REV. MAT. IBEROAMERICANA 19 (2003), 1-22

Maximal functions and singular
integrals associated to polynomial

mappings of IR"

Anthony Carbery, Fulvio Ricci and James Wright

Abstract

We consider convolution operators on R" of the form

Tof(e) = | f(o~ Pu)K@Wy

where P is a polynomial defined on R™ with values in R" and K
is a smooth Calderén-Zygmund kernel on R™. A maximal operator
Mp can be constructed in a similar fashion. We discuss weak-type
1-1 estimates for Tp and Mp and the uniformity of such estimates
with respect to P. We also obtain LP-estimates for “supermaximal”
operators, defined by taking suprema over P ranging in certain classes
of polynomials of bounded degree.

1. Introduction

In this paper we continue the analysis initiated in [3] on certain analogues of
singular integral operators and maximal operators, characterized by the fact
that the ordinary difference x — t appearing in the convolution is replaced
by a rather general polynomial expression p(x,t).

In [3] we discussed the one-dimensional case, and introduced the following
operators:

(i) the maximal function

1 h
Myf(a) = sup— [ | (pla. )] dt

n>0 2h )y,
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where p(z,t) is a polynomial such that p(z,0) = = and the correspon-
ding Hilbert transform

“+oo

Hf(@) =po. [ Flo0) T

—0o0

(ii) more specifically, the “translation-invariant” operators Mpf and Hpf,
corresponding to p(x,t) = x — P(t), with P(¢) a polynomial satisfying
P(0) = 0;

(ili) the “supermaximal function”

1 [t
Mif(x) = sup sup — [ |f(x = P(0))]dt,

PeP, h>0 20 J_p,

where Py, is the space of polynomials in ¢ of degree at most k and such
that P(0) = 0, and the “superhilbert transform”

| re-ra) g

—00

T f(x) = sup

PePy

The main results of [3] can be summarized as follows:

(i) the supermaximal function My and the superhilbert transform 7, are
bounded on LP if and only if) p > k, and they are restricted weak-
type k—k ;

(ii) for an arbitrary polynomial p(x,t) of degree k in ¢, one also has boun-
dedness on LP for p > k, and restricted weak-type k-k, for M, and
H,; for each k and p < k there exist polynomials of degree k in t for
which M, and H, are unbounded on L?;

(iii) the translation-invariant operators Mp and Hp satisfy uniform weak-
type 1-1 estimates® for P € Py.

In this paper we wish to pose the same kind of questions in higher dimensions
and discuss the problems that arise.

In general, the polynomial p(x,t) must be replaced by an n-tuple of
polynomials

‘43(337?/) = (pl(m’y)7 ce ,pn(x,y))

(D'We are assuming p < oo. Clearly M is also bounded on L> and 7}, is not.
(2)That they satisfy uniform L? estimates follows by a transference argument, see [12].
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from R™ x R™ to R™ such that 9(x,0) = 0. However, we shall restrict
ourselves to the “translation-invariant” case, where B(z,y) = = — P(y) and
P is a polynomial from R™ to R™.

We must initially fix a family of (possibly non-isotropic) dilations on R™,
yr—r-y ="y, ..., Y

with A1, ..., A, > 0. Then the maximal operator Mp on R™ can be defined as

1
Mpf(x) = sup
r>0 ’BT’ ‘y|<r

|f(z—P(y))| dy ,

where the balls B, = r - By are adapted to the given dilations.

Similarly, if K is a smooth singular kernel adapted to the same dilations,
we set

Tof(a) = [ fla=PO)EGy.

It follows from a transference argument that Mp and Tp are bounded on L
for p > 1, and that the bounds are uniform for all P of a given degree [12]. So
our main concern will be about weak-type 1-1 estimates, uniformity of these
estimates with respect to P, and LP-estimates for “super”-type operators.

As we start this analysis, we immediately see certain problems and obs-
tructions that are not present in one dimension.

Among the operators included in the above discussion we have the Hil-
bert transform along the parabola

Hf(xy,mo) = /00 flxy —t, 29 —tz)% ,

and the companion maximal function. Their endpoint estimates at p = 1
are not completely understood; it is known that they map parabolic H' into
weak L' [4, 6] (see also [11]).

We shall stay away from this situation, as well as from those where the
image of R™ under P is a lower dimensional variety. For this reason we shall
always assume that m > n and that the derivative DP of P has generically®
rank n. In addition, we will impose that this regularity condition is also
satisfied by the “principal parts” of P at 0 and at infinity (as defined in
Section 2).

It is convenient to split Mp into two parts: a “local” part, M2, where
the supremum is taken only over r < 1, and a “global” part, Mp°, where

(3)Here and in the sequel, “generically” means away from a proper Zariski-closed set, in
particular almost everywhere.
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the supremum is taken over » > 1. Similarly, we will separately consider
operators T whose kernels have compact support (i.e. are singular only
at the origin), and operators Tg° with kernels that are locally smooth, and
hence singular only at infinity.

In Section 2 we discuss weak-type 1-1 estimates for singular integral ope-
rators. After a preliminary discussion of operators defined by homogeneous
polynomials, we define the “principal part” P, of P at the origin and its
“principal part” P, at infinity. The construction requires, in each of the
two cases, that an appropriate family of dilations be introduced on R™. We
prove that, if Py, is regular, the operators Tp are weak-type 1-1. Similarly,
it P, is regular, the operators T3 are weak-type 1-1.

In Section 3 we focus on maximal operators. After stating parallel results
to those in Section 1 for the maximal operators M and Mg, we restrict
ourselves to m = n, and discuss uniformity of the weak-type 1-1 estimates.

This requires a quantitative formulation of the non-degeneracy condition.
We fix at this point two families of dilations on R", regarded respectively as
the domain and the codomain of P. For fixed k € N and o € (0,1), we take
the class 73,870 of all polynomials of degree at most k£, whose principal part
at the origin is regular and homogeneous with repect to the given dilations,
and such that the image under P of a ball of radius » < 1 (which will be
contained in a ball of radius ¢r) for some ¢ > 0, covers at least a portion o
of this containing ball.

We then prove that the weak 1-1 estimate for for M} are uniform for
P € P},. Similar classes P;°, can be defined in order to obtain a similar
result for Mp°. Corresponding results —whose details we omit— also hold
for singular integrals.

We are not able to say if the estimates blow up as o tends to zero.
This question is clearly related to the open problem of determining whether
maximal operators along parabolas or other lower dimensional polynomial
manifolds are weak-type 1-1.

In Section 4 we consider supermaximal functions, once again in the set-
ting m = n. Here we see an obstruction that forces us to impose, once again,
some non-degeneracy condition on the admissible polynomials.

Suppose we take a class P of polynomials from R™ to itself containing
all linear functions, and define

1
Mp f(z) = supsup
Pep r>0 | Byl

/Br|f(a:—P(t))|dt.

Then this operator dominates the Kakeya maximal operator, which is known
to be bounded only on L*°.
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The quantitative non-degeneracy conditions that we need here are slight-
ly weaker that the ones described before. We simply impose that the image
of a ball of radius r is contained in a ball of radius r/, depending only on P
and r, and covers at least a portion ¢ of this ball.

The corresponding supermaximal operator, that we call M, is then
bounded on L? for p > n(k—1)+1 and restricted weak-type at this endpoint.

One would expect that this result can be improved if the class of admis-
sible polynomials is further restricted. In Section 5 we consider holomorphic
polynomials P of degree at most k& from C = R? to itself, and show that
the corresponding supermaximal operator is bounded on L? for p > k and
restricted weak-type k—k. We plan to return to the matters of supersin-
gular integrals and uniform weak-type 1-1 estimates of singular integrals
associated to holomorphic polynomials in a future paper.

Finally, in Section 6 we comment briefly on the case where the difference
x—P(y) in the definition of our operators is replaced by the product z-P(y) !
in a nilpotent group law.

We thank Paolo Valabrega for assistance with the algebraic aspects of
and Michael Singer for helpful remarks on the proof of Lemma 3.2. We also
thank Eli Stein for helpful discussions concerning the remarks in Section 6.

2. Weak-type estimates for singular integrals
Consider a set of dilations on R™,

y;—>r-y:(7‘)‘1y1,...,r’\’"ym),

with Aq,..., A\, > 0. We shall denote by ) = A\; + --- + \,, the associated
homogeneous dimension of R™, and by |y| a homogeneous gauge (to be
distinguished from the Euclidean norm |[y||).

Take next a family {¢;(y)} ., of C'-functions that are supported on

jez
the set where 1 < |y| < 4, have mean value zero and uniformly bounded
Cl-norms.

Then the series
(2.1) > 27 %27 - y)
jEZ
converges in S'(R™) to a distribution that coincides with a C*-function away
from the origin.

We shall call any distribution that is the sum of a series as in (2.1) a
smooth Calderén-Zygmund kernel adapted to the given dilations. It can be
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shown that this class of kernels includes, for instance, all the homogeneous
distributions of degree —(Q + iy for some real v that are C' away from
the origin (see e.g. [7] for related results in the context of multi-parameter
dilations).

Given a smooth Calderén-Zygmund kernel as above and an n-tuple

P(y) = (p1(y),---.pa(y))

of polynomials on R™, we construct the operator

2.2 Tfa) = [ fo- PW)K@y,

acting on functions defined on R".

We need two technical lemmas. The first concerns scalar-valued polyno-
mials, and it can be found in [8].

Lemma 2.1 Let p(x) =) a,x® be a (scalar-valued) polynomial of degree
k. Then |p|=° is locally integrable for 6 < 1/k and

[ as <o)

Definition. We say that a polynomial P : R™ — R" is regular if the
Jacobian DP of P has generically rank n.

This obviously requires that n < m.

If J, are the minors of order n of DP, we call Jp(y) = (3, Jf(y))%.
Observe that J3 is a polynomial, and if the p; have degree at most k, then
the degree of J3 is at most M = 2n(k — 1).

The details of the proof of Proposition 2.1 in [9] give us the next lemma.

Lemma 2.2 Let P be a reqular polynomial. If ¢ is a C'-function supported
on the unit ball in R™, let u be the measure on R™ defined by

5 f(x) dp(z) = /m F(PW)e(y)dy .

Then du(x) = ¢ (x) dz, where 1 is integrable and, for every § < m,

(2.3) / (a + 1) — ()| dz < Ct)? / To(y) 2 dy |

lyl<1

where the constant C' depends only on &, on the C*-norm of ¢ and on the
C?-norm of P on the unit ball.
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We go back now to the operator (2.2). We first consider the case where the
function P is homogeneous, in the sense that there are dilations on R"

xr—rox = (rzy,... rfx,),
such that P(r-y) =ro P(y).

Theorem 2.3 Assume that P is homogeneous and reqular, and that K 1is
a smooth Calderdn-Zygmund kernel. Then the operator T in (2.2) can be
written as

Tf@)= | Sl a)K )

where K' is a “rough” Calderdn-Zygmund kernel, in the sense that it satisfies
the standard integral condition

(2.4) AMH |K'(z —t) — K'(z)| dz < C',

for some constants A,C' > 0. Hence T is bounded on LP for 1 < p < oo and
weak-type 1-1.

Proof. Decompose T'= )., T;, where

=/

Tf(@) = [ = Pw)2 Y@ g)dy= [ Fe-2oPw)eiw)dy.

m

It follows from Lemmas 2.1 and 2.2 that
(2.5) | aPu)ewidr= | g

where the 9, are supported on a fixed compact set and satisfy uniform
Lipschitz estimates

[liste =)= vy do < el

Hence,
Tif(x) = / flz=2od () da' = | flw—a")27 9927 o'y da’
n Rn
if ()’ is the homogeneous dimension of R™.
Observe that taking g = 1 in (2.5) shows that the ¢, have mean value
Z€ero.

It is now a standard argument to show that the sum >, 2R (27T ox)
satisfies (2.4) and that the T} are almost orthogonal, so that 7" is bounded
on L?. Boundedness on L? and weak-type 1-1 then follows by standard
Calderén-Zygmund theory. [ |
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Remark. As we mentioned in the Introduction, the fact that 7" is bounded
on LP for 1 < p < oo also follows by a transference argument [12]. This
argument also applies to polynomials P that are not regular nor homoge-
neous, and it gives uniform bounds, for fixed p, over all polynomials of a
given degree.

Consider now a polynomial
P = (pla"'apn) R — R” )

and write

(2.6) P(y) =) vay”,

(07

where the o are multi-indices and the coefficients v, are in R".

If d(e) = 377", Aja; is the non-isotropic degree of the monomial y®, let
dy < dy < --- < dj be the different non-isotropic degrees of the various
monomials of P.

For 1 < j <k, define
(2.7) V; = span{v, : d(o) < d;} .
If we also set Vy = {0} and Vi1 = R™, the V; form a filtration of R", i.e.
{oycvichC---CVCR".
For 1 <j <k+1, decompose V; as V;_; @ W, so that
Vi=WioWyd--- oW, ,

and let Ty, denote the projection operator on W; relative to this decompo-
sition. Define

(2.8) Fyly) = Z vy + Z T, (Va)y™ + -+ Z T, (Va)y™
d(e)=dy,

d(a)=d d(a)=ds
Then Fy is homogeneous, if we introduce the following dilations on R™:
(2.9) r—rox=rmya+-+rhiimg o

(if Vi # R™, dy41 can be defined arbitrarily).
Observe that

(2.10) Py(y) =limrto P(r-y) .

r—0

We call Py the principal part of P at 0.
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Definition. We say that P is non-degenerate at 0 if Py is a regular polyno-
maal.

We must check that this is a good definition, because F, depends on
the choice of the complementary subspaces W; (observe that the V; are
intrinsically defined, once P and the dilations on R™ are assigned, but the
W; are not). Consider therefore a different family {W;} of complementary
subspaces of V;_; in V.

Observe that, for v € Vj, TV = Ty (mw,v), and that T is a bijection
from W; to W. Therefore the map A : R" — R" such that A|W, Tw! is

invertible.

If

Poy)= > vay™+ > mwgwa)y® - Y mwy(va)y”

d(a)=d1 d(a)=d2 d(a)=dy

then Pj(y) = AFPy(y). We conclude that DPj(y) has the same rank as
DFy(y).

The following statement provides a more intrinsic understanding of non-
degenerate poynomials at 0; it also shows that P, is unique modulo semi-
trivial transformations.

Proposition 2.4 Let v — r e x be a family of dilations on R™ such that

lim 7" & P(r-y) = Qo(y)

r—0

exists for every y and defines a reqular polynomial. Then there is an inver-
tible linear transformation A of R™ such that, if Py and the V; are defined
by (2.8) and (2.7) respectively, then

(i) Qo(y) = APy(y);
(ii) A maps each V; onto itself;
(iii) r o (Av) = A(r ow);

Proof. Let W} be the eigenspaces for the given dilations, so that, for v € W7,
rev =rtvand p; < pjq for every j. Then

(211) .P T y ZZ —pj+d(a) Tw Ua)y

We Cal]. ‘/j/ - ®]/§] V[/ty{/.
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By hypothesis, y1; < d(a) whenever my(va) # 0. Also,

Q)= > mwilva)y” .

J ad(a)=p

The fact that Qg is regular implies that its coefficients span R"™. It follows
that all the p1; are non-isotropic degrees of monomials of P and that W, =
span{my(va) : d(a) = p;}.

Since va € B, <g(a) W, we also have that V} = span{v, @ d(a) < p;}.
This means that each V}/ coincides with one of the V.

We want to see that every V; is one of the V;. Assume that this is not
true. Then, for some k,

V}/:VkCVkHCV}/H-

In particular, p1; = dy < digi1 < ptj41. Let then o be a multi-index of degree
dj1 such that v, € V}, = Vj’ . Then v, has a non-trivial component in WJ’ 41
But this implies that p;41 < d(a) = dg11, which is a contradiction.

A similar argument also shows that if Vj, Viiq, ..., Vg, are all the Vs
that coincide with a given VJ, then p; = d,. In fact, if we had p; = dyyy, with
k > 1, take a with d(a) = d; such that v, ¢ V/ ;. Then v, would have a
non-zero component in WJ’ , so that p; < d,, which is again a contradiction.

These considerations lead us to the following conclusion: if among the
W, we select the non-trivial ones, Wy, ,Wy,,..., with {; < ¢y < ---, then
pj = dg; and Vi = V..

Define A by imposing that A, = my,. Properties (i), (ii) and (iii) are
J

now easy to check. [ |

Remark. Our construction of P, is very close to the construction in [10];
it also applies to real-analytic functions on a neighbourhood of 0.

Theorem 2.5 Let K be a smooth Calderon-Zygmund kernel on R™ adapted
to a given set of dilations and with compact support. Let P : R™ — R"™ be
a polynomial that is non-degenerate at 0. Then the operator T in (2.2) can
be written as
Tf(x)= [ flz—2)K'(2')dx',
R’I’L

where K' is a “rough” Calderon-Zygmund kernel with compact support,
adapted to the dilations (2.9) and which satisfies the standard integral con-
dition (2.4). Hence T is bounded on LP for 1 < p < oo and weak-type 1-1.
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Proof. We can write K as

> 2 Y27 y) +(y)

J<0

with the ¢; as in (2.1) and with 7 a smooth function with compact support
(which can be disregarded). As in the proof of Theorem 2.3, we decompose
T as the sum ), Tj, with

ij(x)=/mf(x—P(y))Tstoj(?‘j-y)dy=/ flz=P(2-y))p;(y)dy .

m

If we set PU)(y) =277 0 P(27 - y), then
Tf(@) = [ Fa=Y 0 POw)esw)dy

Observe that PU)(y) = Py(y)+Q;(y), where the coefficients of Q; are O(2%7),
as j — —oo, for some € > 0. Since F, is regular, it easily follows that, for
every j, DPU) has rank n for generic v.

By Lemma 2.2, there exist integrable functions ; such that

| aPO@eswdy = [ gtwpvya)da.

n

The support of 1; is contained in the image, under P\ of the ball of radius
4. Since the coefficients of the P are uniformly bounded for j < 0, the v,
are all supported on the same ball.

As the C?-norms of the PY) are also uniformly bounded for j < 0,
the bounds for the L'-Lipschitz estimates on the t; will only depend on
f‘y|<4 Jpi (y)~2 dy, by Lemma 2.2. Since Py # 0, Lemma 2.1 implies that
these quantities are also uniformly bounded for j < 0. The conclusion
follows as in the proof of Theorem 2.3. [ |

The principal part at infinity of the polynomial in (2.6) is defined in a
similar way. For 1 < j <k, let

‘7j = span{v, : d(a) > d;} .
Then the XZ form a descending filtration of R", i.e.

{0} cViCVi C---CV, CR”.
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For 0 < j <k, decompose V] as ‘7j+1 @ﬁ/j, so that

‘/j:f\/f/j@”'@f\/ffk .
Define
Poly)= D v+ D @)yt + 4 Y m (va)y”
d(a)=dy, d(a)=dj,— d(a)=dy
Then P, is homogeneous with respect to the dilations on R™:
(2.12) J}l—>TOI:TdO7TWOZE+"'+T’dk7TWkI :
and
Po(y) = lim r ' e P(r-y) .

Definition. We say that P is non-degenerate at infinity if Py is a reqular
polynomial.

Theorem 2.6 Let K be a smooth Calderon-Zygmund kernel on R™ adapted
to a given set of dilations and supported away from the origin. Let P :
R™ — R™ be a polynomial that is non-degenerate at infinity. Then the
operator T in (2.2) can be written as

Ti@)= [ flo—2)K'(a)da'

Rn

where K' is a “rough” Calderdn-Zygmund kernel, adapted to the dilations
(2.12), locally integrable, and which satisfies the standard integral condition
(2.4). Hence T is bounded on LP for 1 < p < co and weak-type 1-1.

The proof is essentially the same as that of Theorem 2.5.

3. Maximal functions

Theorem 2.5 and 2.6 have their companion maximal theorems.
Theorem 3.1 Let P : R™ — R" be non-degenerate at (. Then the mazi-

mal operator

(3.1) MOf(z) = sup —

o<r<t | Byl Jpy<r

|f(z = P(y))| dy

18 weak type 1-1.
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Proof. Restricting the supremum to r = 2/, j < 0, and introducing a
positive smooth cutoff function in the integrals, then

M f(x) < ngg/}f(:c—?op(”(y))}w(y) dy = sgg/\f(x—Qjox’)!wj(w') da’,

where the 9; have uniformly bounded supports and integral Lipschitz norms.
The conclusion follows from weak-type vector-valued inequalities (see [12]
page 80). [ |

In the same way one shows that if P is non-degenerate at oo, the maximal
operator M, defined by taking the supremum in (3.1) over r > 1, is also
weak type 1-1.

Turning now to matters of uniformity, we may observe that, because of
(2.3), the weak 1-1 estimates on M} are uniform in P, as long as there are
0, ¢, > 0 such that for each j

(3.2) PY(B,) C B, , Jpi(y) P dy < .

B1
When m = n it turns out that we can recast this condition in a more readily
verifiable form, for which we need some preliminary lemmas. Both of these
lemmas also play a role in Section 4. The first lemma involves rather refined
considerations related to Bézout’s theorem (see [5], p.223).

Lemma 3.2 Let P = (p1,pa, - .-, Pn) : R" — R™ be a polynomial, such that
Jp = det DP is not identically zero. Let degp; = m; and M = mymg - --m,,.
Then there are M open subsets Ay, As, ..., Ay of R™ such that

i) the A; are pairwise disjoint and they cover R™ except for a set o
J ) Yy
measure zero;

(1t) the restriction of P to A; is a diffeomorphism with its image.

Proof. Call E = {z : Jp(z) =0} C R"and E = {(z, P(z)) : 2 € E} C R*".
Then F is an algebraic scheme (i.e. a finite union of algebraic varieties) of
dimension strictly smaller than n. It follows from the Tarski-Seidenberg
theorem that P(E) = m(E) is a semi-algebraic subset of R” of dimension
strictly smaller than n, and such is also its Zariski closure E' in R™ (see [1]
pp. 45, 46). It follows that E’ is closed also in the Euclidean topology and
that |E'| = 0.

Let y = (Y1,%2,...,Yn) & E'; we claim that the set P~!(y) contains at
most M points. In order to see this, let P the natural extension of P to a
function from C" to C", and call

My~ <1 Zn mj
qi(20, 21, 20) =20 ' Dj | —, s — ) — Y20 -
20 20
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Let V; be the subscheme of the complex projective space P¢ determined
by the equation ¢; = 0. Since C is algebraically closed, each irreducible
component of V; has dimension n — 1 at least. If, on the other hand, one
component had dimension n, then p; would be constant, contradicting the
assumption that Jp is not identically zero. It follows that V; is a pure
dimensional subscheme of dimension n — 1 and degree m;.

Let ¢ denote the immersion of C" into P{ given by
o210y 20) =C(1, 21, ...y 2p)

If z € P~1(y) C R, then Jp(z) # 0, so that z is isolated in P~1(y) c C™.
It follows that ¢(z) is isolated in (;_, Vj. Hence each element in (P~ (y))
is an irreducible component of ﬂ?;l V; of degree greater than or equal to 1.
By Bézout’s theorem,

#(P () < > deg({z}) <M.
)

zeP~1(y

Let now E” = P7Y(E’). Then E” is closed (in the Zariski and hence
in the Euclidean topology) and is a proper subset of R™ (otherwise, we
would have P(R") = E’, which contradicts the assumption that Jp is not
identically zero). Hence |E"| = 0.

The map P : R\ E” — R"\ E’ is a local diffeomorphism at each
point of its domain and at most M-to-one. Any point y € R™\ E’ has a
neighbourhood By, such that P~1(U,) is the disjoint union of neighbourhoods
Ui,..., U, of the elements z1,...,2, € P~ (y), (¢ < M), and P : U; — B,
is a diffeomorphism.

If the B, have been chosen from a countable basis of balls, a simple
inductive construction shows that we can reduce ourselves to the following
situation: R™\ E' is covered, up to a set of measure zero, by open subsets B
that are pairwise disjoint and, in addition, P‘l(Bé-) is the disjoint union of at
most M open sets U], ..., U]’.7qj such that P : U, — Bj is a diffeomorphism
for every 1, j.

It is also easy to see that the U}, cover R™\ E” up to a set F' of measure
zero. If it were not so, let zy be a point of positive density in F'. If W is a
neighbourhood of z(, then we would have

| P(WNF)|= /WOF|JP(90)|d:U >0,

contradicting the fact that P(F) is disjoint from each Bj.
We now set A; = Uj U, fori=1,2,..., M and this concludes the proof. B
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The second lemma sharpens Lemma 2.1 and is a direct consequence of
Theorem 7.1 in [2].

Lemma 3.3 Let p(z) be a (scalar-valued) polynomial on R™ with degp < d.
There is a constant Cy, depending only on d, such that

ol/d

(i Jo Ip(e) )"

Proof. By scaling, we may assume that » = 1 and that fBl |p(x)| dx = 1.
By equivalence of norms on a finite dimensional space, there are constants
c; and ¢, depending only on d, such that |p(z)| < ¢ for x € B; and
infp, |0°p| > ¢y for some multi-index 3 with 0 < |3] < d.

Then the estimate is trivial for « > ¢;. For o < ¢;, Theorem 7.1 in [2]
implies that

1

33 1g]

[{z € B, : |p(z)] <a}| < Cy

[{z € By : p(z)| < a}| < Cy a1l

which easily gives the required estimate. |

Condition (3.3) is the end-point (non-isotropic) version of Corollary 3
in [8], stating that polynomials of degree at most d are uniformly in A, for
p>d+ 1.

This uniform A,-condition tells us that condition (3.2) is implied, for ¢
small enough, by the following:

(3.2") PY(B)) C B, , / Jpi(y)dy > ¢
By

At this point we concentrate our attention on the case m = n, where we can
give a neater form to (3.2°): in fact, as a consequence of Lemma 3.2,

/ Jpo (y) dy ~ ’P(j)(Bl)‘ .
By

Suppose that two families of dilations on R™ have been fixed, together
with two corresponding homogeneous gauges, and call B, and B, the res-
pective non-isotropic balls.

Given an integer k and a number ¢, 0 < o < 1, let P, be the class of
polynomials P : R" — R”™ such that P(0) = 0, degP < k, and moreover
there is ¢ = ¢(P) > 0 such that
(3.4) P(B,) C B.

cr )

|P(B,)| > 0|B.,|, for0<r<1.
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Theorem 3.4 Let P € 77,870, for some fixed pair of families of dilations.
Then P is non-degenerate at 0, and the weak type 1-1 bound for My depends
only on k and o.

Proof. Let -, e denote the dilations in the domain and the codomain of P
respectively. To begin with, observe that replacing P by ¢! e P does not
alter the norm of MY. Hence we can assume that ¢ =1 in (3.4).

Let P.(y) = r~'eP(r-y). The first inequality in (3.4) implies that the P,
are uniformly bounded for » < 1. Therefore there is a sequence r,, — 0 such
that P, tends to some homogeneous polynomial (). The second inequality
in (3.4) tells us that @ is regular. By Proposition 2.4, P is non-degenerate
at 0.

Now, as we have already observed, (3.4) and Lemma 3.2 imply (3.27),
which, combined with the uniform A, condition, gives (3.2). |

We remark that every P that is non-degenerate at 0 belongs to some
class 77,870 for appropriate dilations.

Defining classes Pg5, in a similar fashion, we obtain uniform bounds
for the operators Mp°. The details are left to the reader, as well as the
formulation of similar results for singular integrals.

4. Supermaximal functions

We switch now our attention to supermaximal functions. As in [3], these are
defined by taking a supremum not only in r for a fixed P, but also over P
ranging in a given class of polynomials. We keep the assumption that m = n.

It is convenient at this point to introduce new classes Qy, ,, consisting of
polynomials from R to itself, of degree at most k, with P(0) = 0, and such
that for every r > 0 there is ' = 7/(P,r) > 0 for which

(4.1) P(B,) C Bl , |P(B,)| > o|B| .
Clearly, P, C Qi

Theorem 4.1 Define

1
My f(x) = sup
T’>O,P€Qk,cr |B7" By-

|f(z— P(2'))] da’ .

Then My, is bounded on LP for p > p=n(k—1)+ 1 and is restricted weak
type p —p-
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Remark. In dimension 1, let P, consist of all polynomials of degree at most
k which vanish at the origin. Then Qy /2 = Py, because, if (—r',r’) is the
smallest interval containing P(—r,r), then this set contains at least one of
the two halves of the interval. This shows that Theorem 2.1 of [3] is the
special case n = 1 of Theorem 4.1.

The proof of Theorem 4.1 follows the same lines as that of Theorem 2.1
in [3]. We emphasize those points where modifications are needed®.
Proof. It is sufficient to prove that My, is restricted weak type p—p.

Take f = xg, the characteristic function of a set S, and P € 9y ,. Then
Jp is not identically zero. We can then apply Lemma 3.2. Let M and A; be
as above and observe that M < k™. We have

M

1 1 1
flz = P@))dd" = / f@—y) oy
| B, | B, ( ) | B, | ; P(A;NB;) ‘JP<P(j)1(y))|
(42) = [ - vstw)ay.
P(B,)
where P(;)l denotes the inverse function of P Ay and
1 1

9(y) ))‘xmmr)(y) :

Bl = [Ip (PG (v

As in [3], we obtain that

: pay)” 1/p
s <|P<BT>} iy &Y dy) "1 PB| gl s -
By (4.1),
: PR B BT
‘P(Br)‘/P(BT)f(x_y) dy < o|B.] 2, (z —y)dy
-y < Luirye)

where M(f?) is the Hardy-Littlewood maximal function of f?.

(YWe take this opportunity to point out two minor errors in [3], at the bottom of
page 123 and at the top of page 124 respectively. The proof that follows provides the
appropriate corrections.
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Counsider the set

M
B,
v e P - lo(w) > 3y € v e PeanB) - n(B5t ) [ > 2L
j=1
Then
M
y € P(B,):]g(u)| > A} < / “
q W= 2 v e (i)t
M
_ Z/ | Jp(z)| dz
o {IeAijr:|JP($)|<%}

M M

By Lemma 3.3, observing that degJp < n(k —1) =p — 1,
BT 31 (7)) ) VP

Since [, |Jp(x)|dz > |P(B,)], we have

(45 |[{weB |

(4.6) ) < Ck|P(BT)‘—1/ﬁ .

HgHLﬁ’,oo (P(Br
Finally, putting together (4.2), (4.4) and (4.6), we have

1
B[ /B,

f(x — P(x')) dz' < C’k,g(./\/lfﬁ)l/ﬁ(x) ,

whence -

Mk,of(x) S Ck,a(pr)l/p<x) .
The conclusion follows from the weak-type 1-1 estimate for the Hardy-
Littlewood maximal function. [ |

5. Holomorphic polynomials in C

We do not know if the exponent p = n(k — 1) 4+ 1 in Theorem 4.1 is sharp.
However, it is quite possible to have positive results for p < p if the class
Qr.» of admissible polynomials is replaced by a proper subclass.

We discuss here the situation where n = 2, R? is identified with C (with
isotropic dilations both in the domain and in the codomain), and the poly-
nomials are assumed to be holomorphic.

We then call ‘Hj, the class of holomorphic polynomials P on C of degree
at most k£ and such that P(0) = 0.
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Lemma 5.1 For every k there is o, > 0 such that Hy C Qk o, -

Proof. If P(z) = Z?Zl a;z!, then P(B,) C B, with r’ = Z§:1 laj|r?. On
the other hand,

k
1
’P(BTM > E/K |P’ |2dz— Z |a |2 27 >CkT ,

by the orthogonality of monomials in L?(B,). [ |
Theorem 5.2 The supermaximal operator
Mf(z) = sup L/ |f(z = P(2))|d’
>0, Perty |Br| Ji,
1s bounded on LP for p > k and restricted weak-type k—k.

The proof is based on the following improvement of Lemma 3.3 in the context
of holomorphic polynomials.

Lemma 5.3 Let q be a holomorphic polynomial of degree less than or equal
tod. Then

|BT|1+1/da2/d

(Ji la(2)dz) "

Proof. We can assume that q has degree d and, modulo a change of scale,
that » = 1 and fB lg(2)|?dz = 1. Arguing as in [8], there is zy € B; such
that |q(z0)] > ¢, where ¢ only depends on d. Let zi, ..., z4 be the (possibly
repeated) roots of g. Then

lq(2)| >

{zeB :qz)| <a}| <Cy

—CH |z — 2]
|ZU_Z]|

Hence
d

{z€B;:|q(z)| <a} C U {z€B:]z—2z< V| — |} -
j=1

We can consider only small values of «, so that if |z;| > 10, the corresponding
set on the right-hand side is empty. Therefore,

{z€Bi:|qz) <a}| < Z |{zEBl:\z—zj|<c’1/da1/d|z0—zj]}‘

j:‘2j|<10
S Cd 042/d . u

The proof of Theorem 5.2 now follows the same lines as that of Theorem 4.1.
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It is natural at this point to look for an analogue of Theorem 3 in [3], viz.
the uniform weak-type 1-1 estimates for the maximal functions associated
to polynomials in Hj,. Such a result is not contained in Theorem 3.4, due to
the fact that H;, is not a finite union of classes 73,8’(, or Prs,.

On the other hand, the proof of Theorem 3 in [3] relies on the comparison
between the size of a polynomial and that of its derivative away from the
zeroes of the polynomial itself. It is not surprising that such estimates are
valid not only on the real axis, but on the whole complex plane. We report
the relevant part of the statement of Lemma 2.5 in [3], leaving the minor
modifications required in the proof to the reader.

Lemma 5.4 Let P € H;, with leading coefficient 1, and with roots z; =
0, 29,...,2, ordered so that

0=z < |z < <zl -

There are constants c(k) > 1 and (k) > 0, depending only on k, such that
if A> c(k) and j, ¢ are such that ¢ —j > 3 and

2,| < AT < A" < |2,44]

for some v, then, for AIT1 < |z| < AL

1\F1 ) 1\F1 )
G (1= ) Tzl lad |27 < [P < {14 5 ) lavsal - lal 27

(5.2)

Theorem 5.5 Let P € Hy,. Then

Mpf(z) = supﬁ/B |f(z = P(2))|d’

r>0

18 weak-type 1-1 with bounds that depend only on k.

For the proof, see Lemma 3.8 and Theorem 3.9 in [3]. The only modification
consists in the observation that the annulus where A7*! < |z| < A1 can
be decomposed as the union of at most k regions where P is one-to-one.



MAXIMAL FUNCTIONS AND SINGULAR INTEGRALS 21

6. Comments on extensions to nilpotent Lie groups

Assume now that R” (i.e. the codomain of P) is endowed with a nilpotent Lie
group structure, and that the product of two elements x and 2’ is expressed
by polynomials in z and 2z’ (e.g. in canonical coordinates of some kind).
We can then modify the above definitions of maximal and singular integral
operators by substituting the difference  — P(y) with the product z- P(y) ™.

Then all the arguments given in the previous sections apply, as long as
the dilations on R™ that are involved are group automorphisms. This is a
rather severe restriction, and it is natural to ask if it can be removed.

In order to see that this is not a trivial question, consider the following
simple example: P is the identity map from R?"*! to the Heisenberg group
H,,, and we have isotropic dilations on the domain space. We can then ask if
the “isotropic” Hardy-Littlewood maximal function on H,, is weak-type 1-1.

Isotropic dilations are not group automorphisms, but the “parabolic”
dilations (z,t) — (rz,7?t) are (here z € R?" and ¢t € R). So, the isotropic
Hardy-Littlewood maximal function can be rescaled by means of the parab-
olic dilations, and it preserves all its boundedness properties. In the limit,
we obtain the maximal function along the z-plane:

M f(z,t) = sup 7"_2”/ 1f((z,) - (w,0)7")] dw .
r>0 Jw|<r

If we then knew that the isotropic Hardy-Littlewood maximal function is
weak-type 1-1 on H,,, then we would also know that M is weak-type 1-1.
But this problem is of the same nature as the weak-type 1-1 boundedness
problem for the maximal function along the parabola in the plane, because
the z-plane in H, is a “curved” surface (e.g. it has non-zero rotational
curvature, [12]).
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