the image of Hj under the heat kernel transform to consist
of entire functions of the form

(4.2) F(z,w,() = ™G (z,w),

where G has the above transformation property under translation by Z" x Z".
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We define B47Tk to be the space of all entire functions G(z,w) having the
transformatlon property

G(Z +m,w+ n) _ 627rik(w.rnfz-n)G<Z7 U))

which are square integrable with respect to W, 4™ i.e.

/ / Gz, w) W™ (2, w) dx du dy dv < oo
R2n J[0,1)2

4.1. Diagonalization of B{7"

In this subsection we show that Bﬁ}i’“ admits a natural symmetry of the finite
group Fj. To begin with we note that the prescription

(43)  (u(2)G)(z,w) = e™vG <z + % w) (v € Fi, G € BITh)
defines an action of F; on B47rk Moreover,

Lemma 4.2 The representation (II;, 84”’“) of Fy. is unitary.
Proof. We have to show that
IT()G|* = |G|

forall Ge Bﬁ}i’“ and s € F.. The verification is a straightforward computation:

o= [ [
R2n [071)2"
X Wt747rk(x + Zy7 u -+ ZU) dx du dy dv
/]1§2n /01
—47rk(u y—u- I)p;;’mk(?y’ 21}) dz du dy dv
:/ / Gz + s/2k + iy, u + )|
R2n [071)2”

x 2o ve ATkly o)y 4T 2y, 20) da du dy dv

:/R2 /[ . |Gz + iy, u+ iv)[?
n J[0,1)2n

x 627rs-v€747rk(u-yfv-(mfs/Zk)) 747rk(2y’2v) dr du dy dv

:/}R2 /[01)2 |Gz + iy, u+w)|?

x e~ dmk(wy—va),—Ank 9y o0 da du dy dv

2
G)(x+iy,u+iv)‘

2
(5)G)(x + iy, u + i)

= G]*.
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In the sequel we often abbreviate and write A for 47k. Define for each
j € A, a subspace Bf:j of BQF as follows: G € BQF belongs to Bt’\d- if and
only if

1 4 1
G(z+ o7 w) = ™™ WG (2, w) .

The previous lemma then implies:

Corollary 4.3 BQF 1s the orthogonal direct sum of Béj,j € A;.

4.2. Characterization of B,

The aim of this subsection is to prove that T, maps Hj onto By (with Byp
interpreted as a subspace of O(I"'\H¢) via (4.2)). Let us begin with the
easy half, the isometry of the map. For that we have to introduce a useful
technical tool, namely twisted averages.

Recall that H;° is the space of all functions F' in S(I'\H) which satisfy

(4.4) F(x,u,&) = e ™ F(x,u,0).

Often it is convenient to identify functions f on R?*" with functions F on H
which transform as (4.4) via

(4.5) fe F F(r,u, &) =e ™ f(x,u).
With this terminology we record for F' € Hj
(4.6) T(F)(z,w,¢) = e™(f +a pp)(2,w) .

For f € S(R*) we define its twisted average by

Arf(zu) = €Y F(y(w,u,€)).

yerl

More explicitly,

(4.7) Arf(z,u) = Z ei%(“'afm'b)f(:c +a,u+Db).

(a,b,0)el

We note that Ay maps S(R?") onto Hy® (modulo the identification (4.5)).
Further we note that

(4.8) (Axf) *x ]9? = Ax(f *» pi\)
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Proposition 4.4 For all f € S(R*") one has
IT (AN Dz, = 1A Z2ar) -
In particular, the map
T,: M — By, F [
18 150metric.

Proof. Let f € S(R*"). Then, by (4.8),

(Axf) *x p(z,w) = Z eia(wa=zb) £ pr(z+a,w+b).

(a,b,0)€l

We can obtain pointwise estimates for the function f *y p}(z + a,w + b)
which shows that the above series actually converges. Therefore,

A= [ [ 1) pe P w) dz dv

= f *A pi\(z7 w)(AAf) *A p?(’za w)Wt)\(Zv U)) dz dw
C2n

and we used the transformation property of the weight function W7. Further
expansion yields

A= X [ o)

(a,b,0)el’

e iz (wa—zb) g X Mz +a, w4+ bYW (z,w) dz dw .

We recall that W) is the weight function for the twisted Bergman space B}
(see [8]) and obtain further

I T, (AX()|? = Z / fxueZéuamb)f(:c—i-a,u—l—b)dxdu

(a,b,0)el’

:/ Axf (2, w)? do du
]R2n/Z2n
= [[ A S,

which completes the proof. |

We turn to the more difficult part, namely that 7; maps H; onto BQF.
This will be proved by establishing a connection between twisted Bergman
spaces and Hermite-Bergman spaces which we proceed to describe now.
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For each nonzero A € R let us consider the scaled Hermite operator
H(\) = —A+)?|z|? on R whose eigenfunctions are provided by the Hermite
functions

O (z) = AT @a(V/|Az), 7 € R", 0 € N™.

—tH(\)

The operator H(\) generates the Hermite semigroup e whose kernel is

explicitly given by

K (z,u) = ) e GO ()0 (u).

aeN™

Using Mehler’s formula (see [12]) the above series can be summed to get

(4.9) KM, u) = ¢, (sinh(\)) 7% (cosh(At)) ™2

% tanh (At) (z-+u)? 6_% coth(\t)(z—u)? )

X e

The image of L?(R™) under the Hermite semigroup has been studied by
Byun [4] . His result is stated as follows.

Let H} be the Hermite-Bergman space defined to be the space of all
entire functions on C” for which

/2 |F(z+ iy)|2Ut’\(x, y)dzdy < 0o
R n

where the weight function U; is given by

Uy(,y) = cp(sinh(4At)) ™2 ) b (A oA coth(2At)y”

Theorem 4.5 The image of L*(R™) under the Hermite semigroup is pre-
cisely the space H} and e "™ js a constant multiple of an isometry between
these two spaces.

The relation between the heat kernel transform on I'\H and the Hermite
semigroup is given in the following proposition.

Proposition 4.6 Let f € L*(R™) and F = Vi;(f) forj € Ax. Then

F o ky(z,u, ) = C}\eft)\2+i)\£ei)\(a-m+%x-u) Z eidem, (eftH(A)Taf) (u+m)
mezZn

where A = 4wk, a = ﬁj, Taf(x) = f(x — a) and cy is a constant depending
only on \ and n.
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Proof. It follows from the definition of V} ; and the calculation (3.1) that
eI By ke (1w, €) is given by

/ Viof (2, 0)e?a@ei3 (e =sw)pA (g o oy — ') dud
]R2n

Z f u + m) iz’ (m+ (utu'+2a))

mezZm R2n

X e "2 "”“pi‘( — 2 u—u') dr’ du.

Using the explicit formula for p}(z — 2/, u — u’) the integral with respect
to dx’ can be seen to be

P 1 / _2A _ )2
/ ez)\:p (m+5 (utu +Za))6 7 coth(At)(z—a’) dr'
R2n

6i)\:z:~(m-i—%(u—}—u’-{-2a)) / e—i)\:c’~(m+%(u+u’+2a)) coth M)z de’
R2n
(tanh()\t)) iz (m+%(u+u’+2a))€—>\ tanh(\t)(m+ 5 (u+u’+2a))?

Therefore,
/ f(u' + m>€i)\:p’.(m+%(u+u/+2a)) z Tu pi\( U — u) dx/ du'
R2n
= c,\(sinh(Z)\t))ig fu + m)ei’\x'("”%(“J““,”a))e’i%x'“,

R2n

— 1 ’ 2 _A )2
X e Atanh(At)(m+ 5 (u+u’+2a)) e 2 coth(At)(u—u’) du

We change variables ' — u' — a — m, use the expression for K} given
in (4.9) and the integral above becomes

exeMrmeragizru [ r 2 KM u+a+ m, o) du/
R7
= ¢y e meihTagizau (e N f) (u+a+m).
This completes the proof of the proposition. |
We are ready for the main result in this article.
Theorem 4.7 The map
T,: My — Byp, Fr fon

s an isometric isomorphism.
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To prove the Theorem we will establish the following slightly more precise
result.

Theorem 4.8 An entire function F(z,w) belongs to Bf:irk if and only if
F(z,w) = ™™ (Vs f) % ky(2,w,0) for some f € L*(R™).

Proof. First note that the map is isometric by Proposition 4.4 and Corol-
lary 4.3. It remains to verify surjectivity.
For that let I’ € B;\J with A\ = 4mk. We have to show that there exists

f € L*(R") such that Vi f * ki(z,w,0) = e F(z,w). To prove this we
consider the function

G(z,w) = e’i)‘a'ze’i%“”F(z, w).

In view of the transformation properties of F', the function G becomes
i—periodic in the x-variables. Therefore, it admits an expansion of the

form
G(z,w) = Z Crn(w)e?™=
mezZm
where Cy, are the Fourier coeflicients:

Cm(w) = / Gz, w)e ™™ dy.
[0, 5™
The transformation properties of F' lead to G(z,w — m) = G(z,w)e*™
and hence Ci,(w — m) = Co(w). Thus, we obtain
F(z,w) _ ei)\a~z€i%z~w Z Co(w + m)ei)\muz‘
mezZr

We now show that C belongs to the Hermite-Bergman space H;. For that
we consider the finite integral:

P = [ PGP o) dr ey
2
Z Co(w+m>eiAm-z

— / ‘621)\a-z61)\z-w‘ .
(c2n /Z2n meZn

5¢ e—)x(u-y—v'l’)pg‘t(Q% 21)) dx du dy dv

=D / / e~ 2wt tm) | Gy (w4 ) py (29, 20) du dy d
(Cn/Zn n

mezZm

We recall the explicit formula for p} and use the fact

/ 672)\y-u€7)\ coth(2\t)y? dy =y (tanh(Q)\t))%e’\ tanh(2\t)u? )



262 B. KrOTZ, S. THANGAVELU AND Y. XU

As a result

IFIP = [ 1ot = a) U ) dsdo < o

In view of Theorem 4.5, there exists g € L?(R") such that Co(w) = e ™)
g(w + a). Let f = 7_,9. Then Proposition 4.6 implies

F(Z, 'l,U) = et)\2Vk7jf * kt(z, w, 0)
and this proves the theorem. |

Remark 4.9 Our proof of the fact that the map Tt‘Hk.

sition 4.4) is rather robust and generalizes to all discrete subgroups I' < H.
However this is not the case for our argument for the onto-ness.

is isometric (Propo-

Remark 4.10 Recall the finite group Fy._and their two representations Il

and f[k Then Tt’Hk. intertwines 11, and I1;.

Remark 4.11 The Weil-Brezin transforms Vi defined on L*(R™) has a
natural extension to the Hermite-Bergman spaces H}, A = drk. Indeed, con-
sider the operator Vi ; defined on 'H;' as follows. For F € H;\ we let

‘;}c,jF(Z, w, g) _ ez‘)\CBiAa-zez‘%z-w Z ez‘)\z-mF(w + m)
mezZm

Let us verify that the above series converges so that VM-F is well defined.
As F € H} we have

F(z)= /n F(w)K )Nz, w)UMN2)dz

since K} z,w) is the reproducing kernel. From the above we get the estimate
|F(Z)| < CK;‘(Z’ 5) < Cefktanh(%t)m?eAcoth(z)\t)gﬂ.

Therefore, the series defining f/k,jF(z,w,C) converges uniformly over com-
pact subsets and defines an entire function. Moreover, we can check that
thF(z,w, 0) belongs to B;\J. Thus de intertwines between the heat kernel
transform associated to the Hermite operator and the heat kernel transform
on the nilmanifold. More precisely, we have the following commutative dia-
gram:

LA(R™) 24 My,
]
T_ae tHN 7, T,
! l

A J 4k
H; — B;j



HEAT KERNEL TRANSFORM 2063

Let Bgr be the Bergman space described in Theorem 4.1. Combining
Theorems 4.1 and 4.7 we obtain the following.

Theorem 4.12 The image of L*(T'\H) under T} is the direct sum of all
ij’fk, k € Z. More precisely,

T(L*(P\H)) = ) Um0 Bk,

k=—o00

This is the analogue of Theorem 5.1 in [8] for the heat kernel transform
on the full Heisenberg group. As in the case of the full Heisenberg group,
the image can be written as a direct sum of three weighted Bergman spaces
if we allow the weight functions to take both positive and negative values.

Let L2(T\H) = &2, H_j and L2(T\H) = &2, Hj. Similarly define
L2(T) and L*(T) where T = R/(3Z) is the one dimensional torus. We let
B (C) (resp. B; (C)) stand for the image of L2 (T) (resp. L?(T)) under the
heat kernel transform associated to the Laplacian on T. These are weighted
Bergman spaces that correspond to the weight e~2%" which are 1 /2 periodic
in the z— variable. We define B, (I'\H¢) and B, (I'\Hc) as follows. Let W,"
and W;~ be the weight functions that appeared in [7]. They are characterised
by the conditions

/ W, (2, w,in)e® dn = X W) (2, 0)
R
for all A > 0 and
[ W w i dy = W)
R

for all A < 0.

We consider an exhaustion of I'\H defined as follows. For each positive
integer m let E,, = {z = x+iy € C" : z € [0,1)",|y|] < m} and E =
[0,1) x R. We define K,,, = E,, X E,, X E so that the union of all K,,, as m
varies over all positive integers is just I'\H. We let V*(I'\Hc¢) stand for the
space all entire functions F on C" x C" x C such that F' € L*(K,,, |W|dg)
for all m;

i [ P (g) dg < oo

m—00 Km
and F(z,w, ) € B (C) for all z,w € C". We equip V(I'\H¢) with the
sesquilinear product

(F,G)4 = lim F(g9)G(9)W, (g) dg.

m—00 K
m
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We similarly define V™ (I'\H¢). As in [8, Lemma 6.4], one shows that the
above bracket is positive definite and we define B, (I'\H¢) and B; (I'\Hgc)
as the completions of VT(I'\H¢) and V~(I'\Hc). We also define BY(T"\Hc)
to be the space described in Theorem 4.1. With these definitions we have
the following result.

Theorem 4.13
T,(L*(T\H)) = B; (T'\Hc) ® B} (T\Hc) & B (T\H).

Proof. The proof is similar to the case of the full Heisenberg group. So
we will be very sketchy. We refer to [7] for details (see Lemma 6.4 and
Theorem 6.4). First we check that the above sesquilinear product defines a
pre-Hilbert space structure. The condition F(z,w,-) € B, (C) shows that
there exists a function G(z,w,-) € L%(T) such that

F(z,w, () = /RG(Z,U),s)qt(C —s)ds

where ¢; is the Euclidean heat kernel. Therefore, up to a multiplicative
constant

/ F(Z, w, é— + ?:7])6747”’165 dg _ 6747rk:7767t(47rk)2G747rk<z7 'U))
[0,1/2)
Since W' is independent of & we have

/K F(g)PWi (g) dg

-1
:/ / Z |G747rk(z’w>|2€72(47rk)7l€*2t(47rk)2Wt+(z7,w’in) dz dw dn
EnxEmn JR

k=—o00
In view of the defining property of W, the above reduces to
-1
/ Z |G (2, w) P4 (2, w) dz dw.
mXEm g

This shows that the sesquilinear form is positive definite.

Consider the subspace L3 ((I'\H) consisting of functions in L7 (I'"\H)
with only finitely many nonzero Fourier coefficients. Then it is dense in
L% (I'\H). The proof will be complete if we can show that

Ti(L3 o(T\H)) € VH(T'\He) C T(L3 (T\H))

and the inclusions are isometric.
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Suppose F' = [ k; with f € L3 ((T\H). Then f = Z;_N fivf; € H;

for some N. Since
—t(4mj)? 4mij —4mj
fi# ka(zw, Q) = e WG w4 p i (2, 0)

where g;(x,u) = f;(z,u,0) a simple calculation shows that

lim [ [F(g)"W;"(g) dg

m—00 K.
m

-1
- Z/ . /2 19 % —amj 2 (2, w) P (2, w) dzdw
j=— 0,1)2» JR2n

-1
—¢ Y [P dedu=c [ |50 dn
=7 r

\H

This proves that T3(L3 o(I'\H)) is isometrically embedded into V*(I'\He).

To prove the inclusion V' (I'\H¢) C T3(L2 (T\H)) let us take F' € V' (T'\Hc)
and consider the representation

F(z,w,() = AG(Z,w,s)qt(g —s) ds.

The argument used to prove the positive definiteness of the inner product
on V¥ (I'\H¢) shows that G*‘“k(z w) € Bt_f‘f“k for —oo < k < —1. We can
write G4 (2, w) = ¢~ % _yzp, p; ™ (2, w) for some functions ¢~*7*. If we

define
l’ u, g Z 4mk§ 47rk {23' u)

then it follows that f * ki(z,w,() = F(z,w,() as desired. This completes
the proof. [ |
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