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MAXIMALLY RESOLVABLE LOWER
DENSITY SPACES

Abstract

We show that all measure based and all category based lower density
topologies on R are maximally resolvable in ZFC and extraresolvable
under ZFC + MA. It is also noted that both maximal resolvability
and extraresolvability are feeble topological properties.

1 Introduction.

Recently several new measure based and category based lower density topolo-
gies on R have been found and investigated by various authors [1, 24, 23, 9,
7, 21, 25]. An excellent history and brief overview of density topologies pre-
dating 2002 can be found in Chapter 15 of the Handbook of Measure Theory
[22]. The main purpose of this note is to show that all measure and cate-
gory based lower density topologies on R are both maximally resolvable in
ZFC and extraresolvable under ZFC + MA. A space is resolvable [8] if a
dense set exists whose complement is also dense. That is, a dense codense
set exists. Certainly, since every nonempty open set must nontrivially inter-
sect every dense set, a space X with topology 7 cannot have more than A(r)
pairwise disjoint dense subsets where A(7), the dispersion character of (X, 1),
is the least cardinal number for any nonempty open set. A topological space
(X, 7) having a family D of A(7) pairwise disjoint dense subsets is said to be
A(7)-resolvable [20]. J. G. Ceder [3] defined a space (X, 7) to be maximally
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resolvable if it is A(7)-resolvable for some pairwise disjoint family D of dense
subsets having the additional property that each dense set in the family meets
each nonempty open set with an intersection of at least cardinality A(7). We
now show that this additional property is redundant in spaces with infinite
dispersion character such as T; spaces without isolated points. In particular
it was noted in [5] that T; resolvable spaces have no isolated points.

Lemma 1. If (X, 7) is any topological space with infinite dispersion character
A(T) then (X, T) is mazimally resolvable if and only if there exist A(T) many
pairwise disjoint dense subsets.

PROOF. The necessity is clear. For the sufficiency, suppose that D is a pairwise
disjoint family of dense subsets of (X, 7) with |D| = A(r) > Ny. Since by
Theorem 5.2.4 of [4] A(7) = A(7)2, members of D can be indexed by pairs of
ordinals less than A(7). In particular D = {D(, ) | @, < A(7)}. For each
a < A(7) let Dy = UgD(q,5). Then each D, is dense in (X,7) and D* =
{Do | @ < A(7)} is a pairwise disjoint family of A(7) dense subsets of (X, 7).
Now for each o < A(7), if U € 7 and U # @, then U N D(, ) # @ for each
B <A(T). So|UND,| = |U5 UﬂD(aﬂ)” = Zﬁ |UﬂD(a7ﬁ)| > Zﬁ 1=A(r).
Therefore (X, 7) is maximally resolvable in the sense of Ceder [3]. O

V. I. Malykhin defined a topological space (X, 7) to be extraresolvable [12]
(see also [13] or [6]) if there exists a family D containing more than A(7) dense
subsets such that C, D € D with C' # D implies C'N D is nowhere dense. By
showing all measure or category based lower density topologies on R are both
maximally resolvable in ZFC and extraresolvable under ZFC + MA, we
extend slightly the paper [17], which is dedicated to finding the commonalities
shared by all lower density topologies generally. We also extend the results of
J. Luukkainen [11], A. Bella [2], and E. Wagner-Bojakowska [20].

A topology 7 on R is a lower density topology if 7 has for a base {B €
A |B C ¢(B)} where for some o-algebra A of subsets of R and o -ideal Z C A,
there is an operator ¢ : A — A satisfying for all A,B € A, ¢(0) = 0 and
H(R) =R, (AN B) = 6(A) N 9(B), A ~ B = ¢(A) = 6(B) (where A ~ B
means that AA B € 7), and A ~ ¢(A). It is shown in [17] that regardless of
how the operator ¢ is defined the base for 7 is closed under arbitrary union and
hence 7 = {B € A |B C ¢(B)} if A and Z are either the family of Lebesgue
measurable sets £ and the ideal of null sets N or the family of Baire sets B
and the ideal of first category sets M. Thus 7, C L for every measure based
density topology 7, and 73 C B for every category based density topology 73.

We say that two density topologies are of the same type if they are in-
duced by lower density operators on the same o-algebra with set equivalence
relative to the same o-ideal. In the third section below we show that both
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maximal resolvability and extraresolvability are feeble topological properties.
It will follow that if one measure or category based density space is extrare-
solvable then all are. In fact, under ZFC + MA, Bella [2] showed that the
Lebesgue density topology is extraresolvable and with the same set-theoretic
assumptions Wagner-Bojakowska [20] showed that the I-density topology is
extraresolvable. The same reasoning works also for maximal resolvability of
all density topologies in ZFC since Luukkainen [11] showed that the Lebesgue
density topology is maximally resolvable and Wagner-Bojakowska [20] showed
that the I-density topology is maximally resolvable. However, in the second
section below we avoid using feeble homeomorphism to find instead a unified
approach in ZFC to maximal resolvability for both types of density topologies
using Bernstein sets. Recall that a subset of R is a Bernstein set if neither it
nor its complement contains any perfect (nonempty, closed and dense-in-itself
relative to the natural topology) set. In what follows 7, and 75 generically rep-
resent measure based and category based lower density topologies respectively
on R.

2 Maximal Resolvability.

Oxtoby in his excellent monograph [14] called attention to many similarities
between measure and category in topological spaces. At least in the case of
maximal resolvability perfect sets are the common denominator. In particular
Theorem 6.3.6 of [4] states that for each A € (£ — N) U (B — M) there exists
a perfect set P C A. Now if U € 7, U7g and U # ) then U C ¢(U) = ¢(U) #
0 =U¢e€(L—-—N)U(B—-M)and thus P C U for some perfect set P. This
establishes firstly that A(7.) = A(7g) = ¢ since |P| = ¢ for each perfect set P
(Theorem 6.2.3 of [4]). Secondly, Bernstein sets in R are both 7.-dense and
Tg-dense. For if B is a Bernstein set and U is a nonempty set in 70 U 75 and
P C U is a perfect set then P ¢ R— B = UN B # ). Since R — B is also
a Bernstein set, it follows that both (R,7.) and (R, 73) are resolvable. To
conclude maximal resolvability it is enough in light of the foregoing Lemma
to show that a family of ¢ pairwise disjoint Bernstein sets exists. Then each
type of density topology on R yields a T; c-resolvable space without isolated
points. But in fact it follows from either Exercise 1 page 105 or Theorem 7.3.4
of [4] that a family F of pairwise disjoint Bernstein sets with |F| = ¢ exists.
This establishes the following.

Theorem 2. (ZFC) The space R endowed with any measure or category
based lower density topology is mazimally resolvable.

Corollary 3. The three category density topologies of Lazarow, Johnson and
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Wilczyriski [10] and the category density topology of Wiertelak [21] are mazi-
mally resolvable. Also, the simple density topology of Aversa and Wilczyniski
[1], the complete density topology of Wilczyriski and Wojdowski [23], and the
Ay density topology of Wojdowski [24, 25] are mazimally resolvable.

3 Extraresolvability.

Recall that a topological space (X, 7) is extraresolvable [12] if there is a family
of more than A(7) dense subsets having the property that any pair of distinct
dense subsets in the family have nowhere dense intersection. A. Bella [2]
showed that unlike the Euclidean topology on R, it is consistent with ZFC
that the Lebesgue density topology is extraresolvable. Specifically, in [2] it
was shown that the Lebesgue density topology is extraresolvable under ZFC
+ MA. Elzbieta Wagner-Bojakowska [20] proved a similar result for the I-
density topology. As stated earlier we make use of feeble homeomorphism to
extend extraresolvability to all measure or category based density topologies
under ZFC + MA.

Definition 4. A subset U of a space X is feebly open if either U = ) or
intU # 0 where intU is the interior of U. A function f : X — Y between
topological spaces is feebly continuous if the subset f~1(V') C X is feebly open
for each open subset V' C Y. A bijection h : X — Y is a feeble homeomorphism
if both h and h~! are feebly continuous. A property is feebly topological if it
is preserved by feeble homeomorphisms.

Strongly irresolvable spaces, those spaces for which every open subspace
is irresolvable, were studied in [18] where it was shown that strong irresolv-
ability is feebly topological. Here we show that maximal resolvability and
extraresolvability are also feeble topological properties. It is clear that feebly
continuous surjections carry dense sets to dense sets. In fact by Proposition
6.3 of [18], a bijection is a feeble homeomorphism if and only if dense sets
are both directly and inversely preserved by the bijection. Also, Proposition
6.5 of [18] states that feeble homeomorphisms directly and inversely preserve
nowhere dense sets. Of course bijections preserve cardinalities of subsets and
cardinalities of families of subsets.

Theorem 5. Maximal resolvability and extraresolvability are preserved by fee-
ble homeomorphism.

PRrROOF. From the foregoing remarks and the Lemma above, it is enough to
show that dispersion character is preserved by feeble homeomorphism. To this
end, let f: (X,7) — (Y,0) be a feeble homeomorphism between topological
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spaces. For all V € o with V # &, we have A(7) < [int f~1(V)| < |f~1(V)| =
|V|. Tt follows that A(7) < A(c). By symmetry of argument, since f~! is also
a feeble homeomorphism we have A(o) < A(7) so that A(7) = A(o). O

Corollary 6. If ¢1 and ¢o are lower density operators of the same type then if
either of the induced density topologies Ty, or Ty, is mazimally resolvable then
both are mazimally resolvable. Also, if either T4, or T4, is extraresolvable then
both are extraresolvable.

PrROOF. By Theorem 4 of [17], the identity map ¢ : (R, 74,) — (R,7p,) is a
feeble homeomorphism. O

Remark 7. The full force of feeble homeomorphism is not really needed in
the proof of the corollary above since the identity function preserves sets. The
fact that dense sets are preserved is enough here because it is known, and
is found in Corollary 8.1 of [17], that the ideal coincides with the family of
nowhere dense sets in the density space for operators of either type. In other
words N, the ideal of null sets, is the family of nowhere dense sets in every
measure based density topology and M, the ideal of first category sets, is the
family of nowhere dense sets for every category based density topology. Hence
for any two lower density operators of the same type, the identity function
between their induced density spaces preserves nowhere dense sets. In any
case, we have the following.

Theorem 8. (ZFC + MA) The space R endowed with any measure or
category based lower density topology is extraresolvable.
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