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WEIGHTED SOBOLEV INEQUALITIES OF
MIXED NORM

Abstract

We obtain weighted Sobolev inequalities of mixed norm on paral-
lelepipeds and then generalize them to product of domains satisfying
the chain condition.

1 Introduction

Recently, there has been quite a number of papers on weighted Sobolev’s in-
equalities. For example, Brown and Hinton [1], [2], Chanillo and Wheeden [4],
Sawyer and Wheeden [16] and Chua [5], [6] and [7]. Also, Shi and Torchinsky
[17] proved some weighted Sobolev inequalities on parallelepipeds. We would
also like to study weighted Sobolev inequalities on product spaces, namely we
would like to generalize those inequalities to mixed norm inequalities.

In what follows, C' denotes various positive constants. They may differ even
in a same string of estimates. Moreover, sometimes, we will use C(«, 3,...)
instead of C' to emphasize that the constant is depending on «, 3, .... Cubes
are open with sides parallel to the coordinate axes. By a weight, we mean a
positive locally integrable function. Following [17], we say that a weight w on
R™ x R™ satisfies Muckenhoupt’s A,(R"™ x R™) condition, 1 < p < oo if

1 1/p 1) (p—=1)/p
w(x,y) dx d //wi p= d:z:d) <C
|1 x J| </J/I (.9) y> <J I Y
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for all parallelepipeds I x J, I C R™, J C R™, are cubes. (This definition
is actually equivalent to that given in [9] or [10].) Moreover, we say that a
weight w is doubling on R™ x R™ if

w(2I,2J) < Cw(l,J) for all open cubes I C R™, J C R™

where w(I,J) = [; [, w(z,y)dxdy. Also, we say that a weight w is reverse
doubling on R" x R™ if there exists an € > 0 such that

|I><J>E
wl, ) > [ 222Nt g
(1.0) 2 € (i) oo o

for all cubes I, Iy, J, Jo, I C Iy CR™, J C Jy C R™. Note that A, weights
are doubling and hence reverse doubling on R™ x R™. In what follows, @,
I, J are always cubes and p’ will denote p/(p — 1) if 1 < p < co. Finally,
if f is a function defined on an open set of R™ x R™ such that it is weakly
differentiable, we denote by V1 f(z,y) the partial gradient of f containing the
x-derivatives; similarly for Vs f(x,y), the partial gradient of f containing the
y-derivatives.

Let 1 < g1, g2 < 0o and let w be a weight on R™ x R, If E is a measurable
set in R™ x R™, we will let

q2/q
1l = ( L L et o) dm)

q1/q2 Va
1714 ) = ( [ | e pxstte. dy> .

and || f H B similarly.

1/q2

and

Moreover, we will define || f || L)

Shi and Torchinsky proved the followmg

Theorem 1.1 [17, Theorem 1] Let 1 < p < ¢ < co. Assume f is a Lipschitz
continuous function on a parallelepiped R = I X J and suppose that the doubling
weights w, v satisfy the following conditions:

(1) v e A,(R" x R™) and

1\ e/n \ B/m NN Y] 7\ 1/p ~
(ii) (I%) (I“;‘l) (%) <C (%) for all cubes I' C I C

R* JCJCR™ with0<a,<1,anda+f <1.
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If fr denotes the average of f over R, then

1 cc g g
w(R)l/qui‘fRHL?u(R) = ’U(R)l/pH 1f||ij(R)+ ’U(R)l/pH 2f”Lg(R)'

We will first generalize this to mixed norm inequalities on parallelepipeds
(see Theorem 1.2) and then to inequalities on product of domains satisfying
the chain condition (see Theorem 3.9). Finally, in the case v = v = w €
Ap(R™ x R™), we obtain a simple weighted Sobolev inequality on product of
domains satisfying the chain condition (see Corollary 3.12 and Definition 3.6).

Theorem 1.2 Let 1 < r1,72,p1,P2 < q1, g2 < 00, and p;,r; < q; fori=1,2.
Let p,v,w be weights such that p', v', w are reverse doubling on R™ x R™

where
v = [1f u‘*(w)dac]ri/ré &y (1.1)
V(1) = /}[/Iv—p;l(x,y)dxr;/pé dy (1.2)
w(l,J) = /I[/Jw(:r,y)dyr2/ql dz . (1.3)

Suppose further that there exist 0 < «, B,7v,0 <1 witha+p <1, andvy+6 <1
such that

for all cubes I, I', I in R™, J, J', J in R™, such that I' C I and J' C J.
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Then

Il|J
WH frxll

< GV (L, D)L |

LI (Ix.J)

(L, D)™V f]]

LE(IxJ) LT(IxJ)

for all parallelepipeds I x J in R™ x R™ and any Lipschitz continuous function
fonlxJ.

Remarks 1.3

(a) When 1 < p < g, we are able to extend Theorem 1.1 by including the case
a + [ =1 under slightly stronger condition. See Theorem 3.10.

(b) We can also obtain similar inequality if we take frx; to be the weighted

average
1
= ——— d d .
arx.J w(I,J)/I/Jf(w’y)w(x’y) ydx

Indeed, by the triangle inequality and Holder’s inequality, we can obtain

vy SIF = fll

I —arcsl Vi

L
1/,

X |14+ w(I,J)Y e (/I [/Jw(x,y) clyré/qi dm) w(I,J)™?

2 Some Preliminary Results

First, the following theorem is a consequence of the proof of Theorem 1B
n [16].

Theorem 2.1 Let 1 < p<qg< oo, 0 < a<n and let v and w be weights
such that w and v=Y®=Y gre reverse doubling on R™. Suppose further that
there exists an A > 0 such that

w(@Q)

Then there exists a positive constant Cy depending only on the reverse doubling
constants and A such that

T oY DQNYY < A for all cubes Q in R™.

||Iaf”LZ}(R") S COHf||L€(Rn) (21)
for all f € LH(R™) where Lo f(x) = [y L8 dy.
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PROOF. Theorem 1B of [16] states that the constant Cj in (2.1) depends only
on v and w. However, the proof given in [16] actually proves that Cy depends
only on the reverse doubling constants and A. O

The previous theorem immediately implies the following.

Corollary 2.2 Let 1 <p < g < o0, 0 < a<n andlet v and w be weights
such that w and v=/®=1) are reverse doubling on R™. Suppose further that
there exists an A > 0 such that

<w@?)>”q(VQW)1(@‘”@‘”@?))U#<<A

w(Q) Q) v V/-1(Q) -

for all cubes Q,Q" in R™, Q' C Q. Then there exists a C > 0 depending only
on the reverse doubling constants and A such that

Va0 s —1(p~1/ (=1 1/p'
ol g ) < C0(@Y1QIE WY@ |1y g,
for all f € LE(R™) and all cubes Q in R™.

Next, let us state a lemma from [17].

Lemma 2.3 [17, Corollary 1] Let 0 < v, A < 1 and f is a Lipschitz continuous
function in R =1 x J and (z,y) € R. Then there exists a constant C > 0
independent of f and R such that

[z V1 f(u,2)]
|f(z,y) — frl <C<|J1/m // = [z — g Vdudz

7/ // Vas(u,2)]
dudz.
+C(uw" U2z g

Finally, let us prove a mixed norm inequality for fractional integrals on
product spaces.

Lemma 2.4 Let0<a<n,0<B8<m,1<pi, p2<q1, g <00 and p; < q;
fori=1,2. Let v, w be weights such that v' and W are reverse doubling on
R™ x R™ where v’ and w are defined as in Theorem 1.2. Suppose further that
they satisfy (#i) and (iv) in Theorem 1.2. Then there exists C > 0 such that
for any parallelepiped I x J in R™ x R™, we have

o a2/a 1/g2
</ [/ (//u_ﬂllfg';! i dedu) w(m,y)dy] / dm)

< Co'(1, ) /Pa(1, J) e 1| R g )|

LP(IxJ)’
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ProoOF. Let I x J be a parallelepiped in R™ x R™. Let

= —p1/Ph
vo(y) = (UT’ll(I,y)) * and let

=1 , /
k() = w(w, J)Y O T|m od (D) YP = w(w, J)Ye g (T, )P

Note that
/ k(2)® de = B(I’, J)|J| R =09 (o (1, 7))/
Thus,
@ q2/q /a2
/ / // £ (v, 2)] dudz | w(z,y)dy dx
u—al=elz — g7

P11

o[ (et ] o)™

by (iii) and Corollary 2.2

P1/92 1/p1
<C<A.//}Kiﬁa k() ] %@MQ

by Minkowski’s inequality since g > p;

r p1/p2 . p1/p3 L/p1
§C<ﬁsﬁﬁmdaww} [ e w@w@

s (I, J)Y 92| g% =Y I)5 2/ (1, )% by (iv) and Corollary 2.2

5 , P1/p2
BT (T, )l (1, 0) M / {/|f|p2v($,y) dx} dy
J I

1/p1

We can now prove Theorem 1.2.
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Proor oF THEOREM 1.2. First note that by Lemma 2.4,
ml/n @
|J|1/m
2/ @ 1/q2
Vi f(u,2)| ” !
(/ [/ (//J|u—$|” T ~dzdu | w(x,y)dy dz

! l-a a_q .
<O (M JLI™) IV gy 0 DY 5 (1, ) e

- =1 7171 1/qz2,/ 1/p}

= CHE I a0 )= (L) A9y
Theorem 1.2 now follows from Lemma 2.3 as estimates for Vo f can be

obtained similarly. O

3 Sobolev Inequalities on Product of Certain Domains

Since one of our main tools will be projection of functions into polynomials,
we will first state some theorems regarding polynomials. The following lemma
is a generalization of [18, Chapter 3, Lemma 7].

Lemma 3.1 If i is a doubling measure on R™ xR™ and k is a positive integer,
then there exists a positive constant so(n,m, ) such that if 0 < s < sg, then
for any parallelepiped I x J in R™ x R™ and A\ > 0 such that

n({(e.y) € T x T p(e,y)] > A}) < sp(L, J)

we have sup(, ,yerx.g [P(x,y)| < CA, where p is any polynomial of degree < k
and C' is a constant independent of A\, I, J and p.

In particular if u = w, note that

W({(z,y) € I x J:|p(x,y)| > A}) < <A|p|L?u(I><J)> '

Hence, || p || with C' depending only on k

L= (rx)S W I'p HLZJ(IXJ)
and the doubling constant of @ (and the dimensions m and n).

PRrROOF OF LEMMA 3.1. We will follow the idea of the proof of [18, Chapter 3,
Lemma 7]. Let p be a polynomial of degree N, N < k, and let R =1 x .J be
a parallelepiped in R™ x R™. First note that it suffices to show that there are
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constants C7, Cy > 0 depending only on the doubling constant of the weight
1, k and the dimensions n, m such that

p{z € R:[p(2)| > erllpll oo gy} = Copt(R).- (3.1)

Let zp € R such that [p(z0)| = ||p||L°°(R) and let Ry = Iy x Jo C R such

that zo € Ry, I(Io) = I(1)/2, I(Jy) = I(J)/2. By a change of coordinates
and scaling if necessary we may assume that zyp = 0 and is a corner of Ry
and Ry = {(z,y) e R" xR™ :0<2; <1,0<y; <a fori =1,...,n,
j=1,...,m} for some a > 0. Let

E={(z,y) € Ro: |(z.y)] < Vn+ma2/(8k)", Jazx|/2 < |y| < 2]az|}.

To prove (3.1), let us note that it suffices to show that |p(z)| > |p(20)|/2* for
zec E.

Let 2/ = (2/,4y') such that |2'| = 1, |az’|/2 < |[¢| < 2|ax’|. We then let
t' =sup{t € R: tz’ € Ry} and ¢(t) = p(tz’) for t € R. Then g is a polynomial
of degree N < k. Consequently, g(t) = a(t —aq)--- (t — ay) and

la(t —a1)--- (t —an)| _ [p(t2)]
laay - an| Ip(20)|

<1 fortel0,t]. (3.2)

Next, since t > v/n + ma?/2, it is easy to see that there exists to € [0,t'] such
that

lto — a;| > vVn+ma2/4N > \/n+ma?/4k for j=1,2,... N.

By considering two cases |a;| > 2v/n + ma? and |a;| < 2v'n + ma?, and using
the fact that |[tg — a;| > v+ ma?/4k and [to| < vVn 4+ ma?, it is easy to see
that |to — a;|/|a;| > 1/8k for all j. Hence by (3.2), we see that

|t0 — aj| < (8]{:)N71 < (8]€)k‘71
||

for all j. Thus

0] > [to — a;] < Vn +ma?/4k _ 2v/'n 4+ ma?
T8k T (8k)! (8k)*

for all j. Now if 0 < t < v/n +ma2/(8k)¥, then

laj| <laj —t|+t < |a; —t|—&-M and hence s — 1]

>
2 |aj|

1
2
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for all j and therefore |g(t)|/|g(0)| > 1/2N > 1/2k. Thus |p(z)| > |p(20)|/2" if
z € F and this completes the proof. ([
Next the following is a generalized form of [5, Theorem 2.2].

Lemma 3.2 Let R be a parallelepiped and let E be a measurable set in R with
|E| > ~|R|. If p is a polynomial of degree < k, then

> C(v,k) (3.3)

121y > 12 e -

PRrROOF. In [5], (3.3) was proved to hold for R = Qg the unit cube in R® x R™
with center at the origin. Now if R is any parallelepiped, same as the proof
in [5], there exists an affine transformation T' mapping R isomorphically onto
Qo. It is now easy to see that (3.3) holds. O

The following lemma is an immediate consequence of the previous lemma.

Lemma 3.3 Let E and F be parallelepipeds such that E C F and |E| > v|F|.
If p is a polynomial of degree < k, then

19 g )2 COR I e gy -
The next theorem is an immediate consequence of Lemmas 3.1 and 3.3.

Theorem 3.4 Let E and F be parallelepipeds such that E C F and |E| >
Y|F|. Let 1 < q1,q2 < 0o. If w is a weight such that w is doubling on R™ x R™
with doubling constant A, and p is a polynomial of degree < k, then

7) 1/q2
< Clamn ) (S plg

1Pl )=

Lemma 3.5 [6, Lemma 2.5] or [19, Lemma 2.3] Let w be a doubling measure
on R™ with doubling constant A. Let {Qa}acr be an arbitrary family of cubes
inR™. If{aq}acr is a family of non-negative real numbers, then for 1 < p < oo
and N > 1, we have

C(A,n,p,N (3.4)

LE (R™) LE (R™)

Note that even though it was stated in the references that the constant in
(3.4) depends on w, n, p and N, however, the constant actually depends only
on n, p, N and the doubling constant A.
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Definition 3.6 [12] An open set Q in R™ is said to be a member of F(o,N),
o >1, N > 1, if there exists a covering W of Q) consisting of open cubes such
that:

(a) Z X Q r) < Nxg(r) VreR".
Qew

(b) There is a ‘central cube’ Qo € W that can be connected with every cube
Q € W by a finite chain of cubes Qo, Q1, - .., Qrq) = Q from W such
that @ C NQ; for j =0,1,...,k(Q). Moreover, Q; N Q,1+1 contains a
cube Qj such that Q; U Q41 C NQj.

We say that ) satisfies the Boman chain condition if Q € F(o, N) for some
N,o > 1. There are many types of domains that satisfy the Boman chain
condition, for example, balls, cubes and John domains (see [12]). Moreover, it
is easy to check that bounded (g, 00) domains (see [13] or [5] for the definition)
satisfy the Boman chain condition. Hence so do bounded Lipschitz domains.

First let us state a consequence of the proof of Theorem 1.5 in [5].

Theorem 3.7 Let o, N > 1,1 < g< o0, and D € F(o,N), D C R" and let
f be a measurable function defined on D. Suppose w is a doubling weight on
R™ with doubling constant A. Let W be a collection of cubes that satisfies the
chain condition and let P(f,Q) be a polynomial of degree < k associated to
each cube Q in W. Then

If = PUQNY, o) C DI = PUQIL, o (3:5)

Qew

where Qg 1is the ‘central cube’ in D and C depends only onn, q, A, k and N.

Let us generalize this theorem to products of domains satisfying the chain
condition.

Theorem 3.8 Let 0, N > 1,1 < g2 < 1 < o0 and D1,Dy € F(o,N),
D1 CR™, Dy C R™ and let f be a measurable function defined on D = D1 xDs.
Also, let v be a weight and let w be a doubling weight on R™ x R™. Let Wy
(W3 ) be a collection of cubes in Dy (Dy) that satisfies the chain condition.
Let P(f,R) be a polynomial of degree < k associated to each parallelepiped
R=1xJ withI € Wy, J&E Ws5. Then

Q2 q2
If =Pl x o)l <C > D M =PEIxDIE o (36)
IeW, JeW,

where Iy is the ‘central cube’ in D1 and Jy is the ‘central cube’ in Dy and C
depends only on m, n, q1, q2, w, k and N.



WEIGHTED SOBOLEV INEQUALITIES OF MIXED NORM 565

ProoF. We will modify the proof of Theorem 1.5 in [6]. Let J € Ws. For
any I € Wy, there exists a chain Iy, I1,...,Iy = I that connects I to Iy (see
Definition 3.6(b)) and

q2/q1 1/
U P(f, 1% ) — P(f, o x J)|%w (x,y)dy] dx)

g

<

o q2/q1 1/qz
Z( / / P(f, T % ) — <f71k1xJ>|q1w<m7y>dy} dw>
k=1 \7{
6 =~ 1/g2
<C
- ;( Ikﬁfk 1,J)>
H (falk X J) (falk 1 X J)HL?U(IkﬂIk,li) by Theorem 3.4
(I J) )1/112
<oy ()
- kz_:( (Ikﬂlk 1,J)
< (1P DX Dl o HEPUT X Dl )

~ I J 1/‘]2
(11;((.71; J))> 1 = Pf L J)”L?,,(Ikxﬂ'

Q
M-

Hence for any z € R™, we have,

xi(z)
L?U(IXJ)U]([, J)l/qz

1/q2
<o (BHD) - x g,

Lew,

IP(f, I J) = P(f, 1o x J)|
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And
112
D PG = P(fdox D)%
IeWy
@ xr(z) .
=3 [VPGI D =PI, St
( ) q2
XNL -
= e <L§v W”f PULX D g 1y ) Ol T
(f,LxJ)lqu"’q Ly Xp (@)@, J) dz
by LemmaB5

(L=l / xo (@), J) da

LI (LxJ

by the chain condition (a)
<C Y If=P(f,LxJ)|*

Lew; LY,(LxT).
Hence,
q2
If =PI x D%
< q2 _ q2
<O > (I = PUIxD%, | HIPG I = PO, )

IeW; w

<C Y |f=P(f.LxJ)*=

L (Lx ])
LeW;
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Next, by Theorem 3.7,

/0
] dx

/ [ [ 17 = POy ot ) dy
D1 Do

a2/q
<C [ Z |f — P(f,Io x J)|Tw(z,y) dy] dx
D1

JeW, J
since there exists an A > 0 such that w(z,2Q) < Aw(z, Q)
for all cubes Q in R™ and almost all x € R™

SCZ/D

q2/q1
[ [15 = PG 1o x Doty dy} dz since 3 <
J

JeW, 1
< _ g2
<C Y 2 M =PHIxDIE
IeW, JeW,
by the previous estimate. ([

We can now extend Sobolev’s inequalities of mixed norm to products of
domains satisfying the chain condition.

Theorem 3.9 Let o, N > 1 and D1,Ds € F(o,N), and let f be a weakly
differentiable functions on D = Dy x Dy C R™ x R™. Let Wy (W3) be a
collection of cubes in D1 (D2) that satisfies the chain condition. Under the
assumption of Theorem 1.2 and suppose in addition that ps < p1 < g2 < 1,
ro <1 < g2 < q1, and W is doubling on R™ x R™ such that

IT)(I/ J') 1/q2 |J" -1 ‘I’| 11 ,U/(I/ J’) 1/p}
Wi, 7)) e Ly CACHL) <A :
(Gem) () (7)) (5am) = oo
a(r N N TN E e N
w(1,J) | || w(l,J) - '
for all cubes I,1I' € Wy, I' C I and all cubes J,J" € Wy, J' C J, then

1
Wﬂf - roXJOHLi(D)

<CALo| ™ ol (v (Lo, J0) /5110 [V £l

+ 1 (Lo, Jo) Y7 | Jo |V ™| [ Vo f|

LZ(D))

where Iy and Jy are the ‘central cubes’ in W1 and Wy respectively.
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PROOF. For any parallelepiped I x J, let
A1, J) = @I, )Y 9=/ (1, J)YP 1= =17,
A2(I’ J) = ,lD(I’J)l/Q2/’6/(IaJ)l/rlllll_llJ'#_l_

By Theorems 3.8 and 1.2, we have

a2/q /a2
</ (/ |f(z,9) = frox 0| w(z,y) dy) dg;>
D1 \JD,
q2/q1 1/‘12
< (Z Z / {/ |f = f]qulw(fay)dy} dx) since q1 > ¢
Iew, Jew, /1 WJ
q2 5%
SC<Z > [ g, )
TEW, JEW,
q2 Eé
+C ( > D [Azu,J)HvaHLZ(,XJ)] ) — 1411
IeW, JeW,
p1/p2 1/p1
1<C < Z Z Aq(1, J)pl/ (/ |V1f($,y)\p2v(x,y) dx) dy)
IeW, JeWs J I

since g2 > p1

<Ci(Lo, Jo) <Z > /](/I|V1f(m,y)|p2v(x,y) dx)pl/mdy> "

IeW, JeWs
by (3.7) and the chain condition (b)

p1/p2 1/p1
> /J(Z /I|V1f($,y)|p2v(%y)dz> dy)

JeWs IeWw,

<CA(Iy, Jo) (

since p; > ps

<CAi(lo, Jo) </Dz (/D1 IVif(z, y)lP>v(z,y) d$>pl/p2 dy)

by the chain condition (a). Similarly, we obtain

ri/r2
IT < CAg(Io, Jo) </D (/D |vzf<x,y)|’“2u(x,y>dz> dy)

1/p1

1/r1
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This complete the proof of Theorem 3.9. O
Remarks
(a) In particular, if 1 < p < ¢, v € A,(R™ x R™), we are able to obtain the

same conclusion for the case o + § = 1 that is not covered by Theorem 1.1,
i.e., [17, Theorem 1] under slightly stronger assumption.

Theorem 3.10 Let 1 < p < g < co. Suppose that v € A,(R™ x R™) and w is
a reverse doubling weight on R™ x R™. Suppose further that there exist 0 < c,
B <1 with a+ 3 <1 such that

(55) () scCn)”
() () () oo

for all cubes I', 1,1 inR™, I' C I, and cubes J',J,J in R™, J' C J. Then
1 = F1xall o 1y < Cwld, )90, 0) 7P

<9 ey + TNV ] (39)
for all parallelepipeds I x J in R™ x R™.

PRrROOF. By the A, condition and Holder’s inequality, (vii) and (viii) imply
(iii) and (iv). Hence (3.9) follows from Theorem 1.2. O
(b) The following corollary now follows from Theorems 1.1, 3.8 and 3.10.

Corollary 3.11 Let o, N > 1 and D1,D3 € F(o,N), and let f be a weakly
differentiable function on D = Dy xDy C R"xR™. Let W1 (W3 ) be a collection
of cubes in Dy (D3) that satisfies the chain condition. Let 1 < p < q < oo.
Suppose that v € A,(R™ x R™) and w is a doubling weight on R™ x R™.
Suppose further that there exist 0 < o, 8 < 1 with a+ 8 < 1 such that (i) and
(i) in Theorem 1.1 hold for all cubes I' C I in R™, and cubes J' C J in R™.
If

(56:5) [+ () ) =< i)

for all cubes I,I' €e Wy, I' C I and all cubes J,J € Wo, J' C J, then

||f - roXJo||L5(D)

< Co(l, DYoL, D) [T f1ly ) + 15921

L3(D) L3(D) }
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where Iy and Jo are the ‘central cubes’ in W1 and W respectively. Moreover,
if in addition that 1 < p < ¢ < oo and (vii) and (viii) hold for some 0 < «,
B <1 such that o+ 8 < 1, then the above inequality also holds.

Finally, let us conclude this paper by showing the following corollary of
Theorem 1.1 and Theorem 3.8 when w = v € A,(R™ x R™).

Corollary 3.12 Let o, N > 1 and D1,Dy € F(o,N), and let f be a weakly
differentiable functions on D = Dy x Dy C R™ xR™. Let Wy (W3) be a collec-
tion of cubes in Dy (D2 ) that satisfies the chain condition. Ifw € A,(R™xR™),
1< p< oo, then

Hf - fIUXJUHLfU(D) < C|IO|1/n||V1f||Lﬁ,(D) + C|J0‘1/n||V2f||Li(D)
where Iy and Jy are the ‘central cubes’ in W1 and Wy respectively.

PRrROOF. First note that it follows from Theorem 1.1 that for each paral-
lelepiped R =1 x J in R™ x R™, we have

Hf - fIXJHL{’U(Ix.]) < C‘I‘l/nnvlfHL%([XJ) +C|J|1/HHV2fHLﬂ(IXJ).

Thus by similar argument as in the proof of Theorem 3.9, the result follows.[]
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