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Abstract

Some special notions of approximate quasi-continuity and cliquish-
ness are considered. Moreover, uniform, pointwise and transfinite con-
vergence of sequences of such functions are investigated.

Let R be the set of all reals and let . (1) denote outer Lebesgue measure
(Lebesgue measure) in R. Let

dy(A,x) =limsup pe (AN (x — h,z + h))/2h

h—0+
(di(A, ) = liminf p. (AN (x — h,z + h))/2h)
h—0t+

denote the upper (lower) density of a set A C R at a point . A point z € R
is called a density point of a set A C R if there exists a measurable (in the
sense of Lebesgue) set B C A such that d;(B,z) = 1. The family

T4 = {A C R; A is measurable and each x € A is a density point of A}

is a topology called the density topology [1].

Moreover, let T, denote the Euclidean topology on R. All considered func-
tions will be real and defined on R. A point z is a continuity point (an
approximate continuity point) of a function f if it is a continuity point of f
considered as an application from (R, 7.) (R, 74)) to (R, 7.). Denote by C(f)
(resp. A(f)) the set of all continuity (approximate continuity) points of f.
Define the following families of functions:
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- f e Ay (f € Ay) if for every point z, for every positive real n, and for
every set A € T containing x there is a point u € ANC(f) (u € A(f)NA)
such that |f(u) — f(z)] < n;

- f € As (f € Ay) if for every point z, for every positive real n, and
for every set A € Ty containing z there is an open interval I such that
INA#D, INACC(f) INACA(Sf)) and |f(u) — f(x)| < n for all
points u € I N A;

— f € A5 (f € Ag) if for every nonempty set A € T; there is an open
interval T such that TN A#Qand INACC(f) (INACA(f)).

— f € Ay if for each positive real n and for each nonempty set A € Ty there
is an open interval I such that TN A # (0, INA C A(f) and osc f <7
on I N A.

Moreover, a function f is said to be strongly quasi-continuous [strongly
cliquish] (abbreviated s.q.c. [s.c]) at a point z if for every set A € T containing
x and for every positive real n there is an open interval I such that TN A # ()
and |f(t) — f(z)| <nforallt € ANT [osc f <non InNA] ([4]).

Let f : R — R be a function and let £ € R be a point. If there is an
open set U such that d,(U,z) > 0 and the restricted function f|(U U {z}) is
continuous at x, then f is s.q.c. at x.

By elementary proofs, we obtain:

Remark 1. If all functions f,, n = 1,2,..., of some uniformly converging
sequence (fn)n are s.q.c. at a point x, then its limit f is also s.q.c. at x.

Remark 2. If f € A;, i =1,3,4, then f is s.q.c. at each point.

Remark 3. The inclusions
AsC A1 C Ay; A3C Ay C Ay A3 C AsU AL C A7 C Ag
are true.

Since every function which is s.q.c. at each point is also almost everywhere
continuous [4], we can observe that a function f € A; if and only if f is
s.q.c. at each point x and that the families A;, i = 1, 3,4, contain only almost
everywhere continuous functions. It is obvious also that all functions belonging
to the family Aj; are almost everywhere continuous.

Approximately continuous functions are in Baire class 1, so they belong
to A7 N Ay. Since there are approximately continuous functions which are
not almost everywhere continuous ([1]), in the families A; and Ay there are
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functions which are not almost everywhere continuous. However, if f € Ay U
Ag, then for every positive real n and for every measurable set A with u(A) > 0
there is a measurable subset B C A such that u(B) > 0 and osc f < 5 on B.
So, by Davies theorem ([2, 3]), every function f € Ay U Ag is measurable (in
the sense of Lebesgue). If f € Ag, then for every open interval I and for every
positive real n there is an open interval J C I such that osc f < non J. Thus,
the set C(f) of arbitrary function f € Ag is dense, and consequently it is a
residual Gg set. So, every function f € Ag has the Baire property. However,
there are functions f € As which do not have the Baire property. Therefore,
we adopt the following definition ([6]).

A function f is called approximately quasi-continuous at a point x if for
every positive real n and for each set A € T containing x there is a nonempty
set B C A belonging to Ty such that |f(¢) — f(z)| < n for all t € B.

Observe that a function f is approximately quasi-continuous at every point
if and only if f € As. In [6] it is proved that for every measurable function
f there is a sequence of approximately quasi-continuous functions f,, n =
1,2,... such that f = lim, o0 frn. So, if f is measurable without the Baire
property, then there is an index k such that the function fi does not have
the Baire property. Such function f is in the family 45 as an approximately
quasi-continuous function, but it doesn’t have the Baire property. From the
above it follows that

A\ A #0, i=1,3,4,56,7.

Since there is an approximately continuous function f with int(C(f)) = 0
([1]) we obtain A7 \ As # 0.

The function f(z) =0 for  # 0 and f(0) = 1 belongs to A5 C Az, but it
is not in Ay O A; D As. Moreover, it is not in A4. So,

As\A; #0, i=1,2,3,4.

If g is an approximately continuous function such that g(R) = [0,1] and
the set C(f) = g~*(0) is dense and its interior is empty ([1]), then the function
f(z) = g(z) for z # 0 and f(0) = 2 belongs to A7 \ A; for i =1,2,3,4,5.

As an example of function f € A; \ Ag we can take any strictly monotone
function which is continuous from the right at every point and which is such
that the set R\ C(f) is dense.

So, we obtain the following assertion.

Theorem 1. The inclusions

*.A3C./41C.AQ; A3C~A4C-A2;'
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-~ A3 CAs C A7 A3 C AL C Ay
are true. Moreover, each of the above inclusions is strict and
Ar\ As # 0.
The inclusion A7 C Ag is evident.
Theorem 2. The relation Ag \ A7 # 0 is true.

ProOOF. Let Ay C I} = (0,1) be a Cantor set of positive measure. In the
second step in every component I; ,, n = 1,2,..., of the set I; \ A; we find
an open interval .Ji ,, having the same centers as I, and such that |J; ,| <
472|1; |, where the symbol |J1 ,,| denotes the length of the interval .J; ,,. Next,
in each open interval J; ,, we find a Cantor set A; ,, C Jp 5, of positive measure.

In general, in the k** step (k > 2) we consider all components Loy,
of the set Jiny,. . mp_1 \ A1lns,...ne_q, N > 1 for 1 < i <k, and we find open
ns, and such

..........

that

(1) |J1,7l27~~,7lk| < 4_k|117n27m7nk"

Forl1<i<kandn;=1,2,..., let A1 p, . n. C Jin,,. . . n, bea Cantor set of
positive measure and let

.....

Let f(z) =1 for € Bi n,,...n,, Whenever k is even and n; > 1 for 1 <i <k
and let f(z) = 0 otherwise on R. We shall prove that f € Ag. Let A € T bea
nonempty set. Denote by B the union of all sets By ... n,, Where £ =2,3,...
and n; = 1,2,... for 1 < ¢ < k. Observe that B C A(f). So, if A C B, then
for every open interval I such that TN A # () we have IN A C A(f). If
A is not a subset B, then there is a point z € A\ B. If z is not in cl(B),
where cl(B) denotes the closure of the set B, then f is continuous at x and
for every interval I C R\ cl(B) containing  we obtain that I N A # () and
INAcCC(f) C A(f). So, we suppose that x € cl(B). If x =0 or z = 1, then
f is unilaterally continuous at = and there is an open interval I C R\ [0, 1]
with T N A # (. Consequently, in this case we have f(t) = f(z) = 0 for all
t € INA. If there are indexes ng, ..., ny such that © € A1y, g \ B1na,....nks
then, by (1), there is an open interval

oo
IcC J17n27~~7nk \A17n2a“'7nk \ U J17n27.-~7nk+1

ngt1=1
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such that TN A# 0 and INA C C(f) C A(f). If not, there is a sequence of
indexes ns, ..., Nk, ..., such that

o o
HAS m Ling,ny = ﬂ Jina,m-
k=1 k=1

Since d;(A,z) = 1, there is an index m such that for each k > m we have

(2) ,u(AmILng,u.,nk) > |Il,71,2,...,nk|/2-

By (1), there is an index j > m such that for each k > j we obtain

(3) 4|J1,n2,~~,nk‘ < ‘Ilyn2,~~~7nk|'

Fix k > j and observe that from (2) and (3) it follows that

A N (Il,ng,...,nk \Cl(Jl,ng,...,nk)) 7é @

Consequently, there is an open interval I such that ANT # ) and TN A C
C(f) C A(f). So, f € Ag.

For the proof that f is not in A7 it suffices to observe that B € 73 and for
every open interval I with I N B # ) the oscillation osc f on I N B is greater
than a for every positive real a < 1. O

Remark 4. Observe that if f € Ag is of the first Baire class, then f € Ay.
Consequently, every approximately continuous function belongs to Az.

For a family ® let B(®) (B, (®)) denote the family of all limits of converging
(of uniformly converging) sequences of functions from ®. Moreover, let Qs
denote the family of all functions which are s.q.c. at every point. By Remark
1 the family Qs = A; is uniformly closed.

Theorem 3. The equality B, (As) = Qs is true.

PrROOF. Let f € Qs be a function. It suffices to prove that for every positive
real 1) there is a function g € Az such that |f — g| < 7. Fix a real n > 0. Let

E = {y;pu(c(f(y))) > 0}.

Since f is almost everywhere continuous, the set E is countable. There is a
sequence (cg)72 _ . of reals ¢, € R\ E such that 0 < ¢pq1 — ¢ < /2 for all

integers k£ and
o0

R= U [Ck, Ck+1).

k=—o00
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If x is such that ¢ < f(x) < ct1, then let h(z) = ¢g. If h is not s.q.c. at x
and h(x) = ¢, then we put g(x) = cx_1. Otherwise let g(x) = h(x). Since f
is s.q.c. at each point x € R, the function g is the same on R. But the image
g(R) is a discrete set, so we obtain g € As. Evidently, |f — g| <. O

Since A3 C A4 C Qs, we obtain the following.
Corollary 1. The equality B,(A4) = Qs is true.
Remark 5. The equality B, (As) = As is true.

Proor. Fix f € B,(Az). There is a sequence of functions f, € Az, n =
1,2,..., which converges uniformly to f. Fix a point z, a positive real n and
a set A € T; containing x. Let k be an index for which |fx — f| < n/4. Since
fr € Aa, there is a point u € AN A(fx) such that |fx(u) — fr(z)| < n/4. But
u € A(fx), so there is a measurable subset B C A such that u(B) > 0 and
|fi(t) — fr(u)] < n/4 for each point ¢t € B. The function f is measurable as
the limit of the sequence of measurable functions f,,. Consequently, there is a
point w € BN A(f) C AN A(f). Moreover, we have

|f(w) = f(@)] <|f(w) = fi(w)] + [ fr(w) = fi(u)| + | fu(u) = fu(z)]
+[fr(z) = f(2)| <n/d+n/4+n/d+n/4=n. O

Let Cqe denote the family of all functions f for which u(R\ C(f)) = 0. We
have the following.

Remark 6. The equality B, (As) = Cqe is true.

PROOF. It suffices to prove that for every f € C,. and for every positive real i
there is a function h € As with |f — h| <. Fix f € C,4. and a positive real 7.
Define the function h the same as that in the proof of Theorem 4 and observe
that h € As, because it is almost everywhere continuous and its image h(R)
is a discrete set. O

Theorem 4. A function f € By,(A7) if and only if it is strongly cliquish at
each point x € R.

PROOF. Assume, to the contrary, that there is a function f € B, (A7) such
that there are a nonempty set A € Ty and a positive real n with osc f > n on
ANT for every open interval I such that TN A = ). Since f € B, (A7), there is
a function g € A7 such that |f — g| < n/4. For every open interval I such that
I'N A # () we obtain that oscg > n/2 on the set I N A. But g € A7, so there
is an open interval I such that TN A # @ and TN A C A(g) and oscg < n/2
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on I N A. This contradiction shows that if f € B, (A7), then f is s.c. at each
point.

Now, suppose the function f is s.c. at each point x € R. Fix a positive real
7. We shall prove that there is a function g € A7 such that |f — g| < n. Let
I; be an open interval with rational endpoints such that osc f < n on I;. Fix
an ordinal number o > 1 and suppose that for every ordinal number § < «
there is an open interval Iz with rational endpoints such that u(Iz\ Gg) > 0,
where Gg = Uy<pl,, and osc f < 71 on the set

Hp = {x S Ig\Gﬂ;dl(Iﬁ\Gg,x) = 1}.

Since the function f is s.c. at every point, there is an open interval I, with
rational endpoints such that u(l, \ Go) > 0 and osc f < n on the set H,.
By transfinite induction we find a transfinite sequence of such open intervals
(In)a<a, With rational endpoints, where «aq is the first ordinal number for
which p(R\ Ga,) = 0. Since the family of all open intervals with rational
endpoints is countable, the ordinal number «q is also countable. For every
a < ap we find a point z, € H, and let g(z) = f(z,) for ¢ € H, and
g(x) = f(x) otherwise on R. If € H,, then

|f(z) = g()| = [f(2) = f(za)] <.

In the remaining case f(x) = g(x), so |f —g| < n. For the completeness of the
proof it suffices to show that the function g € A7. For this, fix a nonempty
set A € T4 and a positive real e. There is an ordinal number 8 < «q such that
IsNA#Qand I,NA=0for a < . Then ) # AN Iz C Ha, since otherwise
we have Gz N A # 0, a contradiction. Consequently, g(z) = f(zg) for each
point x € IgN A. So,0sc f =0<eon IgNA. O

Remark 7. The function f from the proof of Theorem 2 is such that f €
Ag \ Bu( A7), since osc f =1 on the sets I N B for every open interval I with
INB#0.

Observe that if f € B, (Ag), then f is measurable and the set R\ C(f) is
of the first category. Moreover, if

ap-osc f(z) = inf{osca f;0 # A € Tyq, = € A},
then we have the following.

Theorem 5. If a function f belongs to B, (Ag), then for every positive real
1 and for every nonempty set A € Ty the set {x € A;ap-osc f(z) > n} is
nowhere dense in A.
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PROOF. Assume, to the contrary, that there are a function f € By,(Ag), a
nonempty set A € T4, and a positive real n such that for every open interval
J with J N A # ) there is a point € J N A at which ap-osc f(z) > 7. Since
f € By(Ag), there is a function g € Ag such that |f — g| < n/3. Observe that
if ap-osc f(x) > n, then ap-osc g(x) > n/4. So, for every open interval J with
J N A # () there is a point € J N A at which ap-osc g(z) > n/4. But g € Ag,
so there is an open interval J with JNA £ ) and JNA C A(f). Consequently,
for each point x € JN A we obtain ap-osc g(z) = 0 < /4, a contradiction. [

Problem. Characterize the class B, (Ag).

Remark 8. Since every function f € Ay is measurable and every measurable
function is the limit of a sequence of approximately quasi-continuous functions
(which belong to As) ([6]), we obtain that B(As) is the family of all measurable
functions.

In [8] Mauldin shows that f € B(Cqe) if and only if there are a function g of
Baire class 1 and an F,-set A of measure zero such that {z; f(z) # g(z)} C A.

Theorem 6. The equality B(As) = B(Cqe) is true.

PRrROOF. Since every f € As belongs to Cue, by Mauldin’s theorem we obtain
the inclusion B(As) C B(Cye). Let f € B(Cqe) be a function. By Mauldin’s
theorem there are a function g of the first class of Baire and an F,-set A of
measure zero such that {z; f(z) # g(z)} C A. Let h = f —g. Then h(z) =0
for each point x which is not in A. There are closed sets A,,, n = 1,2,..., such
that Ay C...C A, C...and A=J,An. Forn=1,2,... let hy,(x) = h(z)
for x € A,, and let h(xz) = 0 otherwise on R. Since every set 4,, n=1,2,...,
is closed and of measure zero, it is nowhere dense and consequently every
function h, € As, n = 1,2,.... For the function g there is a sequence of
continuous functions g,, n = 1,2, ..., such that g = lim,,_,, g,,. Observe that
every function f, = g, + hn, n = 1,2,..., belongs to A5 as the sum of the
continuous function g, and the function h,, belonging to As. Since

f =g+ h=Ilimg, + limh, = lim f,,

the proof is complete. O
In [5] the following theorem is proved.

Theorem 7. Let f be a function such that there is a Baire 1 function g such
that for every positive real 1 and for each point x such that |f(x) — g(x)| > n
there is a closed interval I(x) containing x and such that p(I(z)\ cl({t;|f(t) —
g(t)] > n})) = 0. Then there is a sequence of functions fn, € Qs such that

lim, f, = f.
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Since every function g from @, is the limit of a sequence of functions from
As which uniformly converges to g, every function satisfying the hypothesis
of the above theorem belongs to B(As).

We can prove the following.

Theorem 8. Let f be a function such that there are a Baire 1 function g
and an F, set B of measure zero such that {t; f(t) # g(t)} C B and for every
positive real ) and for each point x such that |fx)—g(x)| > n the upper density
dy (cd({t;1f(t) — g(®)| = n}),x) = 0. Then there is a sequence of functions
fn € As, n=1,2,..., which converges to f.

PRrROOF. Let h = f — g and let B = U,,B,,, where every set B; is closed and
B; C By fori=1,2,.... Forn =1,2,... let A, = {z;|h(z)| > 1/n}. Fix
a positive integer n. By our hypothesis there is a family of disjoint closed
intervals Iy ;;, Kk <mn,l,i=1,2,... such that

— T CR\ (cl(4,) N B) for I,i > 1;
— Iy CR\cl(Ay,) for 1<k <n,l,i=1,2,..;

)

— for each k < n the inclusion
Iy C A(cl(Ag) N By, 1/k) (= {t;inf{|u — t|;u € cl(Ax) N By} < 1/n}
is true for [,7 > 1;
—if k<n,1>1and z € cl(Ax) N By, then du(Ufil Ik,l’i,x) > 0;

— for each k < n and for each x € R\ (A N By) there is an open set U
containing x such that the set {(k,,4); U N Iy,;; # 0} is finite.

Next, in every interval int(I;;), k <n,l,i=1,2,..., we find a closed interval
Jii such that if k <n,l > 1and z € cl(A;)NBy, then d,, (Ufil Jk,l,i,x)) > 0.
Let (w1,);2, be a sequence of all rationals with w;; = 0 and for & > 1 let
(wr,1)i2, be a sequence of all rationals belonging to the interval [—1/(k —
1),1/(k —1)] with wg1 = 0. Put

W1 xGJk,l,i,kgn,l,izl
h(z) € A,NB,
hyn(z) = < linear on the components

of the sets Ir 1 \ Jk,14, ,Li>1, k<n
0 otherwise on R.
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Evidently, the function h,, is continuous at each point z which is not in cl(A, )N
B,,. Fix a positive real 7, a point = € cl(4,) N B, and a set A € T, containing
x. If there is an integer k < n such that x € A N By, then there is a rational
wg,; such that |h(z) —wg,| < n. Since du(Ui Jk,Lis :17) > 0, there is an interval
Ji1i such that Jy;; N A # (. Every point t € AN Jy,; is a continuity point
of h,, and

ont) = (@) = s — h(a)] < 1.

In the remaining case we obtain that h,(z) = 0 and x € cl(A4y) N By, for some
positive integer k. Since wy,; = 0 and since d,, (UZ Jk71,i,x) > 0, there is an
interval Jj, 1 ; such that Jy 1 ;N A # (0. For each point ¢ € Jj, 1 ;N A the function
h., is continuous at ¢ and |h,(t) — h,(z)| =0 < 7. So, h, € As.

Now we will prove that lim, .. h, = h. If there is a positive integer n
with x € A,,N By, then hy(z) = h(z) for k > n. If not, we have h(z) = 0. Fix
a positive real 1 and a positive integer n with 1/n < n. If z € cl(4,,) N By, for
some positive integer m, then hy(z) = 0 for all k¥ > m. So, we suppose that x
is not in cl(A,,) N By, for m > 1. Since x is not in the set cl(A,) N B, there is
a positive integer m > n such that |x — y| > 1/m for every point y € cl(4,,).
Consequently,

hp(z) <1/(m—=1)<1/n<n

for every k > m. This completes the proof that A = lim,, o hy.

Since g is a Baire 1 function, there is a sequence of continuous functions g,,
such that g = lim,, o gn- Evidently, the functions f, = h, + g, n =1,2,...,
belong to the family A3 and

lim f, = lim A, + lim g, =h+g=f. O
n—oo n— oo

n— oo

Corollary 2. If the function f : R — R is almost everywhere continuous,

then f € B(As).

Denote by P, the family of all functions which are s.c. at each point.
Problem. Is it true that Ps N B(Cye) = B(A3)?

Now, we will investigate the transfinite convergence of sequences. Let
wy denote the first uncountable ordinal number. A transfinite sequence of
functions f, a < wy, converges to a function f (lim, f, = f) if for each point
x there is an ordinal number 8 < w; such that f,(z) = f(z) for each countable
ordinal o > .

Theorem 9. Let K be a family of functions such that if a function f is not in
K, then there is a countable set A such that for every function g € IC there is
a point © € A with g(x) # f(x). Then the limits of all converging transfinite
sequences of functions from the family IC belong to K.
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PROOF. Let (fy) € K, @ < wy, and let lim,, f, = f. Suppose, to the contrary,
that f is not in K. Then there is a countable set A = {x1, z2, ...} such that for
each function g € K there is a point © € A with g(z) # f(z). For each positive
integer n there is a countable ordinal number £, such that f,(x,) = f(x,)
for 5, < @ < wi. There is a countable ordinal number 5 such that 3, < 3 for
all positive integers n. So, fg(r,) = f(x,) for n =1,2,.... Since fz € K, we
obtain a contradiction. O

Remark 9. Observe that the families Ps and A;, i = 1,3,5, satisfy the hy-
pothesis of the above Theorem 9.

ProoF. If f is not in A;, ¢ = 1 or 3 or 5, then every countable set A such
that the set {(z, f(z));z € A} is dense in the graph of the function f satisfies
all requirements. O

Theorem 10. Assume the Continuum Hypothesis HC. For every function
f there is a transfinite sequence of functions fo € Az, a < wy, such that

[ =lim, fo.

PROOF. Let (24)a<w, be a transfinite sequence of all reals numbers. Fix an
ordinal number o < w; and let (¢,), be a sequence of all numbers zg with
B < a such that ¢; # t; for i # j, 4,7 = 1,2,.... For every positive integer n
there are closed intervals I,,, J,, and a closed set A,, such that

— t, is an endpoint of I,, and J,;

Jn, C I, and |J,| = |1]/2;

An C I\ {tik#nand k=1,2,...}:
—I,NA,=0for k <mn;

= dy(Ap,tn) > 0;

= 1(An) < |Jnl/4™.

For a construction of such I,,, J,, and A,, it suffices to find a nowhere dense
closed set

A, R\ (J {03\ U A

k#n k<n

such that d,, (A4,,t,) > 0 and next fix some closed intervals I,, and .J,, satisfying
all requirements.
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Denote by B,, the set of all points t € A4,, at which d,(A,,t) > 0. Let

folz) = {f(tn> ifreB,,n=12,...

0 otherwise on R

Then f, € Ay and f = lim,, f,.
Theorem 11. If functions fo € Ay for a < wy and f = lim, fqo, then f € Ay.

PROOF. Assume, by a contrary, that f is not in A4. Since by Theorems 1, 9
and Remark 9 the function f € A, there are a positive real 1, a point z and
a set A € T3 such that z € A and for every open interval I with TN A # () and
fUINA) C (f(x)—n, f(x)+n) there is a point ¢t € TN A at which the function f
is not approximately continuous. Let (z,), be a sequence of points such that
the set {(zn, f(zn);n = 1,2,...} is dense in the graph of the function f and
for each open interval I with INA # ( and f(INA) C (f(x)—n, f(z)+n) there
is a point x,(;) € I N A at which f is not approximately continuous. There
is a countable ordinal number 8 such that f,(x,) = f(z,) for all countable
ordinal numbers o > § and n = 1,2,.... Consequently, the functions f and
fs are almost everywhere equal. Since f € A;, there is an open interval [
such that TN A # @ and f(ANI) C (f(x) —n, f(x) +n). From the relation
/s € A4 we obtain that there is an open interval J C I such that J N A # 0,
fa(JNA) C (f(z)—n, f(z)+n) and the function fz is approximately continuous
at every point t € JNA. Let a point u = z, € ANJ be such that the function
f is not approximately continuous at u. Since fg(u) = f(u) and the functions
f and f3 are equal at almost all points, the function fg must be approximately
continuous at u, a contradiction. O

Observe that there are Baire 1 functions which are not in Ag. Since every
Baire 1 function is the limit of a transfinite sequence of approximately con-
tinuous functions (see [7]), then the classes A;, i = 6,7, are not closed under
the transfinite convergence. But if a function f is the limit of a transfinite
sequence of functions f, € Ag (fo € A7), then f is pointwise discontinuous
(pointwise discontinuous on each nonempty set belonging to 7).

Problem. Characterize the functions being the limits of transfinite sequences
of functions belonging to A;, i =6, 7.
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