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Abstract

Some new types of limit theorems for topological group-valued mea-
sures are proved in the context of filter convergence for suitable classes
of filters. We investigate (s)-boundedness, o-additivity and regular-
ity properties of topological group-valued measures. We consider also
Schur-type theorems, using the sliding hump technique, and prove some
convergence theorems in the particular case of positive measures. We
deal with the notion of uniform filter exhaustiveness, by means of which
we prove some theorems on existence of the limit measure, some other
kinds of limit theorems and their equivalence, using known results on ex-
istence of countably additive restrictions of strongly bounded measures.
Furthermore we pose some open problems.
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1 Introduction

The theory of filter convergence has been the object of several recent studies.
The concept of filter convergence was introduced in [44]. An interesting case of
filter convergence is the statistical convergence, introduced by H. Fast ([43]),
H. Steinhaus ([52]) and I. Schoenberg ([48]). These topics have been several
applications in the very recent literature (see also [26, 31, 39, 40]). Among
them we recall, for instance, Functional Analysis (see for instance [2, 8, 9, 20,
21, 23, 24, 25]), Approximation Theory of positive operators, signal sampling,
image and audio-video reconstruction (see also [4, 5, 12, 13, 16, 27]).

This paper is a free continuation of the research initiated in [14], where
some aspects of filter convergence of sequences of topological group-valued
measures are investigated. Here we deal with topological group-valued mea-
sures. Among the studies in the classical case we quote, for instance, [35, 41,
42]. In [35, 42] there are also some results about equivalence between classi-
cal versions of limit theorems. A survey on the literature about these topics
can be found in [36] and in the bibliography therein. In [14] some Nikodym
and Brooks-Jewett-type theorems are given with respect to filter convergence
for topological group-valued measures. Here we give different types of limit
theorems in this framework. In general, it is impossible to obtain results anal-
ogous to the classical ones, even for positive real-valued measures (see also [20,
Example 3.4], [22, Remark 3.8]). Different versions of such kind of theorems
are established in [2] for real-valued measures and [21, 22] for (£)-group-valued
measures. We deal with some basic properties of filter convergence and topo-
logical group-valued measures and some relations between them, and prove
some Schur-type and limit theorems. As a particular case, we consider posi-
tive measures, and in this context we give some limit theorems by considering
a larger class of filters. Some topics about topological groups can be found,
for instance, in [33, 47].

Observe that, in the context of topological groups, it is sufficient to deal
with a suitable basis of neighborhoods of zero, which allows us to give a direct
approach to our theorems. Similar results are proved in [21] in the context of
(£)-groups and Riesz spaces, where one considers order sequences or regulators,
playing a role similar to that of neighborhoods of zero. In lattice groups, among
the more frequently used tools we recall the Fremlin lemma, which allows to
replace countably many regulators by a single one and is useful in particular in
matrix-diagonal processes (see also [1, 20]), and the Maeda-Ogasawara-Vulikh
representation theorem, by means to which several properties of lattice group-
valued measures can be studied, by investigating the corresponding ones of
real-valued measures.
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In the setting of topological groups it is possible to use different techniques,
since we deal with a different kind of structure. To prove equivalence results
between filter limit theorems, we apply some results about existence of suitable
o-additive restrictions of (s)-bounded measures, like in [41, 42], and without
considering the Stone Isomorphism technique, though it is possible to get
Stone-type extensions also for (s)-bounded topological group-valued measures
(see also [49, 50]). In the lattice group setting (see [15]) it is dealt with the
Stone extensions, since the nature of the convergence in such groups is not
necessarily topological, and hence it is not advisable to argue with o-additive
restrictions. However, the Drewnowski-type technique here used is in general
easier to handle than the Stone Isomorphism technique. Finally, we pose some
open problems.

2 Preliminaries

We begin with recalling the basic properties of filters.

Let Z # () be any set. A filter F of Z is a nonempty collection of subsets
of Z with § € F, AN B € F whenever A, B € F, and such that for each
Ae Fand B D A weget BeF. Afilter of Z is said to be free iff it contains
the Fréchet filter F.og, of all cofinite subsets of Z.

Let @ be a countable set and F be a filter of ). A subset of Q is F-
stationary iff it has nonempty intersection with every element of 7. We denote
by F* the family of all F-stationary subsets of Q. If I € F*, then the trace
F(I) of Fon I is the family {FNI:F € F}.

Observe that F(I) is a filter of I. Indeed, if Fy, F» € F(I), then (F; N
B)ynI=(FnNnI)n(F,nI) e F,and hence Fy N Fy € F(I).

Let now F € Fand FNI C F' C I, and set F* := F' UF: then F* €¢ F
and F*NT D FNI. It is easy to see that F/ C F* N I. To prove the converse
inclusion, note that F*NI = (F'NI)U(FNI) C F'. Hence, F' = F*NI € F(I),
and thus we get the claim.

A free filter F of N is a P-filter iff for every sequence (A,,), in F there is
a sequence (B,,), in F, such that the symmetric difference A, AB,, is finite

for all n € N and ﬂBne}‘.
n=1
A filter F of @ is said to be diagonal iff for every sequence (A,,), in F and
for each I € F* there exists a set J C I, J € F* such that the set J \ A, is
finite for all n € N (see also [21, 22]).

Remark 2.1. Observe that every P-filter F is diagonal. Indeed, let (Ay)n
be a sequence in F and I € F*. As F is a P-filter, then by [3, Proposition 1]
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there exists Jy € F, with the property that Jy \ 4, is finite for every n € N.
We claim that J := I N Jy € F*. Indeed, if E is any element of F, then
JoNE € F. So,as [ € F*, weget ) £ INJyNE=JN E. By arbitrariness
of £, J € F*, and thus we get the claim. Therefore, the set J satisfies the
condition requested in the definition of diagonal filter.

From now on F denotes a free filter of N, R = (R,+) is a Hausdorff
complete abelian topological group satisfying the first axiom of countability,
with neutral element 0, and J(0) denotes a basis of closed and symmetric
neighborhoods of 0 (see also [28, 29, 30]). Moreover, given k € N and U,
Up,...., U CR,pwt Uy +-- - + Uy := {UlJr...Jr’UJk: up € Uy, ... ug € Uk},
and kU :=U +---+ U (k times).

A sequence (), in R F-converges to xg € R iff for every U € J(0),
{neN:z, —xg € U} € F, and we write (F) li}ln Zpn = xo. Moreover, we say
that a sequence (B,,), of subsets of R F-converges to 0 iff for each U € J(0)
the set {n € N: B,, C U} belongs to F, and we write (F) lirrln B,, = 0. We say

that lim x,, = zo (resp. lim B,, = 0) iff (Feofin) limz,, = xq

(resp. (Feofin)lim B, = 0). Furthermore, we denote by Z B,, the set of all

n=1

elements b € R of the type b = Zbk = limZbk as by varies in By, k € N.
k=1 k=1

Note that the F-limit is unique, since R is Hausdorff (see also [45]).

Observe that filter convergence satisfies the following property.

(U) If each subsequence of a given sequence (z,), has a sub-subsequence
which F-converges to xg, then (F)limz, = zo.
n

Otherwise, there exist U € J(0) with Z(U) :={neN:xz, —axg €U} & F.
Since F is free, the set Y(U) := N\ Z(U) is infinite, say Y(U) := {n; <
ng < ... <mng <...}. Thus the subsequence (z,, ), does not have any sub-
subsequence, F-convergent to z.

Note that, in general, property (I) is not true in the lattice context: for
instance, this is the case of the space L°(X,B,u) of all u-measurable real-
valued functions with identification up to p-null sets, endowed with the almost
everywhere convergence, where p : B — [0,400] is a o-additive and o-finite
measure (see also [53]).

We now prove a Cauchy criterion for filter convergence. Similar results in
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the context of topological spaces can be found in [34] (see also [37], for the
classical case).

Theorem 2.2. Let R and F be as above, x € R and (x,), be a sequence in
R. Then the following are equivalent:

() (F)limz, = a;

(jj) for every U € J(0) there isr € N with {n e N:z, —x, €U} € F;

(jj3) for every U € J(0) there is F' € F with x,, — x,. € U whenever n,
rel.

PRrROOF. (jj) = (j)

Choose arbitrarily U € J(0), let Uy € J(0) be with 3Uy C U, and (Up),
be a decreasing countable basis of closed symmetric neighborhoods of 0. For
each p, ¢ € N there are r,, 7, € N with

neN:z, -z, cUpn{neN: 2, —x, €U} €F.

So there exists n,, € N with Tnpy = Tr, € Up, Tn, . — xTr, € Uy, so that
z,, — x,, € Uy, +U,. Thus the sequence (z,,), is Cauchy in R in the classical
sense and so it converges to an element x € R, since R is complete. If ¢ > p,
we get x., — x,, € 2U,. Taking the limit as ¢ tends to +oo, we obtain
z,, —x € 2U,, since U, is closed.

Pick arbitrarily p € N. If z,, — ., € Up, then

p

Tp — T =Ty — Ty, + Ty, — T € 3Up,
and thus
{neN:z, —2e3Up}D{neN:z, —2,, €Uy}

Now, choose arbitrarily U € J(0). There is p € N with 3Uy C 3Uy C U, and
SO

{fneN:z,—2e€U}D{neN:z, —x€3Up} D{neN:z, -z, €U}
Since {n € N: 2, —a, € Up} € F,then {n e N: 2, —x € U} € F, and
hence (F)limz, = x, that is (j).

() = (44)

Suppose that (F)limz, = z, choose arbitrarily U € J(0) and let U* €

J(0) be such that 2U* C U. Then in correspondence with U* there is F' € F
with z, —x € U* for each n € F, and so for every n, r € F we get x,, —x, € U.
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(473) = (47)

Choose arbitrarily U € J(0). Then there exists F' € F with a,, —z, € U
forallm,r € F. If o = minF', then {n € N: z,, —x,, € U} D F, and hence
{neN:z, —z,, €U} € F,since F € F. O

We now consider some properties of filters.

Given an infinite set I C Q, a blocking of I is a countable partition {Dj, :
k € N} of I into nonempty finite subsets.

A filter F of @ is said to be block-respecting iff for every I € F* and for
each blocking {Dy, : k € N} of I thereisaset J € F*, J C I with §(JNDy) =1
for all k£ € N, where # denotes the number of elements of the set into brackets.

Some examples of filters satisfying these properties and of filters lacking
them can be found in [2].

The following results will be useful in the sequel.

Proposition 2.3. (see [14, Proposition 2.1)) If F is a block-respecting filter
of N, then F(I) is a block-respecting filter of I for every I € F*.

Proposition 2.4. If F is any free filter, xz,, n € N, is a sequence in R,
F-convergent to x € R, and J € F*, then the sequence x,, n € J, F(J)-
converges to x.

PRrROOF. Choose arbitrarily U € J(0), and set F :={n € N:z, € U}. We
get: {(ne€ J:zx, €U} =FnNJeF(J), and so the assertion follows. O

We recall the next technical lemma (see [14, Lemma 2.2 «)]); for similar
results existing in the literature, see also [2, Lemma 3.3], [21, Lemma 2.2] and
[22, Lemma 3.1]).

Lemma 2.5. Let (j,);n be a double sequence in R, and F be a diagonal
filter of N.
If (F) lir%:rj’n =0 for each n € N, then for every I € F* there exists
JjE

JeF*, JcClI, with hemjxjn =0 for each n € N.
J

Also the following technical results hold (see [45, Theorem 8 (i)]).
Proposition 2.6. Let (x,), be a sequence in R, (F)-convergent to x € R. If
F is a P-filter, then there exists an element E € F, with 1in}1ﬂ T, = T.

ne
A consequence of Lemma 2.5 is the following

Proposition 2.7. Let (x,);n be a double sequence in R, F be any P-filter
of N, and suppose that (F)limz;,, = x, for every n € N.
J

Then there exists By € F such that _hr]? ZTjnm = Ty for alln € N.
J€Bo
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PROOF. By hypothesis and Proposition 2.6 we get the existence of a sequence
(An)n in F, with thl xjn =a, for all n € N. As F is a P-filter, there
JjEAL

is a sequence of sets (By), in F, such that A,AB, is finite for all n € N
and Bg := ﬂ B,, € F. Thus, since lim z;, =z, for all n € N, we get also
el JEAR

lim z;, = x,, and a fortiori lim z;, = x,, for all n. O
JEBn Jj€Bo

We now recall some main properties of topological group-valued measures,
submeasures and Fréchet-Nikodym topologies.

Let X be a g-algebra of parts of an abstract infinite set G. We say that a
finitely additive measure m : ¥ — R is (s)-bounded on ¥ iff

lién m(Cy) =0 for each disjoint sequence (Cf)g in 3. (1)

A finitely additive measure m : ¥ — R is said to be o-additive on ¥ iff

m([j ck) - im(Ck) = nzm(i: m(Ck)) (2)
k=1 k=1 k=1

for every disjoint sequence (Cf) in 3.

A submeasure n : ¥ — [0, +00] is a set function with () = 0, n(A4) < n(B)
whenever A, Be€ X, A C B, and n(AUB) <n(A) +n(B) whenever A, B€ %
and AN B =1.

A submeasure 7 is order continuous iff lilgn n(Hy) = 0 for every decreasing

sequence (Hy )y in 3 with ﬂ H, = 0.
k=1
For every o-algebra £ C ¥, set m*(A) := U{m(B) :BeL,BC A}, Ac
L. Moreover, put

mt(A):=m¥(A) = {m(B): BET,BC A}, AeX.
Given two finitely additive measures m : 3 — R, A : ¥ — [0, +00], we say that
m is A-absolutely continuous or shortly A-continuous on X, iff lilin m*T(Hy) =0

for every decreasing sequence (Hy)g in ¥ such that lillcn A(Hg) =0.

We will see that m is A-continuous if and only if limm™ (A, ) = 0 for any
n
arbitrary sequence (A4,), in ¥ with lim A(A4,) = 0. Note that, in the lattice
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group setting, this property is in general not true (see [6, Remark 1.13.1]). We
first extend [41, Lemma 4.6] to the topological group context.

Lemma 2.8. Let m : ¥ — R be an (s)-bounded measure and (Ey), be any
arbitrary sequence of elements of 3.
Then for every U € J(0) there is ¢ € N with

q
m* (Ek \ U El) cU for every k > q.
1=1

PROOF. If we deny the thesis, then it is possible to find a neighborhood

U € J(0) and to construct a strictly increasing sequence (rp,);, in N, with
Th

m*(By) ¢ U for every h € N, where By :=E,, ., \ UEl' It is not diffi-
=1
cult to see that the By’s are pairwise disjoint, so getting a contradiction with

(s)-boundedness of m. O

We are in position to prove the following characterization of absolute con-
tinuity, using a technique similar to that of [41, Theorem 6.1 (a)].

Theorem 2.9. Let A : ¥ — [0,400] be a finitely additive measure. An
(s)-bounded measure m : ¥ — R is A-absolutely continuous if and only if
limm™(A,) =0 for any sequence (A,), in X, such that lim A\(A,,) = 0.

n n

PrRoOOF. The “if” part is straightforward.

We now turn to the “only if” part. If we deny the thesis, then there exist:
a neighborhood U € J(0), a decreasing sequence (Uy), in J(0), a sequence
(An)n in X, with 2Up, C Uy for every h € N, 2U, C U, lign)\(An) =0 and

mt(A,) ¢ U for each n € N. So, we can extract a subsequence (A, )i of
(An)n, with (A, ) <27F for all k € N.

Let Ey := A,,. At the first step, by Lemma 2.8 applied to the sequence
FEy, k € N, in correspondence with U; there exists k; € N, with

mt(Ey) C mt (Ek. \ OEl) +mt (Ek n (0 El» c (3)
=1

c Up+mt (Ek N (G El)) for every k > k.
1=1

k1
Put By := U E;. From (3) we deduce
=1

m+(EkﬂBl) ¢U0—|—U1, (4)
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otherwise we should get m™(Ey) C Uy + 2U; C 2Uy C U, a contradiction.
Hence, from (4) we obtain m*(By) ¢ Up.

Proceeding by induction, at the h + 1-th step suppose that we have deter-
mined k1 < ko < ... < kp € Nand By,... By € %, with

kn
Boi=G,By=Bian( J BE).m" (BB g Up+Us  (5)
I=kp_1+1

for all h € N and k > k;,. By Lemma 2.8 applied to the sequence Ey N By,

k=kn+1, kp+2,...,in correspondence with U1 we find an integer kp1 >
kh, with
knt1
m+(EkﬂBh)Cm (EkﬁBh U El)
I=kp+1
Ep+1
+ ((Ek N By)N ( U El)) CUpy1 + m+(Ek N Bpt1) (6)
I=kp,+1
kh+1
whenever k > kpy1, where Bpi1 = By, ﬂ( U El). From (6) we obtain
I=kp,+1

that m™(E, N Bpy1) ¢ Ug + Upy1, otherwise we should have m™(E, N By,) C
Up +2Up41 C Uy + Uy, which contradicts (5). Hence, m™ (Bp41) ¢ Up.
By construction, (Bj), is a decreasing sequence in X, h;?l A(Br) =0 and

m¥(Bp) ¢ Up for every h € N, which contradicts A-absolute continuity of
m. O

A topology 7 on ¥ is a Fréchet-Nikodym topology iff the functions (A, B) —
AAB and (A, B) — AN B from ¥ x 3 (endowed with the product topology)
to ¥ are continuous, and for every 7-neighborhood V of () in ¥ there is a
7-neighborhood U of §) in ¥ with the property that, if E € ¥ is contained in
some suitable element of U, then E € V' (see also [41, §1]).

Observe that a topology 7 on ¥ is a Fréchet-Nikodym topology if and only
if there is a family of submeasures = := {n; : ¢ € A}, with the property that a
base of 7-neighborhoods of §) in X is given by

D:={U,;:={AeX:n(A) <eforallie J}:e>0,J CAis finite}

(see also [11, 15, 41, 42]).
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Let 7 be a Fréchet-Nikodym topology on . A finitely additive measure
m : X — R is 7-continuous on 3, iff li}gn m™T(Hy,) =0 for each decreasing

sequence (Hy)y in X, with T—li}ICIl H, = 0.

Note that, when A is a finitely additive non-negative real-valued measure
defined on ¥ and 7 is the topology generated by the pseudo-A-distance defined
by da(A,B) := AMAAB), A, B € ¥, then 7-continuity is equivalent to -
absolute continuity (see also [9, 38]).

A finitely additive measure m : 3 — R is said to be positive iff

mt(A) = {m(A)} for every A€ X. (7)

It is readily seen that, in the classical case R = R, every positive measure in
the sense of the usual order of R is positive according to (7).

It is not difficult to see that a finitely additive measure m : ¥ — R is (s)-
bounded on ¥ if and only if li;n m™(Cy) = 0 for all disjoint sequences (Cy ), in

3. Otherwise, there exist a diéjoint sequence (Cf)g, a neighborhood U € J(0)
and two sequences (ng)k, (Br)r in N and ¥ respectively, with liin ng = +00,

By C Cf and m(By) € U for each k € N, getting a contradiction with (1),
since the Bj’s are pairwise disjoint.

We now give the following property of (s)-bounded topological group-
valued measures (see also [28, 49, 50]).

Proposition 2.10. Let m : ¥ — R be an (s)-bounded measure. Then

lilgnm+(Hk) =0 (8)

for each decreasing sequence (Hy)y in X, satisfying
m(Bﬂ(ﬂ Hk)):o for every B € X. (9)
k=1

PROOF. Let m and (Hyg) be as in the hypothesis. First of all we prove that

liin( U m+(Hq\H,,)) —0,

that is for every U € J(0) there is k € N with the property that
m(E) € U for any p > ¢ > k and for each E € ¥ with E C H, \ H,. (10)

If (10) is not true, then there are: a neighborhood U € [J(0), two sequences
(kn)n, (pn)n in N, with li’Ilnk:h = 400, a sequence (Bp)y in X, with B, C
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Hy, \ Hi, +p, and m(By,) ¢ U for every h € N. Without loss of generality, we
can choose the integers kj, in such a way that k1 > kp, + pn, for every h.
So, the Bj’s are pairwise disjoint, and hence we obtain a contradiction
with (s)-boundedness of m.
We now prove (8). To this aim, we claim that for each U € J(0) there

exists k € N with m(E) € U whenever E C Hy and k > k. Set Hy, := ﬁ Hy,
E' := E\ Hy and E, := E\ Hy, p € N. Note that (E,), is an inckrz;sing
sequence in ¥, and that [j E,=FE\Hy =FE'. Let k be as in (10), and
p >k > k. Since E, C H:z\al, from (10) it follows that m(E,) € U. Since
U is closed, by (9) we get that m(E) = m(E') = th>n m(E,) € U. This proves

the claim, and hence (8). O

A consequence of Proposition 2.10 is the following characterization of o-
additivity.

Theorem 2.11. A finitely additive measure m : ¥ — R is o-additive on %
if and only if 1i}£n m™(Hy,) =0 for each decreasing sequence (Hy)y in X, with

ﬂ Hy, = 0.
k=1

We now prove the following property of o-additive topological group-valued
measures.

Theorem 2.12. Let m : ¥ — R be a o-additive measure, and (E)i be any
sequence in . Then we get

m* (kL_Jl Ek) c ];mﬂEk). (11)

k—1

PROOF. Set Cy := Fy, Cy := Ej \ (U Ei>, k > 2. Note that the C}’s are
i=1

pairwise disjoint and U Cy = U Ej.. Choose arbitrarily B € ¥, B C U Ey,

k=1 k=1 k=1
and set By := BN Cy, k € N. Taking into account o-additivity of m, we get

m(B) = im(Bk) € im+(ck) C im+(Ek). (12)
k=1 k=1 k=1
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By (12) and arbitrariness of B we obtain (11). This ends the proof. O

We now turn to a Drewnowski-type theorem on existence of o-additive
restrictions of (s)-bounded topological group-valued measures. This will be
useful in the sequel in order to prove some equivalence results between the
filter limit theorems involved. We first recall the following

Theorem 2.13. ([32, Lemma 2.3]) Let m : ¥ — R be an (s)-bounded measure.
Then for each disjoint sequence (Ck)g in X there exists an infinite subset
Py C N, with

ip(Ufn( U a)ven})-o

k€Y, k>h
and m is o-additive on the o-algebra generated by the sets Cy, k € Py.

Theorem 2.14. Let m; : ¥ — R, j € N, be a sequence of finitely additive
measures. Then for any disjoint sequence (Ck)g in X there exists an infinite
subset P C N, with

ip(Um( U e)over)) =

kEY,k>h

for every j € N, and each m; is o-additive on the o-algebra generated by the
sets Cy, k € P.

PRrROOF. By Theorem 2.13 there is an infinite subset P} C N with

im(U{m( U &):vcn})=o

keY,k>h

At the second step, an infinite subset P, C P; can be found, such that

h}rfl(U{mz( U ¢):vcr})=o

kEY,k>h

Proceeding by induction, we find a strictly increasing (p;); in N and a decreas-
ing sequence of infinite subsets P; C N, with p; = min P; and

li}an(U{mj( U Ck) Y C Pj}> =0 forevery j € N. (13)

keY,k>h
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Let P := {p; : j € N}. For every j € N thereis i’ € N large enough (depending
on j), such that for each h > h' we get {k € P : k > h} C {k € P; : k > h},
and hence

U{mj< U Ck):YCP}CU{mj( U C’k):YCPj}. (14)

keY,k>h keY,k>h

From (13) and (14) it follows that

1i£n<U{mj( U Ck> Y © P}) —0 foralljeN. (15)

keY,k>h

o0

We now turn to the last assertion. Let C, := U C, = U Cp, and pick any
qeP =1

decreasing sequence (Hy), in the o-algebra £ generated in C, by the sets Cp,,,

with ﬂ H, = (. For every s € N there exists h(s) € N with Hy C U Hpy,.
s=1 I>h(s)

Note that lim h(s) = +oo. From this and (15) it follows that lim mf(Hs) =0

for every j € N, that is o-additivity of every m; on £. This ends the proof. [
We say that the finitely additive measures m; : ¥ — R, j € N, are uni-

formly (s)-bounded on X iff liin(U mj(Ck)) = 0 for each disjoint sequence
j=1

(Ck)r in X. The m;’s are uniformly o-additive on ¥ iff liin(U mj'(Hk)) =0
j=1
for each decreasing sequence (Hy)y in ¥ with m Hp =0. If X is a finitely

k=1
additive measure on X, then the m;’s are said to be uniformly A-absolutely

continuous or shortly uniformly A\-continuous on X iff lilgn(U m;' (Hk)> =0
j=1
for each decreasing sequence (Hy)y in X with lién A(Hg) = 0. If 7 is a Fréchet-

Nikodym topology on X, then the mj;’s are wniformly T-continuous on X
o0
iff liin(U mj(Hk)) =0 for each decreasing sequence (Hy), in ¥ with 7-

j=1
lilgn Hy, = 0.

We now recall the following property, which will be useful in the sequel in
order to prove our limit theorems in the topological group setting.
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Theorem 2.15. ([32, Corollary 3.15]) Let G be any infinite set, ¥ be a
o-algebra of subsets of G, m; : ¥ — R, j € N, be a sequence of uni-
formly (s)-bounded measures, and (Hy)r be any decreasing sequence in X,
with liin mj'(Hk) =0 for every j € N.

Then liin([j m;r(Hk)): 0.

=1

Note that, by arguing analogously as in Theorem 2.9, it is possible to prove
the following

Theorem 2.16. Let A : X — [0,+00] be a finitely additive measure. A
sequence m; : 3 — R, j € N, of uniformly (s)-bounded measures is uniformly

A-absolutely continuous if and only if lim(U mj'(An)) = 0 for any sequence
J

(An)n in X, with lim A(A,) = 0.

Indeed, it will be enough to consider the quantity LJm;r instead of m™.
J

Let now G, H C X be two lattices, such that G is closed with respect to
countable disjoint unions, and the complement of every element of H belongs to
G. Some cases investigated in the literature are when G is a normal topological
space (resp. a locally compact Hausdorff space), G is the class of all open
subsets of G, H is the family of all closed (resp. compact) subsets of G, ¥ is
the o-algebra of all Borel subsets of G (see also [32]). We say that m : ¥ — R is
reqular on X iff for every A € ¥ there exist two sequences (Gg) in G, (Fi)g in
H, with Fj, C Fp1 1 C A C Gpy1 C Gy for every k and lilgner(G;€ \ Fj) = 0.

Observe that, if m; : ¥ — R, j € N, are regular measures, then the sequences
(Gk)k, (F)r can be taken independently of j (see [32, Remark 3.5]). The
measures m; : X — R, j € N, are said to be uniformly regular on X iff to
every A € ¥ there correspond two sequences (Gi)i in G, (Fy)r in H, with

Fy, C Fip1 C A C Gry1 C Gy for every k and h,?l(U mj(Gk \Fk)) =0.
j=1
We now prove the following relation between o-additivity and regularity
of measures.

Theorem 2.17. Let (G,d) be a compact metric space, ¥ be the o-algebra of
all Borel sets of G, G and H be the lattices of all open and all closed subsets
of G respectively. Then a measure m : % — R is regular if and only if it is
o-additive.
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PROOF. We begin with the “if” part.

Let T :={A € X: for every U € J(0) there are D € G, F' € H with F C
A C D and m*(D\ F) C U}. Observe that H C 7. Indeed, pick arbitrarily
W € H and for each k € Nset Dy, :={z € G : d(z,W) < 1/k}, Wy, := D \W.

Note that the sequence (Wy)y is decreasing, and ﬂ Wy = (0. By o-additivity
k=1
of m, for every U € J(0) there is kg € N, with m™(Dg, \ W) C U. Since
Dy, € G, W € H and W C Dy,, it follows that W € T.
We now prove that 7 is a o-algebra. It is easy to see that, if A € T,
then G\ A € T. Let now (Ag)x be a disjoint sequence of elements of T, with
oo

A= U Ay. We claim that A e T.
k=1
Choose arbitrarily U € J(0), let (Ug)x be a sequence in J(0), such that

2U, C Uy_1 C Uy C U for every k and 2Uy C U. Note that ZUk C Uy for

k=1
0o

all n € N, and hence, since Uy is closed, we get also Z Ui C Up.
k=1
By hypothesis there are two sequences (Dy)x and (Fy ) in G and H respec-
tively, with Fj, C A, C Dy, and m™(Dy, \ Fy) C Uy, for every k. Since (Fy)y is
disjoint, by o-additivity of m there exists kg € N with

w (O (U a))=m( O m)cnn

k=ko+1
ko
SetD—UD;wF—UFk Note that F C AC D, D € G, F € H, and
k=1 k=1

taking into account Theorem 2.12 we get:

o0

m*(D\ F) Cm+(D\ ([j Fk)) +m+(<! Fk) \F)

(Loj Dk\Fk)+UOCZm Dk\Fk)+UOC2UOCU

From this it follows that A € 7T, that is the claim. Therefore, T is a
o-algebra. Since T D H, then 7 = X. Since R satisfies the first axiom of
countability, there is a family (Uy ), which is a basis of neighborhoods of 0.
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In correspondence with Uy and every A € X, there are D} € G, F}' € H, with

k
Ff ¢ A C D; and m™(Dj \ Ff¥) C Ug. For every k € N, let Dy, := ﬂDf,
i=1
k

Fy = U Fi*' We get: Fi, C Fiy1 C AC Ggy1 C Gy, D, € G, F, € H,
=1

mT (D, \ Fy,) C m™(Dj \ FyY) C Uy,

and hence liin mT (D \ Fy) = 0. Thus, m is regular on . This proves the
“if” part.

We now turn to the “only if” part. Let (C)x be a disjoint sequence in X,
and set C' := U C. Fix arbitrarily U € J(0), and let (Uy)r be a sequence

k=1
in J(0), with 2Uy C Ug_; for every k and 2Uy C U. By hypothesis, m is
regular, and so in correspondence with C and Uy there are Dy € G, Fj, € H,
with Fy, C C, C Dy and m*(Dg \ Cx) C m™(Dy. \ Fy) C Ux. Moreover a set
K € H, K C C can be found, with m™(C'\ K) C Uy. Note that, since G is

compact, K is also compact, and hence, since K C U Dy € G, there exists

k=1
N

N e N with K C UDk.
k=1

o) N
Choose arbitrarily B C U Cr,=C\ (U C’k). Since
k=N-+1 k=1
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taking into account Theorem 2.12 we get:

m(B) = m(B\K)+m(BNnK)em"(C\K)+
N

o ((Un) (Uer)) cmterms

N
+ mt(JDe\ ) cm(C\K) +
k=1

+ Y mT (D \Cr) C
k=1

N
c mT(C\K)+> U.C2U,CU,
k=1

and hence m+( U Ck) C U. This proves o-additivity of m and ends the
k=N+1
proof. O

Remarks 2.18. (a) Note that, arguing similarly as above, it is possible to
prove that, under the same hypotheses as in Theorem 2.17, given a sequence
m; : X — R, j € N of measures, the m;’s are uniformly regular if and only if
they are uniformly o-additive.

(b) Observe that, even when R = R, in general the concepts of regularity
and o-additivity are different. Indeed, with the above notations, if G = H = X,
every finitely additive measure is obviously regular, but not necessarily o-
additive. Conversely, if G = H = {,G}, and m : ¥ — R is any o-additive
measure such that m()) = 0, m(G) = 1 and there exist £ € ¥ and « € (0,1)
with m(E) = a, then it is not difficult to see that m is not regular.

3 The Schur-type and convergence theorems

In [14] we proved some Brooks-Jewett and Nikodym-type theorems for topo-
logical-group valued measures. Here we continue this investigation, and we
prove some other versions of filter limit theorems in this setting. We begin
with a Schur-type theorem (for related results existing in the recent literature
see also [2, Theorems 2.6 and 3.5] in the Banach space setting and [21, Lemma
3.1 and Theorems 3.1, 4.1 and 4.2] for lattice group-valued measures). Note
that the hypothesis that the involved filter is block-respecting is essential, even
when R =R (see also [2, Remark 3.4]).
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Theorem 3.1. Let F be a block-respecting filter of N, m; : P(N) = R, j € N,
be a sequence of o-additive measures, and assume that
(2) imm;({n}) =0 for any n € N, and
j

(i1) (F) li§n m;(A) =0 for every A C N.

Then we have:

B) (F) li§n mT(N) = 0;

BB) if F is also diagonal, then the only condition (ii) is sufficient to get
B).

PrROOF. We begin with proving 3). If 8) is not true, then there exists U €
J(0) such that

I = {jeN:mj(N)cU}gﬁ (16)

From this it follows that every element F' of F is not contained in I'*, that is
F has nonempty intersection with N\ I*: otherwise, if F € F and F C I*,
then we should have I* € F. Thus the set I := N\ I'* is F-stationary. Note
that I is an infinite set, since F is a free filter.

Let now (Uk)r be a decreasing sequence in J(0), with 2Uy C U, and
2Uy C Ug—1 for every k € N (such a sequence does exist, see also [29]).

Put ng := 1. By o-additivity of m;, there exists an integer [(1) > 1
such that m7 (JI(1),4+oc[) C Uy (here and in the sequel, the intervals and
halflines involved are meant in N). Moreover, by (i), there is ny > (1) with
mg(L) € Uy for all s > ny and for each finite subset L C [1,1(1)], and hence
mi([1,1(1)]) C Uy for any s > ny.

Subsequently, by o-additivity of mq,...,m,,, we find a natural number
I(n1) > nq, with m;}(JI(n1), +oo[) C Us for every r < ny, and also an integer
ng > I(ny) for which m{ ([1,1(n1)]) C Uz whenever s > ns.

By induction, we construct two strictly increasing sequences (nj), and
(1(ny))n, such that, for any h € N, ny,_1 < I(h) < ny, m(Jl(np), +o0]) C Upiq
for each r < ny, and m} ([1,1(ny)]) C Upy1 whenever s > npyq. Observe that
the np’s can be chosen in such a way that the sets I N [np—1,n4[, h € N, are
nonempty, so forming a blocking of I. Therefore there exists an F-stationary
set J C I, such that J intersects each interval [ny, np41] in exactly one point.
So we can write J = {jo, j1, jo, ...} Since J € F*, then at least one of the two
sets Jy := {j1, J3, J5, .-} and Jo := {4, Jo, Ja, ...} is F-stationary. Without
loss of generality, suppose that J; € F*. Now, for each fixed natural number
h, we have

m ([I(nap, +o0]) C Usp, C Us, m;([l,l(th_Q]) CUyp—1 CU. (A7)

j2h—1
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From this and since mj*%i1 (N) ¢ U, for each index h we get
m},  (l(nen—2),U(nan)]) ¢ Uo : (18)
otherwise, from (17) and (18) we should have m;‘th (N) c Up+U1+U; C Up+

2U; C 2Uy C U, a contradiction. By (18) there is a set Qp, C)l(nan—2), {(nan)]
with

mjzh—l(Qh) g Uo. (19)
Note that the Q},’s are pairwise disjoint. Set now H := U Qp,. For each index
h=1
h we have
Mjon 1 (H) = My HnN [la l(n2h—2)]) + Mgy, (Hm}l(nzh), +OOD +

= Myyp g HnN [1,1(112}1,2)]) + ijh,—l(HﬂN(th)7 +OO[) +
T My, Qh)’

and so we see that
Mjop_1 (H) - mj2h—1(Qh) €U +Us. (20)

Thanks to (20), we obtain mj,, ,(H) ¢ Us for all h, otherwise mj,, ,(Qn) €
Uy + Uy + Uy C Uy +U; C Up, which contradicts (19). But by (i¢), in
correspondence with Us there exists an element F' € F with m;(H) € Us
for all j € F, and, since J; is F-stationary, we get that F' has at least an
element j, in common with J;. So we have contemporarily m;, (H) ¢ Uy and
m;, (H) € U, a contradiction. This proves 3).

BB) Let F be a diagonal and block-respecting filter of N. If the thesis
is not true, then, proceeding analogously as in ), we get the existence of a
neighborhood U € J(0) and of an infinite F-stationary set I C N, with

(

+ My, (HNl(n2n—2),l(n2n)]) =
(
(

m;“(N) ¢ U for every j € I. (21)

Since R satisfies the first axiom of countability, by (i7) and Lemma 2.5, in
correspondence with I there is J € F*, J C I, with l_imjmj({n}) =0 for
Jje

every n € N. Moreover, from (i) and Proposition 2.4 it follows also that
(F(J)) hmJ m;(A) =0 for every A C N. Furthermore observe that, since J €
JE€

F* and F is block-respecting, then F(.J) is block-respecting too. By () applied

to the sequence m; : P(N) — R, j € J, and to the filter F(J) of J, we get

(F(J)) heHJl m;-' (N) = 0, contradicting (21). This ends the proof of 33). O
J
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The following result will be useful in the sequel.

Theorem 3.2. Let F be a diagonal filter of N, m; : P(N) = R, j € N, be a
sequence of o-additive measures, and suppose that (F)lim mj(N) =0.
J
Then for every I € F* there is J C I, J € F*, with
111131(U m;r([h—i—oo[)) —0.
jeJ
PRroOF. Forevery j, k € N, let z;  := mj‘(N) Since R satisfies the first axiom
of countability, by Lemma 2.5 it follows that for every I € F* there exists
J I, Je F* with hemJ mj(N) =0. So, if U € J(0) is chosen arbitrarily
j

and Uy € J(0) is such that 2Uy C U, there is a natural number j, without
loss of generality j € J, with m;(A) € U for every j > j, j € J, and A C N.
By o-additivity of the m;’s, in correspondence with j € N there exists Ej eN
with m;(A) € Uy for every A C [k, +oo[. If k* := max{ky,...,k;_,}, then we
get

m;(A) € Uy CU for each A C [k*,+oo[ and j € [1,j — 1]. (22)
Moreover, we have

m;(A) € 2Uy C U for every A C [k*,4oc0[ and j >4, j € J. (23)
The assertion follows from (22) and (23). O

We now prove a Vitali-Hahn-Saks-type theorem, as a consequence of The-
orems 3.1 and 3.2.

Theorem 3.3. Let F be a diagonal and block-respecting filter of N, 7 be a
Fréchet-Nikodym topology on 3, m; : ¥ — R, j € N, be a sequence of 7-
continuous measures, with

(F)limm;(A) =0 for every A € X. (24)
J

Then for each decreasing sequence (Hy)y in X with T—liin Hy, = 0 and for every
F-stationary set I C N there is an F-stationary set J C I, with

li}gn(U mf(Hk)) =0,
jeJ

where L is the o-algebra generated by the Hy’s in Hy.
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PROOF. Let I and (Hy)r be as in the hypotheses, set Cy := Hj, \ Hy4q for

every k € N and put Hy, := ﬂ Hj,. Since the m;’s are 7-continuous, we get
k=1

hmm (Hy) =0 forall j eN. (25)

For all A € P(N) and j € N, set

Ay =m;(J c).

kecA

We claim that the v;’s are o-additive. We get:
mf(Hy) = |J{m;(B): BEX,BC Hy} =
= | J{mj(B\ Hwx): B€%,BC Hy} =
= (J{(m;(C): Cex,CCHy\ Ho} = (26)

= (Hk\H (U C’z)

for every j, k € N. By arguing analogously as in (26), it is possible to prove
also that

mé () = m (1) @), o)
=k

where K is the o-algebra generated by the Cy’s in Hy (see also [19 Theorem
3.2], [18, Lemma 2.4]). From (25) and (26) it follows that limm (U cl) =0

for every decreasing sequence (Hy)y in ¥ with T-hin Hy, = 0. From thls since

v ([k, +ool) := U{zxj(D) : D C [k, +oo[} Cm] (U C’l) for every j,k € N,
we get

hlgnu ([ky,+[) =0, jeN. (28)
We now are in position to prove o-additivity of the v;’s. Let (Ag)r be a

decreasing sequence in P(N) with m Ay = 0. Without loss of generality, we
k=1
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can and do assume that Ay D Ay for every k. Hence, Ay C [k,+oo[ and

=

S) V;r(Ak) C V;r([k,—i—oo[) for all j, ¥ € N. From this and (28) we have

liin V;-r (Ar) = 0, getting o-additivity of v;, for every j € N.
Moreover, observe that, since the m;’s satisfy (24), then the v;’s fulfil
condition (ii) of Theorem 3.1. Since F is diagonal and block-respecting, by

BB) of Theorem 3.1 we get (F)lim m;L(N) =0 for every A C N. From this
J

and Theorem 3.2, taking into account (27), it follows that for every I € F*
thereis J C I, J € F*, with

0 = tim({J v (b +ocD)) =

jeJ
= 1il£n(U m;c(U C’l)> = lilgn(U mf(H;Q)
jeJ 1=k jeJ
This concludes the proof. O

Similarly as Theorem 3.3, it is possible to prove the following Nikodym
convergence-type theorem (note that in this case o-additivity of the v;’s is a
direct consequence of o-additivity of the m;’s and (2) ).

Theorem 3.4. Let F be as in Theorem 3.8, m; : ¥ — R, j € N, be a
sequence of o-additive measures, satisfying condition (24). Then for each
(o)

decreasing sequence (Hy)y in X with m Hy, =0 and for every I € F* there

k=1
exists J € F*, J C I, with

lillcrn(U mf(Hk)) =0.
jeJ

In the following theorems, which are formulated for positive topological
group-valued measures, the involved filter is required to be only diagonal, and
not necessarily block-respecting. A meaningful example of such a filter is the
class of all subsets of N having asymptotic density 1, which is also a P-filter
(see also [2]).

The next theorem extends [17, Theorem 2.5] to the setting of topological
group-valued measures.

Theorem 3.5. Let G be any infinite set, ¥ C P(G) be a o-algebra, m; : ¥ —

R, j € N, be a sequence of positive (s)-bounded measures, F be a diagonal

filter of N. Assume that mo(E) := (F)limm;(E) ezists in R for every E € X,
j

and that mg is o-additive and positive on 3.
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Then for every set I € F* and for every disjoint sequence (Cy )y in % there
exists J € F*, J C I, with

111?1(U mj(ok)) = li]?l(U mj(ck)) = 0.

jeJ jeJ
PROOF. Let I € F*, (Ck)x be any disjoint sequence in X, and K be the o-
o0

algebra generated by the Cy’s in U Cy. For every B € K there exists P C N
k=1
with B = U C. Since F is diagonal, by Lemma 2.5 there is J € F*, J C I,

keP
with

m0< U Ck) = li;nmj(U Ck) (29)

keE keE

for every E € Tg, U{N}, where Zg, is the (countable) class of all finite subsets
of N. Moreover, by o-additivity of mg, we get

lilgn(mg (G Cl)> —0. (30)
=k

Choose arbitrarily U € J(0), and let Uy € J(0) be such that 5Uy C U: such
a neighborhood does exist (see also [28]). In correspondence with Uy there

exists kg € N with mo( U Ck) € Uy and therefore, by positivity of my,
k>ko
mo( U C’k> € Up. Moreover there is jo € J, jo = jo(U, ko) such that
k>ko,kEP
for every j € J with j > jg we have:

mj( U C;c)—mo( U Ck) € Uo,mj< U Ck)—mo( U Ck> € Uy,

k<ko,kEP k<ko,kEP k<ko k<ko

mj([j Ck) —mo([j Ck) € Uy,

and hence
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Choose arbitrarily B € K. Taking into account positivity of the m;’s and of
my, for every j € J, j > jo, we have:

my(B) = mo(B) = m; (| Cx) —mo(|J Cx) €
keP keP

¢ {m( U a)-m( U a)f
k<ko,kEP k<ko,kEP

+ ma'( U C’k)erj'( U C’k)C
k>ko,kEP k>ko,keP

< {m( U a)-m( U a)}
k<ko,kEP k<ko,kEP

+ ma_(U Ck>+m;_(U Ck-)C
k>ko k>ko

c {m( U a)-m( U a)j
k<ko,k€P k<ko,kEP

+

{mi(U ) =mo(UJ )} +2mi (U &) cotocu
k>ko k>ko k>ko

Thus, heHJl m;(B) = mo(B) for all B € K. Therefore, the finitely additive R-
J

valued measures m;, j € J, satisfy the hypotheses of the classical version of
the Brooks-Jewett theorem on K for topological group-valued measures (see
[29, Theorem 2.6], [32, Theorem 2.4]). In particular, we get

lilgn(U mj(Ck)) = liin(U mj(Ck)) =0.
jeJ jeJ
This ends the proof. O

We now turn to a Vitali-Hahn-Saks-type theorem, extending [17, Theorem
2.6].
Theorem 3.6. Let G, X, F be as in Theorem 8.5, 7 be a Fréchet-Nikodym
topology on X, m; : ¥ = R, j € N, be a sequence of positive finitely additive
(s)-bounded and T-continuous measures. Assume that mo(E) := (F)limm,;(E)
J
ezists in R for each B € ¥, and that mg is o-additive and positive on 3.

Then for every set I € F* and for each decreasing sequence (Hy) in ¥
with T-li’?l Hy, = 0 there exists a set J € F*, J C I, with

lilgn(U m;r(Hk)) = liin(U mj(Hk)) =0.
jeJ jed
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PrOOF. Let 7, I, (Hy)r be as in the hypotheses, put Hy, := ﬂ H, Cy :=

k=1
Hy \ Hpy1, k € N, and let £ be the o-algebra generated by the Cy’s and Ho,
in Hy. Proceeding analogously as in Theorem 3.5, by virtue of [29, Theorem
2.6] and [32, Theorem 2.4], we get the existence of a set J C I, J € F*, with
the property that the m;’s, j € J, are uniformly (s)-bounded on £. Moreover,
by 7-continuity and positivity of the m;’s, we get li’zn mj' (Hg) = 0 for every

j € N. By Theorem 2.15 applied to the sequence of measures m; : ¥ — R,
j € J, we obtain that

0= li}zn(U m;r(Hk)) = 1i]£n(U mj(Hk)),
jeJ jeJ
that is the assertion. O

Analogously as in Theorem 3.6 it is possible to prove the following Nikodym-
type theorem.

Theorem 3.7. Let G, 3, F be as in Theorem 3.6, m; : ¥ — R, j € N, be

a sequence of positive o-additive measures. If mo(A) := (F)limm,(A) exists
J

in R for each A € X2, and myq is o-additive and positive on %, then for each

I € F* and for every decreasing sequence (Hy)y in X with ﬂ Hy, =0 there

k=1
evists J € F*, J C I, with

11}5[1(U mj(Hk)) = lil?l(U mj(Hk)) ~0.
JjeJ JjeJ

We now turn to a Dieudonné-type theorem, extending [18, Theorems 3.8,
3.10] to the context of topological groups.

Theorem 3.8. Let G, X, F be as in Theorem 3.6, G, H C X be as above,
m; % — R, j €N, be a sequence of positive regular measures, such that
mo(E) := (F)lim; m;(E) exists in R for every E € ¥, and mg is o-additive
and positive.

Furthermore, let A € 3 and (Gi)k, (F)r be two sequences in G, H respec-
tively, with F, C Fry1 C A C Giq1 C Gy, for every k € N, and

hllcmmj(Gk \Fp) =0 for everyjeN. (31)
Then for each I € F* there is J € F*, with
11}£I1(U m (G \ Fk)) =0. (32)

jeJ
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PRrROOF. Let A, (G)k, (Fi)r be as in the hypothesis, £ be the o-algebra
generated by the sets G, \ Fi, kK € N, and I € F*. Since the m;’s are (s)-
bounded, then, arguing analogously as in the proof of Theorem 3.5, by [29,
Theorem 2.6] and [32, Theorem 2.4] we find a set J C I, J € F*, such that
the m;’s, j € J, are uniformly (s)-bounded on £. Moreover, by hypothesis
and taking into account positivity of the m;’s, we have liin mj(Gk \Fp)=0

for every j € N. From this and Theorem 2.15 applied to the m;’s, j € J, we
get (32). O

4 Uniform filter exhaustiveness and equivalence between
filter limit theorems

In this section we deal with the tool of uniform filter exhaustiveness for se-
quences of measures, by means of which it is possible to prove some results of
existence of limit measures and some versions of convergence theorems, by con-
sidering a subsequence, indexed by a suitable element of the filter involved, on
which it is possible to apply some classical versions of limit theorems. We prove
also equivalence between filter Brooks-Jewett, Vitali-Hahn-Saks, Nikodym and
Dieudonné-type theorems, extending results of [42].

Let F be a free filter of N, ¥ be a o-algebra of parts of an infinite set G,
and A : ¥ — [0, +00] be a finitely additive measure, such that ¥ is separable
with respect to the Fréchet-Nikodym topology generated by A (shortly, A-
separable). Let B := {F; : i € N} be a countable A-dense subset of 3. Assume
that m; : ¥ — R, j € N, is a sequence of finitely additive measures.

We say that the m;’s are A-uniformly F-ezhaustive on X iff for every
U € J(0) there exist 6 > 0 and V' € F with m;(E) —m;(F) € U whenever
E,F € X with [ME) — A\(F)| < ¢ and for any j € V.

We now prove the following result about extensions of filter limit measures
in the topological group setting (for similar results existing in the (¢)-group
context see also [10, Theorem 3.3], [11, Theorem 3.8, Lemma 3.9, Theorem
3.10], [15, Lemma 3.1]).

Theorem 4.1. Let (mj); be a sequence of finitely additive measures, -
uniformly F-ezhaustive on ¥, such that m(F;) = (F)imm;(F;) ezists in
j

R for every i € N. Then,
(7) there is a finitely additive extension mgy : ¥ — R of m, with

(F)limm;(E) = mo(E) for all E € X.
J
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(vy) Moreover, if F is a P-filter, then there is a set My € F such that

lim m;(E) =mo(E) for every E € X.

JjEMo
PROOF. Choose arbitrarily £ € 3 and U € J(0), and let Uy € J(0) be
with 3Uy C U. By hypothesis, there exist § > 0 and V € F such that, if
IME) = A(F)| <6 and j € V, then m;(E) — m;(F) € Uy. By A-separability
of ¥, there is i € N with [A(E) — A(F5)| < 4. By Theorem 2.2, there is a set
WG e F with m;(F;) — my(F;) € U whenever j, | € W®. In particular we
get

m;(E) —my(E) = m;(E) —m;(F;) +m;(Fy) —mi(F5) +
+ ml(F;) — ml(E) e3UycU
for every j, 1 € Vaw®, By Theorem 2.2, there is a set function mg : ¥ — R,
extending m, with (F)limm;(E) = mo(E). It is not difficult to see that mg
J

is finitely additive on ¥. This proves (7).

(vy) Let (Up), be a base of neighborhoods of 0. By A-uniform F-ex-
haustiveness, for every p € N there are a § > 0 and a set M, € F, with
m;(E) —m;(F) € U whenever E, F' € ¥ with [\(E) — \(F)| < and j € M,,.
Since F is a P-filter, in correspondence with M, there exists M), € JF such that

M, AM) is finite for each p € N and M := ﬂ M, € F. Let Z, := M\ M,,
p=1
p € N. Note that Z,, is finite for every p € N, and so we get m;(E) —m,(F) €
U, whenever E, F' € ¥ with |\(E) — A(F)| < § and j € M \ Z,. Moreover,
thanks to Proposition 2.7, there is a set By € F such that for every j, p € N
there exists j € By with m;(F;) — m(F;) € U, whenever j > j, j € By.
Without loss of generality, we can take 7 € By N M. Set My := By N M:
we get My € F. The sequence m;, j € My, is A-uniformly F .an-exhaustive,
and jléﬁ m;(F;) = m(F;) for every ¢ € N. From this and (y) applied to m;,
0

j € My and Feofin, we find a finitely additive extension mg of m, defined on 3,
with h% m;(E) = my(E) for each E € ¥. Thus My is the requested set. [
JjE€EMo

The next step is to give some sufficient conditions on an F-convergent
sequence m;, j € N, of topological group-valued measures, to get the exis-
tence of a set My € F such that the subsequence m;, j € My, is uniformly
(s)-bounded (resp. uniformly o-additive, uniformly 7-continuous, uniformly
regular). These results yield also sufficient conditions for (s)-boundedness
(resp. o-additivity, 7-continuity, regularity) of the limit measure.
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Observe that in this framework, even when R = R, the hypothesis of A-
uniform F-exhaustiveness in general cannot be dropped (see also [15, Remark
3.8 (c)]). However, without requiring filter exhaustiveness, it is possible to
prove the following theorem on the existence of the filter limit measure, which
extends [9, Theorem 4.12] to the topological group context.

Theorem 4.2. Let ¥ C P(G) be a o-algebra, L be an algebra of sets gen-

erating 3, and suppose that m; : ¥ — R, j € N, is a sequence of uniformly

o-additive measures, such that (F)limm;(E) exists in R for each E € L.
J

Then (F)limm;(E) exists in R for all E € X.
J

PROOF. LetIl := {F € ¥ : (F)limm;(F) exists in R}. By hypothesis, £ C II
J

If we show that II is a monotone class, then IT = X, and so the result will be
proved.
Let (E,), be a monotone sequence of elements of II with imE, = F € ¥

in the set-theoretic sense, choose arbitrarily U € J(0), and let (U,), be a
family of elements of 7(0), with 2U, C U,._; for each r and 2Uy C U. For
every r € N, since E, € II, the sequence (m;(E,)); is F-convergent, and so
by Theorem 2.2 there exists W, € F with my(E,) — mq(E,) € U, whenever
p, ¢ € W,.. Moreover, since the m;’s are uniformly o-additive, there is 7 € N
with m;(Ez) —m;(E) € U for all j € N. Thus for every p, ¢ € Wi we get:

mp(E) —mg(E) = [my(E) — my(Er)] + [my,(Er) — me(Er)] +
+ [mg(Er) —my(E) €2U1 +Ur C 2U; + Uy C 2Up C U.

By Theorem 2.2, the limit (F)limm;(E) exists in R. The assertion follows
J
from arbitrariness of E € 3. O

We now introduce the following condition, which will be useful in the se-
quel.

A sequence of finitely additive measures m; : ¥ — R, j > 0, together
with A, satisfies property (x) with respect to R and F iff it is A-uniformly
F-exhaustive on ¥ and (F) limm;(E) = mo(E) for any E € X.

J

The next result is an immediate consequence of Lemma 4.1 (7).

Lemma 4.3. Let m; : ¥ — R, j € N, satisfy together with X property ()
with respect to R and F.

Then there exists a set My € F such that the measures mj, j € My, and
myg satisfy together with A property () with respect to R and Feofin-



SOME NEwW TYPES OF FILTER LIMIT THEOREMS 167

We now deal with equivalence between filter limit theorems in the (£)-group
setting. We begin with recalling the following Brooks-Jewett-type theorem in
the topological group context (for similar versions in the lattice group setting,
see also [7, Theorem 3.1], [11, Theorem 3.4]).

Theorem 4.4. (see [29, Theorem 2.6, [32, Theorem 2.4]) Let m; : ¥ — R,
Jj €N, be a sequence of (s)-bounded measures, convergent pointwise on ¥ to a
measure my.

Then the measures m;, j € N, are uniformly (s)-bounded and mq is (s)-
bounded on X.

We now prove the following filter limit theorems for topological group-
valued measures and their equivalence (for similar results in the (¢)-group
setting, see [15, §3]). Note that in our context, since we deal with topological
group-valued measures, we can use a Drewnowski-type approach, considering
suitable o-additive restrictions of (s)-bounded measures. In the lattice group
setting, since the convergence does not have always a topological nature, it is
not advisable to apply such an argument, and the tool of the Stone Isomor-
phism technique is used (see [15]), though it is possible to construct Stone-
type extensions even for topological group-valued measures (see for instance
[49, 50]).

In what follows, let us assume that:

H) X: X — [0, +00] is a finitely additive measure, 3 is a A-separable o-algebra,
F is a P-filter of N, mg, m; : ¥ = R, j € N, are finitely additive measures,
satisfying together with A\ property () with respect to R and F on %, and %
is a sub-o-algebra on X.

Theorem 4.5. (Brooks-Jewett (BJ) ) If the m;’s are (s)-bounded on X, then
there exists a set My € F, such that the measures m;, j € My, are uniformly
(s)-bounded on %y.

Theorem 4.6. (Vitali-Hahn-Saks (VHS) ) If every m; is (s)-bounded and
T-continuous on g, then there exists a set My € F, such that the measures
mj, j € My, are uniformly (s)-bounded and uniformly T-continuous on Y.

Theorem 4.7. (Nikodym (N) ) If each m; is o-additive on Xy, then there is
My € F, such that the measures m;, j € My, are uniformly o-additive on X.

Theorem 4.8. (Dieudonné (D) ) If each m; is (s)-bounded and regular on
Yo, then there is My € F with the property that the measures mj, j € My, are
uniformly (s)-bounded and uniformly regular on 3.

To prove Theorem 4.5 (BJ), observe that there exists My € F, satisfying
the thesis of Lemma 4.3. The assertion of (BJ) follows by applying Theorem
4.4 to the sequence m;, j € My.
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We now prove equivalence between (BJ), (VHS), (N) and (D).

We begin with the implication (BJ) = (VHS). Let m; : ¥ — R, j € N,
be a sequence of measures, fulfilling together with A property (*) with respect
to R and F, (s)-bounded and 7-continuous on ¥y. By (BJ), there is My € F
such that the measures m;, j € My, are uniformly (s)-bounded on 4. So,
li]]gn< U mj(Ck)) = 0 for every disjoint sequence (Cf) in 3.

jeM;

Fix arbitrarily any decreasing sequence (Hy)y in Xg, with 7-limy Hy, = 0.
By 7-continuity of each m;, j € N, on ¥y, we get lillcrn m (Hy) = 0 for every
jeN

By Theorem 2.15, we obtain

lim U mf@H) | =0, (33)
JjEMo

so getting uniform 7-continuity of the m;’s, j € Mo, on ¥¢. Thus, (BJ) implies
(VHS).

The proof of (BJ) = (D) is similar to that of (BJ) = (VHS).
We now prove (VHS) = (N). Let 7 be the Fréchet-Nikodym topology
generated by the class of all order continuous submeasures defined on ¥g. If

o0
(Hy)x is any decreasing sequence in ¥ with 7-limy, Hy, = 0 and Ho, = ﬂ Hy,

k=1
then we have 1n(Hy,) = 0 for each order continuous submeasure 7 defined on
Yo, and so it follows that H, = (). Thus we obtain that, if (m;); is a sequence
of measures, o-additive on X, then they are 7-continuous on . Since every
m; is also (s)-bounded on Xy, then by (VHS) they are uniformly 7-continuous
on Xy, and so also uniformly o-additive. Thus, (VHS) implies (N).

We prove (N) = (BJ). Let m; : ¥ — R, j € N, be a sequence of (s)-
bounded measures, satisfying together with A property (x) with respect to F
and R.

Pick arbitrarily a disjoint sequence (Cy)r in Xg, and choose any subse-
quence (Ck, ), of (Cy)r. By Theorem 2.14, there is a sub-subsequence (Ck, ),
such that every m; is o-additive on the o-algebra £ generated by (Ck,_)s.

By (N) used with F and the sub-o-algebra £, where £ C Xy C ¥, we find a
set M* € F, such that the measures mji s j € M*, are uniformly o-additive,

and hence also uniformly (s)-bounded, on £. So we get that

lim( U mj(ck,,s)) = 0. (34)

S
jeM~
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By arbitrariness of the subsequence (Cy,.), and property (U) used with F =
Feofin, from (34) it follows that

nin( U mj(Ck)) =0, (35)

jeEM*

and hence (N) implies (BJ).

We now prove (D) = (BJ). Let m; : ¥ — R, j > 0 satisfy, together
with A, property (%) with respect to R and F, and (s)-bounded on ¥y, Of
course, if we take G = ‘H = Xy, then we get that the m;’s are regular on ¥y
(with respect to this choice of G and H). By (D), there exists a set My € F,
such that the measures m;, j € My, are uniformly (s)-bounded and uniformly
regular on Xg. This proves that (D) implies (BJ).

Open problems:

(a) Prove similar Schur and limit theorems using m™* instead of m* and/or
without assuming either “good” properties for the limit measure or filter uni-
form exhaustiveness.

(b) Investigate similar results by considering weaker notions of (s)-boun-
dedness and o-additivity.

(c) Study similar theorems by considering some other classes of filters.

(d) Investigate some other properties of filter exhaustiveness, weak filter
convergence and filter («)-convergence in the topological group setting (see
also [9]).

(e) Investigate similar topics by dropping the hypothesis that the topo-
logical group involved satisfies the first axiom of countability (in this context
some like classical properties do not hold, see also [46, 51]).

5 Conclusions

We have seen that several versions of limit theorems, which were proved with
respect of filter convergence in the lattice group setting in [10, 11, 15, 17,
18, 21], hold even for filter convergence in topological group-valued measures.
After having investigated some classes of filters and their properties, and ex-
amined some features of filter convergence, we have studied some properties
of topological group-valued measures, and in particular some relations be-
tween regularity and o-additivity, some aspects of absolute continuity and
some Drewnowski-type theorems on existence of countably additive restric-
tions of (s)-bounded measures.

We have investigated three kinds of limit theorems. First, we have consid-
ered some particular classes of filters and Schur-type theorems for measures
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defined on the class of all subsets of N and we have deduced, as consequences,
some Vitali-Hahn-Saks, Nikodym and Dieudonné-type theorems.

We have examined in particular positive measures, showing that in this
case it is possible to prove some versions of these kinds of theorems under
weaker assumptions on the filter involved.

Finally we have dealt with the powerful tool of filter exhaustiveness, which
has allowed us to find a sub-sequence of the original sequence of measures,
indexed by a suitable element of the filter involved, to which it is possible to
apply the classical theorems in [29] and [32], obtaining some results about the
existence of limit measures and further convergence theorems. Their equiv-
alence has been proved, using a Drewnowski-type result about the existence
of o-additive restrictions of (s)-bounded measures. This is possible, because
topological convergence satisfies property (U), which in general is not fulfilled
in lattice groups (see also [15, 26, 53]).
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