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Abstract

This paper is devoted to relationships among various classes of Z-a.e.
continuous functions (i.e., of functions whose sets of discontinuity points
belong to certain o-ideals Z consisting of boundary sets). For instance,
if KC is the o-ideal of first category sets and Z denotes the o-ideal of all
sets that are: of Lebesque measure zero, o-porous, or countable, then
the set of Z-a.e. continuous functions is uniformly porous in the space of
all C-a.e. continuous Darboux functions from R? into R? equipped with
the metric of uniform convergence. As a tool in the proofs, symmetric
Cantor sets in R? are used.

1 Introduction

The classes of functions connected with various o-ideals are the subject of
many papers. They were investigated, for example, by Pawlak [4], Semadeni
[6], Mauldin [2, 3], and Ciesielski et al. in the monograph [1]. The present
paper is devoted to the classes of functions whose sets of discontinuity points
belong to certain o-ideals consisting of boundary sets only. Such functions will
be called continuous Z-almost everywhere (Z-a.e.) with respect to a specified
o-ideal. More precisely, in this paper we shall investigate mutual relations be-
tween classes of functions which are continuous Z-a.e. with respect to various
o-ideals. From [4, theorem 1.4] it follows that, in some spaces, every Z-a.e.
continuous function is continuous K-a.e. with respect to the o-ideal K of first
category subsets. It appears, for instance, that the set of functions continu-
ous L-a.e. (which are conventionally called functions continuous a.e.) with
respect to the o-ideal £ of subsets of Lebesgue measure zero is topologically
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small in the space of continuous K-a.e. functions, namely, they form a uni-
formly porous set. This property is proved in the space of Darboux functions
mapping R? into R? and it is the main result of Section 3. To obtain it, we
make use of certain sets called in this paper Cantor-like sets in R? and so
Section 2 is devoted to the description of their properties.

The notation used throughout this paper is standard. In particular, R
denotes the set of real numbers, N = 1,2,..., T = [0,1]. In this paper we
shall use the Euclidean metric d in the space R? and the metric of uniform
convergence p in the space of Darboux functions. In these spaces, we shall
consider open balls B(x,r) of radius r centered at . By Cy(Dy) we shall
denote the set of continuity (discontinuity) points of a function f. The symbols
int(A), cl(A4), diam(A) stand for the interior, the closure, and the diameter
of the set A C R2, respectively. If A is a Lebesgue measurable subset of R?,
we denote its measure by m(A). Let z = (2!, 2%) € R2, ¢ > 0, and define
K(z,c) = (2! —c,2t + ¢) x (22 — ¢, 22 + ¢). The set K(z,c) will be called
a two-dimensional open cube with center z = (x!,2?) and side 2¢, and its
boundary will be denoted by F(z,c). We shall use the symbol 2y~ to denote
a half-line starting at = and passing through y.

2 Symmetric Cantor Sets in R?

A sketch of the construction of a symmetric Cantor set in R can be found, for
example, in [8]. It is similar to the construction of the Cantor ternary set.

Let (an)neny be a sequence of real numbers «, € (0,1) and let J be a
closed interval whose length will be denoted by ;. In the first step of the
construction, we remove from J the concentric open interval (ai, b}) of length
a1fy. Let F1 =J\ (ai,b}). In the n-th (n > 1) step of the construction, from
the remaining 2"~ ! closed intervals of length equal to

b= (1= an)(1 —az) (1 o)
we remove the concentric open intervals (a*,b%), i = 1,2,...,2"71 of length
anf3
Qn - Bn = 27_11(1—a1)(1—a2)~'(1—an,1). (1)

In this way we obtain 2" closed intervals whose union is denoted by F™. The
set C(ay) =, F™ is called the symmetric Cantor set with respect to the
sequence (o, )pen. Of course, the set C(3) is the classical Cantor ternary set.

From the construction it is clear that the set C(ay,) is closed, nowhere
dense, and uncountable. Other properties are connected with the sequence
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(an)nen. The following facts will be needed to investigate symmetric Cantor
sets in R2.

Lemma 2.1. Let (a,)nen be a sequence of real numbers o, € (0,1). Then

Zan:oo — lim(1—-o)(1l—a2) - (1—a,) =0.
n=1

Lemma 2.3. [7, 8] The set C(aw,) is non o-porous if and only if lim «, = 0.

We are now going to define the symmetric Cantor set F'(a,,) in R?. Let
o € R? and 0 € C(a,) C [0,00). Put F(a,) = Uecec(an) F (o, ¢). (We
assume that F(zg,0) = zg.) Of course,

oo 277t

Flan) =c K(zo, 81\ |J | (K(2o,b) \ el K (2o, al')). (2)

n=1 i=1
It appears that F'(ay,) has similar properties as the set C(ay,).
Lemma 2.4. The set F(a,) is closed and nowhere dense in R2.

PROOF. From (2) it follows that F(a,) is a closed set in R?. Let B be an
open set in R? and 21 € B\ zo. Notice that the mapping v : [0,00) — o2
given by the formula v(t) = zgz” N F(xo,t) is a homeomorphism such that
v(C(ay)) = xoxy NF(ay,). Therefore the set zox7” N F () is nowhere dense
in zox7” and so there exists z € (xox]” N B) \ (xox]” N F(an)) C B\ Flay).
Finally, by the arbitrariness of B C R?, we obtain that F'(«,) is nowhere dense
in R2. O
Lemma 2.5. The set F(ay,) has the Lebesgue measure zero if and only if
1 O = 00,
PRrooOF. Notice that, by the symmetric construction of the set C' (e, ), we have
ap +0y,_, ., =p forneNandi=1,2,...,2""; hence

2n71 271,—1

D@+ = (af + b1 _yq) =2""" B (3)

=1 =1

For simplicity of notation of the proof we can put oy = 0. Then, from (2),
(1), (3) and Lemma 2.1 we have
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oo 2nt
m(F(on) =0 > ((26)° = (2a})°) =4- 5
n=1 i=1
< 2 anf1 o n n 2
<:>Z 2n_1'H(1*01j) (ai +b7) | =61
n=1 i=1 §=0
e’} o 5 n—1
=S [55 TTa-an ] @ o] =5
n=1 7=0
=Y an-(I—ag)-(I—ar) - (I—an)=1
n=1
<:>nli_)ngo((l—a1)-(1—a2)~-~(1—an)) =0
@}Zan = 00. O
n=1

Lemma 2.6. The set F(a,) is non o-porous in R? if lim,, o ay, = 0.

PROOF. Let xg = (z},22). From Lemma 2.3 it follows that the set C(a,) is
non o-porous in R. By [9, theorem 1] we obtain that the set (z§ + C(a,)) x
(23+C(ay,)) is non o-porous in R2. Since (23 +C(an)) X (23 +C (o)) C F (o),
we conclude that the set F(a,) is really non o-porous in R2. O

3 Z-Almost Everywhere Continuous Darboux Functions

We shall denote by 7 a o-ideal of subsets of any fixed topological space, but we
assume that nonempty open sets are excluded as the elements of the o-ideal
under consideration. In particular, we shall consider the following o-ideals:
L — the o-ideal of subsets of Lebesgue measure zero, I — the o-ideal of first
category subsets, N' — the o-ideal of countable subsets, and P — the o-ideal of
o-porous subsets.

Let X, Y be arbitrary topological spaces. We say that a function f :
X — Y is continuous Z-almost everywhere (Z-a.e. for short) if the set of
discontinuity points of the function f belongs to the o-ideal Z.

In this section we shall need the definition of the uniform porosity of a
set in a metric space (see [5]). Let P be a metric space, S C P, z € P,
R >0, and y(z, R, S) = sup{r > 0: 3,epB(z,7) C B(x,R)\ S}. The number

p(S,z) =2 -limsupp_, o+ 7(””’1?’5) is called the porosity of S at x (see [8]). We
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say that S is porous at z if p(S,z) > 0, and S is uniformly porous if there
exists a € (0, 1] such that p(S,x) > « for each z € S.
The following theorem is evident.

Theorem 3.1. Let X and Y be arbitrary metric spaces. If a function f :
X — Y is continuous N-a.e. or P-a.e. then it is continuous K-a.e. (and
L-a.e. if X =R").

On the basis of [4, theorem 1.4] we obtain a more general case.

Theorem 3.2. Let X be an arbitrary topological space and Y be a second
countable space possessing a reqular neighborhood system. If a function f :
X — Y s continuous Z-a.e. with respect to some o-ideal of subsets of the
space X, then it is continuous K-a.e.

If 7 is the o-ideal of countable, o-porous, or Lebesgue measure zero sets,
then the converse isn’t true, because there exist functions continuous K-a.e.
which are not continuous Z-a.e. with respect to any of the above-mentioned o-
ideals. Moreover, these functions form the set which is not topologically small
in the space of functions continuous K-a.e. We have the following theorem.

Theorem 3.3. Let KD be the space of Darbouz KC-a.e. continuous functions
f: I? = 12 endowed with the metric of uniform convergence. Then the follow-
ing subsets of KD are uniformly porous: L — of functions continuous L-a.e.,
P - of functions continuous P-a.e., and N - of functions continuous N -a.e.

ProOOF. We shall show that L is a uniformly porous set with a constant o >
0.2. Let ¢ > 0 and h € LN KD be given. Choose an arbitrary zq € Cj Nint I?
and put hg = h(xg). Let & be a positive real number such that K (zg,d) C I?
and
4e
h(Cl K(xo,é)) CB <h0, 10) .

We shall construct a Darboux continuous K-a.e. function f : I? — I? satisfying
the condition B ( 1 %) C B(h,€) and show that the set of discontinuity points
of an arbitrary function f; € B ( 7 %) has positive Lebesgue measure.

Let us consider the symmetric Cantor set C = C(1/2") in the interval
J = [0,0]. Since Y >2,1/2" = 1, we conclude that the set F' = F(1/2")
has positive Lebesgue measure by Lemma 2.5. Moreover, from Lemma 2.4 it
follows that the set F' is nowhere dense in R?. Therefore F' € K\ L.

Let us divide the set C'\ {§} into continuum subsets which are pairwise
disjoint and dense in C'. Denote by U the family of all those subsets. Without
loss of generality we may assume that there exists one set Uy € U containing
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all one-sided accumulation points of the set C. Let g : Y — B(hg,€/2) be a
one-to-one function such that g(Up) = hg. Now, we can define the function
f:I2—T1%as

h(x) when z & K(x9,0)
f(x)=<¢ 9(U.,) whenx e F(xg,c;) and ¢, € C\ {0}
ho when 2 € ez ¢ F(20,¢)

where U, is the set containing ¢, and belonging to the family /. Observe
that the function f is continuous at each point of the set |J.cj ¢ F'(20,¢).
Therefore Dy N K (z0,d) is a first category set. By the definition of f and h,
we conclude that Dy \ cl K(xo,d) is a first category set, too, and finally, that
the function f is continuous K-a.e.

In order to prove that f is a Darboux function, we shall show that the
image of any arc A C I? is a connected set. We must consider the following
cases:

1. A CI?\ K(x0,6); then f(A) is a connected set because f|2\ x(zy.6) =
hl12\ K (z,,5) @and h is a Darboux function.

2. A C clK(x0,b?)\ K(zg,a?) for n € Nand i € {1,...,2"1}. In this
case f(A) = {ho}.

3. A C F(xg,c) where c € C'\ {d}. Then f(A) C g(U.).

4. A C K(x9,0) and there exist ¢1,co € C \ {0} such that F(zg,¢;) N
NA#0,i=1,2, and at least one of the above two points is a bilateral
accumulation point of C. Then f(A) = B(ho, §).

5. AmK(xo,é) 7& ] 7& A\K(.’I}Q,é) Let &' = 1nf{(51 >0: AﬂK(xo,él) 7& (Z)}
The interval (§’,d) contains a continuum of points of the set C. For this
reason, there exist cy,co € C N (§,5) such that U, NU,, =  and
F(xg,c1)NA # 0 # F(xg,ca) NA. From the previous case it follows that
f(A N K($07 5)) = B(ho, 6/2)

The set K = A\ K(x,6) is closed in I?, so we can consider the family
S of all components of the set K. Obviously, each component S € S is a
closed set. Let ¢ be a homeomorphism mapping I onto A and let S € S.
Put p; = inf (~1(S) and py = sup (~*(S). Notice that (([p1,p2]) = S. Thus
S is an arc or a one-point set. From the above we conclude that f(95) is a
connected set because f|12\ g (z,,5) is @ Darboux function.

We shall show that S N F(zg,d) # 0. By the assumptions of 5), we have
that p; # 0 or py # 1. Without loss of generality we may assume that p; # 0.
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Hence there exists a sequence {qn tnen C [0,p1) such that lim, . ¢, = p1
and ((gn) € K(x,9) for each n € N. Clearly, lim, . ((¢,) = ¢(p1) € S.
Thus ((p1) € F(xg,d). Hence SN F(xg,d) # 0 and f({(p1)) € B(hg,4€/10).
So we have shown that f(S) is a connected set and f(S) N B(hg,€/2) # 0.
Consequently, f(A) = B(ho,€/2)UUges f(S) and, finally, f(A) is a connected
set. We have proved that f is a Darboux function.

Next, since we have f|r2\ g (zo,6) = P2\ K (20,5), f(K(20,9)) = B (ho, %),
and h(cl K (9, 0)) C B (ho, 15), we can deduce that

p(F.H) S sup (dlho, f(x)) + d(ho, hia))) < 1o
z€K (z0,0)

and B (f,5) C B(h,e).

To complete the proof we have to show that B(f, 5) N L = ). Let us take
f1 € B(f,75), c1 € C, and 1 € F(xg,c1). For e < %—8 we have

diam (B (ho, %) 012) > ? e,

diam (B <f1 (z1),€1 + %)) <2 %,

and therefore,

diam (B (ho, g) 012) > diam (B (f1 (z1), €1 + 1%)) .

Hence there exists

yg€B<h0,%)\B<f1(x1),61+%). (4)

By definition, g(U) = B(hg, 5); so there exists U, € U such that g(U,) = yo.
Let 61 > 0, c2 € (¢1 — 61,61 +61) NU, and o € B(x1,61) N F(xo,c2). Then
f(z2) = y2, and since f1 € B(f, {5), we have fi(z2) € B(y2, 15). Moreover,
from (4) it follows that fi(z2) € B(f1(z1),€1). In this way, we have proved
that, for an arbitrary 61 > 0, f1(B(z1,01)) ¢ B(f1(1),€1). Hence Dy, D F
and, finally, the function f; € B(f, 15) is not continuous L-a.e.

We have proved that B(f, {5) C B(h,¢)\ L, and consequently the porosity
of L at h is not less than 0.2. Finally, by the arbitrariness of h € L and € > 0,
we have shown that the set L is uniformly porous in the space KD.

From Lemma 2.6 it follows that F is not o-porous in R%. Of course, F'
is not countable, therefore the proof of the fact that the sets P and N are
uniformly porous in the space KD is analogous to the above proof. O

It remains to investigate relations between the classes of functions contin-
uous L-a.e. and P-a.e.
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Theorem 3.4. In the space LD of Darboux and L-a.e. continuous functions
(with the metric of uniform convergence) mapping I? into 12, the set P U N
of functions continuous P-a.e. or N -a.e. is uniformly porous.

PROOF. Let us consider the symmetric Cantor set with respect to the sequence

with general term o, = n%_l Since lim,, o n%_l =0and Y07 5 = o0, by
Lemmas 2.5 and 2.6, the set F(n%_l) € L\ (PUN). The rest of the proof runs
analogously to the proof of Theorem 3.3. O]
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