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ON PRODUCTS OF QUASICONTINUOUS
FUNCTIONS

Abstract

It is shown that every cliquish function f defined on a pseudometriz-
able space for which the preimages of the positive and the negative
half-axes are simply open sets is the product of two quasicontinuous
functions. If moreover f is in the Baire class «, then we can take the
factors also in the Baire class a.

1 Introduction

In 1985 in [5] Z. Grande showed that there is a cliquish function of a real vari-
able which cannot be written as the finite product of quasicontinuous functions
and asked for characterization of such functions. This characterization has
been given by T. Natkaniec in 1990 in [10], where it is shown that a function
f: R — R can be factored into a finite product of quasicontinuous functions
if and only if it is cliquish and

(x) each of the sets f~1((—00,0)), f~1((0,00)) and f~1(0) is simply open.

However, in his representations of such function he used as many as eight
quasicontinuous functions. This result is generalized in [2] where it is shown
that each real cliquish function defined on a separable metrizable space satis-
fying the condition (x) can be written as the product of three quasicontinuous
functions. Moreover, it is shown that the condition (x) can be replaced with
“the set f~1(0) is simply open” for a Baire space. Finally, A. Maliszewski in
[8] (see also [7]) proved that two quasicontinuous functions are sufficient for a
cliquish function f defined on R™ satisfying () . In this paper we generalize
this result for a cliquish function satisfying (%) defined on a pseudometrizable
space. The proof is quite different from [8].
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2  Preliminaries

In what follows, X denotes a topological space. For a subset A of X denote by
Cl A and Int A the closure and the interior of A, respectively. If A is a family
of sets in X, then JA =J{A: A€ A} and ClA = {Cl1A: A € A}. The
letters R, Q and N stand for the set of real, rational and natural numbers,
respectively.

We recall that a function f: X — R is said to be quasicontinuous (cliquish)
at x € X if for every neighbourhood U of x and every € > 0 there is a nonempty
open set G C U such that |f(z) — f(y)| <eforeach y € G (|f(y) — f(2)| <e
for each y,z € G) (see e.g. [11]). A function is said to be quasicontinuous
(cliquish) if it is such at each point. A function f: X — R is simply continuous
if f=1(V) is a simply open set in X for each open set V in R. A set A is simply
open if it is the union of an open set and a nowhere dense set [1].

Denote by 9, S, B, and b the class of all quasicontinuous, simply continu-
ous, in Baire class a and bounded functions. Finally, let

H={f: X = R;fis cliquish and the sets
7 H((=00,0)) and £71((0,00)) are simply open }.

3 Results

We shall show that for a pseudometrizable space we have Q- Q = H and
B,Q - B,Q = By,H. Evidently Q C H and by [2] H - H = H for an arbitrary
topological space X. Two following results are proved in [4] (D(f) denotes
the set of all discontinuity points of f).

Lemma 3.1. [4, Lemma 3.1] Let X be a pseudometrizable space. Let F be a
nonempty nowhere dense closed set and let G be an open set such that F C
C1G. Then there is a family K = J,, K, of nonempty open subsets of X such
that

(i) C1K C G\ F for each K € K;

(ii) for each x € X \ F there is a neighborhood V of x such that the set
{K e K:VNCIK # 0} has at most one element;

(iii) for each x € F and for each neighborhood U of x there is a k € N such
that for each n > k there is K € IC,, with CIK C U.

Theorem 3.2. [4, Theorem 4.1] Let X be a pseudometrizable space. Then
every cliquish function f: X — R is the sum of two quasicontinuous functions
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f1 and fo. Moreover, D(f1) U D(f2) C D(f) and if f is bounded (in Baire
class ), then the summands can be taken bounded (in Baire class ).

Lemma 3.3. Let X be a pseudometrizable space. If f: X — R is a positive
(negative) cliquish function then f is the product of two quasicontinuous func-
tions. If moreover f is in Baire class o then we can conclude that the factors
belong to Baire class «.

PROOF. The function In|f| is cliquish (and in Baire class « if f is in Baire
class «) and according to Theorem 3.2 there are quasicontinuous functions
g1,92: X — R such that In|f| = g1 + g2. Now we take f; = sign f-expg; and
f2 = exp ga. O

Theorem 3.4. Let X be a pseudometrizable space. Then every function from
H is the product of two quasicontinuous functions. If moreover f is in Baire
class v then we can conclude that the factors belong to Baire class .

PRrROOF. Denote G; = Int f~1((—00,0)), G2 = Int f~1((0,00)) and G3 =
Int £71(0). Then the set A = X \ (G1 U G2 U G3) is closed nowhere dense
and by Lemma 3.1 there is a family K = |J,, K,, of nonempty open sets in X
satisfying (i)—(iii) for F = A and G = X. The set C = |JCIK is closed in
X \ A and therefore sets G; \ C, j € {1,2,3}, are open.
Let j € {1,2}. By Lemma 3.3 there are quasicontinuous functions #/, 3 : G\

C — R such that fig,\c = t{ t% Further by Lemma 3.3 for each K € K with
CIK NG, # 0 there are quasicontinuous functions gi’K, gg’K: ClIKNG; - R
such that fiaixng, = g{’Kg%"K. Evidently, ng(J;) # 0 for each x € C1KNG,
and i € {1,2}. If CIK NG, # 0 choose an arbitrary a/X € K NG;. Let
Q\ {0} ={@1,q2,--.} be a one-to-one sequence of all rationals different from
zero. Let 3: N x N — N be defined by B(m,k) = 2*=1. (2m — 1), let N; be
the set of all even numbers and let Ny be the set of all odd numbers from N.
Define functions fi, fo: X — R as follows:

fi(z)

i K K i
g7 () - gb ™ (a2 ),

i K
g{ (2)-gm
=R e
97" (ad X))

if x € CIK N Gj, where j € {1,2} and
K € Kg(m,k) for some m € N and k € Ny,
if # € C1K N G,, where j € {1,2} and
K € Kg(m,k) for some m € N and k € Na,

dm; if x € G3NClIK, where K € ’Cﬂ(qu) for
_ some m € N and k € Ny,
tjl(df), if$6Gj\Cvj€{172}7

f(=),

otherwise.
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% it 2 € CLK N Gj, where j € {1,2} and
2 K € Kg(m,k) for some m € N and k € Ny,

if + € CIK N G;, where j € {1,2} and

ke _—
93" (@)g] " (a”F)

fo(z) = o K € Kg(m,k) for some m € N and k € N,
0, it v € CLK NGz, where K € Kg(p 1) for
_ some m € N and k£ € Ny,
t(z), itee G;\C,je{1,2},
1, otherwise.

Then evidently f = f;- fo. We shall show that f; and f; are quasicontinu-
ous. Let x € A, let U be a neighborhood of x and € > 0. Choose m € N such
that |g,, — f(z)| < &/2. By (iii) there is k € Ny and K € Kg(, ) such that
CIK cU. By (i), ClK Cc G1 UG2 UG3.

If CIKNGs # (), then G = KNGs C U is a nonempty open set and
11(2) = )] = [£(2) — gm] < € for cach y € G.

If CLK NGj # 0, where j € {1,2}, then H = K NG; C U is an open
nonempty set. Since g{’K is quasicontinuous at a’*% there is an open nonempty

set G C H such that |g" (y) — g7 ™ (a?5)| < o] g (a?K)] for each y € G.

Therefore for each y € G we have

[f1y) = fi@)] < 1f1(y) = fula” )|+ f1(a™F) = fi(@)] < e/2+|gm — f(2)| < e.

Further, thereis [ € Ny and L € Kg(y, 1y such that CIL C U. If CILNG3 #
(), then G = K NG3 C U is an open nonempty set and |f2(y) — fo(z)| = 0 for
each y € G.

If CILN G, # 0, where j € {1,2}, then there is an open nonempty set
G C KNGy C U such that for each y € G we have g3t () — git(a?l)] <
elgs” (a?h)| and therefore | fa(y) — fo(w)| < |fa(y) — fo(aF)| + |fa(a?F) —
fa(x)| < e. Therefore f; and fy are quasicontinuous at each z € A. The
quasicontinuity at the other points is easy to see. If f is in Baire class o then
also f1 and fy are in Baire class a. O

Remark 3.5. There is a normal (not Ti) second countable space X such
that every quasicontinuous function defined on X is constant but there are
nonconstant functions from H [2] .

Remark 3.6. In [2] it is shown that if X is a Baire second countable space
such that the family of all open connected sets is a w-base for X, then every
function from H is the product of two simply continuous functions. It follows
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from Theorem 3.4 that this result is true for a pseudometrizable space X which
gives a positive answer to Problem 1 in [2] (if X is pseudometrizable then we
have H C S-S and if X is moreover Baire, then H =38 -8S).

Remark 3.7. In Theorem 3.4 we cannot assure f1 and fo to be bounded if
f € H is bounded. Theorem V.2.2 in [9] gives a characterization of functions
f: R = R which can be written as the product of k bounded quasicontinuous
functions. From this characterization it follows that e. g. the characteristic
function of the set R\ {0} (belonging to bH) cannot be written as the product
of finitely many bounded quasicontinuous functions. It is a natural problem
to characterize functions f: X — R which can be written as the product of k
bounded quasicontinuous functions for a pseudometrizable space X .

In [6] it is shown that if f: R — R is cliquish then there are ¢ € R and
quasicontinuous functions f1, fo : R — R such that f = ¢+ f1fo. We shall
show that this result can be generalized to a separable pseudometrizable space
but not to an arbitrary pseudometrizable space.

Theorem 3.8. Let X be a pseudometrizable space whose weight is less than
the cardinality of R. Then for each cliquish function f: X — R there are
c € R and quasicontinuous functions f1, fo: X — R such that f = c+ f1fs.

ProoF. Let A = {a € R : f7!((a,00)) is not simply open}. If A, =
f~1((a,00)) is not simply open, then the set A, \ Int 4, is not nowhere dense
and there is an open set J, in X such that A, and X \ A4, are dense in J,.
Assume that J, N J, # 0 for some a,b € A, a < b. Then the sets A, =
{reX: f(x) >b} and X\ A, ={z € X : f(z) <a} are dense in J, N Jp, a
contradiction with the cliquishness of f. Since the weight of X is less than the
cardinality of R the cardinality of the set A is less than the cardinality of R.
Similarly the cardinality of the set {a € R : f~!((—o0,a)) is not simply open}
is less than the cardinality of R. Therefore there is ¢ € R such that the sets
f1((—o0,¢)) and f~1((c,00)) are simply open. Now the function f—c belongs
to H and we apply Theorem 3.4 . O]

Example 3.9. Let X = I x R (where I = [0,1]) with the metric d, where
d(z,y) = d((z1,22), (y1,92)) = max{|z1 — y1|,sign [y1 —yol}. Letg: [ =R
be the Riemann function (i.e. g(z) = 1/q, if z = p/q, where p,q are relatively
prime, ¢ > 0 and g(z) = 0 otherwise). Define a function f: X — R by

f(x) =g(x1) + 22 for x = (x1,22).

Then f is cliquish function and f # ¢+ fifa for each c € R and f1, fo € Q.
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